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Semiparametric Single Index
Versus
Fixed Link Function
Modelling

W. Hérdle V. Spokoiny S. Sperlich

October 26, 1995

Abstract

Discrete choice models are frequently used in statistical and econometric prac-
tice. Standard models such as logit models are based on exact knowledge of the form
of the link and linear index function. Semiparametric models avoid possible mis-
specification but often introduce a computational burden. It is therefore interesting
to decide between approaches. Here we propose a test of semiparametric versus
parametric single index modelling. Our procedure allows that the (linear) index of
the semiparametric alternative is different from that of the parametric hypothesis.
The test is proved to be rate-optimal in the sense that it provides the (rate) minimal
distance between hypothesis and alternative for a given power function.

1 Introduction

Discrete choice models are frequently used in statistical and econometric applications.
Among them binary response models, such as Probit or Logit regression, dominate the
applied literature. A basic hypothesis made there is that the link and the index function
have a known form, see McCullagh and Nelder (1989). The fixed form of the link function
e.g. the logistic cdf is rarely justified by the context of the observed data but is often mo-
tivated by numerical convenience and by reference to ”"standard practice”, say "accessible
canned software”.

Recent theoretical and practical studies have questioned this somewhat rigid approach
and have proposed a more flexible semiparametric approach. Green and Silverman (1994)
use the theory of penalizied likelihood to model nonparametric link functions with splines.
Horowitz (1993) gives an excellent survey on single index methods and stresses economic
applications. Staniswalis and Severini (1994) use kernel methods and keep a fixed link



function but allow the index to be of partial linear form. Partial linear models are semi-
parametric models with a parametric linear and a nonparametric index and have been
studied by Rice (1986), Speckman (1988) and Engle, Granger, Rice and Weiss (1986).

These models enhance the class of Generalized Linear Models (McCullagh and Nelder,
1989) in several ways. Here we concentrate on one generalization, the single index models
with link function of unknown nonparametric form but (linear) index function. The
advantage of this approach is that still an interpretable linear single index, a weighted sum
of the predictor variables, is produced. The link function plays in theoretical justifications
of single index models via stochastic utility functions an important role (Maddala, 1983):
it is the cdf of the errors in a latent variable model. Our approach enables us to interpret
the results still in terms of a stochastic utility model but enhances it by allowing for an
unknown cdf of the errors.

Despite the gained flexibility in semiparametric regression modelling there is still an im-
portant gap between theory and practice, namely a device for testing between a parametric
and semiparametric alternative. A first paper in bridging this gap is Horowitz and Hardle
(1994). They considered for response Y and predictor X the parametric null hypothesis

(1) Ho:Y = F(XT0) +¢

where '8 denotes the index and F is the fixed and known link function. The semipara-
metric alternative considered there is that the regression function has the form f(z76p)
with a nonparametric link function f and the same index 278y as under Hy. The main
drawback of that paper is that the index is supposed to be the same under the null and
the alternative.

The goal of the present paper is to construct a test which has power for as large class of
alternatives. We move to a full semiparametric alternative by considering alternatives of
single index type

(2) H :Y=f(X"8)+¢

with 3 possibly different from 6. The situation of our test is illustrated in the following
figures 1 and 2.

The data is a crosssection of 462 records on apprenticeship of the German Social Economic
Panel from 1984 to 1992. The dependent variable is an indicator of unemployement,
(Y = 1 =yes). Explanatory variables are X; gross monthly earnings as an apprentice, X
percentage of people apprenticed in a certain occupation, divided by the people employed
in this occupation in the entire economy and X3 unemployment rate in the state the
respondent lived in during the year the apprenticeship was completed. The aim of the
test is to decide between the logit model and the semiparametric model with unknown
link function and possibly different index. In Hérdle, Klinke and Turlach (1995) this
hypothesis is tested with the Horowitz Hardle test by Proenca and Werwatz who also
prepared the dataset. They give a delicious description of the test procedure but it does
not reject.

We measure the quality of a test by the value of minimal distance between the regression
function under the null and under the alternative which is sufficient to provide the desir-

2



LOGIT AND SEMIPARAMETRIC FIT . SEMIPARAMETRIC FIT

1 1 1 1 ! ! L 1 L '

© OCH © G COMIDARIIDO .0 00

1 i 1 1 1
2(¥[x)

BIY[X) (%10 -1}
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Figure 1: Parametric fitting Figure 2: Semiparametric fitting

able power of testing. The test proposed below is shown to be rate-optimal in this sense.
The paper is organized as follows. The next section contains the main results then we
present the test procedure. In Section 5 we present some simulation study. The proof of
main results are given in Section 3 (Theorem 2.2) and in the Appendix (Theorem 2.1).

2 Main Results

We start with a brief historical background of the nonparametric hypothesis testing prob-
lem. The problem for the case of a simple hypothesis and univariate nonparametric
alternative was considered by Ibragimov and Khasminskii (1977) and Ingster (1982). It
was shown that the minimax rate for the distance between the null and the alternative set
is of the order n~2¥/(4st1) where s is a measure of smoothness. Note that this rate differs
from that of an estimation problem where we have n~*/(3+1) | In the multivariate case
the corresponding rate changes to n=2*/(#+4) a5 Ingster (1993) has shown. The problem
of testing a parametric hypothesis versus a nonparametric alternative was discussed also
in Hardle and Mammen (1993). Their results allow to extract the above minimax rate.

The results of Friedman and Stuetzle (1981), Huber (1985), Hall (1989) and Golubev
(1992) show that estimation of the function f under (2) can be made with the rate
corresponding to the univariate case. Below we will see though that for the problem of
hypothesis testing the situation is slightly different. The rate for this additive alternative
of single index type differs from that of a univariate alternative (d = 1) by an extra log-
factor. Nevertheless, we have almost a univariate rate and we can therefore still expect
efficiency of the test for practical applications.

