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Center Manifolds for Homoclinic Solutions

Bjorn Sandstede!
Weierstrafl-Institut fiir Angewandte Analysis und Stochastik
Mohrenstrafie 39
10117 Berlin, Germany

Abstract

In this article, center-manifold theory for homoclinic solutions of ordinary dif-
ferential equations or semilinear parabolic equations is developed. Here, a center
manifold. along a homoclinic orbit ¢(t) is a locally invariant manifold containing all
solutions which stay close to ¢(%) in phase space for all times. Therefore, as usual, the
low-dimensional center manifold contains the interesting recurrent dynamics nearby
the homoclinic orbit and a considerable reduction of dimension is achieved. The
manifold is of class C*? for some 3 > 0.

As one application, results of Shilnikov about the occurrence of complicated dynam-
ics nearby homoclinic solutions approaching saddle-foci equilibria are generalized to

semilinear parabolic equations.

TCurrent address: Division of Applied Mathematics, Brown University, 182 George Street, Providence,
RI 02912, USA






1 Introduction

In order to investigate bifurcations near equilibria or periodic solutions, center-manifold
theory provides a powerful tool. The main property of a center manifold can be stated
as follows. It is a locally invariant manifold which contains all solutions staying near the
equilibrium or the periodic orbit for all times. Hence, the relevant dynamics is preserved
if one restricts the semiflow to this manifold, and an enormous reduction of the dimension
of the problem is achieved.

The purpose of the present paper is to develop an analogous geometric approach to the
bifurcation theory of homoclinic orbits as suggested in [CDF90]. Here, by definition, a
homoclinic orbit is a solution converging to the same equilibrium for time tending to 4-co.
Again, a center manifold for a homoclinic solution is a locally invariant manifold containing
all solutions which stay nearby the homoclinic orbit for all times. In general, this center
manifold will only be of class C'*. But, as it turns out, this smoothness is sufficient to
prove the manifold to be useful. In fact, we will show a generalization of the so-called
Shilnikov chaos to semilinear parabolic equations as a simple application.

Finally, let us point out that the results presented here are new even for finite dimensional
. systems. Indeed, there are two related but independent results obtained by Brunovsky
[Bru91] and Homburg [Hom93]. Both of them are restricted to the special case of a two-
dimensional center manifold for homoclinic orbits converging to a hyperbolic equilibrium.
Moreover, they are only valid in finite dimensions. Homburg [Hom93] requires the addi-
tional hypothesis that the leading eigenvalues have to be of different modulus.

The article is organized as follows. In section 2, the assumptions and the main result are
stated, the proof of which is contained in section 3. Some applications of the main results

are collected in section 4.
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2 Main results

Consider the semilinear parabolic equations

(2.1) &+ Az = f(z) +pg(e,p)  (z,p) € X* xRP
and
(2.2) ¢+ Az = f(z) + pg(t,z,p)  (z,p) € X xRP

Here, A denotes a sectorial operator with associated fractional power spaces X<, see
[Hen81]. The nonlinearities satisfy f : X* — X and g : X*xR? — X org : S'x X*xR?P —
X, respectively, for some o € [0,1). We assume that f, g € C™ with r,p > 0 such that
f(0) = Df(0) = 0. Let ¢(t) denote a homoclinic solution of (2.1) (or (2.2)) for g = 0
satisfying

lim ¢(t) =0.

t—too

We denote the semigroup of the variational equation along ¢(t)
(2.3) v+ Av =D f(q(t))v .

by 7 (t,s). Next we state the hypotheses needed.

(H1) The spectrum of —A decomposes into three péirwise disjoint spectral sets o(—A) =
o®Uo°U o* such that

Reo’ < —a®”® < —a®* < Recd® < a* < o™ < Reo* < o

holds for suitable positive constants of and i = ss,s,u,uu. Now write P§, F§
and PY, respectively, for the corresponding spectral projections and E} := RF{ for

¢ = s, c,u for their ranges. We assume that dim E§ 4+ dim Ef < oo.

The next hypothesis is related to the existence of linear invariant foliations of the variational

equation along ¢(t), that is the existence of exponential dichotomies.

(H2) Assume that there exist complementary projections P*(t), P°(¢) and P*(t) de-
pending continuously on ¢t € R and commuting with the semiflow 7 (¢, s), that is
T (t,s) Pi(s) = Pi(t)T(t,s) for ¢ = s,c,u and ¢ > s. Moreover, the projections

satisfy
T (t,8)P*(s)]le < Ke o029
c < —at(t-s)
(2.4) |T(¢,8)P°(s)l« < Ke s
|T(s,)P(t)|e < Ke @'(t)
]T(S, t)Pu(t)Ia < K e (t—3)



for all ¢ > s. In particular, the inverses of the semigroups 7'(t,s)|rpe(s) and
T (t,s)|rpe(s) exist and are denoted by 7 (s, ).

Assumption (H2) guarantees the existence of three continuous vector bundles given by
RP*(t), RP°(t) and RP*(t) along the orbit of ¢(¢), which extend continuously to the
closure of the orbit by the spectral projections P for i = s,c,u. In the appendix, an
hypothesis in terms on dichotomies on R* and R~ is given, which is equivalent to (H2).
The next assumption is concerned with the exponential behavior of ¢(t) at infinity. The
range of the center projection P¢(t) will be the tangent space of the center manifold at
q(t). Thus, ¢(t) should be contained in that space.

(H3) The homoclinic solution ¢(t) satisfies ¢(¢t) € RP°(t) for all ¢ € R.
The last assumption is of technical nature.

(H4) If q(t) ¢ Wg.(0,0) for t — 00 or q(t) & Wi (0,0) for ¢ — —oo, then 0 is a simple
eigenvalue of —A and o(—A) N R = {0}.

We remark here, that we do not assume that the homoclinic orbit converges along principal
eigendirections. Zero is not assumed to be a hyperbolic equilibrium. Furthermore, ¢(¢) is
allowed to oscillate at ¢ = o0, i.e., it may converge along eigendirections corresponding
to complex eigenvaliies. Moreover, these eigenvalues are not assumed to be simple. Now

we have the following theorems.

Theorem 1 Consider equation (2.1) and assume that (H1)-(H4) are satisfied. Choose
B € (0,1] and k € N such that min(e®®/a®, o™ [a®,r + p) > k + B. Then there exists a
mantfold W¢,., for all p with |p| < po with the following properties:

(i) Wi, € C*P and it depends in o C**-way on p

(i) dim Wy, = dimE§

(tit) WE,. is normally hyperbolic

(iv) Wi, contains all solutions which stay inside a small tubular neighborhood of q(t)
for all times

(v) W, is locally invariant under the semiflow of (2.1).

Theorem 2 Consider equation (2.2) and assume that (H1)-(Hj) are satisfied. Choose
B € (0,1] and k € N such that min(a*/o®,a™ [a¥,r + p) > k + B. Then there ecists a
manifold W¢, . for any |p| < po with the following properties:

(i) W, € C*P and it depends in a C*P-way on p



(i) dimWg,, = dim E§

(iii) WE,,. is normally hyperbolic

(iv) WS¢, contains all orbits under the period map of (2.2) which stay inside a small
tubular neighborhood of q(t) for all forward and backward iterates.

(v) W5, is locally invariant under the period map of (2.2).

Both theorems can be extended to center manifolds for heteroclinic cyles in an obvious

way.

3 The proof

Before constructing the center manifold W7, ., we prove the existence of a center-unstable
manifold Wiy .. Then we will restrict the semiflow to this finite-dimensional manifold and
reverse time inside Wiy . We are able to apply the same-procedure as before for the flow
on Wi . This enables us to prove the existence of a center manifold Wy, .. Before already

hom*

starting with the proof, let us briefly sketch the main ideas in the following subsection.

3.1 Sketch of the proof

We shall use the graph transform for proving the existence of the invariant manifold. Let
M be an approximation of the desired surface W containing the homoclinic solution g(%)
and possessing tangent spaces Ty;)M close to the subspaces RP(t) @ RP¥(t) = RP*(t)
for all +. Then we can define the stable bundle E over M consisting of the union of the
subspaces RP*(t) attached to the base space M. We shall find the manifold W% as a
Lipschitz continuous section of the bundle E. In other words, W% should be the graph
of a Lipschitz continuous function o defined for £ € M with values in the stable fiber E,
attached to . The graph transform maps such a section o to a new one called ®# (o) which
is obtained in the following way. First, apply the time T-map ®1 of the semiflow to the
surface graph(o). The surface obtained will again be represented as a section ®%(c) of £
such that graph(®% (o)) = ®r(graph(c)). Of course, at the present stage, it is not obvious
at all whether this is always possible. Actually, the hardest part of the proof is concerned
with the question whether ®# is well defined. As it turns out the map ®% is a contraction
on the space of Lipschitz continuous sections with Lipschitz constant bounded by one due
to the strong contraction of the linearized semiflow along the stable fibers.

In order to show that ®# is well defined, one has to prove that each point in the domain M
has a preimage and, moreover, that this preimage is unique. We say that @ is overflowing

if for any graph the first property is satisfied. Unfortunately, in our situation, ®7 is
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Figure 2: Domain of definition of the graphs.
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Figure 3: The modified equation.

not overflowing. Indeed, nearby the equilibrium, ther'e are contracting directions present
which prevent the overflowing property to hold. In fact, in this region the domain of a
transported graph will shrink, see Figure 1. Usually, the use of smooth cutoff functions
for the nonlinearity allows to work in thé whole space X and thus avoids the difficulties
mentioned above. However, here we are interested in the global system possessing a large
homoclinic orbit.

Instead, we use the following device. First, we divide the approximation M into four
submanifolds, which may overlap each other. We will denote these submanifolds by M',
M#* and M7 ie. M = M'U M* UM~ U M/, chosen roughly as in Figure 2. M'is a
neighborhood of the equilibrium of size ¢, where € is a small scaling parameter. The sets M+
and M~ are the tails of the homoclinic orbits of fixed size together with a neighborhood in
the transverse center-unstable direction of size e. M consists of the remaining part of M.
The oﬁerﬂowing property on M7 is obtained by choosing this submanifold carefully. The
diameter of M7 in the directions transverse to the homoclinic solution has to shrink faster
then the semiflow contracts these directions. This guarantees the overflowing. However,
this procedure is only possible for bounded time intervals, whence we have to do something
differently near the equilibrium on the manifolds M*. There, we impose an additional
expansion which is effective only in the transverse direction in M?*, see Figure 3. It
turns out that this modification preserves the contraction in the stable fibers and hence

the normal hyperbolicity of M, but guarantees the overflowing in this regime. Hence



we are left with the submanifold M'. Here we will smoothly cutoff the whole center-
unstable component of the original equation in a self-similar manner, which will not affect
a neighborhood of the homoclinic orbit of size e.

From this point on, the graph transform runs as a machinery. Due to the use of the cutoff
functions and the quite complicated definition of the submanifolds, the proof will still be
quite technical. In order to prove the regularity of the manifolds, we use the following
approach. We observe that the ball Bg (in the C%norm) of the space of C*-functions pos-
sessing Holder-continuous derivatives is closed in the set of Lipschitz continuous functions
endowed with the C%norm, see [Hen81]. Then we prove that this ball will be mapped into
itself by the graph transform for a suitable chosen R. Thus, by closeness, the unique fixed

point is contained in Br and therefore is at least C**# for some 8 > 0.

3.2 The trial manifold and the stable bundle

First, choose two cutoff functions x(7) and ¥(7) for 7 € R such that

=0 .for TS% =0 for <2
(3.1) x(r){ €(0,1) for 7€ (3,2) X(1)4 €(0,1) for 7€(2,3)
=1 for TZ% =1 for 7> 3.

Let sup(|Dx| + |Dx|) =: K, and xc(7) := x(7/¢) as well as %.(r) := %(7/e).
We write —A|ge« on the finite-dimensional space E¢* as a matrix —A|ges = A + J. Here,
A denotes the diagonal part and J the Jordan block part of —A|ge«. Choosing suitable

coordinates on E§*, we may assume that the inequalities
Reo’ + |J| < —a® < —a® < Rec™ £ |J| < "

hold. We choose a scalar product (-,-) for the space ES* such that the coordinates chosen
above are orthogonal with respect to (-,-). In particular, the generalized eigenspaces are
perpendicular to each other. By performing this transformation, we may change the con-
stant of the exponential dichotomies, but do not change the assumptions (H1) up to (H4).
Moreover, there exist constants a;,a; > 0 satisfying a1 |z]|, < |z] < a2 |z| for z € ES".
Here we denote the norm induced by the scalar product on ES* by |-|. Thus we can replace

the original norm |- |, by the product norm |- | on E§* and |- |, on E.

