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Abstract

We are concerned with the acoustic scattering by an extended obstacle surrounded by point-like
obstacles. The extended obstacle is supposed to be rigid while the point-like obstacles are modeled
by point perturbations of the exterior Laplacian.

In the first part, we consider the forward problem. Following two equivalent approaches (the Foldy
formal method and the Krein resolvent method), we show that the scattered field is a sum of two
contributions: one is due to the diffusion by the extended obstacle and the other arises from the
linear combination of the interactions between the point-like obstacles and the interaction between
the point-like obstacles with the extended one.

In the second part, we deal with the inverse problem. It consists in reconstructing both the ex-
tended and point-like scatterers from the corresponding far-field pattern. To solve this problem, we
describe and justify the factorization method of Kirsch. Using this method, we provide several numer-
ical results and discuss the multiple scattering effect concerning both the interactions between the
point-like obstacles and between these obstacles and the extended one.

1 Introduction

Let D be a bounded and C?-smooth simply connected set of R3. We consider the scattering of a time-
harmonic acoustic plane wave from the obstacle ID and an inhomogeneous isotropic medium with an
index of refraction n = n(z) > 0in R®\ D. Itis supposed that the inhomogeneous medium occupies
a bounded domain such that n(xz) = 1 for x outside of some sufficiently large ball containing D. The
time-harmonic incident plane waves take the form

u™(z;d) = exp(ikz - d),

where « is the wave number corresponding to the background medium and d € S? := {z : |z| =
1} denotes the propagation direction, while their evolution in time is defined by the modulation factor:
exp (—iwt). Then, the total acoustic fields u satisfy the reduced time-harmonic acoustic equation

Au+r*n(z)u=0 inR*\ D, (1)
with the Dirichlet boundary condition
u=0 ondD. (2)
The corresponding scattered fields ©*¢ := u — u'™ are required to satisfy the Sommerfeld radiation
condition
lim |z|(Vu® -2 —iku®) =0, (3)

|z|—o0

uniformly in all directions Z := % € S?, leading to the far-field patterns u® () given by the asymptotic
behavior

e dy = & {uw(:e,d)+0(i)} @)

- An|a ||
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as || — oo. The function u™(+,-) : S* x §* — C? is called the far-field pattern of u°° and it is well
known that it is an analytic function.

In this work, we assume that the inhomogeneous medium in R3 \E consists of a finite number of compo-
nents whose diameter is much smaller than the incidence wavelength. Then, the interaction between the
incident wave and the inhomogeneous part of the medium can be modeled as a scattering problem with a
collection of point-like obstacles located in Y = {yj}j\[:1 where Y C R3\ D and sup; |y;| < occ. Asit
has been suggested in [8], this corresponds to introduce a formal delta-like perturbation of the refraction
index

(n(z) —1) = Zaj K26(x — ;) (5)

as a potential term in the definition of the on-shell T-matrix. The resulting model, describes a system of
N points scatterers (see also the definition in [13]) surrounding an extended obstacle.

There is a large literature dealing with the forward problem for the case where the extended obstacle is
absent. We mention for instance the book [26] describing the corresponding Foldy method. Regarding
the inverse problem, which consist in locating the point-like scatterers and reconstructing the scattering
coefficients from the far-field pattern, we mention the works [7, 14, 18, 23, 24].

The contributions of the present work are two folds. In the first part, we study the forward problem fol-
lowing two equivalent approaches. As a first approach (section 3.1), we use the Foldy’s formal method,
introduced in [13], according to which the scattered field is the sum of two contributions: one is due to
the diffusion by the extended obstacle and the other one is a linear combination of the interactions be-
tween the point-like obstacles, and the interaction between the point-like obstacles with the extended
one through some scattering coefficients g;, j = 1, ..., N. We obtain a close form of the solution, see
(33) in Section 3.1. To use this formulation, we need to solve the scattering problem by the extended
obstacle only, i.e. in the absence of the point like obstacles, and then invert the algebraic system (30). To
obtain this close form we use the Green'’s function of the scattering by the extended obstacle. A slightly
different strategy, still following the Foldy formal method, has been developed in [15, 16]. The authors use
only the fundamental solution of the free space and write the scattered field as a sum of point sources,
modeling the scattering by the point-like obstacles, and the scattered field due to the extended obstacle
represented by layer potentials. The price to pay is that the coefficients and the densities appearing in
this representation are solutions of a coupled system of integral equations instead of an algebraic system
as we do here. They propose and justify an iterative method to solve this system.

As a second approach, we model the point scatterers as (frequency-dependent) point interactions. In
section 3.2, we follow this line and look at the acoustic propagator as a point perturbation of the one mod-
eling the scattering without the point-like obstacles. The perturbed operator is obtained as a selfadjoint
extension of the symmetric operator Q° acting as —A\ on the domain

D(Q") = {ue H* M HL (RA\D) |u(y) =0, y, €V} . ©)

It is well known that these extensions are defined through boundary conditions occurring in the points
y; (e.g. in [1]). Using the boundary triples technique (e.g. in [10]), they can be parameterized by lin-
ear operators on CV. In particular, the 'local’ point interactions are those defined by using a parameter
matrix « € CM of the form o = diag (o), ; € R. The explicit character of the model allows to
obtain a ’Krein-like’ formula for the corresponding scattered field due to incident plane waves. In section
3.2 we show that this is nothing else but the one obtained using the Foldy method where the scatter-
ing coefficients g; are explicitly related to the parameters «; and the boundary values of the singular

2



sources q)jg(yj, yj) (i.e. the scattered fields by the extended obstacle D corresponding to point sources
as incident fields) according to (see Remark 3.6)

1K

-1 .
E—aj) ., j=1,..,N. (7)

95 = (P35 (Y5, ;) +
The main interest in using the theory of operator extensions to build our model of point scatterers stands
upon the fact that this approach naturally leads to an appropriate scattering problem. More precisely, we
show that the scattered field solves the Helmholtz equation in R*\ {D U Y} with a Dirichlet condition on
0D and impedance-like boundary conditions on Y, depending on «; (see the problem (66)).