We will come back to the introductory example in section 5. Suppose we are given
independent observations (X;,Y:), X; € R, Y; € R, i = 1,...,n, that follow the
regression

(3) Yi=F(Xi)+6i, 1=1,...,n.



Here ¢; = Y; — F(X;) are mean zero error variables,

with conditional variance

(4) o?=E[d|X], i=1,...,n
Ezample 2.1 As a first example take the above single index binary choice model. The
observed response variables Y; take two values 0,1 and

P(Yi=1|X) = F(X),
P(Y,i=0|X) = 1-F(X).

In this case ¢? = F(X;) {1 — F(X))}.

Ezample 2.2 A second example is a nonlinear regression model with unknown transfor-
mation. An excellent introduction into nonlinear regression can be found in Huet, Jolivet
and Messeau (1993). The model takes the same form as (1) but the response Y is not
necessarily binary and the variance o? may be an unknown function of the F(X;)’s.
Carroll and Ruppert (1988) use this kind of error structure to model fan shaped residual
structure.

We wish to test the hypothesis Hy that the regression function F'(z) belongs to a prescribed
parametric family (Fy(z), 6 € ©), where O is a subset in a finite-dimensional space R™.
This hypothesis is tested versus the semiparametric alternative H; that the regression
function F'(-) is of the form

(5) F(z) = f(z7B)

where 3 is a vector in R* with |3] = 1, and f(*) is a univariate function.

Ea:dmple 2.3 Let the parametric family (Fj(z),8 € ©) be of the form

(6) FG(J:) = 1 + expl(_x're)

and let otherwise (X,Y) have stochastic structure as in Example 2.1. This form of
parametrization leads to a binary choice logit regression model. Probit or complementary
log-log models have a different parametrization but still have this single index form.

Let Fo be the set of functions (Fj(z), § € ©) and let F; be a set of alternatives of the
form (5). We measure the power of a test ¢, by its power function on the sets Fy and
Fi: if ¢, = 0 then we accept the hypothesis Hy and if ¢, = 1, then we accept H;. The
corresponding first and second type error probabilities are defined as usual:

up PF(‘P’H = 1)7

colen) = 222
(¢]
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a1(pn) = ;gﬁ Pr(pn =0).

Here Pr means the distributions of observations (Xj;,Y;) given the regression function
F(-). When there is no risk of confusion we write P instead of Pr. Our goal is to
construct a test ¢, that has power over a wide class of alternatives. The assumptions
needed are made precise below. We start with assumptions on the error distribution.

(E1) The errors ¢; are bounded by a universal constant C,

g < Ce, 1=1,...,n.

(E2) The conditional distributions of errors ¢; given X; depend only on values of the
regression function F(Xj;),

L(ei| Xi) = L(e: | F(X:)) = Pr(x,
where (P,) is a prescribed distribution family of one-dimensional parameter z;

(E3) The variance function'az(z) = E[e? | F(X;) = z] and the fourth central moment
function x*(z) = E [(sf —Ee2)? | F(X) = z] are separated away from zero and
infinity i.e. :

0<o.<o(z)<0o" <00
0 < ke <k(2) LR <0

with some prescribed o., 0%, k., £*,-and this function is uniformly continuous: for
some positive constants C, and C one has

lo(z) —o()| < Co |z = 2],

|k(z) — k(2| < Ci |z = 2]

Note that (E1) is obviously fulfilled for the single index model in Examples 2.1 and 2.3.
In the more general situation of Example 2.2 this assumption can be weakened to the
existence of exponential moments for ¢;.

The assumption (E3) restricts the set of X-observations to a bounded set. It is made
more precise in the following assumption on the design X .

(D) The predictor variables X have a design density 7(z) which is supported on the
compact convex set & in JR* and is separated from zero and infinity on X ;

Assumption (D) is quite common in nonparametric regression analysis. It is apparently
fulfilled for the above example on apprenticeship and youth unemployment. We now
specify the hypothesis and alternative.



(HO) The parameter set © is a compact subset in R™.

For some universal constant C¢ the following holds

|Fo(z) — Fo(z)| < Co |0 — 0|, VzeX, 0,0 €c0;

All functions Fy(-) belong to the Hélder class £4(s, L) of functions in IRZ.

(H1) The univariate link function f(-) from (5) belongs to the Holder class X(s, L). The
function F(z) = f(z7B) is separated away from the parametric family F; i.e.

(7) inf || — Fol| 2 ¢n
with a given ¢, > 0. Here |F — Fy|| = [ |F(z) — Fyo(z)|* 7(z) dz.

For the definition of a Holder smoothness class in the context of statistical nonparametric
problems we refer e.g. to Ibragimov and Khasminskii (1981). Assumption (HO0) is cer-
tainly fulfilled for Example 2.3 but also in Probit and other generalized linear regression
models such as the log linear models.

The main results are given below. We compute first the optimal rate of convergence of
the distance ¢, distinguishing the null from the alternative. The second theorem states
the existence of an optimal test. The test will be given more explicitly in the next section
where we also apply it to the above concrete examples. Theorem 2.2 is proved in Section 4
and the proof of Theorem 2.1 is given in the appendix.

' _2s_
Theorem 2.1 Letc, = (a—”;”‘) **1 If a is small enough then for any sequence of tests
@n one has
hﬂlololf aO(‘Pn) + Oll((Pn) 2 1.

Theorem 2.2 For any constant a* large enough there is a sequence of tests % which

distinguish consistently the hypothesis Hy versus alternative Hy = Hi(c)) with ¢ =
2s ’
(a*———“l: “)““ i.e.

Jim oo(}) =0
and

lim oy(¢}) = 0.

n—oo

3 The test procedure

Before we describe the test procedure let us introduce some notation. Given functions

F(z) and G(z) we denote by
®) (F,G) = -3 F(X) G(X.).