Definition Suppose that L : X* — X< is a linear, bounded operator. The minimum

norm of L is defined by

v e L
m(L) := 318% 2l



Lemma 3.1 There ezists a constant K such that the inequalities

I{ea"(t—s)
Keo"(t=9)
K'ea’(t—s)
K—le—a’(t—s)

1T (2, 5)]a
| T(%,5)P°(s)]a
|7 (s, 8)P(t)]a

m(7 (t,5)|rpes(s))

IN

IV IA A

hold fort > s.

Proof. The first inequality follows from [Hen81, sect. 7.1], see also [San93, Lemma 1.1].
The next two inequalities hold by assumption, while the last estimate follows immediately
from the third one. Indeed, 7 (2, s)|rpex(s) is invertible with inverse given by 7°(s,t)|rpeu(s)-
For invertible operators m(L)™* = ||L~}|| holds. a

Now, choose v > 0 small and T > 0 large enough such that o® + v < &*® and
(3.2) K2e(0¥mat-0T <,

Here, K denotes the same constant as in Lemma 3.1. By hypothesis (H1), such a choice is

possible. Throughout, we will use the following notation.

Definition 3.1

(1) Co will denote a constant which depends only on the choices made above but is
independent of T'. In contrast, C'(T) may depend in addition on the choice of 7.

(ii) 6 denotes a small positive constant to be chosen later on. § will only depend on the
size of a constant C(T).

(i) Furthermore, € > 0 is a small parameter which plays the role of a scaling factor in
the cutoff procedure.

(iv) We denote functions converging to zero for y — 0 by the Landau symbol o,.

Next, we have to investigate the homoclinic orbit near the equilibrium in order to get an

asymptotic expression for it. Assume that the following hypothesis is fulfilled.

(A) Let B be a sectorial operator and g € C*#(X*, X) for some 8 > 0 such that g(0) =
Dg(0) = 0. Moreover, the spectrum of —B is given by o(—B) = o°* U o° with
Reo* < —)A** < Reo® and Reo® = —A°* < 0. We denote the corresponding spectral
projections by Q§ and Q§°, compare [Hen81, ch. 1.5]. Moreover, assume dim RQ§ <

.

We define B® := BQ} and B** := BQ$® and consider the equation

(3.3) &+ Br =g¢(z), z¢€ X~



Lemma 3.2 Assume that (A) is satisfied and choose v such that 0 < v < X°. Then there
exists an n > 0 such that the following holds. Take any zo € U,(0) C X* and denote the
solution of (3.3) satisfying z(0) = z¢ by z(t). Then the limit v := Jim eBtz(t) € RQ}

exists and we have the estimate

lz(t) — e7B v, < CemminA A+ (=)t
The last inequality is fulfilled for the time derivatives, too.

Proof. Choose 7 > 0 sufficiently small such that any solution z(¢) with |z(0)|, < 7 exists
for all ¢ > 0 and converges to zero like e~(**="¢ for ¢ — co. We have |g(z)| < K |z|L+? for
any z € U,(0). Rewriting (3.3) as an integral equation and projecting it in the weak and

strong stable subspaces, we get

Qse(t) = e BIQsa(s)+ [} e B t-"Qs g(z(r)) dr
33 :L'(t) — e—B.%’(t—s)Qgs a:(s)_'+ fst e,—B%S(t—r)st g(:c('r)) dr.

Using the inequality for g we obtain for ¢t > s

(3.4)

| [LeBT Qe g((r)) drla < | [t CeP =17 Kem 00" 4y |
Koe—‘ﬁ(z\’—'y)s (1 _ e—-ﬂ(A’-—'y)(t—s))
[£C(t = m)ee M C-D K00 g
© O e—min(A%,(14B) (A=)t

3.5 :
B | ftem e o (o(r)) drle

IN AN IA

uniformly in s. Here, we may have to make A** a little bit smaller. The first inequality in

(3.5) implies that e®°* z(¢) is a Cauchy sequence in X* for t — co. We denote the limit by

. B . _B% s
v:=lime ta(t) = Jlim e LQ5x(t).

—+00

Then, v € RQ§ and

Qs z(t) = e B + /t e"Bs(t—T)Qg g(z(r))dr

B

by taking the limit s — oco in (3.4). Now, we will compare the limit solution e~°*» and

z(t). We obtain

(3.6) |z(t)— e B0,
1 t ss
< [ GO dr + [ Ot =) e fa(r) | dr
(=] 0

< Qe ™A (1+8)(A )t

The same procedure works for the time derivatives of z(t) using [Hen81, Lemma 3.5.1] and

the estimates following (3.4). We will not work out this in detail. a



We will use the above lemma in order to parametrize a neighborhood of the homoclinic
solution near the equilibrium. The next lemma as well as the definitions following it will
be stated for positive ¢ only in order to avoid unnecessary extended notation. However, we

will use them for negative ¢, too.

Lemma 3.3 Define
Ve — UC(O) CRdimEg“—l
W, = U(0) C E§

to be neighborhoods of zero of size €. Then there exist numbers €y, by > 0 and a map

)

G(r,v,w) : (€€) X Vige X Wipe — X©
(r,v,w) — rGi(r)+ Ga(r) v+ w+rGs(r)

for 0 < € < €y with the following properties.

(t)  The function ,
G(r,0,0) = r (G1(r) + Gs(r))

parametrizes the homoclinic orbit q(t) on a time interval (t(eo),t(€)) and t(€) — oo as
€ — 0. Moreover, G is a diffeomorphism onto a neighborhood in X* of the homoclinic .
orbit restricted to this time interval.

(i) We have G1(r) € ES* and Go(r): Viee — ES*. Both functions satisfy D(r Gi(r)),
D(r G’i(r)‘)‘1 < C fori=1,2 as well as |G1(r)|,|G2(r)| = C > 0. The image G(r)v
is always perpendicular to G1(r).

(iii) The image Gs(r) € E§ is contained in the stable eigenspace E§. Furthermore,

|G3(r)]1 — 0 tends to zero asr — 0 as a function into X°.

The constant C ts independent of €.

Let us explain the statement of this lemma. We can parametrize the homoclinic orbit
essentially as a graph over the eigenspace E§*. Moreover, we can parametrize a neighbor-
hood of the homoclinic orbit by taking the homoclinic solution ¢(¢) and adding vectors in
the directions transverse to the time derivative ¢(¢) as well as adding vectors which are

contained in Ej.

Proof. We have to distinguish two cases. First suppose that the homoclinic orbit is
contained in the local center manifold W, (0) of the equilibrium. Then, by assumption
(H4), we have dim W,,(0) = 1 and the statement of the lemma follows from center-manifold

theory. Hence, we assume from now on that the homoclinic solution is contained in the

10



local stable manifold. In particular, there exists A™ # 0 such that
. At I¢]
0<lime lg(t)|a < 00

and we denote the generalized eigenspace corresponding to all eigenvalues with real part
equal to —A* by E*. (Similarly, A\~ and E~ are defined for ¢ — —o0). By assumption,
both subspaces are finite-dimensional due to E* C Eg*. Restrict the semiflow to the strong
stable manifold tangent to the generalized eigenspace associated with eigenvalues whose

real part is less or equal to —A*. Applying Lemma 3.2 to the semiflow on that manifold,

we see that
(3.7) q(t) = e L g + O(e" 1Yy
holds for ¢ > 0 and some v > 0 with A® equal to A|g+. The estimate holds for the

derivatives, too. We decompose the solution e #"fvy = vy(t) + va(¢) corresponding to
o1 (2)] = t* e=>** and |va(t)| = o(t* e=**) for some k depending on the size of the Jordan
block of A®. Next subsume v,(¢) into the remainder term G3(t) which together with its
time derivative still satisfies G3(t) = o(v1(t)). Then define r(t) = t* e~*** and parametrize

v1(t) as a function of r, whence
v(t(r)) = re®),

_. where & denotes the vector of imaginary parts of the eigenvalues in the Jordan block.
This proves the claim concetning Gy and Gs. In order to conclude the statements about
G, choose suitable vectors which are perpendicular to v1(r). The claims concerning the
existence of the inverse as well as the boundedness of the norms follows easily by using the
bounds for v and w, see [San93] for the details. |

Let

G(r,v,w) := 1 Gy (r) + Go(r) v +w + Xc(r) r Ga(r),
where % has been defined in (3.1). The map G will again be a diffeomorphism, but G(r, 0, 0)
will parametrize the homoclinic orbit only for r > 3¢. Moreover, G(r,v,0) € ES* for all
e < r < 2e. Observe that the norms of DG(r,v,w) and DG~1(r,v,w) are still bounded
uniformly in € due to Gs(r) = o, for r € (¢,3¢). Now we define the following nonlinear
mappings which will act afterwards as bundle projections onto the trial manifold and the

stable bundle for points near the equilibrium.
Definition Let G(r,v,w) = z. Then we define
m(z) = G(r,0,0)

(3.8) 7s(z) = w
mye(z) = Ga(r)v,

11



Figure 4: The projections 7, 7, and 7g.

or, in other words, we have m.(z) = G(P, G™1(z)), 5(z) = G(Ps G™(z)) and 7.,1(z) =
G(P, G~ '(z)).” Here, P; projects on the ith component of (r,v,w) for i = 1,2,3. Let
mu(z) = 7, (2) + mya(z) for z such that G(r,v,w) = z is defined. Then we can extend

Te(z) and 7y (z) by Pz and mgz(z) = P; z, respectively, for all z with |z|, < 3e.

In order to define the graph transform, we need to define global stable and unstable bundles
in a continuous way. Thus We have to extend the projections defined above in a global way
along the homoclinic solution. First, note that the projections P"(t) defined in hypothesis
(H2) converge to the spectral projections P¢ for t — 00 and i = s, ¢, u by [San93, Lemma
1.1] and the appendix. We choose a continuous scalar product (-,-); on the bundle given
by RP°(t) over g(t) which coincides with the scalar product defined on Eg* for all large
|t], that is
() = (B, Fg™)

for [t| sufficiently large. This is always possible, because the bundle RP(%) is continuous

and possesses finite-dimensional fibers, see [BJ73, ch. 4.11].

Definition We define

St2:= P02 (i Pot02) o

to be the continuous projection onto the orthogonal complement - with respect to the scalar

product chosen above - of span ¢(t) in RP(¢).

The projections P*(t) and S5(t) are in general only continuous in ¢ in the operator norm,

12



see [San93, Lemma 1.2(v)]. However, we can approximate them arbitrarily close by C*-

projections. For any given §, there exist rg and Ty such that

SUP|,|.<r, |Df(2)] <6 SUP,¢(0,ro) |Ga(r)1 < 6

(3.9)
supys1, |P°(t) = Fola < 36 SUP >, [P() — P5*la < 6.

Hence, 6 controls the convergence of the dichotomies towards the spectral projections as
well as the bound of the nonlinearity f as mentioned in definition 3.1 above. Then we have

the following lemma.

Lemma 3.4 For any given 6 > 0 there exist functions Q°(t) and S(t) in C%°(R, L(X%))
such that Q*(t), S(t) are projections and |Q*(t) — P*(t)|a, |S(t) — S(t)|a < & for all t € R.
Furthermore, Q°(t) = F§ and

Range S(t) = Image Ga(r)
Kernel-S(t) = Image D, (r Gy (r)) ® E;

" fort > Ty and t < —Ty, respectively. Here G(r,0,0) = ¢(%).

Proof. Owing to (3.9), we have

5 |P°(t) - P3la It| > To
52.S@—mmm for t>Tp
‘ 1S(t) - Pe Ple . t< T

As a matter of fact, it is possible to connect any two projections Qo and @, satisfying
|Qo — Q1] < 1 by a C*-path Q(7) of projections for 7 € [0,1]. Indeed, define Q(7) = Qo
and Q(7) = @ for 7 < 1 and 7 > 2, respectively. Then we interpolate these projections as
in [Kat66, exc. 1.4.6 (4.13)] by using a cutoff function. Afterwards we divide the interval
[—To, To] in a suitable way. ‘ O

Next we parametrize the homoclinic orbit ¢(t) using the arclength. Define q(¢(7)) =: ¢(7)
for 7 € R and §(-) € C™ such that |D,§(7)|« < 2. This is possible by approximating the
arclength by a C*-function #(7) satisfying |£(7) — ¢(7)| < |§(#(7))|a- Therefore, we can
locally parametrize a tubular neighborhood of the homoclinic solution at ¢ = ¢(¢(7)) by

the map
hg: (10 — 1,70 + 71) X RS(t(70)) x RQ*(¢(70)) — X*

(7,0, w) — q(t(7)) + S(t(7)) v + Q*(¢(7)) w.
In particular, hy € C™” and
d

77 G(m0) 7 + S(t(70)) T + Q°(t(70)) W.

Dhy(70,0,0)(7,8,%) =
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Thus we obtain |Dh,(70,0,0)|«, |Dhe(70,0,0)7 | < C and C depends only on the norms
of the projections S and @°. These, however, can be estimated by the norms of S and P*
for § small. Therefore, we conclude that %, is invertible for all 7 € [t71(—T7),™* (Tl)] and
|v|a, jw]e < no. Here no depends on the choice of T3. We fix T; by choosing T := To + 57T.

