WeierstraB-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 2198-5855

Analytical investigation of an integral equation method
for electromagnetic scattering by biperiodic structures

Beatrice Bugert', Gunther Schmidt?

submitted: December 6, 2013
updated: July 8, 2014

' Berlin Mathematical School 2 Weierstrass Institute
Technische Universitat Berlin Mohrenstr. 39
StraBe des 17. Juni 136 10117 Berlin
10623 Berlin Germany
Germany E-Mail: gunther.schmidt@wias-berlin.de

E-Mail: beatrice.bugert@campus.tu-berlin.de

No. 1882
Berlin 2013

I\
A\l

2010 Mathematics Subject Classification. 31B10, 35Q60, 35Q61, 45A05, 78A45.

Key words and phrases. Biperiodic scattering problems, Maxwell’s equations, boundary integral equations,
Lipschitz domains, Garding inequalities.

Beatrice Bugert thanks the Berlin Mathematical School for financial support. Moreover, she gratefully acknowledges the
kind hospitality of the WIAS, where this research was carried out.



Edited by
Weierstra3-Institut fir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

Mohrenstra3e 39

10117 Berlin

Germany

Fax: +493020372-303

E-Mail: preprint@wias—-berlin.de

World Wide Web: http://www.wias—-berlin.de/



Abstract

This paper is concerned with the study of a new integral equation formulation for electromag-
netic scattering by a 27-biperiodic polyhedral Lipschitz profile. Using a combined potential ansatz,
we derive a singular integral equation with Fredholm operator of index zero from time-harmonic
Maxwell’s equations and prove its equivalence to the electromagnetic scattering problem. More-
over, under certain assumptions on the electric permittivity and the magnetic permeability, we
obtain existence and uniqueness results in the special case that the grating is smooth and, under
more restrictive assumptions, in the case that the grating is of polyhedral Lipschitz regularity.

1 Introduction

We investigate the scattering of time-harmonic electromagnetic plane waves in R3 by a 27-biperiodic
polyhedral Lipschitz surface that separates two different materials of constant electric permittivity and
magnetic permeability. The behavior of the incident and scattered waves is modeled by the system of
time-harmonic Maxwell equations supplemented by transmission conditions across the interface and a
suitable outgoing wave condition that ensure the tangential continuity of the electromagnetic fields as
well as their boundedness at infinity. Such problems are contained in the class of diffraction problems,
which have various applications in micro-optics such as the construction of holographic films, optical
storage devices and antireflective coatings.

The aim of this paper is to establish new existence and uniqueness results for an equivalent integral
formulation of the 27-biperiodic electromagnetic scattering problem generalizing the results in [24],
where the analogous problem for oneperiodic structures is considered. In the biperiodic case, it is how-
ever not possible to reduce the electromagnetic scattering problem to solving scalar-valued Helmholtz
equations like in [24]. One has to deal with the full system of time-harmonic Maxwell equations.

Up to now, both in the one- and in the biperiodic case several integral formulations have been proposed
and implemented (see, e.g., [13], [23], [24]). We derive a new formulation by adapting the approach of
[12] for the problem of dielectric scattering by a bounded Lipschitz obstacle. Inspired by [19], Costa-
bel and Le Louér choose to represent the solution in either the exterior or the interior domain by a
Stratton-Chu integral ansatz and use a linear combination of an electric potential and the product of
a magnetic potential with a regularizer for the solution in the other domain. The mentioned regular-
izer, first considered by Steinbach and Windisch in [26], takes an important role since it controls the
occurrence of irregular frequencies. The existence of irregular frequencies in the biperiodic setting is
still part of ongoing research (see Remark 3.18). However, we suspect that for most of the practically
relevant wave numbers no irregular frequencies will occur. Therefore, we here will also work with a
Stratton-Chu integral representation in one domain but only make use of a simple electric potential
ansatz in the other domain. This approach yields a single singular integral equation that is shown
to be equivalent to the 27-biperiodic electromagnetic scattering problem under the assumption that
the boundary integral operator C', which is related to the electric potential, is invertible. With regard
to the numerical implementation of this integral equation by the boundary element method, we need
to execute less summations and multiplications with this simplified, unregularized ansatz. Since we



want to extend our method to the problem of electromagnetic scattering by 27-biperiodic multilayered
structures, where a possibly large number of integral equations has to be solved, our concern with
computational efficiency becomes even more meaningful. Compared to integral equation methods
leading to systems of singular integral equations as presented in [13], e.g., our method has a reduced
dimension posing an additional advantage concerning computations.

Despite the promising results in the treatment of diffraction problems with integral equation methods,
papers providing a rigorous mathematical analysis are rare. Existing work rather focuses on the prob-
lem of biperiodic electromagnetic scattering by perfectly reflecting gratings ([2], [20], [23]) or applies
variational approaches ([14], [24]), which are implemented by three-dimensional finite element meth-
ods.

The outline of this paper is as follows: Section 2 states the problem of electromagnetic scattering by
a 2m-biperiodic polyhedral Lipschitz interface. We then introduce, in Section 3, all relevant tools from
functional analysis that we need in order to apply a combined potential method to this problem. This
approach is executed in Section 4: We derive a singular boundary integral equation and demonstrate
its equivalence to the 27-biperiodic electromagnetic scattering problem in the sense that any solution
of one problem provides a solution of the other. In the main Section 5, we are concerned with the
solvability of the boundary integral equation in the special case of a smooth 27-biperiodic grating pro-
file and in the more general case of a polyhedral Lipschitz regular 27-biperiodic grating profile. More
precisely, we deduce conditions that ensure uniqueness and existence of solutions. This involves the
Fredholm properties of the operator on the left-hand side of the integral equation that are established
via Garding-type inequalities. We end with a brief conclusion and propositions on future extensions of
our work.

Notation. For vectors 2 € IR?, we denote by 7 their orthogonal projection to the (x1, x9)—plane. We
distinguish vector-valued function spaces from scalar-valued ones by writing them in bold font. The
operator I refers to the identity operator.

2 The electromagnetic scattering problem

Let X C IR? be a non-self-inter- secting surface given by a piecewise C? parametrization
o(t) = (t1,ts, x3(t))"  suchthat x3(t+ 27 -m) = x5(t) (2.1)

fort = (1, tg)T, m € Z?. Inwords, ¥ corresponds to an interface that is 27-periodic in both - and
in xo-direction and may exhibit edges and corners. We will refer to this kind of regularity as polyhedral
Lipschitz regularity. As it is usual in the treatment of periodic problems, we restrict the calculations in
this paper to one period I" of the surface 3., i.e., to

I'={o(t) : t€Q}, where @ :=[-m7)x [—7,7)

denotes the unit-cell of the periodic lattice. The restricted profile I' separates two regions G C R3
with materials of constant electric permittivity e and constant magnetic permeability . Its unit
normal vector n is set to point upwards into GG. From here on, we assume that

Im(ex) >0 and Im(pus) >0 inGy. (2.2)

Letw > 0 be a fixed frequency and denote by k+ = w./€x /i~ the wave number in G. The square
root of a complex number z = r¢'¥ is chosen such that y/z = \/Feig for 0 < ¢ < 2m. For technical



purposes, we need the auxiliary polyhedral Lipschitz domain G with a fixed H € R chosen such
that
FrcG={z= (323" € QxR : |z5] <H}. (2.3)

Denote by G'! the restrictions of G to G4, i.e., G .= GH N G..

We now consider the illumination of the surface I from G, by a time-harmonic electric plane wave E!
at oblique incidence. We specify E' as

E = pei(a“"”a?“’a”?’) with aiz > 0 (2.4)
and observe that it satisfies the relation
U (& + 27 - m, x3) = e2rleamitarma)y () forallm € Z2.

This special type of periodicity up to a phase shift will be called a-quasiperiodicity (abbreviated as
a-gp). The wave vector a = (ay, (g, —ag)T of the incident field has the following properties:

o> = k2" and a-p=0. (2.5)

The total electric fields are given by E' + E™ in G and by E"*" in G_. Then the 27-biperiodic
electromagnetic scattering problem written in terms of the electric field can be formulated as follows:
We look for vector fields E*f and E*" of locally finite energy, i.e.,

Ereﬁ’ ]Etmn7 curl Ereﬁ’ curl Etran c L2 (R?;)’

loc

satisfying the time-harmonic Maxwell equations

curl curl ! — /{iEreﬂ =0 inGy, (2.6)

curlcurl E™ — g2E" = (0 in G_,
the transmission conditions

n x E"" =n x (E*" + E') onT,
! (n x curl Etran) = u;l (n x curl (Emﬂ + El)) onT (2.9)

and the outgoing wave condition in the sense of Rayleigh series:

RO )
El(z) = Y Erefei(e o %) z € G with 23 > H, (2.10)
nez?
: n). s (n)
E"*(x) = Z Eganel(a( )32 "”3), r € G_ with z3 < —H. (2.11)
nez?

Here, n = (ni, ng)T, o™ = (aq +nq,ay + ng)T and

VEL — a2 with 0 < arg (ﬁi")> <7 ifre ¢ R_,
ﬁz(t”) = —\/I{i — |a(n)|2 ifry € R_’ ,{i _ |a(n)|2 > 0’
1 |O{(7’L)|2 _ "13: if ey € R_7 H?I: _ |a(n)|2 < 0.

By the a-quasiperiodicity of the electric incident waves, the sought-after fields are «-quasiperiodic
themselves.



3 Function spaces, traces and electromagnetic potentials

Let € be a polyhedral Lipschitz domain in R3. If {2 is bounded, we denote by H*(£) the usual scalar-
valued Sobolev space of order s € R with the common convention that L?(Q) := H°({2). Otherwise,

H; () refers to the space of functions contained in H*(K) for all K & (2. Their vector-valued

counterparts are specified by H*(2) and H; (). Let D be a differential operator. Then

loc

H(D,Q) :={ueLl’Q) : DueL*(Q)},
Hi,e (D, Q) = {u € L3 (Q) : Due L (Q)}.

Both spaces are endowed with their natural graph norm. We consider the following «-quasiperiodic
Sobolev spaces for s € R:

H; (Q) = {ueH Q) : Jagpv € Hj,(R?) such thatu = vlo },
H(D,Q) ={uecHD,Q) : Ja-gpv € Hj .(D,R%) suchthatu = v|o } ,
H:  (Gy) ={ueH] (Gs) : Ta-gpv € H} (R?) suchthatu = vl¢, },

Sie(D,Gy) ={ueH] (D,Gy) : Ja-gopv € H (D,R*)st.u=vlg,},

a,loc loc

S
loc
where 2 C R? is a bounded domain. Moreover, we define the space
(™) .% 2\ 2
HS = {u = Z w,e T ||u||i8 = Z (1 + !a(")| ) lu,|” < oo}
nez? nez?
for s > 0. The dual space of H?, denoted by H_* for s > 0, arises from completing L2 (Q) with

respect to the norm

ul|. = sup
N, A

Next, we specify
H;(T') ={u : uoocecH)} forse]0,1].

Completing L (T') with respect to the norm [[u|g—s(ry = [[(wo o) (1 + [V [*)/?[|4,—; yields the
dual space H_*(T"), s € (0, 1], of H? (T"). In the style of [6] and [7], we in particular set

V, = H2() and V/, :=H,?>(I).
Finally, we introduce the space L, ,(T"), which is defined by
L2,(I):={ueLli(l) : u-n=0}.

This function space is identified with the space of two-dimensional tangential vector fields - sections
of the tangent bundle T'T" of I" for almost every x € I'.