=1
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the scalar product of the functions F' and G. We write also (F)) instead of (F, F') and
identify the sequences (V;),(&;) with the functions Y(X;) and e(X;). We construct the
tests ¢ from Theorem 2.2 in several steps.

First we shall do a preliminary pilot estimation Fy under the null. Second we estimate the
d-dimensional nonparametric regression F; necessary to construct estimators of expected
value and the variance of the proposed test statistics. In the third step we estimate for
each feasible value of 3 the corresponding link function f under (H1) as in (2). Finally
we compute the test statistic based on comparison of residuals under Hy and H; .

3.1 Parametric pilot estimation

Inn

Let ©, be a grid in the parametric set © with the step ok Put

. . .12
9 6, = arginf (y — F,) = arginf — Y — Fp( X)),
©) FE8T (¥ - Fy) = rgind 13 ¥ - R(K)
Denote also _ 3 ‘
(10) Fo(+) = F5, ().

Note that 6, is not necessarily an efficient estimator under the null since we do not correct
for the variance function.

3.2 Nonparametric pilot estimation

For the nonparametric estimation of the expected value and the variance of the test
statistic we shall use the standard kernel technique, see e.g. Hardle (1990) or Miiller
(1987). More precisely we use a one dimensional kernel satisfying the conditions

(K1)  K(-) is compactly supported;

(K2)  K(-) is symmetric;
(K3)  K(-) has s continuous derivatives;
(K4) [K(t)dt=1;

J

(K5) K@#)thdt =0, k=1,...,s—1.

Recall from (HO0) and (H1) that s denotes the degree of smoothness of the regression
function. Note also that (K5) ensures that K is orthogonal to polynomials of order



1 to s — 1. For a list of kernels satisfying (K1) — (K5) we refer to Miiller (1987). A
d-dimensional product kernel K, is defined as

Jj=1
Take now 1
(12) hy =n" %+

the optimal smoothing bandwidth in d-dimensions, and put ‘

- TR YK ()
(13) Fi(z) = R (%) .

The nonparametric kernel smoother F; is the well known multidimensional Nadaraya-
Watson kernel estimator.

3.3 Estimation under H;

Set \
/ 15+1
(14) h= ( 1;‘”) .

We will use this bandwidth for estimation in the semiparametric model. Note that in
(12) for the nonparametric estimation problem another rate, namely n~1/(25+9) was used.
Here we have almost this bandwidth except for the extra log-term.

Let Sy be the unit sphere in IR®. Denote by S,q a discrete grid in S; with the step
b, = h**2. Let N be the cardinality of S, 4

(15) N =#5, 4.
For each 3 € S, 4 define

-
(16) Kip(z) =K (%) .z € R
and introduce the smoothing operator Kz with
(17) KV (X:) = Tp(Xi) Y Y; Khp(Xi — X;)

i
where

-1
(18) Ma(Xi) = (Z K p(Xi — Xj)) :
JFEL

Similarly we define Kge and KgF. Note that given 8 the values KgY estimate f in (2).

8



3.4 The test statistic

Now for each 3 we calculate a statistic T as follows:

. _nvh .
(19) Ty = e 2(Y = Fo, KgY — Fo) — (KgY — Fo) + ).
Here (-) is defined by (8), A by (14) Fy by (10). We use the following notation
(20) ZZ GHIA(X:) K2 5(X: — X;) ‘

P E
where II3(X;) is from (18),

(21) o7 =0 (Fi(X;)), j=1,...,n,

the function o%(-) being defined in the model assumptions and F}(z) being the nonpara-
metric pilot estimator. Finally,

~ o . L " 2
V= YD &S IR(X) [2Kne(X: - X;) — KX, X)[ +

i g
2
+h YRS IE(XG) KR 5(X: — X;)
: J#i

with &; = & (Fl(Xi)) , 1=1,...,n, () being from (F3) and

: ’ 1 ,
(22) A (X, X;) = > T5(Xk) K p(Xe = Xi) Kng(Xe — X;).

Hﬁ('X ) k#i,7
Put now
(23) T, = sup Tp
ﬁesn,d

and

(24) o =1 (T;; > /(2 + 8)log N) .

Here 1(-) is the indicator function of the corresponding event, ¢ is an arbitrary small
positive number and N is the cardinality of S, 4, see (15).

4 Proof of Theorem 2

We start with the decomposition of the test statistics T3. Denote by Bgs(z) the bias
function for the smoothing operator Kg from (17):

(25) Bﬁ(X2)=}CﬁF(Xz)_F(X1)7 1= 1)7”

Fix some 8 € S, 4 and F € Fo U Fi.



Lemma 4.1

n\/_
ol

+2(Kge,e) — (Kge) + Eg +

(26) +2 (F — Fo,e) +2(Bg,e) — 2(Bs Kpe)| .

Ty = F — Fy) — (Bg) +

Proof. By definition Y = F + ¢ and therefore
KsY = KgF + Kge = F + Bs + Kge.
Now
2(Y — Fo,KgY — Fo) = 2(F—Fo+e,F—Fy+ B+ Kpe) =
= 2(F — Fy) +2(F — Fy, Bg) +2(F — Fo,Kpe) +
+2<5, F— }7“0> +2(¢, Bg) + 2 (¢, Kpe)
and
(KoY —Fo) = (F—Fo+Bs+Kpe) =
= (F~Fo) + (Bg) + (Kge) +
+2(F — Fo, Bg) +2(F — Fo,Kge) +2(Bg,Kge) .

Substituting this in the definition of 75 we obtain the assertion of the lemma.