Now we are in a position to extend the nonlinear projections my, 7,1, Tz and 7y to a full

neighborhood of the homoclinic orbit. We define locally

Ty(z) = hgo | (r,v,w)— (7,0,0) )0 hq—1

(31()) 77’7-'-(33) = hfl o (T7U7w) = (07U7 0) © h;—l
7TE(SL‘) = hqo (T’U)w) = (O’O’w)) Oh;I—I
Tu(z) = my(z)+ mye(z).

It is easy to see, that these mappings are well-defined using the following facts: m,(z) =

4(t) € 7(4(0)), 7,1 (z) € RS(¢) and 75(z) € RQ*().

In words, 7.,(z) projects z to the nearest point ¢(t) on the homoclinic orbit. . .(z) de-
notes the center-unstable part of = relative to the point m.,(z) on the homoclinic orbit and
Ts(z) equals the stable component again relative to v(g(0)). Here, the center-unstable

component is contained in RP®(¢), the stable component in RQ*(%).

In order to define a modified vector field later on, we need some further definitions. First of
all, we can estimate the contraction rate of 7(—T3,T}) restricted to the range RP®(—T})

of the center-unstable projection from below by
(3.11) ko i= (Kel+T)="7+

using Lemma 3.1. Note that xo depends only on the choices of T' and T3, that is on 6.
Next, consider Figure 5. Take the ball Ug*(0) with radius 2¢ at zero in E§*. Then choose
two subsets A and B which are contained in the spherical annulus Uty ._,,)(0), that is
the set of z € US*(0) satisfying 2(e — x4) < |z]o < 2¢, and fulfill A C B. In addition,
B coincides with the spherical annulus except for a x3-neighborhood of the images of the
maps r GE(r) parametrizing the homoclinic orbit up to the error term r Gs(r). We choose
Ko < %no as the minimal distance of A to the image of r GE(r), see Figure 5. Then we

define cutoff functions 9°*(z) and 9°(z) by
9 (z), ¥°(<) € [0,1]
(3.12) A I*ev, 4y = 1 9|4
Fls = 1 Flev,m = 0

I
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Images of r Gf (r) and r Gy (r)

Figure 5: Cutoff regions of 9<* and ¥°.

q(Ty + 3T) Image of G4 (r,0,0)

] | !

—— i 1

|
I
Ks€ q(To +4T) ro = G71(¢(To))

Figure 6: The cutoff function xF. Similarly, xJ is defined for ¢t — —co.
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for z € E§*. Here, we choose n > 0 sufficiently small such that 3 > 7 and therefore
U,(A) C B holds. Then, U,(B) does not intersect the image of r G¥(r). In particular, we
obtain {z |9°*(z) < 1} C {z|¥°(z) = 1}. Define max(|D9*|,|DI*|) =: K. Observe that
these norms depend only on the choice of T and ro via ko defined in (3.11). The cutoff
functions can be defined in such a way that they are invariant under rotations of each
coordinate separately outside neighborhoods of the incoming and outcoming eigenspaces
E* defined in the proof of Lemma 3.3. Then we can define 9%(z) and 93(z) by replacing
z by /e and furthermore rotating each coordinate of z/e¢ individually by €9t see the
proof of Lemma 3.3. Here, the angle depends on ¢ only. This guarantees that the orbit
v(v1) of the linear part is mapped onto itself by the scaling. Thus, the scaled cutoff does
not affect the homoclinic orbit v(g(0)).

Furthermore, choose two cutoff functions x* defined on the image of G+(r,0,0) by us-
ing the fixed function x defined in (3.1) and the diffeomorphism G4 (r,0,0). See Figure
6 for the cutoff properties of x*. Note that é’i(r, 0,0) has bounds on the derivatives
and their inverses independent on ¢ by Lemma 3.3. Hence, the cutoff functions satisfy
|Dx%(G+(r,0,0))| < K, for r > e.

NOW, we shall define our trial manifold M,:

M, =

{:c € E||z]a < 26} U

{a: = Gy(r,v,0)|r € (6,7F), |v|a < K,QC} U

{:v =G_(r,v,0)|r € (6,77, |v|o < e} U

{2 =7(z) +m,1(2) | q(t) = 7(2) for ¢ € (=T3, Tr), |mye(2)]a < (KelHIT)=57" ¢},

Here (r%,0,0) = Gi'(q(£Ty)). Moreover, we define a decomposition of M, into not
necessarily disjoint sets M', M* and M7, see Figure T:

M = {:v € Eg*||zla < 26} U {:z: =Gy (r,v,0) |7 € (,3eex’T), |v]a < 16206} U
{z=G_(r,0,0)|r € (¢,3¢e”), |v]a < ¢}

M = {:c =G (rv,0)|r € (3¢,7}), [v]a < noe}

M: = {:c = G_(r,v,0)|r € (3¢,77), |v|s < e}

M! = {z € M|q(t) =n(z)for t € (~To — 2T, Tp +2T) }

with (ri£,0,0) = G~1(g(+ Tp)). Furthermore, we define the stable bundle with base space
M, in the following way. Choose Ty such that |DGsly, |Dsf| < k16 holds for |z]|, <
|yq(:l:T2)|a and let T3 be a number satisfying T < T3 and (Ke("‘s"‘”)T)‘T o Ko = k1. The
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Figure 7: The submanifolds M/, M* and M/.

number £, is a constant independent of € which will be fixed later on. The let

.

€ for te[-Th —-T,T]
| e (Kee )Ty for te[-T), Ty
(3.13) R(q(t)) := < Ko € for te€[Ty,T5]
‘ & Ko € (Ke(“’+”)T)‘%‘z for - t € [T3, T3]
K€ otherwise

\

and define the fiber Ef(z) for z € M, by

{w € RQ*(m(2)) | lwla < R(my(z))} for o € M, |z]o > 2
{w € E||wla < k1 e} otherwise.

Ez) = {

This very technical definition is forced by the requirement that M, must be overflowing.

Hence, the norm of vectors in the bundle has to be restricted.
Lemma 3.5 The set
E. .= {a: | 7p(z) € Me,mp(z) € Ee(z)}

is a C™° bundle in X* with base space M,. Furthermore, the homoclinic orbit ¥(qo) C E.

is contained in the bundle for all sufficiently small €.

Proof. This follows from the definition of the mappings 7y, 7z and the construction of
the bundle. The homoclinic orbit is surely contained in the bundle except possibly in the

domain with ¥ < 1. But in this region we have |G3(r)|s = 0.. Thus the error in the
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norm of () caused by the cutoff of » G3(r) is small compared with xie. Indeed, &, is

independent of e. 0

Lemma 3.6 (i) Letm,(z) = q(t). Then we have the following estimates for Dmy(z) and
Drg(z) uniformly in z € M,

| Da(g(8)) — P (¢)la
[Drs(g(2) — P*(t)]a

and the o-term depends only on the norms of P° and P®. We define Dmy(q(t)) =:
ch(t)
(i) It is possible to parametrize M7 locally near each q = q(t(7o)) by

} < C(T) 6 + o,

(¢d+RY): (10— 71,70+ 71) X RS(t(70)) — X°
(7,v) ¥ q(t(r0)) + D4(70) (T — 70) + v + k' (7, v),

where h)' is given by -

B (7,0) = 0(4(r)) ~ (t(w)) = Do) (7 = ) + (S(t(r) = S(t(ro) )
Moreoverj, |DhY|o < Coe in M.

Proof. The first claim (i) follows from the definitions, Lemma 3.4 and |z — 7, (z)|« < €.
For the second claim we use the definition of A}’ and compactness of the time interval

[—T1,T] under consideration. |

3.3 The graph transform

We will first set u = 0, whence (2.1) and (2.2) coincide. The case p # 0 is investigated in

section 3.6. Define a new system of equations for z € E, in the following way:
t = F(z)+ Fz)
— —APja-+ P f(z) - 9B 3) B ot

(—APs o+ Pg f(z) + BH(z) + B7 (z)) 07(P5* )
(3.14) = —AFa+ P f(z) - B 92Ps x) B o+

( —APg 3+ P f(z) + Bo(xroe(Imye (2)]) x¥ (my(2))+
Xe( 72 () x5 () s (2) ) 95°(P ).
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The maps Bt and B~ are defined by

BH(®) = fomoelmys (@) Xt (7o) 7 (2)
B (z) = Boxe(lmys(2)]) X2 (my(2)) 7y (2).
Here, B is chosen such that
(3.15) B1>m = C(T, ko) Ky,
where 7; is constant depending on C(T, ko) Ky, but is independent on €. We will specify
71 in equation (3.34). Moreover, we fix B, such that 8, > «of.

4

We should explain the meaning of the terms in (3.14). The first part
F(z)=—-APjz+ P f(z) — B19(F§* ) Py =

consists of the stable part of the differential equation (2.1) and the additional contraction
—B19:(P§* z) P3 z, which is effective only near the equilibriuxﬁ. The second term F*“(z) is
the unstable component of the vector field. We explain the different terms in this expres-
sions separately. First of all, we cutoff the whole vector field (and not just the nonlinearity)
in the unstable direction for z € A. This is realized by the expression (... ) 9¢*(P* z). The

term in parentheses is the original unstable component of (2.1) together with

(3.16)  Bo Xrellys (2)]) XE (o () 70 ().
The norm used in the argument for X, is induced by the scalar product on the finite-
dimensional space ES*. Hence, it is differentiable. Observe, that the terms B* are zero for
|z|o < €. Indeed, for |z]s < €, we have

Xnoe = Xa * ¢ } =0

Xe Xe - 0¢
by definition. The new nonlinearities BX(z) introduce an additional expansion for z € M+,
which make the manifold M, overflowing due to fy > ¢°, see Figure 3. Equation (3.14) is
well defined and we denote the corresponding nonlinear semiflow by ®(t). Next we estimate

the norm of the linearization of (3.14).

Lemma 3.7 The linearization of (3.14) along a solution z(t) staying in E. fort € [0,T]

is given by
DF(z)y = (~APj+P;Df(z))y— B L(DI*(Ps z) Pgy) Py ot
—P1 9 (Fs* =) Py y+
(3.17) (~ AP + Pg* Df(z) + DB} (z) + DB (z)) 02(P5* o) y+
(- APz + P* f(z) + B} (z) + B (z)) 1 D9*(Pg* z) Py
= —AP{y+V(t)y.
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The linear operator V(t) is bounded in L(X*  X) with norm |V (t)| < C(6, ko, B1) indepen-
dent of €.

Proof. First, the operator AF§* is defined on the finite-dimensional eigenspace E§*. The
derivatives of the cutoff functions are bounded, because we have already extracted the
factor 1 in the equation above. If D¥*(z) and D¥**(z) are nonzero, we have |z|s < .

Thus the terms involving these derivatives are bounded uniformly in €. Furthermore, we

have
DB*(z)y=
Dz (my(2)) D7y(2) Y Xiroe Bo T2 (%) + X2 Xoe fo Ds (2) y +
6 Dx (s @) = B (s ()] 7o 0, s (0)1) - 0 ()
By using |7, 1(z)|s < € this derivative is easily seen to be bounded uniformly in e. O

In order to define the graph transform, we introduce the set of Lipschitz continuous sections

of the bundle F,
Se o= {0: M. - X*|L(0) < 1, o(z) € Eu(z) Yz € M. },

where we have used the local and global Lipschitz constants

L,;(O‘) = l_l—II—l |a(y) — 0'((1:)]0,
y—z,yEMe Iy —_ :BIO,
L(s) := sup L.(o).
IL‘GMe

3 is a complete metric space if endowed with the C%norm ||o|| = sup,epy, |0(2)|a- The
graph transform is defined for graphs o contained in ¥.. Denote by g, a right inverse of
Tp © @7 0 (2d + o) defined on M., that is

T at (@T(y + a(y)))l =z fof z € M..

y=go(z)
Here, @ denotes the time T-map of the semiflow of (3.14). The graph transform is the

map
QE(0) :=mz0Pr0(id+ )0 g,.

