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Abstract

The linear finite element approximation of a general linear diffusion problem with arbitrary
anisotropic meshes is considered. The conditioning of the resultant stiffness matrix and
the Jacobi preconditioned stiffness matrix is investigated using a density function approach
proposed by Fried in 1973. It is shown that the approach can be made mathematically
rigorous for general domains and used to develop bounds on the smallest eigenvalue and
the condition number that are sharper than existing estimates in one and two dimensions
and comparable in three and higher dimensions. The new results reveal that the mesh
concentration near the boundary has less influence on the condition number than the
mesh concentration in the interior of the domain. This is especially true for the Jacobi
preconditioned system where the former has little or almost no influence on the condition
number. Numerical examples are presented.

1 Introduction

Mesh adaptation is a common tool for use in the numerical solution of partial differential equations
(PDEs) to enhance computational efficiency. It often results in nonuniform meshes whose
elements vary significantly in size and shape from place to place on the physical domain.
Nonuniform meshes could lead to ill-conditioned linear systems and their solution may deteriorate
the efficiency of the entire computation. It is thus important in practice as well as in theory to
understand how mesh nonuniformity affects the conditioning of linear systems resulting from
discretization of PDEs on nonuniform meshes.

The issue has been studied by a number of researchers mostly for the linear finite element
approximation of the Laplace operator or a general diffusion operator by developing bounds
on the extremal eigenvalues on the resultant stiffness matrix, e.g., see [4, 6} 7, 13, 14} [15] for
second-order elliptic PDEs or [2, 13}, [9] for a more general setting of elliptic bilinear forms on
Sobolev spaces of real index m € [—1, 1].

The estimation of the largest eigenvalue is well understood and it is easy to show that the largest
eigenvalue is bounded by a multiple (with a constant depending on mesh connectivity) of the
maximum of the largest eigenvalues of the local stiffness matrices [7]. Moreover, the largest
diagonal entry of the stiffness matrix is a good estimate for the largest eigenvalue: it is tight
within a factor of d + 1 for any mesh, where d is the dimension of the physical domain [13].
Sharp estimates in terms of mesh geometry are available for both isotropic [3, 16} |9, [14] and
anisotropic [13] diffusion.

The estimation of the smallest eigenvalue is more challenging. Currently there are two approaches
for this purpose. The first approach utilizes Sobolev’s inequality and was first used by Bank and



Scott [4] for the Laplace operator with isotropic meshes in d > 2 dimensions. They developed
a lower bound on the smallest eigenvalue of a diagonally scaled stiffness matrix and showed
that the condition number of the scaled stiffness matrix is comparable to that with a uniform
mesh. A similar result for elliptic bilinear forms on Sobolev spaces of real index m € [—1, 1] with
shape-regular meshes in d > 2 dimensions was derived by Ainsworth, McLean, and Tran [2, 3].
Their result was later generalized to locally quasi-uniform mesheeﬂ in d > 3 dimensions by
Graham and McLean [9]. Recently, Kamenski, Huang, and Xu [13] derived a similar bound
for second-order elliptic PDEs which is valid for arbitrary meshes (i.e., without imposing any
conditions on the mesh regularity) for any d; the established bound for the condition number
depends on three factors, one representing the condition number of the linear finite element
equations for the Laplace operator on a uniform mesh and the other factors arising from the
nonuniformity of the mesh viewed in the metric specified by the inverse of the diffusion matrix ID
(D~-nonuniformity) and the mesh nonuniformity in volume measured in the Euclidean metric
(volume-nonuniformity). Further, it was shown in [13] that the Jacobi preconditioning — an
optimal diagonal scaling for a symmetric positive definite sparse matrix — eliminates the effect
of the mesh volume-nonuniformity and reduces the effect of the mesh D~ !-nonuniformity. This
result can be seen as a further generalization of [3, 4, 9] towards arbitrary anisotropic meshes
and general diffusion coefficients.

In the second approach (hereafter referred to as the density function approach), a lower bound on
the smallest eigenvalue of the stiffness matrix is obtained through a lower bound of the smallest
eigenvalue of a continuous generalized eigenvalue problem involving an auxiliary density function.
It was first employed by Fried [7] for the Laplace operator. Fried showed how to obtain the lower
bound for the continuous problem for spherical domains and claimed a physical argument that
the bound is also valid for general domains. The obtained bound for the smallest eigenvalue of
the stiffness matrix is valid for any mesh in any dimension but in three and higher dimensions it is
less sharp than bounds obtained in [9 [13]: Fried’s bound is proportional to power (d — 2)/d of
the volume of the smallest mesh element whereas those in [9] [13] are proportional to an average
of the volumes of all elements (cf. and (35)).