Definition 3.1. Let u be sufficiently smooth in G+ and uy = u| .- Then we define the Dirichlet,
the Neumann and the Dirichlet tangential components traces of u as

Ypu=mxuy)|r, wu=r"(nxcurluy)lp, mpu:=((nxuy)xn)]r.



The properties of the previously introduced traces of vector fields on I' are deduced from those of
the classical traces of vector fields with the help of suitable truncation procedures. For details on the
classical traces, we refer to [4]-[8].

Remark 3.2 (Notation). Let {2 be a bounded polyhedral Lipschitz domain such that ' C 02 and
let v : HL(Q) — V, be the standard trace operator on I'. We denote by y~' one of its right
inverses. From here on, the Dirichlet trace yp and the Dirichlet tangential components trace mp, shall
be interpreted as the composite operators ypy~! and Ty ™!, respectively, if they act on traces lying,
for instance, in the space V.

We define the trace spaces V,, , and V, . by
Vaor =7 (Va) and Vi, :=mp(V,).

Endowed with the norms
lully,, = if {Ivly, : wv=u}. [uly, = if {Ivly, : mv="u}.

the spaces V,,, and V,,  are Hilbert spaces. These norms guarantee the continuity of the Dirichlet
trace yp and the Dirichlet tangential components trace mp. By construction

M:Va— Vo, and mp:Vy — Voo

are isomorphisms (cf. [7, p. 683]). The density of V, in L2 (") yields that V,,, and V,, . are dense
subspaces of Lijt(F). Their dual spaces V|, and V|, are given with respect to the pivot space
Li’t(F). We emphasize that the spaces V.., Va.x, V,, , and V|, are considered as spaces of
tangent fields of regularity 1/2 and —1/2, respectively.

In the following, we denote by i, : L2 ,(I') — LZ(T') and i, : L2, (I') — LZ(T') the adjoint
operators of yp and mp. They can be extended to the following isomorphisms:

iy Vi — (N(w)NV,)' CV, and ip:V, — (N(rp)NV,)’ CV,,

where -© refers to the polar set (specified, e.g., in [27, pp. 136ff.]).

Moreover, we define an operator r : L2 ,(I') — L, ,(T") by
T= A .

This is the rotation operator corresponding to the geometric operation - X n. The operator r can be
extended and restricted to mappings 7 : Vi, » — V., andr @ V|, — V| _. For any choice of
spaces 7 is invertible with r—* = 1/ = —r, where 7’ denotes the adjoint operator of - with Lit(l“) as
pivot spaces. These and further insights on the rotation operator r are deduced from its nonperiodic
equivalent characterized in [6, p. 851].

Denote by V' the tangential gradient, by divr the surface divergence, by curly- the tangential vector
curl and by curlr the surface scalar curl. The definitions of these operators on boundaries of bounded
Lipschitz domains can be found in [7]. We deduce the corresponding definitions on I' via suitable
truncation procedures.

Lemma 3.3. The surface differential operators Vr, curly, divy and curly give rise to bounded linear
operators

1 1
Vr:HZ(T) — V! curlp : H3(T') — V!

a,y? a,T)



_1 _1
divp : Vo, — Ho 2(T),  curlp: Vo, — Ha2(D).

Moreover, the duality relations

/dinu-vda:—/u-vada and /curlpw-vdaz/w-curlpvda
r r r r

hold forallu € V, ,,v € H/*(T') andw € V.

The identities
divp(r(u)) = curlpu and curlp(r(u)) = —divru (3.1)

are used as technical tools.

The most prominent function space in this paper is the Hilbert space

H,? (divp, ) = {j €V, divrje Hﬁ(F)}

endowed with the norm

= Nl + ldivedl, g

H‘] HH;% (divp,I’ 2()

The trace operators 7% and vﬁn can be extended to bounded linear operators

v Hyoc(curl, G) — H, 2 (divy, 1),
_1
’yi : Hygoc(curl, Gy) NH, joc(curlcurl, GL) — Hy 2 (divy, I).

We now define the bilinear form B : H_"/?(divy, ') x HZ}/*(divp, ') — C by
B(j, m) ::/Fj-r(m) dor:—/rr(j)-mda

and the sesquilinear form B, : H,'/*(divp, I') x H;'*(divp,I') — C by
B.(j,m) = /rj -r(m) do = —/Fr(j) -1 do.

Lemma 3.4. The bilinear form BB and the sesquilinear form B.. define nondegenerate duality products
on their domains of definition in the sense that

B forallj € H;/*(divy,T),j # 0, there exists m € H_\/*(divr, T') such that B(j, m) # 0,

B forallm € H_/*(divp,T'), m # 0, there exists j € H_'/?(divy, I') such that B(j, m) # 0,
and

W forallj € H;'*(divp,T'),j # 0, there exists 1 € H'/*(divy, I') such that B.(j,1) # 0,

W foralll € H'*(divr,T'),1+# 0, there exists j € H,'/*(divr, T") such that B.(j,1) # 0.



The antisymmetric relations
B(j,m) = —B(m,j) and B.(j,1) = —B.(1,j)
are satisfied for all densities j,1 € H_/*(divy, ') and m € HZ_/*(divr, I').

Definition 3.5. A sesquilinear form S : H,'/*(divr,T") x H_'/*(divr, ') — C is called a compact
B.-related sesquilinear form if it can be represented as

S(,) = B, (Kl'a') and S(a) = B ('7K2')
with compact operators K1, K, : H,"*(divy, ') — H_Y?(divy, T).

For technical reasons, we also consider the duality product analogous to 3 on the boundary 0 of
bounded Lipschitz domains {2 with an unit outer normal vector n

Baq : H'/*(divp, Q) x H™"*(divy, 0Q) — C, Byg = / j-r(m)do = —/ r(j) - mdo,
o0 o0

which is defined in [12, § 3] together with the Hilbert space H~'/*(divr, 0f2) - the nonperiodic equiv-

alent of the space H_'/*(divr, I'). Here, r is the nonperiodic rotation operator given in [6, p. 851].

For all u, v € H(curl, ©2), we have the Green identity

/ curlu-v —u- curlv dzr = Byo(ypu, 7pVv). (3.3)
Q

Next, we introduce the a-quasiperiodic potential operators relevant for this work. They are based on
G, the a-quasiperiodic fundamental solution of the Helmholtz equations, specified by

(a™-@-5)+8 |z3—ya|)
G(x,y) =23 Z 7 for Im (k) > 0, (3.4)

nez?

where
K2 — a2 with0 < arg (B™) <7 ifx ¢ R_,
B =8 —\/k2 — [a]2 ifv € R_, k2 — |a™]? >0,
iy/|a |2 — k2 if k € R_, k% — [al™|? < 0.

The Green’s function G! can be analytically continued to real wave numbers on compact sets in
R3 \ Upezz (204, 2105, 0) T if

(k,a) € Ro={(k,a) e Rx R’ : g™ =0 for some n € Z*} .

This does not include the special case that x = 0 and ag = (&, —a3) with & € Z? and a3 € Ry,
for which we introduce the alternative periodic Green'’s function of the Helmholtz equations G°:

) ! oin-G—)—nllos—yal

nezZ2\{0}

In [9], this Green’s function is studied in more detail. Amongst others, it is shown that the difference
Gy° — G, Kk # 0, is sufficiently smooth on ) x Q. Therefore, G° inherits the properties of G¢°.



Details on the derivation of G2, (k, ) € Ry, and its analytical properties are given in the habilitation
thesis [3, §3]. We will in particular resort to the fact that the difference between GG and the usual

Green function in free-field conditions G, defined by G,.(x,y) = ﬁej';:r‘ , is smooth, i.e.,
Gz, y) = Gulw,y) € CF(Q x Q). (3.6)

This goes back to [3, Theorem 3.8 and its introductory lines on p. 56].
The single layer potential is given by
(Stw) @) =2 [ Gilayuly) doy), o€ (@xR\T.
r

and its trace by
V2w (o) =2 [ Giwpuly) doty). wer.
I

Here as well as in the subsequent definitions, G refers to the expression in (3.4) if (k, @) ¢ R, and
to the expression in (3.5) if k = 0 and & € Z2.

Lemma 3.6. Lets € (0, 1). Then the operators S¢ and V. are continuous linear operators:

SeHIU(I) — HIAE(GL) UHCLE(GL), Ve HY /() — H(T),

a,loc

If I' is smooth, the mapping properties hold for all s € R. Moreover, they remain valid for the corre-
sponding scalar-valued function spaces.

For (k,a) ¢ Ry, these mapping properties are proven with a localization technique similar to the
one used in the proof of Theorem 4.22 in [3, cf. p. 83f]. In fact, we localize the potentials with an «-
quasiperiodic partition of unity and apply the splitting G = G + (G — G.;). Then the result follows
from (3.6) and the known mapping properties of the single layer potential with kernel GG,. (see [11])
on artificially introduced closed interfaces. Since G° — G2° for iy € Z* and k # 0 is sufficiently
smooth, the mapping properties of S;° and V;** are derived from those of S and V,2°.

By [7, Theorem 4], the two operators S and V& act on densities j € V7, according to:
Sed =55 (i) and ViZj = (S55j). (3.7)

Definition 3.7 (Electric potential). Let x # 0. Then the electric potential W, is defined for a density
je H *(divp, ') by
g j=rSej+ £ VST divy .

By curlcurl = —A + V div, it also has a representation as U§; = k™' curl curl S2j.

Definition 3.8 (Magnetic potential). Let k # 0. Then we define the magnetic potential Wiy fora
densitym € H_'*(divp,T") by

Uy, m = curl Sim.
We in particular observe that

K eurl U =Ug  and s 'curlWy = UR  fork # 0. (3.8)

Lemma 3.6 and the identities (3.8) imply the following lemma.



Lemma 3.9. For k # 0, the electromagnetic potentials kIf%K and \Iff\“/lﬁ map continuously from the
Hilbert space H,'/*(divr,I') to Hyjoc(curl, G4) U Hy joc(curl, G_). For densities j, m lying in
H_'/?(divy, '), they satisfy the time-harmonic Maxwell equations

(curlcurl —x’I) ¥ j=0 and (curlcurl —x’I) ¥y m =0
and the outgoing wave condition (2.10)-(2.11).

Defining [V.] == v, — 7. for x € {D, N, }, the jump relations

[p] Vg, =0, [, ] Vg, = —21, (3.9)
[yp] Yir, = —21, [N, ] ¥y, = 0. (3.10)

hold for k # 0.

Lemma 3.10 (Stratton-Chu integral representation). Assume that k # 0 and let E satisfy time-
harmonic Maxwell’s equations curl curl E — x?E = 0 as well as the outgoing wave condition in
G+ U G_. Then E admits the integral representation

1
E(r) = 5 (‘I’%NJ(SU) + ‘Iff\y/lﬁm(x)) forx € GLUG_,
where j .= [yn,] E andm = [yp] E.

The proof, which will not be presented here, is based on the classical Stratton-Chu integral represen-
tation of E in the bounded polyhedral Lipschitz cell G (see [6, Theorem 3]) and exploits (3.6).

The integral equations derived in the course of this paper are composed of the boundary integral
operators

Co={mw} Vg, ={mw.} ¥y, and M7 :={w} ¥y, ={m.} ¥,

where {7.} = —% (v, + ") for x € {D,N,.}. They map from H'/*(divr, I) into itself, which is
easily deduced from Lemma 3.9 and the mapping properties (3.2) of the trace operators. Moreover,
we define, for j € H,'/*(divry, ') and k # 0, the auxiliary operators

Cooj = —kRGj + kT, (3.11)
Co"J = Rgj + 15}, (3.12)

where
R} =~ (V) T = curlp VS divp.