In words, the graph of the image ®#(o) describes the surface @ (id + o)(M.). At this
point it is not clear whether the map ®# is defined at all. We have to verify the following

points:

o O% is well defined, i.e. the right inverse of g, is defined for each o € %,
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o O : %, — ¥,
e ®% is a contraction.

The unique fixed point o, of ®% (o) guaranteed by Banach’s fixed point theorem will then
be identified with the invariant manifold Wi . Before we start proving these claims we

state some basic well-known lemmata needed in the following.
Lemma 3.8 Consider the equations
(3.18) t+ Az = f(z)
(3.19) t+Az = f(z)+g(z,t)
with f,g € CY*(X* X) and |g|l, <n. Then the estimates
|24(T, ) — 22(T, )«
| Dz(21(T, ) — 22T, )
hold for the differences z1(T,zo) — z2(T, o) of two solutions zy and z, for (3.18) and

(3.19) to the same initial point xq, respectively.

} < C(T)C(A, f) oy

Proof. See [Hen81, Thm. 3.4.1, 3.4.4 and Lem. 7.1.1]. a

Lemma 3.9 For a differentiable function g we have“
9(z +y) —g(z +§) = Dg(=) (y — ) + [y — §l opyjs1a1-
Proof. Indeed

9z+y)—g(z+§) = [ Dg(z+7+sy—7))ds(y—19)
= Dg(z)(y—§)+Js [Dg(z +§ + s(y — §) — Dg(x)] ds (y — §)

and Dg(z + 7 + s(y — §)) — Dg(z) is of the order opy1 3. O
The function 7, 0®70(id+0) will now be investigated separately on each M for ¢ = f, &, 1.
The strategy is to divide the map ®, into a “nice” and a “small” part.

3.3.1 The global part of M: my(z) € M/

In this region, the original and the modified equations (2.1) and (3.14) coincide. Thus
D®,(q(t)) = T(t+ T,t) and we can apply Lemma 3.1 in the following. The first lemma
will guarantee that the manifold M/ overflows. Remember the definition (3.13)

R() = e(Kel*+IT) =57+

for t € [—T1, T1]
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Lemma 3.10 There exists numbers 8o > 0 and €y > 0, such that for all § < 8y, € < €y and
t € [-Ty,T1]

Uriry (gt + TN M C 7y 0 @70 (id+ o) (UR(t)(q(t)) N Mg')
750870 (id+0) (Urey(a(t) N M) C Ungary(g(t+T)) N Ee.

Moreover, 6 > 0 depends only on C(T).

Proof. Throughout, the index i equals ¢ = cu, s. We decompose

T 0 R2(q(t) +v) = mu(q(t+T)) + Dma(q(t +T)) DRz(g(t)) v+ N(t,0)

= wu(qgt+T))+ Q¥ +T)A{)v+ N(t,v),

750 ®r(g(t) +v) = we(q(t+7T))+ Drs(q(t+T)) D2x(q(t)) v+ N(t,v)
= 7e(q(t+T))+Q(t+T)A(t)v+ N(¢,v),

I
=

see Lemma 3.6 for the definition of Q°“. Here, the Lipschitz constant L(V) < Coo. of the
nonlinearity N is small by Lemma 3.9. Moreover, by definition |Q*(#)— P'(¢)], < 6. We will
prove the lemma using the mappings @ (t+1") A(t)+ N(¢,z) and Q*(t+T) A(t)+ N(t,v),
respectively, with

{v]1Q*() vla < R($)}

{v]1Q*(t) vl« < R(2)}.
This is sufficient, because MJ N Ue(q) and the tangeﬁt space T,MS of Mf at q are e-close
in the C'-norm and the estimates proved below are independent of .
We have |Pi(t) v|q = (1 — §) |v] for any v, such that Q*(¢) v = v. Indeed,

§lola 2 |(P(t) — Q'(t) vla 2 [vla = [P(t) vla-
We observe that R(t + T) = R(t) K~' e~(«"+")T, Furthermore

Qt+T) (A1) + N(t,)) = A@)P)Q )+ (Q(t+T) - Pi(t+T)) Alt)+
Qit+T)N(t,-) + AQ) (Q'(t) - P(2)).
Thus we obtain ‘

Q°(t + T) (A(D) v+ N(t,v))la = K71eT[Q(t)v],
~2R(t)6 (2|40l + K1eT + |Q(2)]a)
Q3¢+ T) (A(t) v+ N(t,0)la < Ke*"T|Q°(t)v]a
+2R(t) 6 (2|A(t)|a + KT +]Q*(t)]a)-

We define

C=2 sup (max(K‘le'“’T +1Q% ()], Ke™" T +1Q°(t)|o) + 2 ]A(t)la)
te[-T1,T1]
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and observe that C' depends only on the constants mentioned in the statement of the

lemma. Therefore
@t + T) (A(t) v + N(t,v))la K~em*T|Q(t)v]o — C R(t) 6
|Q°(t +T) (A(t) v+ N(¢,v))la Ke="T|Q%(t)v|o + C R(t) 6.

Now the first inclusion of the claim is equivalent to

2
<

Q) vle = R(t) = |Q(t+T)(A{t)v+ N(t,v))|a > R(t+T).
Substituting the above proved estimate and using the definition of R(t) we obtain
K 'e*TRt)1-C8) > R(t+T) <«
K le*T(1-C8) > Kle@tl «—
eT(1-C6 > 1
and the last inequality is satisfied for § < § := C~1(1 — e™7). Here 6 > 0 is positive due
to the assumptions on v, .’ and.J". Likewise the second inequality is equivalent to
Q) vla < R(t) = |Q°(t+T)(AR)v+ N(E,v))la < RE+T)

and thus to
Ke"TR(t)(1+Cé) < R(t+1T) =

Ke T (14+C8) < K le@tT
K2ela™t=a)T (11 0§) < 1.
Again the last inequality is fulfilled for all § < &, where §o = C~1(K ~2e(**~**-T _1) > (.

Positiveness of ég follows as above. O

Lemma 3.11 The mapping wr,0Pr0(id+0) possesses a Lipschitz continuous right inverse
g, defined on Usc(q(t)) N MY for each ¢(t) € M uniformly in o € .. Moreover,

L,(95) < Ke*'T + 0.+ C(T)$§,

for each y = my 0 @7 0 (id + o)(z) such that z,y € M.
Proof. By using Lemma 3.9 we obtain

|2 (@o(q +u+ o(g +w)) — mae (Br(g + i + o(g + )|
Dry(@2(9)) D2 (q) (u+ (g + ) — G — (g + )| — o u— il
Po(t+T) Dr(q(t)) (u+ o(g+ ) — & — o(g+@))|_— (0c + C(T) 6) [u — il
Dx(q(t)) P() (u+ o(g+u) — it — o(g + @) | — (0c + C(T) 6) Ju — il
D®x(q(t)) P™(t) (u — @) — |DBx((t)) P(t) (o(g +u) — olg + &)| -~
(0 + C(T) ) |u — o

AV AVARN V)

v
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Now we estimate the term involving the graph o using the facts Q**(7y(q+wu)) o(g+u) =0
and |o(g + u)| < € together with Lemma 3.6(3).
| D& (g(t)) P(2) (o(q + ) — o(g + 1))
< o) (|(P™(@) - @(my(q + 1)) (o(g+u) — (g +@)|_+
(@ (m(g +w)) — Q*(mo(g + 8))) o(g + )| )
< (00 +C(T)6) fu— il
Moreover, we have
| DO (g(t)) P(t) (u — @) > K'e™T (1= C(T) 6) |u— il
using Lemma 3.1 and 3.6(ii). Therefore we conclude
I (B2(g + v+ 0(g+w)) — mae(So(g + & + o(g +)))|
> K7'e 7T |ju — il]q + (0 + C(T) 6) |u — il
‘The use of the constant C(T') is justified. Indeed, the estimates for these terms depend

only on the norms of D®, and the projections. The lemma follows now from the Lipschitz
inverse function theorem [Shu80, ch.5 Thm. 1.1]. O

Next we compute the Lipschitz constant of 75 0 &7 0 (¢d + o) on M7.

Lemma 3.12 For any z € M and € < ¢ such that ¢; > 0 is small the following estimate
hold
Ly(rz0®r0(id+0)) < Ke T 4o, + C(T)é.

Proof. Using Lemma 3.6 we obtain near ¢ = q(¢(70)) € M/

!WE (<I>T(q +u+o(qg+ u))) —Tg (<I>T(q +a+o(qg+ ﬁ))) |a

Drg(®2(g) D®x(q) (u+ o(g+u) — i — o(g+@))|_+oc |u — ila

P*(t +T) D®:(q) (u+ (g +u) — & — o(q +@))|_+ (0c + C(T) 8) [u — il
D& (q) P*(¢) (u+ o(g +u) — i — o(g + @))|_+ (0c + C(T) 6) |u — il
D(q) P*(t) (o(g+u) — o(g + ©)|_+ (oc + C(T) 6) Ju — il

Ke T lu — o + (0c + C(T) 6) |u — @,

IAIA

IA

IA

IA

The estimate for D®.(q(t)) P*(t) follows from Lemma 3.1. a

Now, we consider the composition 750 ®, 0 (id+ o) 0 g, locally near each ¢(t) € M. Here,
we choose any right inverse g, guaranteed by Lemma 3.11, which might be not unique at

this moment.
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Lemma 3.18 Choose § < C(T)™" and € < ;. Then, we have for each y € M/
Ly(rgo®r0(id+0)og,) < 1.
Moreover, the mapping 7z 0 @z 0 (id + o) 0 g, is a local section of E?|, ;.

Proof. We obtain the estimate for the Lipschitz constant by using (3.2) and the Lemmata
3.11 and 3.12. Indeed,

Ly(®3(0)) < Lg,)(ms 0 @ro (id + o)) Ly(go)
(Ke=**T + 0.+ C(T) 8) (Ke*'T + o, + C(T) §)
K?e (=T 4o, 4 C(T) 6

1.

NN N IA

The mapping 7;0®r0(id+0)ogs, is a section, because g, is a right inverse of 7,,0®0(id+0).
By Lemma 3.10 we know that the image of 75 0 @7 0 (id+ 0) 0 g, is contained in Ef|, .

This proves the lemma. 0

3.3.2 The tail parts of M: 7y (z) € M*

We will restrict ourselves on the case Tu(z) € M. The same result with analogous proofs

is valid for 7y (z) € M. The differential equation (3.14) on M} is given by

¢t = —Az+ f(z) + B} (z)

(3.20) = —Az + f(2) + xF (74 (2)) Xroe (|72 (2)]) Bo 7,1 (2),

for mx(z) € M}. In the subset M, the mapping 7 (z) satisfies |Drpy(z) — PS*|e < 6
by definition. Thus, the tangent spaces of M and the eigenspace E* are §-close to each
other. The linearization along a solution z(t) € E. of (3.20) for ¢ € [0,T] is given by

(3.21) y = (— A+ DB} (a(t) + Df(a(t)))y.
We will first consider the equation

(3.22) § = —Ay + DB (a)y
= —Ay+ DxF(m,(2)) D7y(2) Y Xsoe Bo Tyt () + X7 Xsoe fo Drys () y +
X;*' DX(I—:;EIW,YL(J:)I) ;(1;; Bo - <|7r,y_|.(:1;)]_1 . 71-,‘,1_(:6), Dr.,1 (:L‘) y> 3 (:t),

where the term coming from the nonlinearity is removed. We denote the linear semiflow

of (3.22) by 7 (t,z0)-
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Lemma 3.14 The derivative DB*(z)y = DB*(z) P§* y+osy depends only on P{*y up to
an error of the size §. Moreover, |Df(z)| < 6 as an element of L(X*,X). Thus, we sub-
sume the term osy into the nonlinearity D f(x) and continue by considering DB*(z) P§*y.
Remember, that |DxE(z)| does not depend on € forz € M*. Moreover, DB*(z) is bounded
uniformly in €, i.e. |DBF(z)|o < C(ko). Indeed, | 1 (z)| < ko€ for x € Us(0). Therefore
the semiflow T (t, o) is bounded by |T (t,z0)|e < C(T, ko) for t € [0,T).

Now we have to estimate equation (3.22). Observe, that the stable and unstable parts of

(3.22) decouple due to Lemma 3.14. The stable part is given by

| d
(3.23) =By + ARy =0.

The unstable part is given by the expression

(3.24) w = —Au+ DB (z)u
= —Au+ Dx{ (m4(2)) Doy (2) U Xnoe Bo Ty (%) + XT Xnge Bo Dyi () u +
1 1
X Dy (;;—Jm(x)g) — B ([T (@ - 71 (@), Drpa(0) u) - s 2)
=: A(t)y,

where we have defined P$*y =: u.