In this paper we investigate the density function approach and develop bounds on the smallest
eigenvalue and the condition number of both the stiffness matrix and the Jacobi preconditioned
stiffness matrix for the linear finite element approximation of a general diffusion problem with
arbitrary nonuniform meshes. We show that the approach yields a bound on the smallest
eigenvalue that is much sharper than in the original work by Fried [7]. Moreover, the new results
are even sharper than those obtained in [13] in one and two dimensions and comparable in three
and higher dimensions. In particular, they involve a factor describing the distance of a given
element to the boundary and reflect the fact that the mesh concentration near the boundary has
less influence on the condition number than the mesh concentration in the interior of the domain.
This is especially true for the Jacobi preconditioned system where the former has little or almost
no influence on the condition number.

The outline of the paper is as follows. The linear finite element approximation of the general
diffusion problem is described in Sect. 2| The lower bound for the smallest eigenvalue of the
stiffness matrix is developed in Sect. [3] followed by the derivation of the bounds on the condition

'They are meshes where neighboring elements always comparable size and shape.



number in Sect. |4, Section 4| also contains comparison of the obtained bounds to those in [7]
and [13]. Numerical examples are presented in Sect.[5] The conclusions are drawn in Sect. 6]

2 Finite element approximation

We consider the boundary value problem (BVP) of a prototype anisotropic diffusion equation in
the form
{—v .(DVu) = f, inQ, "
U

=0, on 02,

where 2 is a simply connected polygonal or polyhedral domain in R? (d > 1) and D = D(x) is
the diffusion matrix. We assume that ID is symmetric and positive definite and there exist two
positive constants d,,;, and d ., such that

dmin[ S D(.’B) S dmax[; \V/CC € Q> (2)

where [ is the d X d identity matrix and the less-than-or-equal sign means that the difference be-
tween the right-hand side and left-hand side terms is positive semidefinite. The weak formulation
of the BVP ({) is to find u € V = H}(£2) such that

A(u,v) = F(v), Yo eV, (3)

where

A(u,v) = /QVU-DVud:v and  F(v) = /va dx.

Let an affine family of simplicial meshes {ﬁ} for €2 be given. For any element K € T, let
Fr: K — K be the affine mapping from the reference element K to the mesh element K and
F'}- the Jacobian matrix of F. For notational simplicity, we assume that |K\ = 1. Note that Fj,
is constant on K.

Denote the linear finite element space associated with mesh 75, by V" C V. Then, a linear finite
element solution u;, € V" of BVP () is defined by

A(uh,vh) = f(vh), Y, € Vv (4)

Let NV and V,; be the numbers of the elements and the interior vertices of 7T}, respectively. If we
order the vertices in such a way that the first /V,,; vertices are interior vertices and denote by gbj
the standard linear basis function associated with the 7" vertex, then we can express V" and uy,
as

Nyi
VP =span{é,...,on,} and w, = Z u; ;. (5)
j=1
In the following we will use the function form u; = Zj uj¢; and the vector form u =
[ug, ... ,uNm.]T synonymously. Using this, we can write (4) in a matrix form as
Au = f,



where the stiffness matrix A and the right-hand side term f are given by

KeTy
fi= Z/fgbidfc, i=1,..., Ny,
KeT, VK

and D is the average of D(x) over K, i.e.,

1
D :—/]D)a:dm.
FEIR] S

We are interested in the condition numbers of matrices A and S~ AS™!, where S = /diag(A)
is the Jacobi preconditioner.

3 Smallest eigenvalue of the stiffness matrix

In this section we develop lower bounds for Apin(A) and Api, (S™1AS™) using the density
function approach proposed by Fried [7], where S = y/diag(A) is the Jacobi preconditioner.
The approach utilizes an auxiliary eigenvalue problem

(7)

—Au = Apu, in ),
u =0, on 01,

where p is a density function (to be chosen) satisfying

0 < pmin < P < Pmax <00 and /p(w) de = 1. (8)
Q

The corresponding Galerkin formulation reads as
(Vu, Vo) = Mpu,v), Yo € Hy(Q).