The operator Cgio corresponds to the principal part of the boundary integral operator C', whereas
C’g’* is a regularizing operator, first defined in its non-periodic version in [26]. We have the identity

Co™ = iCfy. (3.13)
Lemma 3.11. The operator (RY)* is compact in H'/(divy, T') and (T¢) = 0.

Lemma 3.12. The operator differences Cf — C' and M — Mg are compact in H_'/?(divy, I').
IfT" is smooth, the operator M is compact in H,'/*(divr, I).



Lemma 3.12 is proven similar to Lemma 3.6. It implies the compactness of the operator difference
Mg — M = (Mg — Mg) — (Mg — M) (3.14)
in H_'/?(divr, I") for wave numbers k, o with k # o.

Lemma 3.13. Let the material parameters in r satisfy (2.2) and let o0 = iT with T € R. Then we
have the adjoint relations

B(Cgj,m) =—B(j,C,“m) and B(Mgj,m)=—B(j, M *m), (3.15)
B.(C3j 1) = B. (j, C31) and B. (MZ,1) = =B, (j, M71) (3.16)

for all densities j,1 € H_"*(divp, T'), m € HZ}/*(divy, T).

Proof. The adjoint relations (3.15) are deduced by explicit calculations with the help of the properties
of the rotation operator r, the relations

Go(z,y) =G.%(y,z) and V*Gy(z,y)=—-V'G, “(y,z) forallz,y T,

(3.1), (3.7) and Lemma 3.3. Since B. (+,-) = B( -, - ), C* = —C>*and M = M, for o = it
with 7 € R, the relations (3.16) arise from (3.15). O

The Calderon relations for the «-quasiperiodic time-harmonic Maxwell equations serve as an impor-
tant tool in this paper:

(C9? =1—(M*)? and COM® = —M*C® fork # 0. (3.17)

They are deduced from the identity % P{* = 0 that holds for the Calderon projectors P{ =1 4 Ay,

where
poo . (M ce
L (C’g Mg) ’

The subsequent lemma is proven with the help of the first Calderon relation and the later shown
Lemma 3.19.

Lemma 3.14. C¢ is a Fredholm operator of index zero in H,'/*(divy, I') for k # 0.

In fact, we can even show that C'' is invertible for certain wave numbers.

Lemma 3.15. Let 0 = it with 7 € R,. Then the boundary integral operator C% is invertible in
H_'/?(divp, T).

Proof. We first show that C' is elliptic in the sense that

Im (B. (j, C2j)) > c|ljlI* _s forall j € H, 2 (divp, ). (3.18)
H, 2 (divp,I')

For j € H,"*(divp,I'), we define the function u := W§ _j that solves the time-harmonic Maxwell
equation

curlcurlu+ ?u=0 inG, UG_ (3.19)

10



and satisfies the outgoing wave condition (2.10)-(2.11) according to Lemma 3.9. Moreover, we recall
that the auxiliary domains Gli are defined for suitably chosen H € R such that

Gl =G"NnGy withT c G ={r c QxR : |z3] <H}
(see (2.3)). In particular, u € H,(curl, GFUGY)NH, (curl, G}t UG") holds. Applying the identity

o 1, o (391 a
Co=—3 (b +78) Vg, = — Vg,

the jump relation (3.9)s and Green'’s identity (3.3) in the domain GE U G in terms of the unit normal
vector n leads to

(3.9 1

Bc (.]7 C?j) = _BC (.]7 fYDu> = 5 (BC,F (7§Uua ’)/]SU) - BC,F (7§Hu7 ’YIJ)ru))

= i (Bc,p (75“ curlu, vgu) — B.r (’yg curlu, 'ygu))

i

2r

2 —
/ |curlu|” — curlcurlu-udz
H
GHugH
+B.rn (VD\FE curl u, 7D|FE u)

+B, ru <’YD|F§ curlu, p|pn u) ]

(319) icy 9
> 7 ||uHHa(cur1,GEUGIE)

i
+5- (BC,FE <7D|FE curlu, 7D|r$ u)
+B, rn <7D|Flj curlu, yp|pn u)) ,

where we have I'l .= {z € Q x R : 23 = £H} with unit normal vectors nl! := (0,0, +1)T and
c1 = min{r,7'}. Above, we exploited B.(-,-) = B( -, -). The last two terms on the right-
hand side above can be explicitly computed since u and u satisfy the outgoing wave condition with
5_(”) _ i(7'2 + |a(n)}2)%:

1

() A RYE
u*(z) = Z ute Vel [ onTY, (3.20)

nez?
- —_ 3 n - n 2
ut(z) = Z uEe e IFY et s on I, (3.21)
nezZ?
where u® = u]ri. With this, the orthogonality of the trigonometric polynomials and the identity

(™), (w5, + (@), (u3), 1/ 72+ [ (uF), = 0 onTL,

which goes back to inserting 1 represented as in (3.21) into div u = 0, we arrive at

B <7D|F1i curlu, 7D|r1; u>

a3 [ (), +03),)

nez?
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H (), (@), (@), + (@), (u7),)]
=4 3 [y ot ([(d), 4 w2),7)

nez?

/72 + a2 (ut ] oy
=472 37 \f72 4+ a0 [uk]F o2V

nezZ?

Altogether, we have
. s C1 2
Im (BC (.]7 Ca.])) > 5 HuHHa(curl,GEUGH)
2
S 0 (i ) e R
n€z?
C1 &1 2
> Sl eunauen = 5 (Il eun e + Tl euncn)
where we in particular used that 7 > 0. The Neumann jump of the electric potential \II%U implies that

2

1
H,, 2 (divp,D)

1
o112 - + _
[TAPP IR EED

2
- 3.22
< (Il gy + Il ) o2

_ 2
<2<H7fo HH 2 (divp,I) H,}/N”uHH;%(divr,F)>'
Moreover, the time-harmonic Maxwell equations (3.19) give rise to
2 2
Jull2s s = 7 leurl curlull2, g,
— HuH2 _! HuH2 + 72 chrlcurlu”2 + chrluH2

Ho (curlL,GY) = o L2 (GY) L2 (GY) L2 (GY)
> &) 2
= 5 HuHHQ(curlcurl,Gi)

with ¢o == min{1, 7'2}. Since, by (3.2), the Neumann trace operators are bounded operators from
H, (curl curl, GI) to H;'/?*(divr, T'), we all in all have

. vous C1C2 2 2
Im (BC (.]7 Co--])) 2 T (HuHHa(curlcurl,GE) + HuHHa(curlcurl,G’I})>

C1C2C3 2
> 220 (gl g+ 050 )

C1C2Cy 2
e (R P Z(dwra(,ﬂm)

C1Cy _
= 1T min{es, ¢4} (HVN Hi—l;%(divr,l“) + H/VN"uHiI;%(divF,FJ
(3.22)

(12

12



where ¢ := %2 min{cs, c4}.

In order to deduce the invertibility of C% in H'/*(divy, I') from its previously shown ellipticity, we
define, for fixed m € H_'/?(divr, I'), the bounded linear functional B.m by

(Bem) (j) == B.(j,m) forallj € Ha?(divp, T). (3.23)

This generates the bounded linear operator B, : H_'*(divy,I') — (H,'*(divr,I"))’. From the
Riesz representation theorem ([16, Theorem 5.2.2]), we conclude that

(j?jBCC?m) :Bc (jaogm)a

H;%(divF,F)
where j is the Riesz isomorphism mapping from the space (H_'/*(divr,I"))" into H,'/*(divr, I).
Since B.(-,C%-) is a continuous and H_,'/*(divr, I')-elliptic sesquilinear form, we in particular infer
from the Lax-Milgram theorem in the version of [16, Theorem 5.2.3] that

1 _1
jB.CY : Hy 2 (divy, I') — Hg 2 (divy, I)

is an isomorphism with R(jB.C%) = H_'*(divp,I'). Therefore, R(jB.) = H_'*(divr, ).
Together with the injectivity of the linear operator B, which arises from the nondegeneracy of the
duality product B, given by Lemma 3.4, we derive the invertibility of jB. in H_'/*(divr, I'). Therefore,
also the boundary integral operator C : H;'/*(divp, I') — H,'/?(divr, I') is invertible. O

Corollary 3.16. The operators 1 + M : H_'/*(divr,I') — H_"*(divr, ') are invertible for wave
numbers o = it with T € R and in particular satisfy the inequalities

I M2) 507 > cx il : (3.24)

(divp,I") o © (divp,T)

Proof. The invertibility of I &= M is easily deduced from

(C2)? P2 T (M2)? = (1= M2) (T+ M) = (14 M2) (I — M2)

since (C%)?% is invertible by Lemma 3.15. Based on the fact that I 4+ M are linear and continuous
in H,'/*(divp, I) in addition to their invertibility, the inequalities (3.24) are a simple implication of
Theorems 2.9-4 and 5.6-2 from [10]. O

We can also make a statement on the invertibility of the operator C'¢ for wave numbers x that can not
be represented as i7 with 7 € R : C'% is invertible in H_'/*(divr, I') if and only if & is not a resonant
frequency of a particular Dirichlet problem. This is proven by contradiction with the help of Lemma
3.10.

Lemma 3.17. The integral operator C2 : H_'/*(divr,I') — H_'/*(divr, I') is invertible if and only
if the homogeneous Dirichlet problem,

curlcurlE — k’E =0, divE =0, 'pE =0

3.25
and E satisfies the outgoing wave condition ( )

in both of the domains GG, and GG_, only has the trivial solution.

13



Remark 3.18. In the analysis of the boundary integral equation later on, we will often assume that the
nullspace of C is trivial, which is equivalent to the invertibility of C' since this is a Fredholm operator
of index zero by Lemma 3.14. If o = it withT € R, then C® : H_'/*(divr,I") — H,'*(divr, I)
is invertible due to Lemma 3.15. For other wave numbers, Lemma 3.17 gives a necessary and suffi-
cient condition to ensure such a condition: the unique solvability of the Dirichlet problem (3.25) in both
G, and G_. Up to now, the unique or nonunique solvability of (3.25) has not yet been fully under-
stood for all wave numbers. To the best of our knowledge, there do not exist any counterexamples to
the uniqueness of (3.25) in the special situation encountered in this article that the grating profiles are
representable as the graphs of “real” 2m-biperiodic functions - meaning that the scattering interfaces
are not allowed to be invariant in x1 or x>. However, there exist several counterexamples for grating
profiles, which are invariant in x1 or xo and may even be smooth (see, e.g., [17], [18]). Other typical
counterexamples in the 27 -periodic framework, from which counterexamples for 21 -biperiodic geome-
tries can be derived, involve overhanging profiles that can no longer be represented as the graph of a
function (see, e.g., [15]).

Lemma 3.19. For k # 0, the operators I = M are Fredholm of index zero in H;'/*(divr, I').
Proof. If I is smooth, it is clear that I &= M/ are Fredholm operators of index zero by the invertibility of

I and the compactness of M according to Lemma 3.12. If I" only has polyhedral Lipschitz regularity,
we reformulate I + M as

I+ M = (14+ M)+ (M*— M?).