Lemma 3.15 The minimum norm of the fundamental matrizc U(T) of & = A(t)u defined
on E§* can be estimated by

m(U(T)) > e=>'T.

Proof. Observe that the equation (3.24) is defined on the finite-dimensional space E§*.
Thus, we can take the scalar product (A(t)u,u) and obtain using the decomposition of

—A F§* in the Jordan block and the diagonal part
(A(t)u,u) = (Au,u) + (J u,u) + Dy (1 (2)) Dy (2) t Xege Bo { Wi (2), u)+
’ lr(z)] 1 _ ‘
x¥ Dx (LT P Bo <7r,,1.(a:),u> . <|7r,,;(:c)] V.m,i(z), Dy (2) u> +

X¥ Xroe Bo <D7F7L (z) v, u>

Now, (m1(z), Dmyi(z)u) = (m,+(z),u) due to the definition of 7.,.. In fact, for z € E,
the projection D, . (z) is given by P§* followed by a further projection in £§* plus a small

map in Ej. Moreover, m.,.(z) € E. This proves the claim about the scalar product.
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’i‘herefore, using Re (A u,u) — ||J|| > —&° > —a®, we obtain

<A(t u u> > —&° —006(1+C(T)K Bo)+

IUI2
x+ Dy Bo (K0 €)™ I (7 (e > —C(T) Ky Bo b6+ Bo (1 — Co )
> —&S+C(T)5+05 > —of
if only 6 and ¢ are sufficiently small, the former only compared with the constant C(T).
For the last estimate we have used the orthogonality of the spectral projections. By
[Har82, Lemma IV.4.2] the estimate " |2 < (1) u,u> > —ca implies the claimed estimate

m(U(t)) > e " for the minimum norm of the fundamental matrix U(¢) uniformly in
t €[0,7]. a

Now we have all the necessary informations to prove the existence of a local right inverse

near z € E7.

Lemma 3.16 For all § < C(T)™ and € < ¢ sufficiently small there exists a local right

inverse g, of Ty 0 @7 0 (id + o) uniformly in o € X.. Moreover,
Ly(9s) T+ C(T) 6+ roe
Lo(r50 s 0 (id+0)) < Ke™*T + C(T)$6
holds for each y = Tr 0 @70 (2d+ o)(z) such that z,y € MF. Furthermore, the composition

is Lipschitz continuous, satisfies
Lo(rs 0870 (id+0)og,) <1
and 15 0 By 0 (id+ &) 0 g is a local section of the bundle E..
Proof. First, we show that the manifold M is overflowing. Choose z € M:" such that
|7,()|e = ko €. Then, we obtain
(%w(x), 7y2(2)) = (Drya (2)( = A + (5) + B (), my (2)
= (Dr1(@)( — A(my(2) + 7y (3) + 75(2)) + f(2) + BE (2)), 732 (2))
= (Dru(e)( - Ampu(2) + f(2) = f(m(2)) + Bt (2)) +
Dy (z)( = Amy(2) + £(my(3))), 712 (2))
= (Dru(2)(— Amyu(2) + f(2) — f(my(2)) + B}(z)),m(z))
= (Ps* P (id+ Dh(Q} 2) QF) (- APS P (v + h(QF 2)) +
f(z) = F(m4(3)) + Bo Pg" B (2 + h(QF 2))), my2 ()
= (= Ams(2) + fomy(z) + Dryu(3) (£(2) = F(7(2))) 72 (=)
> (fo— o’ = C(T)6)(koe)™ |
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Indeed, the term Dm.,.(z) (— Arn,(z) + f(m,(a:))) vanishes, because — A, (z) + f(7,(z))
is contained in the image of Dm,(z) and Dm,i(z) Dry(z) = 0 is zero by definition. Fur-
thermore, |Df| < § and thus |f(z) — f(7,(2))| < 6|z — my(z)] < §Koe. Therefore, the
norm of m.,.(z) grows and thus z(¢) have to leave the bundle E.. This proves, that M} is
overflowing.

Next, we consider the linearization along a solution z(t) of (3.14), which stays in E* for
all t € [0,T]. Due to the fact |Df| < § and Lemma 3.14, the difference of the semiflows of
the full linearized equation (3.21) and the pseudo equation (3.22) can be estimated by

(3.25) | T(T,z0) — T(T, z0)lo < C(T) 6.

Furthermore, the tangent space of M. and the space E* are §-close. This yields for

u1, Uy € M7 close to zg

(3.26) |74 0 Br 0 (g + 0(wr)) — Tar 0 By 0 (g + o(u2))|e
> | Drae(20) T(T,20) (us + 0(wr) — uz = 0(us))|a — § C(T) Jus — usa
> P T (T, zo) (u1 + o(uy) —uz = 0(uz))la = 6 C(T) [u1 — wala

|7 (T, @0) Ps* (u + o(w1) — us — 0(u2))la — § C(T) Jur — uzla

e—a“’T |u1 — U2]a - 5G(T) |u1 bt u2|a,

v

\Y

Therefore, a local right inverse exists by [Shu80, ch.5 Thm. I.1]. Moreover, we have

(3.27)  |mpo®ro(us+0o(u1)) —mg0 Pp o (uz + o(u2))la
< | Dre(zo) T (T, o) (v1 + o(u1) — ug — o(u2))|e + 8 C(T) Jug — u2la
< 1B T(T, w0) (us + o(ur) — u — 0(u))la + 6 C(T) Jus — uals
< |T(T,20) B3 (ur + 0(wa) — uz — 0(ua))|a + § C(T) Jur — usla
e T |uy — ugo + 6 C(T) |uy — tg)a-

IA

Indeed, |P3 (u1 — u2)|a < &|uy — ugls and the estimate for 7 (T, zo) P$ follows from the
decoupled equation (3.23). Finally, we have to estimate the Lipschitz constant of ®#(o).
This follows now easily using (3.26) and (3.27). By (3.23), the image of ®#(o) is again

contained in Fk. O

We have not proved that ®#(c) is well defined, because uniqueness of the right inverse is

still not clear.
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3.3.3 The local part of M: 7,(z) € M!

We repeat equation (3.14) on M:

i = —ABjc+F;f(z) - 9:(Ps*z) P o+
(-APz + Pg* f(z) + B (z) + B7 (z)) 95(Ps* )
(3.28) = —AFRz+F f(c) - f9(Fg" =) F§ =+

(— AR+ B £(2) + o (el (@)) 3 (o)) +
Xellmy2 () X (7a(2)) s (2) ) 954" )

Assume that z(t) € M/ is a solution of (3.28). Then we consider the variational equation

(3.17) along z(t). First, we will again neglect the influence of the nonlinearity

(Ps Df(z) + Pg* Df(x) 9(Ps* o) + Pg* f(w) € DI (e Py 2) B*) y—

(3.29)
Bet (Dz?s(e‘l Fgtz) P§* y) Pz

in the variational equation along z(t). For this term, we have the following estimate.
Lemma 3.17 The operators in (3.29) are bounded by
|D(Pg f(2) + P5* £(=) 9(Ps* 2)) | < oe.

and.

‘/31 e (Dﬁs(é_l Fg* 37)3/) Py x| < Bk Kolyla

uniformly in e.
Proof. First of all, we conclude

P; Df(x) + P* Df(z) 05 (FS* 2) + B5* f(x) = DI**(e™ Py ) B§*

S Co Ka e’ = Oc¢.
(21

Indeed, for z € M! we have |f(z)| < Co|z|Lt?, |Df(z)| < Colz|, and |z|, < 3e. This

proves the first claim. The second claim follows from

|Bret (DY*(e 7 Ps*2)y) Py e

N <h e Ky |Pg:z:lo,|ng|a < Bk Ky IP(;?/I&-

The modified linearized equation without the operator in (3.29) is then given by

(3.30) g = —APRy-pHoi(Fz) Ry +
(- AP+ DB} (2) + DB (z)) 92(Fs* 2) y +
(—APs 2+ Bf(z) + B (2)) € D™ (e P z) P y.
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For this equation, the minimum norm will depend on the initial point z(0), i.e. we have

a relative and not an absolute normal hyperbolic equation in the terminology of [HPST77].
We define |

a(zo) = /[0 ROSIOE:

Here, ¢r(s,) denotes the characteristic function of the set I(xzo) given by
I(zo) = {t € [0,T] | Pg* 2(t) € CU(A)}.

Hence, I(zo) is the set of those time points, for which the projection of the solution z(t)
onto E§* is contained in the set C U,(A), see (3.12). In other words, for these points
I(Ps  z(t)) = 1.
Lemma 3.18 For the linear semiflow T (T, zo) of the modified equation (3.30), the follow-
ing estimates hold

m(F(T,00) Bi¥) 2 e @-sten) g-maten)

>
I’j'(Ta :l)o) Posla S

I{G_QNT e—b a(a:o).
Here, 11 = Co K C(ko) (see (3.34)) and By has already been defined in (3.15).

Proof. We rewrite equation (3.30) using the coordinates v = P&y, w = Pgy

(3.31) o = 9%(Ps*z)(—A+ DB} (z) + DB (z)) v+
(—APz+ Bf (2) + B () € DI (e Fg* 2w
and
(3.32) w=—Aw — p 9 (P z) w.
Here, we have used Lemma 3.14. Hence, (3.30) decouples into (3.31) and (3.32). We will

first compute the minimum norm of 7 (T, ) on Eg. To that end, we estimate (3.31)
separately for t ¢ I(xzo) and t € I(zo).

As long as t ¢ I(z), the equalities 9 = 1 and DJ¢* = 0 hold. Thus, (3.31) transforms
into

o= (—A+ DB (z) + DB] ) v.

For 0 <t <t+47 <T and [t,t+ 7] N I(zo) = 0, this yields the estimate

(3.33) m(T (t + 7,,20)) > ™"
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for the minimum norm as in the paragraph 3.3.2. Now suppose ¢ € I(z;). Then

(3.34) 92(P¢* z) (~ A+ DB} (z) + DB] ) v+
(- APz + B () + B (2)) e DI (e} Py z) |

< CoKy Ky |v| = 7 |v

due to |Fg*z| < 3e. Observe that the norm of DBZF is bounded by a constant C(T)
independently of €. Indeed, the support of the derivative of x£, which depends on e, is
contained in A, see Figure 6. But inside A, we have ¥ = 0 by definition. Thus, the term
Dx# vanishes completely and the norm is indeed independent of e. Therefore, we obtain

the crude estimate
(3.35) m(T (t + 7,t,z0) B*) > €7

for all values of ¢t and 7 satisfying 0 < ¢ <t+r<T and [t,t+ 7] C I(zo).

Hence, we conclude
m('j'(T, 330) Pocu) > e—-aa(T—a(z‘o)) e a(:co).

The crucial point in the above computations is that the constant K appearing in the ex-
" ponential trichotomies is absent here due to the decomposition —A P§* = A + J and the

' choice of coordinates which guarantees that ||J|| is small.

Next, we consider (3.32) on the stable subspace E§
| b = —Aw — By 2B o) w,
which possesses the explicit solution
w(t) = ePr fy i (Fg (r))dr - At Wo.
Thus we obtain the estimate
|T (T, z0) P§)|o < KemoT e=Fro(eo),
Indeed, [T 9°(P¢* (7)) dr > a(zo) holds due to {#°* > 0} C {9#* = 1} and ¥° > 0. a
We will now investigate the semiflow of the full variatioﬁa.l equation (3.17). To achieve

this, we have to incorporate the influence of the operators coming from the nonlinearities

handled in Lemma 3.17.
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Lemma 3.19
e—a"(T—a(.’L’o)) e M a(zo) -+ Oc

I{e—a”T e“ﬁl a(zo) + & C(,‘{O) C(T) I{fﬂ + o

O

m(Fs* T (T, zo)|pg)
|Ps T(T, $0)|Eg lo
|Ps T(T, mO)IEg" lo
1P T (T, zo) | 55 |a

IN N N IV

Oc.

Proof. This follows immediately from Lemma 3.18 and Lemma 3.17. Indeed, we have
|T(t, :co)la < €' by Lemma 3.7 and the definition of 4;. Then the claim follows from the

variation of constant formula. d

Now, we can prove the existence of local right inverses on M.