The next step is to show that the expansion (26) for the statistic T can be simplified
by discarding lower order terms. Indeed we shall see below that the last three terms are
relatively small and can be omitted. The terms Eg and V3 can be substituted by similar
expressions Eg and Vs which use "true” valu~es o; and &; instead of estimated values &;

and £; and finally, the parametric estimator 6, can be replaced by 0, defined by
27 9, = arginf (p_
(27) s @n( )

where F' is a "true” regression function from (3). Suppose that all these replacements

can be done. Define now

, nvVh
Iy = Vi [(F — Fy,) — (Bs) +
2(Kpe, e) — (Kpe) + Ep]
with
T g#
W?=hZZﬁ#%(¢ x&—&%*%xxn+
A
’ 2

t J#t

10



Below we show that the tests ¢* based on the statistics 7.** with

n

(28) T, = sup Tj
ﬁesn,d

have the same asymptotic behavior as ¢}. For the moment we only consider the tests ¢,
Note that they are not tests in the usual sense since they use the non-observable values
Eg, Vs, 0,. Central to our proof is the analysis of the asymptotic behavior of the random
variables

(29) € =nvh [2(Kge,e) — (Kge) + Eg].

Lemma 4.2 The following assertions hold

(30) Eé = 0,
(31) E& = V3,

and uniformly in F € FoUFy, B € Spq and t € [—Inn,lnn]

P(2>)

(32) =0

-1, n— oo,
®(-) being the standard normal distribution.

Proof. The first two statements are derived by direct calculation. In fact, by definition
and (22) .

& = Vh Yy ells(X:) D e Knp(Xi - X;) -

J#t
2
~Vh Y TE(X:) [ &5 Knp(Xi — X5)| +
i i
+VRY. S o A(X:) K2 5( X — X;) =
i
= VEY Y e Mp(Xe) [2Knp(X: — X;) — KX, X5)] +
i i
+VRYY (0F — ) IE(X:) K2 4(X: — X;).
Y,

Since the errors ¢; are ihdependent and E¢; = 0, E¢? = 07, we immediately obtain (30)

and (31). The last statement (32) is a particular case of the general central limit theorem
for quadratic forms of independent random variables and can be obtained in a standard
way by calculation of the corresponding cumulants. We omit the details, see e.g. Hardle
and Mammen (1993).

The assertion (32) of Lemma 4.2 straightforwardly implies the following corollary.

11



Lemma 4.3 Uniformly in F € FoUF; one has

(33) P(sup §—ﬁ> (2+5)1nN>—>0, n — o0o.
ﬁesn,d B

Proof. For any t one gets

¢s ) <§ﬁ > <§ﬁ )
34 Pl sup =>t] < Pli=>t|<Nsup Pl=>>1t].
(34 (ﬂesf,d Vs - ﬂg,d Vs =7 pesns \Va

But through (32) for n large enough

(f/’; (2+5)lnN) <q><\/(m)>§
< ep{—3|VEFIRN] | = ot

that implies (33) through (34).

Now we come to the calculation of the error probabilities for the tests ¢}* based on T);™.
Under the hypothesis Hy one has F' = Fy,0 € ©. This does not automatically yield
(F — Fp,) = 0 since 0, € O,, see (27), and § can be outside ©,. But the assumptions
(HO) on the parametric family guarantee that this value is small enough.

Lemma 4.4 Let F = F;,0 € ©. Then

In?n

(Fg — Fy,) < C} "

Proof. Let
o = a.rgmf 0—¢
L= preinf oo,
The definition of the grid ©, provides |6 — 9;] < 1—“n—" Now from the definition of 8, and
the assumptions (H0) on the parametric family we obtain

I127’l

(Fo— Fy,) < (Fo— Fo) = Z | Fa(X:) = Fa ( < cyl0—0 <03l

Using this result we have for F' = Fy by Lemma 4.3
P (T;;* > /@ +5)1nN) <

< P(sup ‘%@>\/(2+5)lnN Cgl—l—l—nn h)—%O, n — 0o,

ﬁend ﬁ

le.
ao(pr) = sup Pr(e=1) >0, n— co.
FeF,

Next we evaluate the error probability of the second type .

12



Lemma 4.5 Let F € F, . Then for n large enough’

(F - F9n> Z Cn/2.

Proof. Let F € F; be fixed and
fr = arginf )| p_ )l
¢ = g0l P - By

By the triangle inequality and Lemma 4.4 one has

2
In“n

(F = Fpp) < (F = Fp,) + (Fo, — Fo,) <(F = Fp,) + C} —.

It remains to check that the inequality ||F' — Fy,|| > ¢, implies (F — Fp,) > ¢, /2. For n
large enough that is obviously the case.

The following Lemma is a direct consequence of assumptions (£3) and (D).

Lemma 4.6 There exist constants Cr,0* and V* such that

(35) Mp(X:) Knp(Xi — X;)| < Cr (X)) Krp(Xi — X;)| V6, X4, X
(36) supo; <o
and
(37) . ~ sup V< VR
p :

Recall now that each function F(-) from Fj is of the form F(z) = f(z () with some
Bo € S4. As a consequence F(-) should be well approximated by the smoothing operator
K with 8 coinciding or close to 3y. More precise, the following can be stated.

Lemma 4.7 There is a positive constant Cy such that for each F(-) € Fy , F(z) =

f(mTﬂO)a

(38) (Bg,) < Cyh*
with '

(39) Bn = 4T9If |8 — Bo|.

/8 € Sn,d

Proof. The definition of the grid S, 4 provides |3, — Bo| < h?*2. Then, it is well known,
e.g. from Ibragimov and Khasminskii (1981), that for F(z) = f(z"8) with f € E(s, L)
one has

(40) (Bg,) = (Kg, ' — F) < L'h*>*!