Lemmata 3.15 and 3.12 imply that [+ M are invertible and M — M is compactin H_'/*(divp, I').
Thus, in this case, the boundary integral operators I = M are again Fredholm of index zero in
H_'/?(divp, T). O

Lemma 3.20. The operator V;* is self-adjoint with respect to the complex L?- and the complex L?-
scalar product. Moreover, if & ¢ 72, the operator V" is elliptic in the sense that there exist positive
constants ¢ and ¢ such that

a T .2 s s o112
[VeiTdozelilly  ana [ Viicidozelil? (3.26)

forj € H,'?(T") andj € H,'*(T).
Proof. The self-adjointness of V;* with respect to the complex L2-(L2-)scalar product goes back to
the identities G§ (z,y) = G, *(y, ) = G§(y, x) forall z,y € I

For & ¢ Z2, we now verify the ellipticity property in H;'/?(T") with a similar technique of proof
as applied in the proof of Lemma 3.15. For j € H_'/*(T"), we define the function v = S§'j that
solves the Laplace equation in G+. The jump relations of the scalar-valued single layer potential ([3,
Theorem 4.2]) and the second Green identity in the domains G U G¥ defined in (2.3) yield

/%“ﬁdoz/umﬂ—ﬂﬂ) do
I I

:/ |Vu|? dm—/ ua—%{ do — ua—l; do,
GHuGH i OnZ ra on;

denotes the normal trace and T} = {# € Q x R : w3 = +H} with

(3.27)

where 7t = Z|,

ni = (0,0, j:l)T. Since, for k4 = 0, we have ﬁi") = ﬁ(_") =i !a(”)|, the outgoing wave condition
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of the form

: n). - (n)
u(z) = Z uzel(o‘< )-+6 xi”), x € G4 withxz > H,
nezZ?
; n) . x (n)
u(z) = Z u;el(a< )3 x3>, r € G_ with x5 < —H,
neZz?

with scalar-valued coefficients uf n € 72, implies that

/voajjdx:/ \Vu|? d
r GHugH

#rt 3 Ja)] (i o ) I

nez?

(3.28)

We define the operator A : H}(GY UGY) x HY(GY UGY) — R by

Jv ov

= Vu-Vovdr — — do — do.
A(u,v) /GEUGH u-Voudz Fguan}f o o

U—r
3]
i Oy

We observe that A(u, u) is exactly the right-hand side of (3.28). It can be shown to be coercive in the
space Hé (GE U GIE). Indeed, suppose A were not coercive, i.e., suppose (with abuse of notation)
that there exists a sequence {ty, }men in HA (GY U GH) with ||| (@Htugn) = 1 such that

AUy, ) — 0 asm — oo. (3.29)

Since the sequence {w, }men is bounded in H} (G UGH), there exists a weakly convergent subse-
quence {um, }ren with weak limitu € H: (GYUGH). We notice that the Hilbert space H (G1UGH)
is a closed subspace of (G U GY) and that L2 (G U GY) = L*(GY U G). With this and the
Sobolev imbedding theorem from [1, Theorem 5.4 Case A (4)], we obtain the imbedding

HY(GT UG — L2(GMuah).

We deduce that t,,,, ~—- w in norm in L2 (GY U G™). Moreover, we have Vi, 222, 0/in norm
in L2(G" U GY) by (3.29) and

4 Z ’04(”)| (}uj{f + |u;|2> e 2™ < (3.30)

nez?

implying that ,,, k=00, 4 in norm in H!(G" U GY). Together with the weak convergence of
{tmy, }ren, this shows the strong convergence of {um, }men to win HL(GY U GP). From

m—00

Hvum|ng(G$uG§) — 0,

we deduce that © = constant. Equations (3.29)-(3.30) then already lead to u = 0. Clearly, this
contradicts the assumption ||t | ;1 (grucn) = 1. Thus, A'is coercive in HY(GHUGHY).

We now apply the coerciveness of A to (3.28) and infer that

a T 2 2 2
/FVo Jjdo = Alu,u) > ¢y HUHH;(GEUGE) =G (HUHHé(GIj) + HM’H&(GE))
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for a constant ¢; > 0. The Neumann jump of S§' gives

13123,y = T =l s ) <2 (Il s ) + sl )

With the boundedness of the scalar Neumann trace operators, we conclude that
.= 2 2
/VoaJJ do > ¢ <||UHH(1¥(G$) + ||u||H‘§(G§)>
r
> er ez ( [lully oy, + Iidull-
- o, 2 (D) o H, 2 (G

e (il s gy + ol e )|

> cymin{cy, c3} (Hviu”i{é(r) + Hﬁ““i{ém) >c ||j||H;%(F) ;
where ¢ := 9 min{cy, c3}.

The H_'/*(I")-ellipticity of V" is a simple implication of its H_,'/*-ellipticity. O

Lemma 3.21 (cf. [7, Theorem 4]). For & ¢ 772, the operator Vi is V., .-élliptic with respect to the
complex Liyt-inner product in the sense that there exists a positive constant c, such that

/Voaj jdo > |jlls,  forallje V! .
r o, 5

Lemma 3.22. The operator Cy"* : H,'/*(divy,T') — H;'*(divr, ') is skew-adjoint with respect
to the bilinear form B.. For & ¢ 72, it is elliptic in the sense that, for j € H'/*(divr,T'), we have

B. (§, C*5) > clil? 3.31
C(.]7 0 J>_C||J||H;%(din,F)7 ( )

where c is a positive constant. Moreover, Ci"" is invertible in H_'/?(divy, T).

Since we have
- - 1
B.(j,Cy'm) = /j -Vim do +/dinj Vedivemdo  for j,m € H, ? (divy, '),
r r

Lemma 3.22 is proven with the help of Lemmata 3.20 and 3.21.

4 Boundary integral equation formulation

In this section, we derive, based on the ideas in [21] and [24] for the 27-periodic framework, a boundary
integral equation for the electromagnetic scattering problem involving one unknown density with a
combined method: In the domain G, above the grating surface, we use the Stratton-Chu integral
representation from Lemma 3.10, and, in the domain G_ below I", we work with an electric potential
ansatz. This approach resembles the work of Costabel and Le Louér [12] for dielectric scattering by
bounded polyhedral obstacles, however we do not utilize a regularizer in form of the operator C’g"*
to avoid the occurrence of irregular frequencies (cf. Remark 3.18). By this, we obtain a rather simple
integral expression with regard to a future numerical implementation.
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4.1 Derivation of the integral equation formulation

We assume that

1 .
Eref — 3 (xpgn+ ygu Ef 4 ., ygEfeﬂ) in G, (4.1)
E" = R inG_, (4.2)

where the density j € H_'/?(divr,I') is yet to be determined. The direct ansatz for the reflected
electric field E™% in G, is given by the a-quasiperiodic Stratton-Chu potential representation from
Lemma 3.10, whereas the indirect ansatz for the transmitted electric field E™*" in G_, a simple a-
quasiperiodic electric potential ansatz, is justified by Lemma 3.9. Moreover, we require the incident
electric field E! to solve the time-harmonic Maxwell equations with respect to the wave number £, in
absence of the scattering surface I'. Thus, Lemma 3.10 implies that

. 1 — i 6] — i H

Applying the Dirichlet traces 7{5 in (4.1) and v, in (4.3) leads to the expressions

1
refl a refl « refl
BB = 2 (o B 4 (M, — 1) B onT, (4.4)

+

—1ni 1 « - i o — i
HE = (CH o, B (M2 +1) WDE> onT), (4.5)

+

with the help of the jump relations (3.9)-(3.10). Subtracting equation (4.4) from equation (4.5) and
multiplying the result by the factor 2, gives

G, (M, B+ 95, BY) + (M2, +1) (GEE* + 15 E) = 215 E (4.6)

With

o Paho
fofiy

the transmission conditions (2.8)-(2.9) can be reformulated as
Yo BT — e | o oR ang e Etan — 1 (7;?@ Erefl 4 ., Ei) ‘ (4.7)
We apply them in (4.6) and then insert the potential ansatz (4.2) for Ea":
pCo N, Y, i+ (MS +1) ¥ j=27pE. (4.8)
With the jump relations (3.9)-(3.10), we finally obtain the integral equation
A,j=-27,E onT, (4.9)

where A, == pCy, (M2 +1) + (M,?+ +1) C¢ maps H;"/?(divr, T') into itself.
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4.2 Equivalence

By applying the Dirichlet trace 7, to the assumed electric potential ansatz (4.2), we easily deduce
from the jump relation (3.9) that any solution of the electromagnetic scattering problem provides a
solution of the singular integral equation (4.9) if the boundary integral operator C'¢ is invertible. In the
following lemma, we show that, if the nullspace of (J,f+ is trivial, any solution of (4.9) is a solution of the
electromagnetic scattering problem. The invertibility of C'¢", translates to ker(C'y', ) = {0} since C7,
are Fredholm of index zero by Lemma 3.14. By Remark 3.18, it is still unclear for which wave numbers
#+ the operator C2, is invertible but it seems as though the requirement ker(Cy2, ) = {0}, frequently
encountered throughout this article, is not a strong restriction as long as I' can be represented as the
graph of a function.

Lemma 4.1 (Equivalence). Letj € H_'*(divr,I") be a solution of (4.9). Moreover, assume that
ker(Cy, ) = {0}. Then the functions

1
Frefl -5 [pq,%” (M +1)j+ vy, O inG., (4.10)
Etran _ \Ij%,ﬂ_j inG_ (41 1)

solve the electromagnetic scattering problem (2.6)-(2.11).

Proof. Lemma 3.9 ensures that, for any density j € H_/?(divr, I'), the electric field E™*" defined
by (4.11) is an a-quasiperiodic solution of curlcurl E — k2 E = 0 in G_ satisfying the outgoing
wave condition (2.10)-(2.11). Moreover, since the Dirichlet and Neumann traces v, E™ N, Etran

lie in H,'/*(divp, I'), Lemma 3.9 implies that the function

1
Ereﬂ — 5 <p\11%,mr ,ylgﬂi Etran + \I](lié/[,wr ,YBEtran) (41 2)

is an H,, 1o (curl, G )-regular solution of curl curl E — niE = 0 in G, for which the outgoing
wave condition is fulfilled. Therefore, it remains to verify the transmission conditions (4.7).

The identities (3.9)-(3.10) yield yp E™" = —C jand 7y E" = — (M2 + 1) j from which
1 . .
B = = [owe,, (M2 +1)j+ 95, 2]
is derived. With ”yg\llgmr = —C¢ and fygklff\“/[w = (I— Mg,), we obtain (4.7);:

1 . a a s a s
VpEE = 3 [pC,‘j‘+ (Mg +1)j+ (Mﬂ+ +1)Cej] —Cj

(4.9),(4

:-11)f}/]5 (Etran . El) .

For the proof of the second transmission condition (4.7)s, we go back to (4.12). Using the first trans-
mission condition v, E" = A/ Erfl + 4D E! gives

1 .
Bl = (p\pgw T, B0 B g 75E1> . (4.13)
We have the following special cases of the Stratton-Chu integral representation from Lemma 3.10 in
G-
1 . .
Erefl — 5 (ngﬁu WWE +UE A Ereﬂ) and W3y pE = -0 oy E
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Thus, equation (4.13) can be rewritten as

1 T — i 1 % — ran
e <’71—\~I_ E efl 4 ,merE ) — E\IJEMr p’me, Et a

Vf)rv (3.9) e + refl — i o — tran
— C/-mr 7N,€+E + 7NK+E = CMPVNLE :

Clearly, this verifies the second transmission condition in (4.7) if ker(C'¢', ) = {0}, since then C¢ , a
Fredholm operator of index zero, is invertible in H_'/*(divr, T'). O

5 Solvability of the boundary integral equation

In the following, we identify conditions for the electromagnetic material parameters and the boundary

integral operators C,?i such that the operator

Ao =pCp, (M7 +1) + (M, +1) G2

from the left-hand side of the singular integral equation (4.9) is Fredholm of index zero in the Hilbert
space H_'/*(divr, I') for smooth and - under more restrictive assumptions - for polyhedral Lipschitz
regular grating surfaces I'. This property makes it possible to prove that solutions to (4.9) exist. Addi-
tionally, we present parameter choices that even provide unique solutions.