Let /\p be the smallest eigenvalue of this eigenvalue problem and )\min(Bp) the smallest eigen-
value of the Galerkin mass matrix 5, associated with the density p. Then, for any vector u,

u’ Au = (DVuy, Vuy,)
> duin(Vup, Vuy,)
> dininAp (PR, UR)
> dninApAmin(By) |ull;
which leads to
Amin(A) > dminApAmin(B,). 9

Thus, the key to the approach is to estimate A, and choose the density function so that the lower
bound (9) is as large as possible.



Hereafter, we assume that p is piecewise constant, i.e., p|x = px = const for all K € T;,. We
denote

K, =px K, lwil,= D0 K], |wmnl, = min wl,.

7=1,...,Ny;
Kew] vl

It is known [13], Sect. 3] that

Amin(B,) > & (10)
[d+1)(d+2)

Inserting this into (9) yields

Amin(A) > i [l (1)
e “(d+1)(d+2)""

3.1 Smallest eigenvalue of the continuous eigenvalue problem

We now derive a lower bound on )\, by means of a Green'’s function. The derivation consists of
three lemmas, with the bound being given in Lemma[3.3

First, we need the property of the strict positivity (or negativity) of eigenfunctions associated with
the smallest eigenvalue of (7).

Lemma 3.1. For any density distribution p satisfying (8), the smallest eigenvalue \, of the
eigenvalue problem (7)) is simple and positive. Any corresponding eigenfunction is either strictly
positive or strictly negative in §2.

Proof. The positiveness of )\p follows from

Vu,V C > C
Ap = minM > min —— Hu|]22 = =P 3 0,
u#0 (pu, U) u#0 Pmax HUH2 Pmax

where C'p is the constant associated with Poincaré’s inequality. The rest of the proof is the same
as for the standard eigenvalue problem with p = 1 (e.g., see [8, Theorem 8.38]), except that

% ) is replaced by u) O
Lemma 3.2. Let G(x, &) be the Green’s function for —/\ subject to a homogeneous Dirichlet
boundary condition on ) and d(x) the distance from x to the boundary 052, i.e., d(x) =
mln | — y|. Then,

yeoN
d(z)d(§), ford =1,
0< Ga,€) <€ x {In (1492148, ford = 2, (12)
e — &> dmln{l,dl(;’i(é)}, ford > 3.
Proof. For example, see [1}, 5,10 [12]. O



Lemma 3.3. Assume that p is piecewise constant andp € (1, 7%). Letdix = maxgex d(x).

Then the smallest eigenvalue ), of the problem (7) is bounded from below by

4 -1
(Sl i) ord=1,
K 1
2
Ap = € (1 + 2 |K|,In? (1+ dKPmax)> ; ford =2, (13)
K
L _ i .
(55 —p)™™ ;‘K‘p |[K| 7T d , ford > 3.

\

Proof. For a positive eigenfunction u,, associated with A, we have
wl@) =, [ Gl Opl€une)de. (14
Q
For 1 < d < 2, applying the Cauchy-Schwarz inequality to (14),

1
2

(@) < A, ( /Q p(€)G(a, €)’ d&) : ( /Q P(E)u,(€)? ds)

Taking square, multiplying with p(x), and integrating both sides over €2 gives

[ @@ < [ o) [ / p(&)G(m,£>2de] ta- [ el de

This yields
wz ([ o) [ secie.er de| i) (15

For d = 1, using this and Lemma 3.2}

\ > c( e { [ oeri@ace) dﬁ} df'ﬁ)é =C (/Q pl@)d() dm) 71

> C(Z!Klpdx)_l,

K

D=

which gives ford = 1.
In 2D, from Lemma [3.2] we have

d()d(e)
TP > %




where hq, denotes the diameter of €2. Let B.(x) be the disk with center & and radius ¢. Then,
using property (8) we have

/ p(&)G(x,&)*dE < C p(€) n® (1 + d@“) d¢
Q Q\B- () €

d(x)h
+C Prmax In° (1+ (@) 92) de
B.(x) |z — £

< C'ln? (1 + d(ilhg) + C’pmax/ 7 In? <1 + d(m)hg) dr
0

r2

< C'n? (1 + d(zzghg) + C prmaxe> {1 + In? (1 + d%ghg)} .

_1
Taking € = pmax, we get

/Q p(€)G(z, &) de < C [1+1n*(1 + d(x)hopmar)] -

Inserting this into (T5), using (8) and the fact that d(x) < d for all x € K, we have

1
2

Ap > C’(l + Z |K|p1n2(1 + thmeax)>
K

This gives for the 2D case upon absorbing hq, in the generic constant C'.