13



with L' = L||K||/(s — 1)! But

[{Bga) — (Bgo)l (Bg, — Bgy) <

(KgoF' = K, F) <

1
EZ s, (Xi) > F(X;) Khp. (Xi — X;)—
i e

IA A

IN

_Hﬁo ZF Ahﬁo(X - X; )
J#

Now using assumptions (D) and (K1) — (K35) we obtain

M5HX) — G| €3 1K (X = X5) = Koy (X6 — X5)| <
prr
Bn —
(1) < omg(x) 22

and similarly

|8r —

(42)  STIF(X;) Knpa(Xi — X;) — F(X;) Kngo (Xi — X;)] < Clge(X) 2220 h

J#
Putting together (41) and (42) we conclude that

(Bau) - (Ba)] s Lol < oo

and the lemma follows with Cy = L' + l

To complete the proof for the tests ¢X* it remains to note that for each F' € F;

nvh €6,
7 (F — Fy,) — (Bg,)| + Vo

>

n

and that if oy
(43) (F — Fp,) > Cyh?® + \/ (24+46)InN,

with V* from Lemma 4.6, then by Lemma 4.3 we obtam

P (T;;* < (2+5)1nN> <

nvh 2V* fg )
< (24 6)InN = (2+46)InN
S (V/Bn n\/—\/ + + +0)ln

< ( €ﬁn
- Vs,

Finally we remark that In N < C'lnn and the choice of h by (8) yields

* 4:;1
o+ 2V ,/2+51 N<C’( h”‘) — C'h?

14
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i.e. (43) holds true if ¢, in the definition of the alternative H; is taken with ¢2 > 2C"A%.
This completes the proof for the tests 2>

Now we explain why the statistics T;* can be considered in place of T);. The idea is to
show that the difference T;* — T} is relatively small (being compared with the test level
V21In N or deviation (F — Fp,)). First we treat the preliminary parametric estimator 0,.
Denote for given F' € Fo U F;

In’n

do(F) = (F = Fo) + =,

0, being from (27)

Lemma 4.8 Uniformly in F € Fo U F; we have for each § > 0

(44) P (ﬁ[(F—F())-(F—an) >5> — 0,
P (i (- Ruc)l>5) 0

Proof. Let us fix some § > 0 and some § € ©,. F i.rst; we show that the probability of

the event 12
{l(F— Fg,&')‘ >0 ((F— Fg) + nnTL)}

is asymptotically small. More precise, we state the following assertion:

(45) S P (|(F—F9,e)| > 5<(F-—F9)+ 1“;”)) —0, n—oo.

€6,

In fact, if we put d2 = E |[(F — Fj,¢)|* then we have

2

£ = E

~ Y [P(X) - Bo(X)

1
= 20 IF(X:) - Fo(X:)?.

Using Lemma 4.6 we have

0_*2 0.*2
2 SIF(X:) — Fo( X)) = -

7

42 < (F — Fp).

Further,




and

3 (|(F —Fpe) > 6 ((F — R+ 1“;")) <

< P(LUP-Fd)l> TlanyF- R ) <

1 §
< P (E;I(F—Fg,a)l > U—*lnn) :

Now we use an estimate of the large deviation probability for the centered and normalized
1

random variables - (F — Fy,¢), see Lemma 4.11 below. Indeed, for n large enough

> P (—1— (F — Fy,e) > ilnn) <
seo, \do g

2
< Z exp {— 5 - lnzn} < nexp{—(d+1)lnn} <n7?
fco. 20"

which implies (45). Here we used that the cardinality of ©, is of order n?. Let § € O, be
such that
(46) <F - F9> - (F - F9n> > z(gdn(F)

For ¢ small enough this yields

(47) (PR~ (F = Fy) > §((F — Fo) +(F = Fy,)).
Now by definition of , we obtain through ( 46) and ( 47)

(Y = Fp) <(Y — Fp,)} =
(F—Fy+e)<(F—Fy, +¢)} =
(F—Fy)—(F — F,,) <2(F — Fy,e) + 2(F — Fy,,e)} C

C {(F — Fpe) > gw— m} u {(F —Fpe) > -g-w - an)}.

=
e
3
Il
>
X
I

Il
P N

Using this relation and (45) we deduce

P(|(F=F;,)—(F—F,)| > 20d,(F)) <

< Y 1((F = Fa) = (F = Fp,)| > 26d,(F)P (8, =0) <
6€®,

< 3 P((F—Fg,s)> 5‘-<F-F9>> —~0, n- oo,
[ 2

that proves (44). The second statement of the lemma follows directly from (45).

The next step is to show that the last two terms in the expansion (29) are vanishing.
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Lemma 4.9 Given F let
In’n

bg = (Bp) +
Then uniformly in F' € Fo U Fy for each § > 0 the following assertions hold:

Y. P((Bg,e) > dbg) — 0,
,Besn,d

Z P((Bﬁ,}Cﬁ6>>5bp) — 0.
ﬁesn.,d

Remark 4.1 The statements of this lemma yield immediately that
P ((Bg,e) < bg, VB E Spg) — 1

and similarly for (Bg, Kge).

Proof. The statements of the lemma are proved in the same manner as in the last part
of the proof of Lemma 4.8. For the second statemernt we use in addition the fact that

(48) Var (Bg, Koc) < = (By).

Indeed, using assumptions (E1)-(E3) and (K1)-(K5), Lemma 4.6 and Jensen’s binequal-
ity we have B

. 2
1
E |(Bg, Kge)|* = —E Y Ba(Xi)Ip(Xi) Y eiKnp(Xi — X;)| =
i i
1 2
= B > ey Ba(X)lp(Xi)Knp(Xi — Xj)| =
P T
2
= fo > Ba(Xi)a(X:)Knp(Xi — X;)| <
7 i#]
1 2
< Loe2 s 106 [ Ba(X) KinalXs - X5)| <
J i#]
1 iz Ba(X) Knp(X; — X;) |
< g*0? #J , J
=’ ”Zj: Yizi Kno(Xi — Xj) -
< 25700 (By).

Next we show that the quantities Es and Vj estimate Eg and V3 good enough.