5.1 Fredholmness

Depending on the values of the electric permittivities .. and the magnetic permeabilities 11, we obtain
two Garding inequalities for smooth grating profiles I'. They are featured in the subsequent theorem.

Theorem 5.1 (Garding inequalities for smooth I'). Let the auxiliary functions fr. : C x C — R and
fim : C x C — R be defined by

Re(zl) Re(22>

Im(z;) Im(z3)
2" .

and  fim(z1,22) = - ’2
2

fre(21, 22) =
Moreover, assume that I' is smooth and €., i+ fulfill the conditions (2.2). In the case that either

(i) fre(€+,€-) + fim(es,€e-) > 0and fre(p—, fi4) + frm(pi—s p14) > 0, 0r
(i) fre(€s,€-) + fim(er,e2) >0, fre(pi—, ppr) + frm(p—, piy) < 0 and
[Re (1) = [Re (u-)]
with |Re (114)| = [Re (u_)| only if Tm (1) > 0, or
(i) fro(erse ) + fim(erses) <0, fro(io, pis) + fim(o, piy) > 0 and
[Re (e+)] < [Re (e-)]

with |Re (e1)] = |Re (e_)| only if Im(e_) > 0, or
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(iV) fRe(€+> 67) + fIm(€+7 6*) < O, fRe(:u*7ﬂ+) + fIm(ﬂfa ,U+) < 0and

|Re (e4)] < |Re(e-)] with equality only if Im(e_) > 0
if | fre(€4s €2) + fim(ew, €2)[ = [fre(pms ) + fim(p—, p14)|, or
|Re (14)] > |Re (p—)] with equality only if Im(py) > 0
if | fre(€4 €<) + frm(es, €)| < [fre(pms pt) + frm (1=, p1t)|
holds, we have
Re (B. (1. p™ AaCL,C30) + CrG0) Z el oy (5.1)

where C is a compact B, -related sesquilinear form and c; a positive constant.

In the case that either

) fre(e—,€4) + fim(e—,€) > 0and fre(piy, o) + fim(pis, p—) < 0 and
[Re (u4)] < [Re (p-)]
with |Re (114)| = [Re (u_)| only if Im(pi_) > 0, or
(Vi) fre(e—,€4) + frm(e—,e4) <O, fre(pig, =) + frm(piq, u—) > 0 and
[Re (e4)] = [Re (e-))]
with |Re (e.)] = [Re (e_)| only if Im(e) > 0, or

(vii) fRe(€—7€+) + fIm(e—a €+) <0, fRe(:u-H/j'—) + flm(ll’—i-au—) < 0 and

|Re (e4)] > |Re (e-)] with equality only if Im(e,) > 0
if | fre(€—y €4) + fim(e—, €4)| = | fre(ptrs ) + frm(ps, po)l, or
IRe (14)] < |Re (p-)] with equality only if Im(p—) > 0
if | fre(e—, €+) + frm(e—, €)| < [fre(pr; =) + frm (pig o)
is fulfilled, we have the Garding inequality
Re (Be (J, —AaC C575) + Culin) Z en il s o (5.2)

where C is a compact B -related sesquilinear form and c;; a positive constant.
In order to prove Theorem 5.1 in a structured manner, we specify two auxiliary results for its proof after

its main implication, which states that the operator A,, is Fredholm of index zero in H,'/*(divr, I)
under certain assumptions on the electromagnetic material parameters.
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Corollary 5.2 (Fredholmness for smooth I'). Let the assumptions of Theorem 5.1 hold. Moreover,
assume that the electromagnetic material parameters satisfy

€y # —e_ and jya 7£ — . (53)

Then A, is a Fredholm operator of index zero in H,'/*(divr, I').

Proof. The Fredholmness of the operator A, is deduced from the Garding inequalities given by The-
orem 5.1 following the argumentation of the proof of Lemma 3.15. The condition (5.3) unifies the
conditions (i)-(vii) from the previous theorem. For a fixed density m € H_'/?(divp, '), let B.m be
the bounded linear functional from (3.23) and B.. the thereby generated bounded linear operator. Fur-
thermore, denote by K;, K the compact operators corresponding to the compact B..-related bilinear
forms C'; and C'j;. Depending on the values of €. and y4, we can then show with the help of (5.1) or
(5.2) that
pliBALCE O + jK or  — jBALCY Cf + jKs,

are invertible by the Lax-Milgram theorem from [16, Theorem 5.2.3]. We recall that j is the Riesz iso-
morphism. Since C{;"" is invertible by Lemma 3.22, and the operators Cy. and M + I are Fredholm
operators of index zero by Lemmata 3.14 and 3.19, we conclude, arguing as in the proof of Lemma
3.15, that also A, is a Fredholm operator of index zero in H_,'/*(divr, I'). O

Auxiliary results

We define the auxiliary operators
Ili = —(C’,‘j‘i)26’g’* and Izi =— Si’OC,‘jI,OC’(?’*. (5.4)
Technically relevant representations of I: and I; are given below.
Lemma 5.3. Each of the operators I, and I, have the two representations
I =—(I+M)Cy" (I+ M) +Ct, or
IF = — (1= M) C™ (1= M) + Cf—?
where Cﬁ , and Cﬁ_ are compact operators. IfI" is smooth, we even have
If = -Cy* +Cf (5.7)
with a compact operator Oli. The operator I Qi can be represented as
Iy = (kek'RYTS + ki'we T3 RE) Co7 + Cy, (5.8)

where Czi is a compact operator.

Moreover, we have

B, (j, R\TORSj) = / (dive (1 (V) Vi dive (o (Vi) do > 0, 59)

r

—B. (j, Ty RyTy)) = / (i curlp Vi¥divr j) - Vi (i, curlp Vi divr j) do > 0 (5.10)

r

forj € H,'/*(divp, I).
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Proof. We first derive the two representations (5.5) and (5.6) of Ifr = —(C’,‘i)QCS"*. The first
Calderon relation (3.17); yields

(Co ) =1— (M) = (1+M2) (I¢ M2) = (I£ M) (IF M)
+(ME — M) (1F M2) F T+ M) (M2, — M),

~~
+
- 11

+

where C’ 11,+ Is compact due to (3.14). Next, we use the representation (3.13) of CS"*, the second
Calderon relation (3.17), and Lemma 3.12 to arrive at

1

(1F M) Cg™ = Cg F IMPCP FiMP (CFy — CF)

-~

= CIE 4 (compact)
= OO £ iCME + 012 .

g

= Cf%i (compact)

Collecting the results above, we have verified the representations (5.5) and (5.6) for If“ with the com-
pact operator Cy,. = —C; LC"" — (I£ M) (Cf + + Ci 1) Analogously, we obtain (5.5) and
(5.6) for I; . For smooth I', the representation (5.7) easily arises from the representation (5.5) recalling
that M.* is a compact operator according to Lemma 3.12 in this case.

Next, we derive an alternative representation of the operator ]2i. The definitions (3.11)-(3.12) and
Lemma 3.11 yield
Iy = =Cg, (Ot oCo" = = (kRS + rLTY) (—R=RE + 13 T5) G

= (;{im;ROTO + k1 ke T3 RY) C’g’*—ﬁim (RS)QC(?’*,

(compact)
which proves (5.8).

Together with the properties of the rotation operator  and Lemma 3.3, (3.1), (3.7) as well as the self-
adjointness and the ellipticity of V;* in the sense of Lemma 3.20, we finally verify (5.9) and (5.10) by
rigorous calculations. O

Lemma 5.4. Forj € H,'/*(divr, I'), we have

B.(j, R{TsCy™"3) = B (3, RYTS RG) (5.11)
B.(j, Ts RGCy™3) = Be (3, Tg RS T5'3) + C1(3,3)

where C is a compact B.-related sesquilinear form.

IfT" is smooth, we moreover have
_BC(j7 R(O)[T(;IR(O](J) - BCG? TOQRBXT(?J) = BC (.]7 Cgé’*.]) + Re <C2(j7j>> (513)

with a compact B..-related sesquilinear form Cs.

Proof. With the identity (7")* = 0 from Lemma 3.11, we easily obtain

B (J?RaTa 0 J) Bc(j7RgT0aR8j)7
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which coincides with (5.11). In a similar way, we observe that

P 1 1) N .
B.(, Ts R§C"§) =" B3, T RS T'3) + C1(3, 3),

where C(+,-) = B (-, C11-) with the compact operator Cy; = T (Rg‘)2 is a compact B.-related
sesquilinear form. This gives (5.12).

Now, assume that I" is smooth. It remains to prove the representation (5.13). Lemma 3.11 as well as
the previously proven identities (5.11) and (5.12) yield that

—B. (j, R{Ts R5j) — Be (3, Ty RET55) = —Be(, (C57")%) — Be(j, (R§)*Co"j)
+ Cl(ju])
(3.13) . QN2 YO s . .
= B.(J, (C")°Cy3) + €, ),
where
C('v ) = _Bc('a (RSC)QCSC’*') + Ol('v ) + BC('a ( i(,IO - 03)20617*')
+ B.(-, G (Ciy — CC™ ) + Be(+, (CFy — G CFCE™)

is a compact B.-related sesquilinear form by Lemmata 3.11 and 3.12. With the help of the first
Calderon relation (3.17); for C*, we then deduce that

—B. (J, R§ T3 R3§) — Be (3, Ty Ry Ty§) = Be(3, C"§) — Be(i, (MP)*Cy"§)
+C3,J)-

By Lemma 3.12, the operator M and thus the sesquilinear form B, (-, (M*)*Cy"*-) are compact.
Therefore, (5.13) holds for the compact B.-related sesquilinear form

CQ('a ) = C(’ ) - BC('v (Mia)QC(()X’*')'
O

With the help of the above auxiliary lemmata, we now deduce the existence of Garding inequalities for
the operator A, as stated in Theorem 5.1.

Proof of Theorem 5.1. We only consider the proof of the Garding inequality (5.1), the inequality (5.2)
is shown analogously. We first assume that & ¢ Z>2. With the second Calderon relation (3.17),, we
rewrite A, as

A, =pCg, +CF o+ C,

where the operator C1; defined by C1y = pC, M2 + M2, CY + (Cg — C2 ) is compact
according to Lemma 3.12. In other words: A, is a compact perturbation of

AL =pCe, +C¢ o
and it remains to prove a Garding inequality of the form (5.1) for the operator
Ii = p’lALC&Cﬁ’*

instead of for p~' A,C, Cg"". The operator I! can be expressed as

o= S SO (5.14)
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with the operator C'yy == p~'Cg (Cg o, — Cg )CG™" that is compact by Lemma 3.12. Next, we

separately study the first two operators on the right-hand side of (5.14). By (5.7) from Lemma 5.3,
there exists a compact B.-related sesquilinear form C{ such that

—Re (B. (j, I'j)) + Re (C1(,4)) = B (3, C5™j) - (5.15)

We now use the representation (5.8) of I, from Lemma 5.3 with a compact operator ;5 and the fact
that the identities (5.9) and (5.10) imply that B, (j, R§T§RSj) € R and B, (j, T§ R§TSj) € R for
j € H;'?(divp, T') to obtain

~Re(B.(j,p'1zJ)) = —Re

(5.11),(5.12)

(5.16)

i)&@Rﬂ$m>

with the compact B.-related sesquilinear form C'; from (5.12). The two quotients of material parame-
ters occurring in (5.16) can be reformulated as

Re (E__) - fRe(:u—>/L+) + flm(:u—7“+)
Hoy
and

€
I%(§)=ﬁﬁuw)+ﬁdux)-
Therefore, (5.16) reads as

—Re (B (j, p'15j))
— (fre(pt—y i) + frm(pi—, 14 ) Be (3, RGTS RES)
— (fre(ers €2) + fim(es, €2))Be (5, T RGTS') + Re (C3(3,)) -
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Summarizing the considerations up to now gives

Re (Bc (j, p~ ' AaCr, C5"3) + Cra(3.d))
Z Bc (.]7 Cg’*J> - (fRe(:u—J :U’+) + fIm(:u—7 M-l—))BC (J? RST(;X g-]) (517)
- (fRe(€+a 67) + fIm(6+7 6*)>BC (j7 TOOLRST(;X.])

with the compact B.-related sesquilinear form 01,11
Cra(y ) = =Be(, p ' CnC ™) = Be (-, Chzr) + Ci(-, ) — G- ).
From here on, equation (5.17) serves as the basis for each of the four cases depending on the signs

of fRe(€x,€-) + fim(€x,€_) and fre(p—, pry) + fim(p—, p1) for which we want to prove (5.1).