For d > 3, we need a slightly different version of the estimate (15). In this case, Lemma|3.2

implies that G(x, -) € LP(Q) forany « € Qand p € (1, d%‘lQ). Using Hélder’s inequality,

upl®) <N, ( | ca.ey ds) % ( / p(&)qup@)qu) '

where ¢ satisfies % + é = 1. By multiplying with p(x), taking power ¢, and integrating both sides
over (2, we get

| @yt <y [ p(w)q( / G(m,apde)gdm | oteruter ie

and therefore

Ap > ( /ﬂ p(w)q( /Q G(w,s)pds)gdw> | (16)



With Lemma[3.2] we have, using a similar strategy as in 2D,

[ te.epde < [ 1o e min {1 M o
@ Q

& — &
php

SC/ |w_€|(2—d)17 d5—|—0/ |w_€’(2—d)13&2%d

QNB.(z) O\B. () |z — £
<c / P DD g 4 O e

0

1

< d—(d—2)p d Ppp —dp‘
_C—d—(d—Q)pg + Cd(x)'he e

Choosing € such that the terms on the right-hand side are equal, we get

- = ((d= (d—2p) d(ai) ™™

and
.d—(d—2)p

/ G(x,§)"dé < C(d— (d— Q)p)_d-c'l-igpd(a:)p d+2p
Q
where hgq has been absorbed into the generic constant C'. Inserting this into leads to
_1
__dg_ a(d—(d—2)p) a
)\p Z C(/ p(m)q(d — (d — 2)p) d+2pd(a}) d+2p diB)
Q
T a(d—(d—2)p) “a
> (- (=27 ( [ plarala)“F5 a0
Q

4 a(d—(d—2)p) \ ¢
> C(d—(d=2)p)T | > ple |K|dye :
K

Since ¢ = p/(p — 1) and p is element-wise constant, this gives for d > 3. O

3.2 Smallest eigenvalue of the stiffness matrix

Having established a lower bound on )\p, we can now proceed with the estimation of /\min(A)
and Apin(S™1AS™1). Combining (TT) with Lemma|[3.3] we have

)\min<A) 2 C(drnin ‘wmin‘p

-1

)
<Z|K’de> : ford = 1,
& _1
X <1+Z\K\pln2(1+dz<pmax)) : ford =2, (17)
K
d . el pde(ap T ~
(a% —p)*> (;!K!p |K|" 7T d; ) , ford > 3.

\



The density function p is arbitrary so far. The optimal p is such that the right-hand side term
of attains the maximum value. It is difficult, if not impossible, to find the optimal p in general.
We follow Fried [7] to choose p such that

|K|p = const, VK € Tp. (18)
This gives
@)k = (19)
w [
P K N |K]
and ] .
Pmin
|K|p = N and |wmin|p Z Pmin |Kmin|p - N Z N; (20)

where ppi, is the minimum number of elements in a mesh patch. Inserting this into (I7), using
|K| = || /N (the average element volume) and ppax = 1/(N |Kwnin|), we arrive at the
following estimate.

Lemma 3.4. The smallest eigenvalue of the stiffness matrix A for the linear finite element
approximation of BVP (1)) is bounded from below by

( -1

(%ZdK) : ford = 1,

K 1

C’dmin T2
Amin(A) 2 N X (1+%21H2 ( + |I|( | |dK>) , ford:27

K mln
4 a_ [ R\ Pt -5
d+2p p—1  d+2p

\(E_p)dﬁ (N%(ﬁ) d * ) , ford > 3.

(21)

Remark 3.1 (Optimality of the density function). For d # 2, the choice of p in is at least
optimal for element-wise constant density functions. For d = 1, from we have

|wmin’ Pmin ’Kmin’ P
Amin(A) > Cdpin st > Clpin—=———-—- = Cd L
min _ min K d -_ min K d min |K|
Bl = R g T
K

Maximizing the bound on the right-hand side is equivalent to minimizing the sum ZK |I|<m1|n|

K K
Since |1|< L P > 1 and di > 0 for all K, the optimal choice of pg is such that \I‘( E L= =1 for

all K, which is equivalent to (18). The case of d > 3 is similar.

For the scaled stiffness matrix we have the following result.