Lemma 3.20 Forz € E!, there exists a local right inverse g, of 74,0 ®@r0(:d+0) uniformly

in o € X if € < € s sufficiently small. Moreover,

L,(gs) < e**T-a@)emal@) 4o
Ly(rp0®ro(id+0)) < Ke*Teh o(2) 4 g, C(ko)C(T) Ky + 0.

for each y = my 0 ®p 0 (1d 4 o) (x) such that =,y € M. Furthermore, we have
Ly (mg0®r0(id+ o) 6g,) <1
for k1 < (C(Iﬁo) c(T) Kﬁ) - and w50 ®r 0 (id+ o) 0 g, 1s a local section of the bundle E..

Proof. Choose any o € B.. We will first show that M is overflowing. The component of
the right hand side of (3.14) in the unstable space E§* vanishes identically if F5*z € A.
On the other hand, for z € M and |7,1(z)| = ko€, the manifold is overflowing due to

(92 (Pg ) (A + T + Bomye () + f(my2(2))), 7pe(2))
2 (fo — & = 0(¢)) |y (z) .
Next, we have to invert the mapping m,,0®,0(id+0) locally. This, as well as the remainder

part of the claim, follows easily as in the previous lemmata using Lemma 3.19. d

iU

3.3.4 The global injectivity of the right inverse g,

We will show here that the mapping 7) 0 @7 0 (id + o) is globally invertible on M., which

is in fact an easy consequence of the following lemma.
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Lemma 3.21 ([For77, Satz 4.22]) Let X andY two locally compact spaces andp: Y —
X a proper map with the following property: each point y € Y possesses a neighborhood
V C Y such that p|v is injective. Then p is a covering map. ‘

~ Lemma 3.22 7, 0 ®; 0 (id + o) possesses a right inverse defined on M,.

Proof. We apply Lemma 3.21 to p = 7,0 ®,0(id+0), X = M, and Y = p~}(X). We can
assume that M, is compact. Now, ¥ C X whence Y is compact, too, which implies that
p is indeed proper. Therefore, the number of preimages of 74 0 @1 o (¢d + o) is constant,
because the map is a covering map of a connected space. But the points ¢(t) € M/ admit
precisely one preimage for sufficiently small ¢, namely some point near ¢(t — T') due to

compactness of v(g(0)). O

By the series of Lemmata 3.13, 3.16, 3.20 and 3.22, we conclude that the map ®% : ¥, — %,
is well defined.

3.3.5 The existence of a fixed point of &%

In this paragraph, we will show that the mapping ®# : ¥, — . is a contraction. From

that we conclude the existence of a unique fixed point.

Definition We define , ‘
mx(g) = lim Ig(m) —g(y)la.
y—z,y€D, IiE - yla
to be the minimum norm m(g) of a map g : M. — X°.

Lemma 3.23 For each 1o > 0 and Lo, mg > 0, there exists an ¢ > 0, such that for any
e < € and z,y € M. satisfying |z — y|o < € the following holds:

(i) For each g : M. — X* with L(g) < Lo we have
lg(z) = 9(¥)le < Lo (1 +70) |2 = yla-
(i) Each g : M. — X* with m(g) > mo fulfills
l9(2) = 9(¥)la = mo (1 = 10) |2 = Yla
The proof is straightforward, see [San93].
Lemma 3.24 The mapping ®% : ¥, — ¥, is a contraction with Lipschitz constant
Ke=**T £ C(T) 6 + o + k1 C(r0) C(T) K.

Thus, it possesses a unique fized point o, € Z..
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Proof. We have to estimate the difference ||®#(c) — ®%(5)|| for 0,6 € .. Observe that

336 [84(0)(e) - ()@
= |rgo®rc(id+0)og,(z) — 750 Pro(id+ &) o gs(2)|a
< By (id+ 0) 90 () — 75 Br (id 4+ 8) g0 (@) +
|72 @r (id + §) 9o (2) — 75 B (2d + ) 95(2) |
(3.37) < |D(75 @z) (9:2) (0(9:2) — 5(90%))|a + 0c [0 (go2) — 5(go2)la +
|72 ®r (1d + &) go(2) — 75 Pr (id + &) g5 ()] a-

We consider the first term in (3.37). By the proofs of the Lemmata 3.12, 3.16 and 3.20
applied to z € M, M* and M, respectively, the following estimate holds

(3.38) D5 B1) (902)]a < (KT + 0 + C(T) 6 + 5y C(T, ko) Ks).

Thus, we obtain

(3-39) |D(75 @1) (952) (9(9o2) — 5(952)) o |
< (Ke_‘"“T + 0+ C(T) 6+ k1 C(T, ko) K,g) lo(goz) — 6(go2)|-

It remains to estimate the second term in (3.37). Here, the difference |g,(z) — g5()| i

the term we have to deal with. By definition
7rM~o Oro(id+ a)'ogCr =Ty0 @; 6 (td+ 7) 0 g5 = tdn.
and thus

7o @7 (2d + 0) go (z) — 7ar 7 (2d + G) g5 (2)
= 7 Pr (3d + 0) g, (z) — 74 @7 (3d + ) 9o (z) +
Tu Pr (id + ) g, (z) — Tar D7 (3d + ) g5(2).
From this identities, we conclude
|73 @1 (1d + ) go () — mas B (id + 5) g5 ()]
= |7y ®@r (1d+ 0) go(z) — T4 1 (id + 7) 9o ()] -

Now |g-(z) — g5(z)|a < €, because |y @y (id + 7) (z) — 7y P17 (id + &) (2)|a = 0c due to
Lemma 3.9. The claim follows now from Lipschitz continuity of the considered mappings.
Therefore, again by the Lemmata 3.12, 3.16 and 3.20 and Lemma 3.23,

|70 @7 (3d + &) go(2) — 7ae D7 (3d + &) 95(2)|
> (Lgo-:c("rM &) + Oe) Iga(x) - gﬁ(m)la'
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Thus, we obtain

1

19-(2) — g5 ()| < (Lga_x(ﬂ"M ®,) + Oe)_ .
720 @z (i + 0) g, () — 70 B7 (34 + ) 6o (2)| .

It remains to consider the term
|70 @r (id + 0)(z0) — T4 D1 (td + &)(20)|a
with y := g,(z). Now

|72 @z (id + 0)(y) — 7ar D (id + )(y)a
= | [ Dme@n)(y+5) +7(0(y) - 5(3) (o) ~ 5(v)) dr
< (ID(ma ®2)(y) Drs(®)la + 0c) lo(y) — 5(y)la

(¢

and an application of the Lemmata 3.12, 3.16 and 3.20 yields

(Lgax(ﬂ'M ®r) + Oe) - iD("’M ®:)(g9-2) Drg(gow)’a

(3.40)
<o+ C(T) 6+ k1 C(T, ko) K.

Thus we obtain finally

(3.41) |9-(2) — g5(2)]a
< (0 +C(T) 6+ k1 C(T, ko) Ks) |0(952) — 5(g52) .
We substitute the resulting inequalities (3.39) and (3.41) into (3.36) and conclude
|27 (o) (z) — % (5)(z)
< |D(7s @) (9-) (0'(90-7:) - 6(96‘”)”0 + o Ia(gam) — 5(goz)|a +
|7 @1 (id + ) go () — 72 D7 (2d + &) 95(2) |
< |D(7g ®1) (952) (0(952) — G(go2))|a + 0c l0(95%) — 5(9s2)|a +
(1D(75 @2)(g52) e + o) 192 (2) = g5(2)la
5(@@””+%+C@w+m0@m@my+
(ID(rs 82)(go2)le + o) (o + O(T) 8+ 5 C(T, ko) Ks) ) Io(0) = (g0l
< (K™ o+ C(T) 6+ k1 C(T, ko) K5 ) |0(952) — 5(90) -

Here, we have estimated the expression

|re @7 (id + &) 9o (z) — 75 Br (2d + G) 95 (z)|a
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in the same manner as before. This finishes the proof of the lemma. a

Thus, essentially the contraction of @ in the fibers gives the contraction property of the
mapping ®#. We denote the graph of the fixed point o. by W% . Therefore, Wiy C
o, Wi holds. We will now characterize this surface by another property.

Lemma 3.25 Take a sequence of points z_, € E, forn € Ny such that @z(z_n) = T_(n_1).
Then zo € WL ..

Proof. The sequence z_, fulfills in particular dist(z_,, W% ,) < 2¢. Indeed, |rz(z)|s < €
for all z € E.. The contraction property of ®# yields

dist(®(z), W) < &™ dist(z, WE¥,)

for some & < 1 and all z € E, such that ®1.(z) € E. for 1 < j < n. Using ®2(z_,) = zo

we obtain for the sequence z_,
dist(zo, Wi, ) = dist(®7(z—-»n), Wiey,) < £™ dist(z_n, Win,) < 267 €.

Thus by taking the limit n — co we conclude dist(zo, WF2,) = 0. O

Therefore, we have constructed a manifold W% which contains all points staying in a
neighborhood of the homoclinic orbit for all backward iterates of the time T-map ®r.
Moreover, by construction, this manifold is locally invariant under ®;. The next lemma

shows that the manifold Wy, is actually locally invariant under the semiflow ®, for ¢ > 0.
Lemma 3.26 W  is locally invariant under ®; for t > 0.

Proof. Instead of carrying out the graph transform using @, it is possible to use the map
®; provided |T — T| < 7 for a sufficiently small 7 > 0. Then ®%(0.) is contained in .,

too. Moreover, the semiflow property implies
©,0: Wi =®: 0, Wy =0 WS, ..

Thus, ®%(0,) = ®; W, is another fixed point of ®# and by uniqueness we conclude
®%(0.) = o.. Substituting T = T +¢ for 0 < t < 7 yields

U # . cu cu cu
Whom - QT Whom - QT‘H Whom - Qt Whom'

Iterating this argument proves the lemma. a
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3.4 Regularity

Up to now, we have constructed a Lipschitz continuous manifold W . In this section,
we will show that W,f;‘m‘ actually possesses more regularity. In fact, W% will be at least
C*. For simplicity, we will only prove this regularity. The case C*# for 8 > 0 is proved in
a similar way. We remark that the proof of C*-regularity instead of an additional Holder
continuity of the kth-derivative is much more complicated, see e.g. [HPS77, Thm. 4.1].
Hence, let us prove that W is contained in C*.

First, we show that we can assume that the manifold M, as well as the bundle E, are C*

smooth. By construction, they are only in C*** a priori.

Lemma 3.27 There ezists a C®-bundle E. possessing a C®-manifold M. as base space,
such that the following holds

(i) M. and E. are C'-close to .M, and E..
(ii) The fized point o, is a section & of the bundle E, with domain M..

Proof. Fix n > 0. Then we can approximate the homoclinic orbit ¢(-) : R — X with
q(-) € C* by a C*°-function §(-) such that

lg(t) = (e <n for_t eER
I%(Q(t) —§(t)|a <7 forteR
q(t) € E§* for [t| > p7!

holds. This can be achieved by a convolution with a smooth mollifier as in the finite-
dimensional case. Moreover, we can define smooth projections #, 73 and 7z which are
n-close to the corresponding original projections in the C*-norm. Then the graph trans-
form is well defined for the new bundle provided we choose 5 sufficiently small. Indeed, the
terms occuring in addition are of order n in C*. The overflowing property is again fulfilled

for small n by continuity. This proves the lemma. O

In the following, we will denote the new C'*°-approximations again by M, and E.. Next,
we define Holder regularity for maps on submanifolds of Banach spaces. To this end, we
parametrize the tangent spaces T, M, for all z € M, close to z € M, over the tangent space
T.M,. in = by the C*°-map

H,: Uy X ToMe — E(z)

which is linear in the second variable such that

Ho(z)u:=u+ Hy(2,u) = u + Ho(2)u € T M,
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defined for any z € U, ()N M,. The image of this map is R(zd+ I?x(z)) =RH,(z) = T, M..
Thus |H(2)|x — 0 for z — z.

Definition The derivative of a map g : M, — X% is called Hélder continuous with
Holderexponent B at « € M, iff the map Dg(z) o H;(z) is Holder continuous in the usual

sense as a map 1M, — X%, ie.
3

i DA Do e g o i) <
2,2z, 2,2EM _ Iz — zla €M

Here, the norm in the numerator is given by |- |y(z7,a.,x=) With the norm induced on T, M,
by To M, — X*.

In the present situation, the manifold M, is flat near the origin. Therefore, the defini-
tions given above coincide with the usual definition of Hélder continuity in R™ Indeed,

H,(-) = td there.

We denote by Bg := BR(C?'ﬁ(Me)) the subset X, N {a € Cl’ﬁ(Me)/R(a) < R}. Then, we
have the following result.

Lemma 3.28 Bgr(CY#(M.)) is closed in X¢ for 8 > 0.