Case (i): fre(€t,€-) + fim(€4,€-) > 0and fre(p—, p14) + frm(p—, py) > 0.

In this case, the positive definiteness of —B.(-, R§T§' RS-) and —B.(-, T RT¢'-) ensured by (5.9)
and (5.10), and the ellipticity of the operator Cg’* with respect to B, in the sense of Lemma 3.22
immediately imply the Garding inequality

. .. N C
Re (Be (j, p " ALCE C575) + Cra(3,d)) > B (3, Co"3) >

e il s :
’ H,, 2 (divp,I)

where ¢ 1 is the positive constant from Lemma 3.22.

Case (ii): fre(€s,€-) + fim(€4,€-) > 0, fro(p— pi4) + frm(p— p14) < 0 and
|Re(py)| > |Re(p—)| with equality only if Tm () > 0.

We apply the identity (5.13) from Lemma 5.4 in (5.17) and arrive at

Re [BC (j,p_lAaC,i‘+ 5“7*j) + CI,l(j,j)]

S0t el i) + fmlie 1)) Be (5, C3)
- [fRe<€+7 6—) + fIm(E-H 6—) - (fRe(:u—; :U’+) + flm(,u_, :U’+>>] BC (.]7 RSZTOQ gJ)
+ Re (C5 (j,J))

(5.10)

Z (1 + fRe(:u—7HJ+) + flm(pd—a :u+>) BC (ja 037*j) + Re (C?I) (j7j))

with the compact B.-related sesquilinear form O:,{ given by

C3(,-) = (fre(p—s i) + frm(pi—, 1)) Be (-, Ca-)

where (5 is the compact operator corresponding to the compact B.-related sesquilinear form from
(5.13). Since here we have fre(pi—, fi4) + fim(p—, i) < 0 and |[Re(p4)| > |[Re(p—)|) with
equality only if Im () > 0, and

Im (p) Im (g4

fIm(:U’—ale—i-) - 2 >0
|ht |
due to (2.2), we observe that if Im(4) = 0, then
[Re(ps)|”
L+ fre(p—y pig) + frm(pos pry) > 1 — ﬁ =0
+
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and if Im (g4 ) > 0, then

~ |Re(ps)?

N + frm (=, py) > 0.
+

L4 fre(p—s p4) + frm(p—s py) > 1

That means, we altogether have 1 + fre(pt—, pt1) + fim(p—, i) > 0. Together with the ellipticity
property (3.31) of the operator C;"*, we can show that

Re (B (J, p_lAaC’,‘j+ 673) + Ci20,3))

s (3.31) .
> (L4 fre(p—y pty) + frm(p—, p14)) Be (3, C577J) = ez ”*’”;-%(divrr)’

where 1o = (1 + fre(p—, pt+) + fim(p—, p14)) c11 is a positive constant and Ct 5 the compact
B.-related sesquilinear form given by Cy 5 := C1; — Ci.

Case (iii): fre(€+,€-) + fim(€4,€-) <O, fro(p—s pi4) + frm(p—, p14) > 0 and
|[Re(e; )] < |Re(e_)| with equality only if Im(e_) > 0.
We advance similar as in case (ii) and obtain
Re (Bc (j,P_lAaC:Jr g’*j) + 01,3(j7j))

. ok (8.31) .
> (1 + fRe<€+> E*) + fIm(EJra 67>) Bc ( G’ .]) 2 1,3 HJ‘|i-17%(divF r) )

where c13 = (1 + fre(€4,€-) + fim(€4,€-)) cr1 is a positive constant and C7 3 a compact B..-
related sesquilinear form.

Case (iv): fre(€s, € ) + fim(er,e-) <0, fro(p—, ps) + fim(p—, 1y ) < 0 and

|Re (e1)] < |Re(e-)] with equality only if Im(e_) > 0
if |fRe(€+7 6—) + fIm(E-f—u 6—)' > |fRe(:u—7 N+> + fIm(N—v:u-l-) , Or
|IRe (p14)| > |Re (p—)] with equality only if Im(py) > 0

if | fre(€4, €-) + fim(er, €)| < [fre(pt—s pg) + frm(p—, pi)]-
Without loss of generality, we assume that

| fre(€4s €2) + frm(eqs €)= | fre(pms p4) + fim(p—, p14)]

and apply the identity (5.13) from Lemma 5.4 in (5.17). This leads to

Re (BC (Ja PilAaC&_ gé’*j) + Cl,l(jaj))
(5.13) C s
2 (1+fRe(€+a€—)+flm(€+7€—))86 (.]7 07J)

- [fRe(M—, M+) + fIm(M—, ,u+) - (fRe(€+a 6—) + f1m<€+a 5—))] B. (jaTSXRgToaJ')

(. J/
-~

>0

+Re (C1G,3))
S+ freler ) + fimlers €2)) Be (3, C275) + Re (CL G, )
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with the compact B.-related sesquilinear form C} given by

Ci(» ) = (fRe<E+a 6*) + fIm(EJr? 6*))86 (" 02) 5

where (5 is the compact operator corresponding to the compact B.-related sesquilinear form from
(5.13). In the considered case, we have fi, (€4, e_) > 0 by assumption (2.2) as well as the inequal-
ity fRe(€4,€-) + fim(€r,e—) < 0and |Re(ey)| < |Re(e-)| with equality only if Im(e_) > 0.
Therefore, we deduce in the same manner as in case (ii) that

14 fre(€g,e-) + fim(eq,e-) > 0.

The ellipticity property (3.31) of the operator CS"* finally implies that
Re (Bc (J7 p_lAanJr 37*.1) + CI,4(jaj))

. .. 831 .

> (Lt frelense) + finler e ) Be(G.C39) = eallil?, 3,
where ¢r4 = (1 + fre(€s,€-) + fim(ex, €-)) cr1 is a positive constant and Cf 4 the compact B.-
related sesquilinear form given by Ct 4 .= Cr; — C}.

All in all, we have thus shown the validity of the Garding inequality (5.1) for & ¢ Z2. In this case,
the second Garding inequality (5.2) is proven in a similar manner based on the compact perturbation
All = pC2, o+ C2 of the operator A,,.

K

For & € Z?2, the operator Cg"* is no longer elliptic in the sense of Lemma 3.22. However, C’S"* is a
compact perturbation of the invertible operator iC;*, which satisfies the ellipticity property

(—iB.(j, C))) (3;8) HH2

Re(—iB ; .
e Hid)) = H’%(divr,r)

Hence, up to an additional compact perturbation, the proof of this theorem can be carried out analo-

gously for & € Z2. O

In the above proof, we implicitly used that the boundary integral operator M is compact in the Hilbert
space H'/*(divy, I'). If I" only exhibits polyhedral Lipschitz regularity, this is no longer true. Never-
theless, we are able to derive a Garding inequality for nonsmooth I" with a similar technique of proof,
however under more restrictive assumptions.

Theorem 5.5 (Garding inequalities for polyhedral Lipschitz I'). Assume that I is of polyhedral Lips-
chitz regularity and that e, p fulfill the conditions (2.2). If

fRe(EJra 67) + f[m(6+, 6*) > 0 and fRe(:ufa ,qu) + fIm(M,,,qu) > Oa
then the Garding inequality

(5.18)

1
oY 2 (divl" 7F)

Re (BC (.]7 _pilAaC,g_‘_C(()l’* (Mia - I)j) + O(.]a.])) 2 ¢ HjHiI
holds with a compact BB, -related sesquilinear form C' and a positive constant c.

Proof. Since the ideas behind the proofs of Theorems 5.1 and 5.5 are the same, we only sketch how
to prove the Garding inequality (5.18) in the following.
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We start by assuming that & ¢ 7?. With the second Calderon relation (3.17)4, the operator A, can
be reformulated as

Ag=—p (M 1) CZ + (M +1)C2 4+ Cu,

where the operator (', defined by

Cro=p [(MP = M) G+ Cp (M7 = M2 )]+ (M +1) (CF = C )
+ (M2, — M) Cr
is compact due to Lemma 3.12 and observation (3.14). Hence, A, is a compact perturbation of
AL = —p (M =D CY + (M +T)Cr
and it remains to prove a Garding inequality of the form (5.1) for the operator

IL = —ptALCe Cor (M —)

« « K4

— (M7 =) I (M =T) + p~ (M + 1) I (M7 = 1) + Chz
with the operator Cp i= p~ ! (M + 1) C2_ (C2, o — C2,) C5™ (M;* —1). The latter is compact
by Lemma 3.12. The identity (5.5) from Lemma 5.3 |mpI|es the existence of a compact B.-related
sesquilinear form C7 such that
Re (_BC (.7 (Mia - I) Il+ (Mia - I).])) + Re (C%(.]a.]))
= Bo (M +1) (M = 1)j, G (M + 1) (M = 1) j)
(3.31)

o @29 1 112
> Cl [ (M + 1) (M _I)JH > ClcQCSHJH 1 )

H, 2(d ) H,, 2 (divp,I")

(5.19)

where we in particular applied the skew-adjointness of M ensured by Lemma 3.13. Exploiting that
B. (j, RST¢RSj) € Rand B, (j, T RYTS'j) € R for all densities j € H,'/*(divr, I') by (5.9) and
(5.10), we observe that the representation (5.8) of I, from Lemma 5.3 with a compact operator C';3,
Lemma 3.11 and Lemma 3.13 lead to

Re (B (j, (M +1) p~ ' Iy (MY —1)j))

ST (oo (e i) + frm (e i) Be (M — 1) j, RSTE RS (M — 1))
— (fre (€4, €2) + fim (€4, €2)) Be (M = 1) j, T R T (M — 1) j)

(5.9),(5.10)

+Re (C3G.0)) = Re(C3i.d))

where the compact B, -related sesquilinear form C% is defined by

(5.20)

c&»:gau< +1) Cua (M7 1) )
P Be (-, (M +1) Cus (M = 1) )

with the compact operator (14 corresponding to the compact B.-related sesquilinear form C; from
(5.12). From (5.19) and (5.20), we altogether conclude that

Re (BC (J, —p_lAan+Cg7* (Mia - I)J) + C<‘]"])) 20 HJH (d1v )

with the compact B..-related sesquilinear form C',

C(-) =B (- p7 ' CuCe Cy™ (M = 1)) = Be (-, C1z+) + C1 (-, ) — C5 (-, -),
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and the positive constant ¢ := c}clcl. This proves our theorem for & ¢ Z2.