Lemma 3.5. The smallest eigenvalue of the Jacobi preconditioned stiffness matrix S~ AS 1



bounded from below by

Amin(STTAS™Y) > 02

Nid

y -1

K
_f _1
X (% ; | K| 5K) <% ; K| B [1+In® (1+ dK’yh)]) , ford =2, (22)
_d p p d—(d-2p\ ~ T
(3% —») *( L S |K| B TdE T > , ford > 3,
\ Ndlp-1) K

where B and vy, defined as

1 _ _
Br = T (Fk) I]DK(FI/() T‘ . VK € Ty, (23)
maxg Bk
= 24

reflect the non-uniformity of the mesh viewed in the metric specified by D! (see also Re-

mark[4.3).

Proof. As for the non-scaled case we have (cf. (9) and (10))

w.
Amin(S7'B,S™") > C'min 9l
J 37
and therefore
’%’\p

: (25)

)\min(S_lAS_l) > Cdyin A, min
i A

Ji
It is known [13] that
A < C SN (F) " Dr(FR) T = Cluin 3 KT By G =1, Nui, (26)

KEUJJ' Kij
where C'is a constant depending only on K and the linear basis functions on K . Thus,

|wj| c . > rew,; K| K
i Ay T dmin 7 Dgew, K| B

Once again, we choose p to get rid of the minimum sigrE], viz.,

ZKEUJ]' |K| pK

2Although it is not quite clear if this choice is optimal, it is the best choice we could find so far.

= const V.

10



This and (8) lead to

)l = =
> |K[Bg
KeT,
and
- Dkew 1Kl px 1
min = = .
I Yokew (Kl Bx 30 KB
KeT,
The estimate follows from this, inequality and Lemma[3.3 O

4 Condition numbers of the stiffness matrix and the diago-
nally scaled stiffness matrix

We first quote an estimate on the maximum eigenvalues of A and S~*AS~! from [13].

Lemma 4.1 ([13]). The largest eigenvalues of the stiffness matrix A and preconditioned stiffness
matrix S~Y AS~! with the Jacobi preconditioner S = diag (\ /A j) for the linear finite element
approximation of BVP () are bounded by

mf

max Aj; < Amax(A) < (d+ 1) max Aj; < din d( ¥
j j !

mjaxz K| Bk, (27)

kij

1< Amax(STTAS™YH < d+1. (28)

Combining Lemma [4.1] with Lemmas [3.4] and [3.5| we obtain our main theorem.

Theorem 4.1. Denote the average element volume by | K| = & and letp € (1, 7%5). Then the

condition numbers of A and S~*AS~1 for the linear finite element approximation of BVP (1) are
bounded by

k(A) < CNi (Ndd2 max Z \KWK)

KEOJj

I%ZdK7 ford:l,
K
1 2 & .
X <1+ﬁ;1n (14-de>> 7 ford_27 2
! 1 || P%l Ll-d_d(i;mp e
Lo P

m(@(—) a7 ) e
\ \d—2

11



and

SIS

K(STLAS™) < ON

h) <
NLZ |K| Brd, ford =1,
K

/

1 1
2

X (%;|K|6K)2(%;|K|5K[1+1n2(1+d;<7h)}> s fOI’dZQ, (30)

1 1 g ol e AN
)d-{—dQ( 2p Z|K|61p(7 d;{ o ) ) ford23,
P

[ (7%-» Ndp-1 K
where [ and vy, defined in and (24).

Remark 4.1. From the theorem we can see that both bounds for (A) and x(S™' AS™!) contain
the maximum distance dx from element K to the boundary of the domain. Since d; becomes
smaller when K is closer to 0f2, elements close to the boundary have less influence on the
bounds than those away from the boundary. This information is useful for problems having
boundary layers for which adaptive meshes are typically dense near the boundary.

Remark 4.2 (Comparison to [13]). The bounds in and are sharper than (in the cases
of d < 2) or comparable to (in the case of d > 3) those obtained in [13][Theorem 5.2] using
Sobolev’s inequality,

L, ford =1,
a =2
/{(A)SC’N?iX(NddmaxZ|K|5K> 1+1n|K ]’ o for d " @31)
_ a—2 d
Kew; (%ZK (I_KD 2 ) tord > 3.
and
(ﬁZHKWK); ford =1,
K(STIAS™Y) < ONE x { (7 2Lk K] Bx) (L+ [Inyn]), ford=2, (32)
4\ d
(%ZK’KIBE(> ) ford > 3.

For d < 2, bounds (37) and (32) follow directly from Theorem [4.1]if we replace d by its largest
possible value hgq (the diameter of €2). For d > 3, if we replace dg with hq and take p close to
d/(d — 2), the new bounds are very close to the bound and (32). In this sense, they are
comparable.