Proof. This follows by applying the result [Hen81, Lemima 6.1.6] in our speciﬁc context. O

Of course, the lemma is wrong for # = 0. The reason for the importance of the closeness

of Br = Br(CY#(M.,)) is stated below.
Lemma 3.29 In order to prove o, € CY* it is enough to show that
@#(BR) C Bgr C X,

for a suitable chosen R > 0. Indeed, this iﬁzplz'es that the fized point o, has to be contained
in Br(CY#(M,)) due to the closeness of this set.

Lemma 3.30 Consider mappings f € CY#(M,, X®) and g € CYP(M,) such that g : M, —
M,.. Then we have

Eo(D(f 0 9)) £ Ry@)(DF) La(9)*” + Ly(a)(f) Be(Dg) + Lya)(f) L(9)"* Ryu(H).-
Proof. For arbitrary function f € C#(M., X%) and § € C®' (M., X*), we have

(fo@)(z) = (F o @)Dl _ If(3() — F(3(2))] (I@(w) - ﬁ(z)la>ﬂ

e — 2[a T ie) - (=) |z =zl
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and therefore,

(3.42)  R(fod) < R(J)L°()-

Using this inequality, we obtain

(3.43) ID(f 0 g)(z) = D(f 0 9)(2) Ho(2)la <
< |(Df(9(@)) - Df(9(2)) Hy(9(2))) Da(=)|_ +
[D1(9(2)) (Hota)(9(2)) Dy(=) — Dyg(=) Ha(2)) |
< |Df(g(2)) = Df(9(2)) Hy(a)(9(2))la | Dg () o +
IDF (9Dl - (|Hoe)(9(2)) = iz pala | Dg ()] +
|Dg(z) — Dg(2) Ha(2)]a)-

Multiplying with |z — 2|7 and taking the limit z — z yields

~ which proves the lemma. v O

Lemma 3.31 There ezists an Ry > 0 such that ®#(Bg,) C Bg,. In general, Ry will

depend on €.

Proof. Take any o € Br. Then ®#(0) € C*(M.) and the derivative fulfills | D(®%(0))|. <
1. Thus it remains to show that D(®#(c)) € Br. We have

D(®%#(0)) = Drg 0 D®7 o (¢d + Do) o Dy,

and the time T-map ®; is contained in C*#(U, X*) for some neighborhood U of M.. But
in general the Holder constant R(D®;) — oo will tend to infinity as € — 0 due to the use

of cutoff functions.
We will first show that the derivatives of the right inverses g, are Holder continuous and
will compute their Holder constant. We remark that we can estimate the minimum norm

of the derivative D(wy 0 &1 0 (id + 7)) due to the Lemmata 3.11, 3.16 and 3.19. Indeed,
the following holds

mo(z) = m(D(ﬂ’M 0 ®yo(id+ a))(m))

(3.44) Ke T + 0.+ C(T)6 for z € M/
. > e~ T 4 C(T, ko) e+ C(T)§  for z € M=
e~ (T-a(2)) g=mal@) 4 o, for z € M.
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Next, we will use an implicit characterization of the right inverses. By definition, we have
T 0 ®r o (id+ 7)o g, = tdp,
and thus
Dy 0 D®; o (id + Do) o Dg, = idrr..
As in equation (3.43), we conclude
!id:r;Me - Z'd:rzMe-’:/},(z)lm =
= ‘D(TFM 0 @10 (id + 0))(g9,2) Dgo(z) —
D(y 0 @7 0 (id + 0))(902) Do (2) Hal2)]|_

> —|(D(mse 0 ®r 0 (id + 0))(95) — D(mas © @7 0 (id + 7))(952) Hyou(952)) -
Dy, (2)|_ + |D(ma 0 @z 0 (id + 0))(9,2) (Hyoe(952) Dgo (2) — Dy (2) Ha(2))|
mo(902) |Ho,o(952) Dgo(w) — Do (2) Ha(2))]_
| D7y 0 @7 0 (id + 0))(g,z) — D(mys 0 @z 0 (id + 0))(g52) Hy,o(902)|_ |Dgo(2)|
mo(97) |Dgo (2) — Dgo () Ha(2))| — mo(952) [Hya(92) — idryuns|_|Dgo(2)| -
| D(wse 0 @7 0 (id + ))(95) = D(mar 0 @z 0 (i + 0))(00.2) Hy,o(952)| | Dgo ()],

\YJ

\Y

Therefore, we obtain
| Dgo (=) — Dy, (2) Ha(2)|_ |
< mo(g,2)7" (lideMc - Hx(z)la + ‘D(’R‘M 0 P70 (id + 0))(g,z) —
D(ms 0 81 0 (id + 0))(952) Hy,a(902)|, [ Deo (2)],) +
Do)

The identity 7z(z 4+ o(z)) = o(z) yields

I‘ng(gz) - Z‘dTg:::Af{e

|Do(z) = Do(z) Ha(2)|

< |Drs(a + o(2)) (Do(z) — Do(2) Ha(2))| +
(D7s(2 + () = Drs(z + 0(2)))|_|Do(z) Ha(2))|

Drp(z + a(m))’a lDa(m + 0(z)) — Do(z + o(2)) Hx(z)la +

Drz(z + o(z)) — Drs(z + 0(2))|_|Do(2) Ha(2))|

IA

R
Thus, Dg, is Holder continuous and we obtain the estimate

Ra:(Dga) < Lx(ga)l-‘_ﬂ R(H)+
mo(ge ) ( R(E) + L(00)? ( R(D(ra 82) L(id + o) +

L(D(mss @2)) (R(H) + R(D5)) + |D(mse 82)(3) D (y)la Fooe(D9))
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for the Hélder constant of Dg, using the definition y := g,(z) + o(g,(z)). As for equation
(3.40), we obtain

| D(73®2)(y) De(y)la < 0+ C(T) 6+ 51 C(T, ko) K.
Thus, we end up with the inequality

(3.45) R.(Dg,) < Ls(g,)"*® R(H)+
mo(goz) " ( R(H) + Lo(9s)° ( R(D (s 1)) L(id + o)1+ +
L(D(ry @) (R(H) + R(Dr5)) +
(0c + C(T) 6 + 51 C(T, ko) Ko) Rg,,(pa))).

Finally, we can estimate the Holder constant of ®#(c). To that end, we have to consider

the difference
|D(75 0 @70 (id+ ) 0 g5 )(z) — D(wg 0 B 0 (id + 7) 0 g5)(2)]a-

The corresponding estimates follow the same lines as those for D(7y 0 @7 0 (id + ) 0 g,),

whence we will only give the result

Rm(D(WE. 0®ro0 (id + U) 0 ga))
< R(D(m5 @) Drg) L(id + 0)™*° L(g,) +

|D(75 ®2)(y) Do (y)la Rooo (D) L (90)™+° + -

Ry(Dgo) | D(ms ®2)la (Co L(0) + 1) + | D(75 @r)la L(0) La(95)*** R(H).
Here, y = g,(z) + 0(g,(z)) as above. We substitute equation (3.45) for R(g,) into this
inequality. Because we are only interested in a bound for R(Do’), we will denote the bounds
for the Holder constants of D(my @), D(7z ®7) and H as well as for all Lipschitz constants
by C.. However, C. will not depend on R(Dc). Note that C. might tend to infinity as ¢

tends to zero. Then, we obtain

Ro(D3%(0))
< O+ |D(7592)(y) Dro(y)la Ryps( Do) La(go)+ +
R:(Dg,) |D(7g @1)|a (Co L(o) + 1)
< Cet Ryo(Do) (|1D(m5 82)(y) Drs(y)la Lo(9:) +
(oc + C(T) 6+ k1 C(T, ko) Kg) mo(goz) ™" Lr(g(,)ﬁ).

Observe that the estimates for L(g,) and mo(z) are uniform in e. This yields

(3.46) R.(D®% ()
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< Ce+ Ryya(Do)(0c + C(T) 6 + 1, C(T, ko) Ky +
|D(7522) (g0 + 0(952)) D (902 + 0(93) )| La(90)**)-
By definition, we have
Lz‘(ga') S mO(go'm)-

Summarizing the Lemmata 3.12, 3.16 and 3.19 together with (3.44) we obtain
|D(75 ®2)(90% + 0(go)) D75(go + 0(9o7))|a La(ge) ™+ <

(Ke““"T + 0c + C(T)é) . (Ke“sT +0e + C’(T)(‘J‘)Hﬂ6 for z € M/
(KeT 40,4 C(T)6) - (&7 + (T, ro) e+ C(T)6) ™ for o€ M2

(Ke—a“T e~ 9e2) 1 ) C(ko) C(T) Ky + o ) :
1+8

IN

(ea’(T—a(go-;)) e a(goz) + Oe) for z € Mcl

[ Ke—(a®*=(148)e*)T +o0.+C(T)6 for z € Mef
Ke~(e*=(148)o)T Lo 4+ C(T) 6 for z € ME
Ke(e*=(148) )T o—(m+(1+8) & —~(14+8) m) a(9o) 4

k1 C (ko) C(T) Ky et AT o, for =€ M!

IA

\

By assumption, we have a® > (14 f8)a’. T _herefore,v there exists n < 1 satisfying
‘D(er ®r) (g,,x + O'(Qaw)) Dry (goz + o(gaxj> L thga)”ﬁ <.
Finally we conclude by using (3.46)
R;(D®%(0)) < Ce + 1 Ry,o(Do).

Now suppose R(Do) < Ry. Then, we have to show that R(D®#(c)) < Rp is satisfied
either. Hence, it is sufficient to choose Ry > (1 —7)™*C, > 0. This proves the lemma. O

3.5 The existence of W¢,

The series of lemmata above proves the existence of a locally invariant manifold Wi = pos-
sessing all the properties stated in Theorem 1. There are mainly two different strategies

in order to show the existence of the proper center manifold W¢,,.

In finite-dimensional spaces, we can reverse time and repeat the procedure described above.

Then, we obtain a center-stable manifold W%, containing all those solutions which stay
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near the homoclinic orbit for all positive times. The intersection of W  and W2 yields
the desired center manifold W¢,,,. However, this strategy fails in infinite-dimensional spaces
for the obvious reason that the semiflow cannot be extended to backward time. Instead we
restrict the semiflow to the finite-dimensional manifold W% the existence of which was
obtained previously. Now we can try to reverse time on this invariant manifold and repeat

the graph transform by replacing the space X by W¢“ .

We will realize this second strategy as follows. First, parametrize the manifold W¢*  as
a graph &« over the C'*°-manifold ME in the bundle ]_315 using Lemma 3.27. Then, we take
the pullback of the semiflow restricted to W onto M,. To that end, we decompose any

solution z(t) € W% into the two components

u(t) = me(2(t) € M
Gu(u(t)) € E(u(t)).

" By the invariance of W%, we conclude u(t) + 6.(u(t)) = z(t). Below we will prove that
the vector field

(3.47) i = Dryg(u+ 5(w) (— A(w + 6(w) + f(u + 6())).

is well defined and Lipschitz continuous on Me, see Lemma 3.32. Assume for a moment
that this claim is true. Then u(t) is a solution of the differential equation (3.47). At the
converse assume that i(t) solves (3.47) on M.. Then #(t) = a(t) + 6(d(t)) is a solution of
the original equation satisfying £(0) = 4(0) +&(4(0)) € W% .. Indeed, denote the solution
with initial point z(0) = £(0) contained in W% by z(t). Then muy(z(t)) is a solution of
(3.47) with the same initial point as #(t). Due to the uniqueness of solutions of (3.47)
proved in Lemma 3.32 below, these solution curves have to coincide. Thus, the differential
equation (3.47) is equivalent to the flow on Wi . The regularity of the vector field is
identical to the regularity of o..

The point in the above argument is that we will not lose any regularity when restricting
the vector field to a less smooth manifold. Originally, W% is in C*P. Thus, the tangent
bundle and hence the vector field restricted to W¢  are a priori only CP. The procedure

mentioned above will provide a vector field which is as smooth as the manifold, namely C LA,

Now, We can reverse time in the manifold M, and consider (3.47) in negative time direction.
Next, we apply Theorem 1 to W% . The assumptions (H1) up to (H4) are easily seen to
be satisfied. Of course, Theorem 1 is valid on finite dimensional manifolds as well. Thus,

we obtain a locally invariant graph o¢ of equation (3.47). Taking the composition with o
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yields a graph (idc, + 0*) o (¢d. + 02), which represents the locally invariant surface Wy,

in X“.

It remains to prove the claim about the Lipschitz continuity of the vector field (3.47).

Lemma 3.32 Assume that f € C*P(X,X*) with k,B8 > 0. Then the vector field induced
on M, is of class C** for any B < B.