For & € 72, the operator Cg"* does not feature the ellipticity property from Lemma 3.22. However,
C{f’* is a compact perturbation of the invertible operator iC*, which is elliptic in the sense that

(3.18)
Re(—iB.(j,C%5)) > lill? . 5.21
(1B, C7j)) > ”J”H*%(divr,n (5.21)
Hence, up to an additional compact perturbation in (5.19), the proof of this theorem remains the same
for & € Z2. O

Remark 5.6. By Lemma 3.12, C’g’* 19 in‘O is a compact perturbation of the invertible operator

iC?, for which the ellipticity property (5.21) holds. This has already been exploited in the proofs of
Theorems 5.1 and 5.5 for the case of a wave vector o such that & € 72. Due to this ellipticity
property, it is also possible to replace the boundary integral operator C’g * directly in the formulation
of both Theorems 5.1 and 5.5 directly by the boundary integral operator iC'®* without any obvious pros
and cons. We choose to use C’g ™ in this article since, from our point of view, it simplifies the notation
(by (3.12), C’g‘ ™ has the nice representation as C’g‘ = R§ + 1§, which in particular does not involve
an additional 1).

Corollary 5.7 (Fredholmness for polyhedral Lipschitz I'). Let the assumptions of Theorem 5.5 hold.
Moreover, assume that the electromagnetic material parameters satisfy

Re(e;) Re(e~) > —Im(ey) Im(e-) and Re(py) Re(p—) > — Im(pq ) Im(p). (5.22)

Then A, is a Fredholm operator of index zero in H'/*(divr, I').

This corollary is proven in the same manner as Corollary 5.2.

Remark 5.8. The assumption (56.22) on the electric permittivities €. and the magnetic permeabilities
u+ is a direct implication of the assumption

Jre(€4,6-) + fim(er,e2) >0 and  fre(pi— pir) + frm(p—, py) >0

from Theorem 5.5. It should hold for most materials found in nature as well as for some materials
with a negative refraction index. We aim to present even more parameter constellations that yield the
Fredholmness of index zero of the boundary integral operator A, in our future work. This should be
possible in comparison with the results in the 27 -periodic setting.

5.2 Uniqueness

Under certain assumptions on the electromagnetic parameters and the boundary integral operators

C,?i, we can prove unigueness of solutions to the singular integral equation (4.9).

Theorem 5.9 (Uniqueness). Let condition (2.2) be satisfied and assume that one of the following
situations holds for the electromagnetic material parameters:

(i) €+, i+ € R such that at least one of them is positive and

Im(e-) >0 and Im(p_)>0 with Im(e_ +pu_)>0;
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(i) e_,u_ € R such that at least one of them is positive and

Im(e;) >0 and Im(puy) >0 with Im(ep + py) > 0;

(i) Im (ex) > 0 andIm (py) > 0 withIm (ex + py) > 0;
(iv) €+, u+ € R such that
sgn (€xpie) <0 and sgn(ere_),sgn (ppp—) > 0.

Then the singular integral equation (4.9) has at most one solution j € H_'?*(divp,T") if we have
ker(Cg,) = {0}.

We need the following two auxiliary results for the proof of Theorem 5.9. They are easily verified by
simple calculations.

Lemma 5.10. Let the electromagnetic material parameters e and i satisfy (2.2). Then if k4 € R,
we have

Im < j([”) ) > 0 for all except of a finite number N ofn € 7.
For the excludedn € N, the identity Im < i”)) = 0 holds. For all other values of k.., we have

Im (ﬁ?) >0 foralln € Z*.

Lemma 5.11. Let the electromagnetic material parameters e and ju4 satisfy (2.2). Then we have

Tm (e—i) <0. (5.23)

Proof of Theorem 5.9. This theorem is proven by contradiction. We assume that there exists a non-
trivial solution j € H_'/*(divr, I') of the homogeneous singular integral equation (4.9), i.e., we have
E' = 1,E = Mo, E' = 0. Lemma 4.1 provides solutions E*% in G, and E"*" in G_ of the

electromagnetic scattering problem (2.6)-(2.11) expressed in terms of j as

1 : . |
B = = [owe, (M2 +1)j+ 5, C2 ] nG,, (524
B = 0g j inG_. (5.25)

Here, the transmission conditions across I" read as
Yo E = ngmﬂ and  fi+7p (curl Etran) = - (curl Ereﬂ) . (5.26)

We aim to find a variational formulation for the electric field E specified by

E — Ereﬂ in G+,
") Ete inG.
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For this, we first multiply the equation curl curl E—x2E = 0 by éﬁ Then we integrate the resulting
expression over the domain 2 := (G" NG ) U (G N G_), where G™ is given by (2.3) and finally
apply Green'’s identity (3.3). This is possible since E € H(curl, (2). We obtain

0= / (curl curlE — HZE) —2E dz
Q K
= / % lcurl E> — ¢ |[E” du
GH R
+ By (7]3 (curlE), - 'YDE> + Bygn (7]3 (curlE), = 'YDE>

The a-quasiperiodicity of the integrands implies, for j € {1, 2}, that

€ —
B{xe@GE fxj=—m} <7D (CUI‘I E) ) ;VDE>

€ —

We denote by n!! the outer unit normals on T'!! that take the values n!!l = (0,0, +1)T. Using this
and the periodicity relations from above leads to

0 = / % lcurl E|> — € |[E* dz
GgH KR
+ By (7]3 (curlE), p VDE> + Bygn (7]3 (curlE), e 'yDE)

€ —re
_/ _+( - (VD|FH curlEfeﬂ)) ol B do
FH /{/ +

Jr
€ tran tran
|z <r|FH <7D|FH curl E )) Yol B do
rH
(5'§)1/ % lcurl E|* — ¢ |E|* dz — Br (e—ng (curlE) 7'YDE)
GH K R

+ Br (—2 (curlE), 'VDE)

reﬂ

b
[curlEreﬂ 9 (curlEreﬂ) Ereﬂ} do

2

tran

(curl Etran E,  — (curlE"™) L

— —tran
E. ] d
- 2_ 7

(5@)2/1{ % lcurl E|* — ¢ |E[* dz + Br ( (562 €+) 7 (curlE), ’YDE)
¢

K2 KE

-~

=0

—refl
L o By } do

+/ & [(curl Ereﬂ) E;eﬂ — (curl Ereﬁ)
r
+ /r ; % [(curl Etran)ZEtlran — (curl Etran)lﬁgan] do.

In the above calculation, we exploited that the expressions 7| (plpu -) on the plane surfaces i
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can be understood as the classical cross product (n!! x v ’Fi -). The outgoing wave condition (2.10)-
(2.11), which is satisfied by E™ and E*2", yields that

ozgn)(E) —i—a()( )iﬂ ( )3:0 in G4 withzg3 > H

since div E = (. With this and another application of the outgoing wave condition (2.10)-(2.11), we
obtain

/ % [(curl E), E; — (curl E)Zﬁl] do = — Z MO*E, _Ene_glm@(in))H’
it 4

neZ?
where
idm2e ﬁi”) y 0
MoE ::Ti o g™ o |. (5.27)
+ n
o o p»

Inserted into the variational equation for E from above, this yields

/ = JcurlEf? - € [E[* do = > (MO‘ AR R
Gr nez?
(5.28)

+Ma,—Etran . Etran€21m<ﬁ(_”)>H)
n n .

wrefl —2 Im ([3(") ) H

n

Next, we take the imaginary part of (5.28) and let H tend to co. By Lemma 5.10, Im(ﬁi")) > 0 holds
for all n € N, where Im(ﬂ(in)) = 0 only for a finite number of n € Z? if k. € R. Thus,

lim 1m<6 >\c TE® — Im () [E*'* d
GHI KL

H—o00

H—oo

. € tran . tran2
+ lim GHIm(K)kurlE | Im (e_) [E™*"|" da (5.29)

= 47? |Im (1%) Z B ‘E;eﬁf + Im (IZ_;_) Z 3™ ’E:Lran‘Q

neB neB_

with By == {n € Z?* : g > 0} as Ky ¢ R_. Then in particular the limit expression on the
left-hand side of (5.29) exists. We will now consider situations (i)-(iii) for the electric permittivities e
and the magnetic permeabilities p4. Situation (iv) will later be treated separately. With Lemma 5.11,
we easily arrive at

H—o0

lim Im(e )ycurmmﬂ\ m (e,) |[EF?
GY K

+ lim [ Im (6 ) |curl E™|* — Im (e_) |[E"™|* dz < 0.
GH /f_

H—oo

Moreover, we infer from Lemma 5.10 that the right-hand side of equation (5.29) is only non-vanishing
in the situations (i)-(iii) if either €, 4 € Ry ore_, u_ € R. We then have

Tm (16—:;) — Re (E—ij) > 0.
ki ki
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Thus,

47?2 |Im (1;—%;) Z ﬁg_n) ’E;eﬁ|2+1m (l,i_g> Z ﬁ(_n) |E:Lran’2 >0

neBy —/ neB_

is valid in the situations (i)-(iii). Inserting the previous two inequalities in (5.29) yields

lim Im (%) |curl Ereﬂ|2 — Im (ey) ‘Ereﬂ}z dx
H—oo Jou K3

+ lim Im (6—_) |curl Em‘n|2 — Im (e_) {Etranf dz = 0.
GH

H—o0 /{%

We in particular deduce that

lim Im (6—2) }curl Etran
GH k

}2
H—oo

—Im (e_) |[E"™|* dz =0 inthe cases (i), (i),

lim Im (%) |curl Ereﬂ‘g —Im(ey) ‘Ereﬂf dz =0 in case (ii).
H—oo GE K4

The assumption Im(e_), Im(pu_) > 0 with Im(e_ 4+ ) > 0 in cases (i) and (jii) as well as the
assumption Im (e ), Im(py) > 0 with Im(ey + p4) > 0in case (i) then imply that we at least have

lim ‘Emn}z dr =0 or lim ‘curl Etran‘z dx =0 (5.30)
GH

H—oo H—oo GH

in the cases (i) and (iii), and

lim [ [E'* dz=0 o lim [ |curlE®|* dz =0 (5.31)
GH

H—o0 H H—oo
Gy

in case (ii). Due to the non-negative integrand and the definition of the domain G*!, we conclude that
E"™ =0 ae.inG_

in cases (i) and (iii), and
E°" =0 ae.inG,

in case (ii) if the first identities in (5.30) and (5.31) are given. If the second identities in (5.30) and in
(5.31) are given, we obtain that

curlE™ =0 ae.inG_
in cases (i) and (iii), and
curlE°" =0 ae. inG,

in case (ii). From the time-harmonic Maxwell equations curl curl E¥#" — k2 E™® = () in G_ and
curl curl E — k2 B! = 0 in G, respectively, we then again arrive at

{ E"™ — (0 a.e.in G_, insituations (i) and (iii),

E*" =0 ae.inG,, insituation (i).
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In situation (ii), we conclude that fyngmﬂ = 7§H+ Ef! = (. Hence, the transmission conditions (5.26)
entail that y, E"™" = oy E" = O a.e.in G_ and thus E"*" = 0 a.e. in G_ by Lemma 3.10.
Now, let the electromagnetic material parameters satisfy condition (iv) of this theorem. We go back to
equation (5.28) and multiply it by the imaginary factor i. Taking its imaginary part and applying the limit
of H — oo then in particular gives

‘2 dx = 0.

lim Im (16—§> |curl Etmnf — Im (ie_) |[E""
H—oo GH K

The arguments that have been applied in situations (i)-(iii) now analogously yield E®*®* = 0 a.e.in G_.

In this theorem, we assume that the nullspace of the boundary integral operator C'¢ s trivial. Then
C'* , a Fredholm operator of index zero, is invertible in H'/?(divr, I'). This and the electric potential
ansatz for E" finally yield that

vy ORIV R 0 = W =0 j=0 = j=—(C2)0=0

in all of the situations (i)-(iv). This contradicts the assumption that j is nontrivial, i.e., under the as-
sumptions of this theorem, the singular integral equation (4.9) is uniquely solvable. O

5.3 Existence

This section is concerned with the existence of solutions to (4.9). We distinguish between situations,
in which the operator A, definitely has a trivial nullspace, and situations, in which A, may possess
a nontrivial nullspace. Expressed in other words, the operator A, is not invertible in H,'/*(divr, I)
in the latter situations, provided that A, fulfills the requirements of Corollaries 5.2 or 5.7 and thus is a
Fredholm operator of index zero.