Remark 4.3 (D~ !-uniform meshes). Like (31) and (32), bounds (29) and (30) involve three
factors: the basic factor N4 which corresponds to the condition number of the stlffness matrix
for the Laplace operator on a uniform mesh, the factor involving Sx which reflects the mesh
non-uniformity in the metric specified by D ™!, and the factor involving the element volume which
represents the mesh non-uniformity in the Euclidean metric. Since

Sor () D)) < ) () T < o () BT

12



we can estimate Sx as

()

[SYIN)

[

Ser ((F) ™ Dae(FR) ) ( 2 )3

det((F;()_lDK(F;()_T>‘li | K| det(Dg)

< B < d(ﬁ)i v ((F) ' Da(Ff) ) ( o )3’

op det ((Fl/()fllD)K(Fl/()fT> d |K’ det(DK)7§

1
where oy, = > | K| det(Dg )™ 2. For any uniform mesh in the metric specified by D! we have

K
(e.g., see Huang and Russell [11])

-

1 /N /N /N /N~ é Oh -5
~tr ((FK) "Dye(FL) T) = det ((FK) "Dy (FL) T) and 2% = | K| det(Dx)"?

and therefore ) )
N4 N\
(—) SﬁKéd(—) .
Op Oh

From and (30), we get

2
N\ @
() £ (2 ) 0V )
Oh
,%de" ford =1,
p—1
i —_  _p d=(d=2)p T
1 |K] N pl d+2p
W(N; 7) d; )  ford >3,
and
(Z‘KWK’ ford =1,
K
N\ ) 2
sas <o) (Siipmaraa)).  erd=2 g
" . o2 B
- - p—1 d+2p
\(diz—p)dfzp (%”K’dK ) , ford > 3.

If we replace dx by hgq in (34), we get

i
k(STTAST) < C’(ﬁ) ,

Oh

which gives the same bound obtained in [13] for D~!-uniform meshes.

13



Remark 4.4. As mentioned before, the approach we used here to estimate A, (A) and
Amin(S™1AS™!) was first proposed by Fried [7]. However, there is significant difference be-
tween our development and Fried’s. First, Fried obtains a bound on A? . (—A) for balls where
the analytical formula of the Green’s function is available and claims using a physical intuition
that the bound is also valid for other domains. Our derivation for the bound on A?. (—A) is

mathematically rigorous, as seen in Lemmas [3.1H3.3] Second, the lower bound obtained in
Fried [7] for Amin(A) can be expressed in the current notation as

1, ford =1,
_ -1
C’dmin K _
)\mln(A) 2 T (1 + 1n |I|<min|> ’ for d - 2’ (35)
(u‘f?“)T , ford > 3.

It is easy to see that our estimate is sharper than (35). Third, Fried estimates the maximum
eigenvalue of the stiffness matrix by the maximum of the maximum eigenvalues of the local
stiffness matrices, with the latter being computed directly for the Laplace operator. On the other
hand, our estimate on the maximum eigenvalue of the stiffness matrix in Lemma[4.1]is not only
more general but also more accurate. Finally, we would like to mention that Fried [7] does not
study preconditioning for the stiffness matrix.

5 Numerical experiments

The dependence of the conditioning on the diffusion matrix was extensively discussed in [13]
and the purpose of this paper is to investigate the dependence of the conditioning on the mesh
density throughout the domain. Thus, for the simplicity, we set D = [ (Laplace operator) in all of
our numerical examples.

Bounds on the smallest eigenvalue contain a constant C' independent of the mesh but dependent
on the dimension, domain, reference element, and basis functions on the reference element. In
our computation we obtain its value empirically by calibrating the bounds for A, (S™tAS™)
through comparing the exact and estimated values for a series of uniform meshes.

51 1D

In 1D, the new bounds and (with D = I) become

<C’ZdK maXZ |K| (36)

Kew;j

K(STTASTY) < (JZ & (37)
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On the other hand, the bounds and from [13] reduce to

£(A) < CN - max > K (38)
Kew; ‘ ‘
K(STTASTH <O W' (39)
K

We consider two set of meshes formed by Chebyshev nodes and nodes simulating extreme
boundary layer refinement.

5.1.1 Chebyshev nodes

The first 1D example is a non-uniform mesh given by the end points o = 0 and xy = 1 and
the Chebyshev nodes,

1
r; = 5(1—(:08(@)) j=1,...,N —1, (40)
where
w(2j—1)
50 07 gN and 5] Q(N—l)’ J 5 )

For this mesh, we have

(1+ COS(§7~_1))) .