17



Lemma 4.10 For each § > 0 and uniformly in F' € Fo U Fy

1
P Eg— Eg| > - 0,
(ﬁsegpd‘ g ﬁ' nﬂlnn)
P(sup K—1>5> - 0.
BESna | Vo

Proof. The assumption (E3) implies for each j =1,...,n
|02 ~ 52| < C, |[Fi(X;) - F(X5)|

and hence

|5 — Bo| < %}:; 07 — 52| I (X K25(X: — X,).
i jE

Now by the design and kernel properties we derive for each 7 =1,...,n

c
SOTA(X:) K2 o(Xi — X;) < =

J# nh

and using Cauchy-Schwarz inequality we obtam

,11/2
|Eg—Eﬁ]< Z|F1 X|g [ZlFl X)” .

The pilot estimator £ fulfills with high probability
<F'1 -—F> S Cn"ﬁj-—d.

Hence using the inequality =2
that

25+ 4+1

nxf_lE'B—Eﬁl<—n 2S+d—0( ! >

Inn

Lemmas 4.8-4.10 together imply the asymptotic equivalence of the tests based on T3 and
Tg. We finish the proof of the theorem with a result on probabilities of deviations of
centered and normalized sums of independent errors ¢; over the logarithmic level. The
following lemma was already used in the proof of Lemma 4.8.

Lemma 4.11 For each positive constants r,a the following relation holds uniformly in
functions F from the Lipschitz class £4(1, L) of functions in IR*:
P({(F)>alan) =0, n— oo,

where

§(F) = L
E (F,¢)

Proof. We proceed in a standard way using the exponential inequality and boundedness
of errors €; due to (£1). The details are omitted.
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5 A simulation and an application

The purpose of our simulation experiments was to study the quantiles of the test statistic
T and the power of the test in finite samples. All calculations have been performed in the
languages GAUSS and XploRe ( Hardle, Klinke and Turlach (1995) ). The observations
were generated according to a binary response model. The explanatory variables were
identically independent uniform distributed on [—1, 1]. We took the parameter § = (i) %

and considered the functions

(49) flw) = e |
(50) fil(w) = fo(u) +n-¢'(u)
(51) fa(u) = 1 —exp(—exp(u))

for different 0 < n < 1, where ¢ is the density function of the standard normal distribution.
While fo is a logit function, f; consists of a logit disturbed by a bump (figure 3). The
response Y under Hy was generated such that P(Y = 1|z76; = u) = fo(u). We are thus
interested in the hypothesis Hy

Hy : Fy(z) = E[Y|u(z,8) = u] = fo(u) , 0 €5,

In a first step we calculated empirically the 90 and 95 percent quantiles of T)¥ for n = 100
and 200 observations generated by f;. They were used then as rejection boundaries,
defined as 1/(2+ 6)In N, see (24). We calculated T¥ by optimizing T over a grid, see
(23), with N = 50 gridpoints. As kernel function K we used always the quartic kernel

. 15
K(u) = —=(1 — u?)* L1y

BANDWIDTH VS POWER

1 1 1 1 1 1 L

1

P o(s10-1)
10 20 30 40 S0 60 7.0 B0 3.0
POWER (410 ~1)
9.0 9.3
1

8.7

8.4
1

i

1

T T T T T T
0.3 0.6 0.9 1.2 .5 1.3 2.1
BANDWIDTH

Figure 3: solid line: fo, dashed line: f; Figure 4: Power function of the test with
with n = 0.2, pointed line: f; withn = 0.6 respect to the bandwidth for funtion fi.

In the second step we analyzed the effect of increasing sample size on the power. In table
1 we show the power of the test when the data were generated with functions fj,, that

19



is fi for n = 0.2, fi., where 5 = 0.6 and f;. In order not to oversmooth we used the
bandwidth Ay = h = 0.5 for n = 100, 200 and h; = h = 0.25 for n = 350, 500 . Although
we substituted for speed reasons in the cases n = 350 and 500 f/ﬁ by V; for all 3, the
power increases very fast with n. Therefore, it could be of interest to compare the power
with regard to the bump 7 in the logit model. In table 2 we show for n = 200 and 350
the power of the test as a function of . We see that for n > 0.4 this test procedure works
very well.

Table 1:  Power and rejection boundaries for different alternatives.

n, h = 100, 0.5 200, 0.5 350, 0.25 500, 0.25
level 5% 10% 5% 10% 5% 10% 5% 10%
rejection boundary 4.00 3.35 3.30 3.25 3.75 290 3.20 2.76
f1a 0.056 0.096 0.112 0.215 0.133 0.207 0.150 0.200
fie 0.224 0.294 0.530 0.690 0.798 0.856 0.900 0.960
f2 0.316 0.376 0.946 0.991 0.995 1.000 0.995 1.000

Table 2:  Power for different bumps n .

n= 0.2 0.4 0.6 1.0
level 5% 10% 5% 10% 5% 10% 5% 10%
200, 0.50  0.112 0.215 0.227 0.419 0.530 0.690 0.687 0.801
350, 0.25  0.133 0.207 0.321 0.478 0.798 0.856 0.889 0.926

n,

The last step of the simulation experiment was the study of bandwidth choice. For
the sake of simplicity we set h; = h as above. First we always have had to determine
numerically the rejection boundaries for the special bandwidth h. Here we observed
shrinking boundaries, when h grew from 0.25 up to 2.25 . In figure 4 we plot the bandwidth
vs the power of the test with observations generated by fi.. Obviously for this kind of
alternative we get better power for larger bandwidths.