Theorem 5.12 (Existence I). Letey, puy satisfy the assumptions of Theorem 5.9 such that
€. # —e_and py # —p_ (5.32)
ifI' is smooth, or
Re(ey) Re(e~) > —Im(ey) Im(e-) and Re(us)Re(p—) > —Im(py) Im(p-) (5.33)

if I' is only of polyhedral Lipschitz regularity. Then there exists a unique solution j in H;'/*(divp, I")
of the singular integral equation (4.9).

Proof. Theorem 5.9 implies that the solutions to the singular integral equation (4.9) are unique if
they exist. This translates to ker (A,) = {0} since A, is a linear operator. Moreover, depending
on whether I' is smooth or polyhedral Lipschitz regular, A, is a Fredholm operator of index zero in
H_'/?(divp, ") by Corollary 5.2 or Corollary 5.7, which are applicable due to the assumptions (5.32)-
(5.33). Hence, A,, is invertible with range (A,,) = H,/*(divr, I') and we altogether obtain that

: 1
—2v,E' € H, 2 (divp, I') = range (A,)

for all incident fields E' € H,, jo.(curl, G_ U G.). O
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Theorem 5.9 does not hold for material parameters satisfying (2.2) such that e, u+ € R (except for
case (iv) from Theorem 5.9). In these cases, A, may possess a nontrivial nullspace and, therefore,
the existence of (possibly nonunique) solutions to (4.9) is not guaranteed. The subsequent theorem
states conditions on the electromagnetic material parameters such that the integral equation (4.9) is
solvable.

Theorem 5.13 (Existence Il). Letey, ur € R such thatsgn(eyp,) > 0 and
sgn(ppp—) >0 if sgn(e_pu_) > 0.
Additionally, assume that
€ # —e_ and py # —p_ (5.34)
ifI' is smooth, or

Re(ey) Re(e~) > —Im(ey) Im(e—) and Re(us) Re(p—) > —Im(py) Im(p-) (5.35)

if " is only polyhedral Lipschitz regular. Then there exists a solution density j in H_'/*(divy, ") of
the singular integral equation A,j = —2vpE' if the boundary integral operator C  has a trivial
nullspace.

We now present the basic idea of the proof of Theorem 5.13. Let the assumptions of Theorem 5.13
be satisfied. We denote by A/ the adjoint operator of A, with respect to the duality product . By
Lemma 3.13, it reads as

AL =p (M. *=T)C.*+ C* (M~ —T) (5.36)

with p = ﬁ Forj € H,'?*(divr,I"), we observe that

B(Auj,m)=B(j,A'm)=0 forallmeH_2(dive,[),m € ker (AL).  (5.37)

In words, this means that the range of A,, is orthogonal to the nullspace of A/ with respect to the
bilinear form 3. Moreover, the assumptions (5.34) and (5.35) justify the application of Corollary 5.2 if
I' is smooth or of Corollary 5.7 if I" only is polyhedral Lipschitz regular. This implies that the operator
A, is a Fredholm operator of index zero for the chosen material parameter constellations and thus of
closed range. All in all, we can therefore reduce the proof of Theorem 5.13 to showing that

B (—2y5E ,m) =0 foralm € H_Z(divp,T') with Al m = 0. (5.38)

Proof of Theorem 5.13. The functions

Ereﬂ — \p153+m in G+ and (539)
1
B = [t (Mo = Dm Wy Ctm) inG_ (5.40)

are (—a/)-quasiperiodic, satisfy the time-harmonic Maxwell equations in G, and in G _, respectively,
and the outgoing wave condition (2.10)-(2.11) with « replaced by (—a):

5 n). s (n)
Ereﬁ(x) _ Z E;eﬂel(—a( ).x+ﬂ+ 273) for z € G+ with 25 > H,
nez?
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n (),
EVan (1 Z Eir™ne —i(alm-z+8"e; ) forx € G_ with z3 < —H.

nez?

Taking the Dirichlet trace of the fields E™f in G and E™ in G_ given in (5.39) and (5.40) implies
that
rYlJ)rEreﬂ CE) > 7
1 -1 v—a —a a —a
3 [p C.° (Mn+ — I) m + (Mm + I) C,€+ m} )

Since Aym = 0, i.e., [p (M, > —1) C.* + Co™ (M, * —1I)] m = 0, we obtain

Etran (3.9),(3.10)

D =

WE™ = —C.*m = +{E*" onT. (5.41)

This gives a first transmission condition.

We go back to the representation of the transmitted field E™*" as in (5.40). The use of the identity

(8.10)1

Vgt (M2 —T)m =" W E
and the transmission condition (5.41) leads to
1
Etran — _5 (IO—I\I/E'Q ny Ereﬂ 4 \III\_/[?:i ,YBEtran> ' (542)

We then insert the Stratton-Chu integral representation of E*#" given by Lemma 3.10 into (5.42) and
arrive at

pfl\Ij;:sz_ 7§K+ Ereﬂ _ ‘I]]ES_ ’VIEK_ Etran.
Since we assumed that ker(C® ) = {0}, it is clear that the boundary integral operators C'¢ and
C-* = —(C% ) are invertible. With this, a second transmission condition arises:

’71;,{_ Etran — pfl,yl-\i;m— Ereﬂ )

Hence, E given by (5.39) and (5.40) is a (—«)-quasiperiodic solution of the homogeneous electro-

magnetic scattering problem (2.6)-(2.11).

5.40
(
In particular, the constructed (—a/)-quasiperiodic function E satisfies a variational equation similar to
(5.29) after exchanging a by (—a):

H—o0

lim Im (6 ) |curl Ereﬁ‘ m (€e;) }Ereﬂf dx
GH KL

+ lim Im <€ ) |curl E“an‘ —Im(e_) }Et“‘n|2 dx
H—oo GH If_

= 47 Im( ) Z ﬁ+ Ereﬂ| —{—Im( ) Z ﬁ")|Etra“ ,
KL

neBy nebB_

where By = {n € Z* : g e R \ {0}}. Since all occurring material parameters are real, the
left-hand side of the above equation vanishes. Therefore, we have

Tm (1—) > s [E|* + Im (1—) S " B =0, (5.43)

neBy nebB_
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Moreover, the assumptions imposed on the electric permittivities e, and the magnetic permeabilities
W4 in this theorem ensure that

_ 1
sgn (Im (16—;) Im (16—2)) = sgn (4—> >0
k1 k- Wiy B

if sgn(e_pu_) > 0. The case sgn(e_pu_) < 0 corresponds to the situation in which e_ and p_ have

different signs. This implies that Re (k_) = 0 and thus Re(ﬁ(,")) = 0. Then the second sum on the
left-hand side of (5.43) vanishes. Altogether, we deduce from (5.43) that

E™! = ( forthose n € Z? such that 6&") e R\ {0}. (5.44)
We observe that
B0 = \Jr2 — =0 = \[n2 ~ |-6[* & 0y > 0. (5.45)
Therefore,
Egeﬂ =0 (5.46)

arises from (5.44). In the following, we derive, from (5.46), that
f=0 o aff (5.47)

forall m € H_}/*(divr, T") such that m € ker(A’)), where f = (f1, f2, f3)T with
fi= / (izmy) (y) e @T=) do (y) for j € {1,2,3}.
r

For this, let x € GG, such that x lies above I'. Then the Rayleigh coefficients Effﬂ can be computed
via the representation of E*f(z) = Wy m(z), by Definition 3.7, as

E*(z) = kS om(z) + £V S, divp m(x),
by

n (n),
Ereﬂ — Ereﬂ 1 a( ).G— ﬁ ) Az
-,

¥ @, {/ (i )

—l—/@rl/ (V:”G,:f (z,y)) dive m(y) do(y) gi(a™a-plas) gz
r

The representation of GG,/%(z, y) given by (3.4) for y € T', i.e., for 73 > y3, then yields

" (n)

Forefl — iy /e(a<”)y " y3) m(y) do(y)
ol (5.48)

1 n
+W/ ozé"’ e (a®9-8"v) dgive m(y) do(y).
Ky Jr —B+
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Above, we exploited the orthogonality of the trigonometric polynomials. By (5.48), the vanishing of the
Rayleigh coefficient Ei!! leads to

B0 & Mf%g (549
with
ik 1 e
M:=—"I; and g:= —a /el(a'ya?’y‘“’) divr m(y) do(y),
Qs R4Q3 s r

where we used (5.45) and I3 denotes the identity in R3*3. Since M is invertible, we obtain

a7

f=—1 /ei(d'ga3y3) divr m(y) do(y) (5.50)

from (5.49). We now take a closer look at the integral on the right-hand side. With the help the duality
relation between divy and Vr from Lemma 3.3 and the identity Vru = 7p(Vu) (cf. [7, Proposi-
tion 3.4]), we observe that

/ @T=0313) Qivr m(y) do(y) = — / Ve @97035) . m(y) do(y)
r T
= — / ™ (Vyei(&'g_a?’y?’)) -m(y) do
r

- _ / VVell@y—asys) -i;m(y) do
r

aq

- i Qs ,/ei(d'ﬂ—%ys)iwm(y) do

=—a1f1 —afo+asfs.

Inserting this into (5.50) and exploiting the identity a X (b x ¢) = b(a-c) — c(a- b) for a, b and
c € C?, we arrive at

aq

! (Oélfl -+ Oégfg — Oé3f3) (e %) <~ ig [Oé X (a X f)] =0

) oz

<— =0 or «aff

for all wave vectors o = (a1, cra, —av3) T satisfying (2.5), i.e., |a|* = &7 since x3 € R. This verifies

(5.47).
By simple manipulations involving the identity r(yp - ) = mp( - ) (cf. [7, (17)]), we observe that
B (-2 m) =2 [ E(y) - ismly) doy)
r

Inserting the representation of the incident plane wave E' as E' = pel(®9-3%3) in the equation

above, we finally conclude that
(5.47

. 1
B(-2vpE,m) =2p-f 270 forallm € H_2(divp, ') with A/ m = 0.

This completes the proof. O
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6 Conclusion

In this paper, we have derived a singular boundary integral equation for the scattering of time-harmonic
plane waves by a 2m-biperiodic polyhedral Lipschitz surface that separates two different materials.
This extends the approach of [24], in which 27-periodic scatterers are treated. In the domain above
the interface we have chosen a potential ansatz via the Stratton-Chu integral representation and in
the domain below the interface a simple electric potential ansatz. This ansatz is related to the one
in [12] for dielectric scattering by a bounded object. The resulting integral equation is obtained via
potential methods and it has been proven to be equivalent to the electromagnetic scattering problem.
The main part of this paper was devoted to the Fredholm properties of the boundary integral equation
that were established with the help of the two Garding inequalities from Theorem 5.1 in the special
case of a smooth grating interface and with the help of the Garding inequality from Theorem 5.5 in
the presence of a polyhedral Lipschitz regular grating interface. In particular, we used this property to
prove the existence of solutions of the integral equation. With an appropriate variational formulation, we
also ensured the uniqueness of solutions under certain assumptions on the electromagnetic material
parameters.

The next step consists in the further extension of this work to multilayered gratings. In this context, we
propose, based on the ideas in [21] and [25], a recursive integral equation algorithm with which only
one integral equation has to be evaluated at one time instead of a whole system of equations.
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