N | —

1 . . 1
|Kj| = x5 —xj_q ~ N sin(§;), dg, = min (5(1 — cos(fj)),

Using these, we get

2 TR NE)
and )
%Zd;( ~ %Z %(1 —cos(&)) ~ /02 (1 —cos(§)) d€ ~ 1.
K j=1

Thus, from and we see that the new bound and the bound from [13] both lead to
k(A) < ON®.

For the scaled case, we have

N/2 1

di — cos(§;)) 2 1 —cos(€)
; | K Z % sin(§;) - N2/0 sin(&) d ~ N°

and
1 NE 51 .
—~2 ,—NNQ/ , dé ~ N?In[tan(£/2)[|2 ~ N?In N.
DI CRaE Dk R My ane/2llG
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10° [ ‘ : ‘ 1 10°

—o— exact —o— exact
—aA— NEw —a— New
-8 - from [13] -3 - from [13]
106 || - - - uniform mesh m - - - uniform mesh g 110

10° | 8 110
100 L | | | | | | 100
10t 102 101 102
(@) kK(A) vs. number of elements N (b) K(S~TAS™1) vs. number of elements N
Figure 1: Conditioning for the Chebyshev nodes
Thus, we have
k(STTASTH) < ON? (41)

for the new bound and
k(STTASTH) < CN*In N

from the bound from [13]. Notice that has the same order as (S~ AS™1) for a uniform
mesh as [V increases.

The numerical comparison of the estimated and exact values for x(A) and k(S™'AS™!) are
presented in Fig.[T] As expected, for the non-scaled case both estimates are comparable and very
tight (Fig.[Ta). On the other hand, the new estimate is more accurate than the one from [13]
if diagonal scaling is applied (Fig. [1b). For this example, the new bound on x(S~*AS~!) seems
to be asymptotically exact.

5.1.2 Boundary layer refinement

The second 1D example simulates boundary layer mesh refinement towards the boundary point
x = 0 with the internal nodes

;=228 j=1,...,N-1 (42)
For this mesh, we have

271 . 27 271
:Q—N, dKj:mln<2—N,1— 2N)

Then, bounds and for [13] become

K] =) =25

k(A) < ON2Y and k(S7'AS™!) < 02V,
whereas the new bounds and give

k(A) <02V and K(ST'AST') < CON.
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1012 | —o— exact N —o— exact N 1012
—A— NEW /D —A— NEW
-3 - from [i3] . -3 - from [i3] A
108 [ - - - uniform mesh 7 — - - - uniform mesh v z 108
-4
10* |- a e 1104
— //E]/ -
. e ©
100 | | | | | L] | | | | L 10°
3 5 9 17 33 3 5 9 17 33
(a) k(A) vs. number of elements N (b) k(S~TAS™1) vs. number of elements N

Figure 2: Conditioning for the boundary layer refinement

This shows that, for boundary layer refinement, the new bound for the scaled case is a significant
improvement. Note that k(S 1AS™!) = O(N), which has a smaller order as N — oo
than the condition number for a uniform mesh (which is O(NQ)). Thus, for 1D problems with
steep boundary layers, strong mesh concentration towards the boundary not only increases the
accuracy of the solution but, at the same time, improves the conditioning.

Numerical results are in perfect agreement with the analysis. Indeed, Fig. [2a shows that both
new and old estimates are comparable for the non-scaled case, with the new one being slightly
more accurate. After scaling (Fig. [2b), the situation is quite different: the new estimate is very
close to the exact value whereas the estimate from [13] exhibits a dramatic overestimation.

52 2D

In 2D we consider a mesh for the unit square [0, 1] x [0, 1] with O(NN'/2) skew elements near
the boundary, as shown in Fig.

First, we set the maximum aspect ratio at 125 : 1 and verify the dependence of the condition
number on the number of mesh elements NV (Fig. [4). Then, we set N = 20 000 and change the
maximum aspect ratio of the mesh elements to investigate the dependence of the conditioning
on the mesh shape (Fig.[5).