Proof. We will restrict ourselves to the case k¥ = 1. We have to show that the derivative
of

Dry(u+ 6(w)) (= Au+64(w)) + fu + 5.(w)))
is Holder continuous. In fact, it is even not clear that this expression is well defined.

However, note that the semiflow restricted to graph 6. is invertible owing to the existence

of the right inverse gz,. Thus, it is sufficient to show Hdlder continuity of the derivative of

D, (tDWM(Q(T’ 37)) %@(t’ x) It:T )

at z = u + 5.(u), because composition with g;, yields the vector field at z. First, we prove
that
(3.48) D®(t,7)|_, € CP(X*,X)

t=
holds for any B < 8. By [Hen81, Lemma 3.5.1], we obtain

. : .

(3.49) %@t(x) = —Ae L e f(B,z) + / Ae=Al=9) ( f(®:z) — f(B.2)) ds
0

for any t > 0. We claim that

D®,(z) = —Ae 4+ e 4 Df(®,z) DBy(z)+
[y Ae=4C=9 ( Df(®, 3) D,(z) — Df(®, z) D, () ) ds

and Dé7(-) : X= — L(X*, X) € CP holds. To prove the claim, consider the estimate
|[£(@u(z + b)) — f(®:z) — Df(®: 7) Dy(z) bt
Df(®, ) D, (2) b+ f(®sz) — f(®s(z + b))
< [ | DF(®:(a + ) D&s(e + th) — DF(B,(a +7h)) DB, (c + 7h) +
Df(®,z) D®,(z) — Df(®, z) DBy(z)|dr |kl
< [t —s|TE RS
Then, we obtain by denoting F(t, ) := Df(®:(z + 7h)) D®(z + Th)

|F(t, k) — F(s,h) + F(s,0) — F(t,0)] < Clt—sf"
|F(t, k) — F(t,0) + F(s,0)— F(s,b)| < CIhlS,
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because f € C#, &, € C* and the solutions are of class C” for some 7 > 0, see [Hen81,
Lemma 3.4.4]. Therefore, we can estimate the difference in the integral in (3.49) yielding
t
AlAa%Wﬂ{ﬂ@4x+h»-.ﬂ@ﬁy-pﬂéﬂgpé4@h+
Df(®,2) D,(z) h + f(®, z) = f(Da(z + h))|ds
< [ (- sy tetd | | DA(@u(z + 7h)) DBy(w + 7h) -
— Jo 0
Df(®,(z +h)) D®,(z + th) + Df (2, z) DO,(2) — Df(®: ) D,(x)| dr |h|a ds

< / C(t— 3)77;—1 e(t=5) 4g Ihlzfﬁ .
0

< CRE
This proves our claim (3.48).

Finally, we extend the mappings D7y (z) : X* — X for fixed z to mappings from X to
X. Indeed, we can extend-the projections of the exponential dichotomies to these spaces,
see [Hen81] or [San93, Lemma 1.2(v)]. The same holds for the approximations of those
mappings defined in Lemma 3.4 and hence in turn for 7y(-) by definition. Thus, the
map Dry(®7(z)) DB (z) : X* — X is well defined and Hélder continuous with expo-
nent B < B. The image of this operator is contained in the tangent space Tq,T(m)J\Z[6 for
any ¢ € M.. Moreover, M. C X endowed with the induced topology is diffeomorphic to
M, C X* as the identity is an injective immersion and M, is compact. This implies that

Dy (®1(2)) Dér(m) composed with the inverse of the identity is Hélder continuous on M,

as a subset of X®. The lemma is proved. O

The lemma can be proved much easier if one requires more regularity for the nonlinearity
f: X* — X. Indeed, it is easy to prove using [Hen81, Lemma 3.5.1] that D(ﬁT(-) : X% —
X< is contained in C'# provided f € C%P. Then, of course, the restriction to M, admits

the same regularity.

3.6 The parameter dependent version

Now in fact we desire a center manifold for the equation

(3.50) ¢+ Az = f(z) + ng(z, p)
(3.51) &+ Az = f(z) + pg(t =, 1)

such that g is either independent of time or else periodic in ¢ with period P. So far, we

have considered (3.50) or (3.51) with x4 = 0. But actually all the results obtained up to
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now are stable with respect to C! perturbations. Indeed, if we replace f by f + pg, we
just have to add terms which are bounded.by ¢ uniformly in e. Thus, we end up with the
same result as before if only x is sufficiently small. By the uniform contraction mapping
theorem, see [CH82, Thm. 2.2.2], the fixed point W{, . depends as smoothly on p as the
mapping ®# does, that is C*P.

In case g is periodic in time, there are some other modifications in order. First of all, we
have to choose T' as a multiple nP of the period with n € N. Then, we need to prove
Lemma 3.26 in this context. But we can carry out the graph transform in such a way that
the whole analysis is valid for time steps T' and T' + P without any further modifications.
Indeed, P is a constant and the interval [T,T + P] is compact. Then we can proceed as
in Lemma 3.26 in order to prove that the center manifold is invariant under the Poincaré

map P5.

This finishes the proof of the Theorems 1 and 2.

4 Applications

In this section, we will give one application of our main result. In fact, we will generalize the
well-known Shilnikov chaos induced by a homoclinic orbit to a saddle-focus to semiliriear
parabolic equations. Usually, one needs a C-linearization in order to prove this result. An
application of a result of Belitskii provides us with the necessary lemma which can be used

to linearize the vector field restricted to the center manifold. Consider
(4.1) z+ Az = f(z), z € X®

with A sectorial and f : X* — X in C' such that f(0) = Df(0) = 0 and « € [0,1).

Assume that ¢(t) is a homoclinic solution of (4.1) converging to zero.

(H) Suppose that the spectrum of —A decomposes into o(—A) = o° U 0° U o such that
Reo® < —A° < 0 < A* < Reo™. Moreover, o° is given by one of the following sets

(i)  0°={=X\"£if° A%+ i} with §°, 8% # 0 and A" # A",
(i) o°={=A%,\* £:6*} with % # 0 and X° > \¥,
(i) o° = {—\"£iB° A"} with 8° £ 0 and X* > \°.

Here, all eigenvalues are counted with multiplicity, that is they are all simple.

We denote the corresponding spectral projections by Pj, P§ and Py. The first lemma is

concerned with linearizing the vector field on the center manifold.
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Lemma 4.1 Consider
(4.2) & = Bz + f(z), z € R™

with f € C*? for B > 0 such that f(0) = Df(0) = 0. We denote the flow by o(t, z).
Assume that the spectrum of B is given by o° counted with multiplicity, see hypothesis
(H). In particular, 2 < n < 4. Then, there exists a map b : Us(0) — R® € C* with
h(0) = Dh(0) = 0 for § > 0 sufficiently small such that id + h conjugates the nonlinear
flow ®(t,-) and the linearized flow e~P* in Us(0).

Proof. Consider the local stable and unstable manifolds W (0) and W}, (0), which are
of class C'. Thus, there exists a C*#-map g : Us — R™ satisfying ¢(0) = Dg(0) = 0,
such that the stable and unstable eigenspaces are invariant under the transformed flow
&, := (id+g) "' o®;0(id+g). In general, the transformed vector field would be of class 8
only. However, ®, is still of class 2. Therefore, by the results of Belitskii, we obtain the
existence of a conjugacy id-+h conjugating e~ and d( 1,-), which fulfills h(O) = Diz('O) = 0.
Indeed, using the notation in [Bel73] we can apply [Bel73, Thm. A, p. 276] by defining
G = A= F'(0) := e ® and F := &(1,-). Moreover, observe that (still in the notation in
[Bel73])

| I(T, A1, 8) = [e(¥#83), (0523

holds using the definition T := {{1},{2},{1,2}}. Thus, —\*,\* ¢ I(T,A;1,8) and the
assumptions of [Bel73, Thm. A, p. 276] are fulfilled. The result for flows follows now as
in [Har82, IX.9]. Define

~ 1 A a
id+h ;=/ e o (id + h) 0 &(s, ) ds.
A ‘

Then, we have (0) = 0 and id + DA(0) = [} €5 (id+ Dh(0)) D&(s,0) ds = id. Therefore,
id+ h is invertible on Us(0) for all sufficiently small § > 0. Moreover, (id+ %) is a conjugacy
of e=B% and <i>(t, -), see [Har82, IX.9]. Hence, the desired conjugacy of ®; and e~B! is given
by (id+ g) o h € C. O

Using this result, we obtain the generalization of the Shilnikov-chaos to semilinear parabolic
equation. Indeed, by the results of Deng [Den93, Rem.(c) following Thm. 2.1] or Tresser
[Tre84] it is sufficient to have a C!-linearization result available in order to prove the

existence of shift-dynamics near a homoclinic orbit to a saddle-focus. In fact, we have

proved the following result.

Theorem 3 Consider equation (4.1) and assume (H), (H2) and (H3) with o® = \° + v,
a® =X+ 2y, a* = A+ v and a** = X* + 2y for v > 0 small. Then there exists a
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center manifold W¢, . Moreover, the results of Tresser [Tre84] and Deng [Den93] apply

to the flow on the center manifold W¢ .. In particular, there exists horseshoes nearby the

homoclinic orbit.

It is easy to see that hypothesis (H2) is equivalent to the strong inclination property needed
in [Den93] in the finite-dimensional setting. Hence, the assumptions needed here are not
stronger than the ones used in [Den93]. Note that even in the finite-dimensional case, the
center manifold provides some more insight in the dynamics as it shows that the horseshoe

dynamics is confined to an invariant three- or four-dimensional manifold.

We end by stating that there exists a three-dimensional center manifold in the inclination-
flip and orbit-flip bifurcations investigated by [Yan87], [HKK94] and [San93]. The details

will appear elsewhere.

A Exponential dichotomies

The variational equation admits exponential trichotomies for ¢ < —to and ¢ > ¢, for some
large to, that is there exists complementary projections Pi(t) and Pi(t) for t > to and

t < —tq, respectively, and ¢ = s, ¢, u with the properties

K emo"(t=9) t>s>tg

1T (t,8)P*(s)le < >
(A1) [T(t,5)Po(s)la < K o= t>s>1
' |T(t,8)P(s)|e < Ke o' s>t>t
IT(t,8)P*(s)|a < Kex™(=2) s>t>1
and similar for negative times
|T(t,8)P*(s)]le < Ke o (=9 s <t < —to
(A.2) T(t8)P(s)la < Ke="t-9 s<t<—to
IT(t,5)P(s)|la < Ke o6 t<s < —to
|T(t,5)P*(s)]la < Kex*(t=9) t < s < —to.

Moreover, the projections commute with the semiflow 7°(¢,s) in the usual way. The next

hypothesis is concerned with the matching of these projections at ¢ = 0.

(H2) The projections Pi(¢) and P(¢) can be continued as exponential trichotormies up to
t =0 for 2 = s, ¢, u and they satisfy

RP*(0) @ (RP*(0) @ RPS(0)) = X©
RP°(0) ® (RE*(0) @ RP(0)) = X°.
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The extension up to ¢ = 0 is always possible for ordinary differential equations. For
parabolic equations a sufficient condition is backward uniqueness, see [Lin86] or [San93].
Next, we modify the projections of the exponential dichotomies in order to obtain projec-
tions defined on the whole real line R. Note that these new projections will not give rise
to dichotomies in the sense of [Pal84]. Indeed, we only have a pseudo-hyperbolic structure
given by —a®*® < —a® < 0, while in [Pal84] a separation in stable and unstable exponential
rates is required.

Lemma A.1 There exist projections P*(t), P*(t) and P°(t) fort € R possessing the same
properties as the original projections Pi(t) and Pi(t) for t > 0 and t < 0, respectively.
Moreover, the inequalities (A.1) and (A.2) still hold and the projections Pi(t) converge to
F} fori=s,c,u and t — +oo.

Proof. The subspaces RP*(0), RP*(0) and R(P*(0) + P4(0)) N R(P*(0) + P*(0)) define
a decomposition of X in complementary and closed subspaces.  Using this decomposition
we can define complementary projections PS(O), P*(0) and P(0). By [San93, Lemma 1.2]

the claim follows. O

Note that the.subspaces RP*(0), RP*(0) and R(P*(0) + P4(0)) N R(P*(0) + P%(0)) are
unique under the exponential growth conditions stated in (A.1) and (A.2). Therefore,

hypothesis (H3) can be replaced by

(H3) There exists a constant C > 0 such that |g(t)]o > Ce™" and |¢(—t)|a > Ce™*"! for

t — oo, that is ¢(t) converges with an exponential rate less than o® or a* to zero.
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