In the introductory example we dealt with youth unemployement. The question is, can
we explain the youth unemployement with the aforementioned predictor variables X in a
single index model with logit link? In the application of this dataset, we used a sligthly
modified procedure as described in Proenca and Ritter (1995). Further we rescaled the
explanatory variables of each dimension to [—1,1]. Since there are three dimensions
(d = 3) for a sample size of n = 462, we chose the bandwidth h, large, definitively 1.5,
whereas h = 0.3. By Monte Carlo studies described above we determined the 90 and 95%
one side quantiles of Ty, and got 1.74 respectively 2.38 . Now we ran the test for our
data and got the statistic value Tjg, = 3.076 for 8 = (—0.18010,—0.10725,0.97778). For
purpose of comparison in table 3 we switch the norm of 3 and set his first component
equal to the corresponding one of 6, the parameter of the logit fit in figure 1.
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Table 3:  Comparison of § and 3.

explanatory intercept earnings as an percentage of apprentices unemployed

variables apprentice divided by employees rate
7 —2.40996 —0.07999 —0.17989 0.95113
¢ - —0.07999 —0.04763 0.43422
Appendix
Proof of Theorem 1. To simplify our exposition and to emphasize the main idea

we consider the case when the parametric family consists of one point, namely, a zero
regression function, and errors ¢; are independent and standard Gaussian. Moreover,
we assume random design with a design density 7(z) in R? of the form 7(z) = m(|z|)
where a univariate function m(-) is compactly supported on [—1,1], symmetric, twice
continuously differentiable and satisfies m;(t) = 3/4 for |¢t| < 1/2.

The idea of the proof is standard. We replace the minimax problem by a Bayes one where
we consider instead of the set F of alternatives one Bayes alternative corresponding to a
prior v concentrated on F;. We try to choose this prior v in such a way that the likelihood
Z, = dP,/dPy is close to 1 where the measure P, is the Bayes measure for the prior v
and Py corresponds to the case of zero regression function. The Neyman-Pearson Lemma
yields that the hypothesis Hy : P = Py can not be consistently distinguished versus the
Bayes alternative H, : P = P, and hence versus the composite alternative H; : P € F;.

Now we describe the structure of the prior v. Let g{-) be some function from the Holder
class X(s, L), supported on [—1,1} and satisfying the conditions’

(52) [awydt=o, loll* = [ g*(tydt > 0.

Set ,
(53) h = ( - )

where a constant a will be chosen later. Denote by Z, the partition of the interval [—%, %]
into intervals of length h. Without loss of generality we assume that the cardinality of

the set Z, coincides with 1/A
1

For each interval I € T, introduce a function g;(t) of the form

(55) o)) =g (1)),

t; being the center of I. Evidently g;(-) is supported on I, g; € X(s, L) and the followings
hold for h small enough:

(56) [awd=0,  [gyd=r= .
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Let now p be a set of binary values {us,I € Z,} i.e. ur = £1. Define a function G,(t)
with ,

(57) Gu(t) = > prgi(t).

Iel,

This function G, € ¥(s, L) vanishes outside [—1 1} and by (56)

202

(58) [Giwdr =Y [girde=n+ [ (e di = w2 gl

1€,

Taking into account (53) we see that the distance between zero function and each G, is
just of the rate ¢ from Theorems 2.1 and 2.2.

Denote by M., the set of all possible collections {u;, ! € Z,} with binaries u; = +1, and
let m(dy) be the uniform measure on M,,. This measure can be represented as the direct
product of binary measures my(dus) with mr(u; = £1) = 1/2.

Now we pass to the semiparametric model. Let S, be a grid on the unit sphere Sy with
the step b,, ‘
(59) by = h'8,

h being from (53). This means that |3 — 3| > b, = h'/® for each 3,8 € S,, 8 # 3.
Below we will use that for some a > 0

(60) N = #8, x n®

and for n large endugh

hlnn < hlnn

61
ey B-p1" = b

<Rt VBB € Say BB

For each 3 € S, and each u € M,, define the multivariate function Gz ,(z) on R* with

Gpu(z) = Gu(z"B).
It is clear that the function G ,.(z) is Holder, G ,(z) € Za(s, L), and by (58) we get

(62) / G2 (z) m(z) do = / G2 (27 B) my(|z]) dz = / G2 (t) my(t) dt = Coh™

with m5(t) = £ [ 1(a78 < t) m(Jz]) dz and Co € [L[gl*, ]1*].

Finally we take the prior v as the uniform measure on the set of functions {Gg,, }, 8 € S,
, B € M,, and .
1

(63) Po== Y + ¥ Po,,.

BESn HEMp
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Here M = #M, = Uk N being from (60). Denote also Z, = 282 and notice that this

= 4P
likelihood can be represented in the form Z, = Tif‘ > ges, Zp with ’
1 1
(64) Zg=— > Zg,=— Y dPg, [dP,.
A/I REMp g M HEMp i

Our goal is to prove that for a small enough in (53) one has
(65) Z, =1
under the measure Py.

We start from a decomposition and an asymptotic expansion for each Zs from (64). For
that we need some more notation. Fix some 8 € S, and put

(66) okr=Y GH(X7B), I€T.,

1
(67) ‘ gﬁ,I = ;I- Zg[(XzT/B) Er, IeZl,.
We see that &5 ; are standard normal and independent for different I € 7,,, and

> Ghu(X) = 2 GUXT0) = Y oh

Iel,

Recall that we assume the random design and

68) BY. G3,.(X) =1 [ G} () n(z) do = nCoh?.
Similarly for each ag I | - |

(69)  Eoby=n[gie"B)n(e)dz=n [ gaTB)m(|z]) do = nCrhtH
where C; does not depends on 4 and Cy € [Co/V/2,v2Ch).