The observation is that the new and the [13] estimates are comparable, with the new one being
slightly more accurate, especially when changing the maximal mesh aspect ratio. However,
neither of the estimates is as accurate as in 1D, meaning that our estimation of the smallest
eigenvalue can be further improved. This observation is essentially valid in higher dimensions
as well. Since the Green'’s function has a singularity for d > 2 (and depends on the shape of
the domain), it is difficult to obtain estimates as sharp as in 1D in general. Interestingly, in our
example, the exact condition number of the scaled stiffness matrix appears to be independent of
the aspect ratio of the boundary layer elements. This suggests that the optimal estimate in 2D,
similar to the 1D case, should be

K(STTASTY) < O |K| Brc log (1 + %) : (43)
K
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10°
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(a) 2D meshes used in Sect.

(b) 3D meshes used in Sect.

Figure 3: Test meshes in two and three dimensions

- o ]
—o— exact —o— exact
r - —a— New - —a— New -
17 -3 - from [13] -3 - from [i3]
|7 - - - - uniform mesh | | g - - - uniform mesh
| | | I I I | | | I I I
0t 102 10®  10* 105 106 10t 102 10®  10*  10°  10°

(@) k(A) vs. number of elements N

108

106

10%

102

| 100

(b) £(S~LAS~1) vs. number of elements N

Figure 4: 2D meshes with a fixed maximum aspect ratio of 125 : 1 and changing IV

| | —o— exact | —o— exact 1
— A new P —A— New

-8 - from [13] ] -3 - from [13] T
I I I I I I I I

100 10t 102 103 109 10t 102 103

(a) k(A) vs. maximum aspect ratio

108
107
106
105
104

103

(b) £(S~1AS~1) vs. maximum aspect ratio

Figure 5: 2D meshes with a fixed N = 20 000 and changing aspect ratio
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104 ' 110t
103 [ 1103
102 [ 1102
1 —o— exact —o— exact 1
100 1 - —a—new (p = 2.9) N = —a—new (p = 2.9) 110
- -3 - from [13] = -3 - from [13]
100 |- - - - uniform mesh || — - — uniformmesh | 10°
| | T T | | T T
102 103 10* 10° 102 10? 10* 10°
(a) k(A) vs. number of elements N (b) k(S~LAS™1) vs. number of elements N
Figure 6: 3D meshes with a fixed aspect ratio of 25 : 25 : 1 and changing NV
108 [ 1 1= 1108
—o— exact —o— exact
—aA—new (p = 2.9) —a—new (p = 2.9)
102 || -8 - from [13] - -3 - from [13] - 10°
10* | i {10
10° | : 1 10°
102 i | | | | i (\3 | | | © ] 102
10° 10! 10? 103 10° 10! 102 103
(a) k(A) vs. number of elements N (b) k(S~LAS™1) vs. number of elements N
Figure 7: 3D meshes with a fixed N = 29 478 and changing aspect ratio
53 3D

Similarly to the 2D case, we use a mesh for the unit cube |0, 1]3 with O(NN?/3) skew elements
near the boundary (Fig. and consider two different settings: fixed anisotropy (25 : 25 : 1)
with increasing number of elements and fixed N = 29 478 paired with the changing anisotropy
of the mesh. Numerical results for p = 2.9 are presented in Figs. [6|and[7}

First, we observe that the new estimate is comparable to the estimate from [13] for both non-
scaled and scaled cases. Second, as in the 2D case, we observe that increasing the maximum
aspect ratio of elements at the boundary has no impact on the exact condition number of the
Jacobi preconditioned stiffness matrix (at least for the considered mesh type). This indicates that
the obtained bounds for the scaled stiffness matrix are not optimal. The numerical results also
suggest that the optimal bound should have a much stronger dependence on the distance dx of
an element K from the boundary of the domain.
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6 Conclusions

In the previous sections we have studied the linear finite element approximation of the boundary
value problem with general nonuniform meshes and developed bounds for the condition
numbers of the stiffness matrix and Jacobi preconditioned stiffness matrix. The main result
(Theorem shows that the density function approach of Fried [7] can be made mathematically
rigorous for general domains and lead to estimates that provide more detail and are sharper than
existing estimates for general adaptive meshes in one and two dimensions and comparable in
three and higher dimensions. Moreover, the bounds in Theorem 4.1|involve a factor dx which
describes the maximum distance from element K to the boundary of the domain and becomes
smaller when K is closer to 2. They reveal that the mesh concentration near the boundary
has less influence on the condition number than the mesh concentration in the interior of the
domain. This is especially true for the Jacobi preconditioned system where the former has little or
almost no effect on the condition number. The numerical results presented in Sect. [5] confirm the
theoretical analysis although they also suggest that the new bounds could be further improved in
two and higher dimensions.
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