Lemma 5.1

Zs = ] ch(opaéar)e™ 2%
IeIn

where ch(z) = § (e +€7%).
Proof. By Girsanov formulae and (66)-(67)

1
Zﬁ,u = e€eXxp {Z Gﬁ’#(X,') g — §ZG%,“(X,)} =
1

= exp{ Z ,LLIO'g,Ifg,I— 5 Z O'g’[} =

IeT, Iel,

1,
=[] exp{propiésr— 5%,1}'
IeT,
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Now the lemma’s assertion follows from the direct product structure of the measure
m(du). '

Denote also

1
(70) VE=s D, Ohs
2 Ie,
1
(71) =2 ohs(r—1).
B IeT,

Lemma 5.2 The following statements hold:
(i)  EG=0;
i)  EQ=1
(i3) v = Cn?h*t = Cilnn with Cy <a
(iv) There ecists an independent standard normal r.v. (s that

Inn sup Eq (Zg - Cg)2 — 0.
BESn

Proof. The first two statements are obvious. (iii) follows from (69). Finally, (iv) is the
application of the Strassen type invariance principle (see, e.g. 77).

The next step is the asymptotic expansion for each Zg.

Lemma 5.3 The following statements are satisfied uniformly in 8 € S,: for each § >0
(i) .
Po ( Zg — exp {vg(ﬁ - 57}[2;} > 5) — 0;

(id)

. s 1
Py ( Zz — exp {vggﬁ - —2—0[2,} > 5) — 0;
Proof. The first statement is equivalent to the following one:

1
Po ( -

2
But the latter can be obtained using Taylor expansion for ln Zgs
1

InZﬁ—ng;-%— Ué >(5) — 0.

InZs = Z In ch(op,18s,1) — 5 [23'1 =
Iel,
1 1
= 2 [5"31 (681 —1) = (508,851 + O05,165.0)

IeT,
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and the following asymptotic relations which hold uniformly in 8
IeT,

.
.

for details we refer to Ingster(1993).

6 6
Z op.1p1| >0

Iei,

Y o565, —3) > 5) = 0;

The second statement of the lemma follows directly from (iii) of Lemma 5.2.

Now we arrive at the central point of the proof. Actually we prove that ”submodels”
corresponding to different 5 are in some sense asymptotically independent. That is why
we have to pay with the extra log-term for the choice of "direction” S.

Lemma 5.4 There erist a universal constant R such that for any 8,6’ € Sy, B # 3,

" Rh
72 E | < —.
( ) | Cﬁ(ﬁ'_ |/8—ﬁ,l4

Proof. Let us fix some 3,8’ from S,. Denote by p their scalar product,
p=(8,0)
Now fix also some [, I’ from Z, and set

r=r(B8,1,6,1'") = E&s s 1 -

Using normality of €g,; and £/ we calculate easily
(73) E (5;,[ - 1) (é%n’p - ].) - 47‘2 — 2r.

Below we state that r satisfies the condition
(74) Ir| < Ch?/(1 - p)®

with some universal constant C' and now we show that this implies (72). In fact, through
(73) one has

1 1

E(sCpr = E;;IZI OB (55’1_1)5;
€ln ’

= S 3 Y b [4(6,1.8.1) - 2r(, 1.6 1)

VB VB [T, I'eTn

> b (G —1) =

=

and hence by (69) and (iii) of Lemma 5.2 we obtain
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Ch* 11
EC g ! S - 02 0'21 ' S
B oo (1= p)?vgvp zf:_v'fn zfezrn PR = (1= p)?

and (72) follows.
To prove (74) we note that

r = Ef g =
- B S g(XTB)gn(XTB) =

0p,10p",1'
n

= [ 91(a7B) go(=78) 7(x) da.

9p,195",I"

Introduce new variables y; and y; with 273 =t; + hyy, 2" 3 = tp + hy,. We have

ty h — 1 +h 2
(75) o2 = (21 + han)? + |2 + yzl _p/() 1+ hyr) ’
k2 -
N z|”) dy, dy,.
' op,100,1(1 — p) /9(y1)g(y2)7r1(| ") dy: dyo

Now we use the Taylor expansion for the function p(y;,y2) = m (|x|2)‘with |z|> due to
(75). This function is continuous differentiable and all first derivatives are bounded by

Ch/(1 — p) with some constant C' depending only on the function ;. Using the equality
[g(t)dt =0 and (69) we get

o< Cnith___owe
TS nh2s+1(l _ p)2 - (1 _ p)2~

Now everything is prepared to complete the proof of (65). The results of Lemmas 5.2 and
5.3 reduce this assertion to the following one:

Z [exp {U,@Eg - %vé} - 1] — 0

BESn

(76) -

under the measure Py. It suffices to check that

2

1
WEO -0

> (Zﬁ - 1)

BESn

with .
Zg = exp {vﬁCg — 51}?;} .
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Using normality of {5 and (iii) of Lemma 5.2 one derives
> 1 2 | ; 2 a
E, [exp {ngg — —2—vﬁ} — l] = exp {vﬁ} < nt.

For different 8,3’ € S, denote r = Eog};(ﬁn Then Cg' can be represented in the form
(o = (s + (1 — r)¢’ with (' independent of (3. Now

.. .1 1
EoZ3Zp = Egexp {('Uﬁ + rvg) (s ~ 5 2} exp {(1 — 1)’ — é—v;,} =
1
= exp {§(v5 + rvp)? — Sv}

= exp {rvgvﬁ: — v + §r2 (v3 + vg,)} .

The results of Lemma 5.4 and (iv) of Lemma 5.2 allow us to obtain
Eo (Zg —_ l) (Zg/ - 1) = EQZﬁZgI +1<Crlnn.

Finally, by (61), Lemma 5.4 and (iii),(iv) of Lemma 5.2 we derive

2

7v—zE°

> (Zs-1)

BESR

1 .- . .
NzZEo(Zﬁ—l)+NEZ > Eo(Zs—1)(Zp-1) <
BESH BESn B'ESn,B'#8
1 1 Chlnn
< = P4+ — ——— <
N ﬁgs;n N? ﬁén ﬁ'esnz,:ﬂw 8- 81"
1 , Chlan

Mt

< ~0

if a is small enough.
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