In the second part of our work, we investigate the inverse scattering problem of reconstructing both the
extended and point-like obstacles from the corresponding far field pattern with infinitely many incident
directions. Based on the novel boundary value problem (66) for the forward scattering, our aim is to
describe and justify the factorization method. This method was firstly put forward by Kirsch [21] to recon-
struct extended obstacles from the spectral data of far-field operators. It requires neither computation of
direct solutions nor initial guesses and provides a sufficient and necessary condition for characterizing
the shape of the extended obstacle and positions of the point-like scatterers (see Theorem 4.10). We
refer to the monograph [20] and references therein for a detailed discussion of the various versions of the
factorization method for acoustic scattering from extended impenetrable and penetrable scatterers. Using
this method, we provide several numerical results and discuss the multiple scattering effects reflecting
the interactions between the point-like obstacles and also between these obstacles with the extended
one. It is worth noting that our arguments for the direct and inverse problems can be both extended to the
case where the extended scatterer is a sound-hard obstacle, an impedance-type obstacle or a penetrable
medium, see Remark 4.12 (iii).

For references related to the inverse issue we mention the work [17] where a MUSIC algorithm is used.
This algorithm is designed and wildly used mainly to detect point locations of small or point-like scatterers
however there is no guarantee that it provides correct information on the shape of extended scatterers
even though some explanation is provided in [34] for instance.

The paper is organized as follows. In section 2, we briefly recall some of the main ideas in the modeling
of point-like scatterers, namely the Foldy and the regularization methods, and suggest a possible link
with the theory of the singular perturbations of the Dirichlet Laplacian in R3: this leads to an alternative
approach to the modeling of point scatterers. In section 3, we study our forward problem following these
two approaches. We first provide the farfield representation using the Foldy method in section 3.1 and
then, in section 3.2, we construct a frequency-dependent point interaction model leading to our scattering
problem. In section 4, we study the inverse problem and justify the factorization method for our problem
while in section 5, we test this method numerically.

2 Acoustic scattering by point scatterers

2.1 The Foldy formal method

The notion of point scatterer arises from the work of L.L. Foldy, [13], where the steady state scattering
problem for a scalar wave of a single frequency  is considered in R3. Assuming the interaction to act
only on the spherical symmetric part of the incident waves (isotropy prescription), the scattered field near



a point scatterer y; behaves as
A" )

where @ (x, y) is the fundamental solution of the 3D Helmholtz equation

(bn eiﬁlx_y‘
(,y) = m :

The total field is represented by summation according to

N
u=1uy+» A" (-y) (9)

j=1

where the incident field, 1, is a solution of the problem (A + k2) ug (-, k) = 0, in R3. The external
field u; acting on a scatterer y; is then

uj=u— A% () = uo+ »_ AP (y) . (10)
=y

Assuming the coefficient A, to be proportional to the external field at the scatterer y;, i.e. u;(y;),

Aj = gju;(y;) (11)

we derives the following linear algebraic system

uj (y;) = w0+ Y _ gy (5) wyr () (g5, y7)- (12)
i

Following [13], (9)-(11)-(12) are referred to as the fundamental equations of the multiple scattering, while
g; is referred to as 'scattering coefficient’ of the jth scatterer. These coefficients, possibly depending both
on the frequency and on some ’scattering parameter’, are considered in [13] as assigned functions fixing
the properties of the interactions they are intended to describe. Next, assume u to describe an incident
plane wave of wave number x propagating in the direction d and scattering on a single point scatterer
located in y. The previous equations read as

u=1ug+ g (k)uy (y) ®*(-,y), uo(x) = ¢dT, (13)

2.2 A point interaction model

In operator theory, equations similar to (13) are known to represent the scattering wave functions associ-
ated to pointwise singular perturbations of the 3D Laplacian (we refer to [1] for an exhaustive presentation
of this topic). Consider as an example the case of a one-point interaction centered in y € R3. This in-
teraction is modeled by a one-parameter family of operators H,,, with o € R (in the selfadjoint case),
whose domain D (H,,) is

D(H,) ={u€e L*(R®) |u=qc+ (a—i¢/Am) " e (y) D°(,y), pc € H* (R®) , (e CT} |
(14)



where C is the upper complex half-plane. It is worthwhile to notice that D ( H,, ) is independent from the
choice of ¢, while forany u € D (H,,) and ¢ € H* (R?) related as in (14), the action of H,, is defined
according to

(Ho =) u=(-A—=C) . (15)
It has been shown in [1] (see the eq. 1.4.10 in [1] and the subsequent remarks) that H, acts nontrivially
only in the s-wave (i.e. spherically symmetric states in D (H,,)) and the related s-wave scattering length

a, depends on the parameter v according to: a, = — (47ra)_1. In addition, the outgoing scattering
functions propagating in the direction d with wave number « are of the form

U, (2, 5,d) = €74 4 (o — ir/4m) " eFTVDE(y) . (16)

Comparing (16) and (13), it follows that the scattering waves for an acoustic point scatterer defined by the
scattering coefficient g(x), coincide, for each frequency k, with those associated to a one-center point
interaction Hamiltonian H . with a frequency-dependent parameter « (k) defined according to

(a (k) —ir/Am) " =g (k) . (17)
Scattering from point scatterers can be described in terms of a boundary value problem. In the case of
a single point scatterer located in ¥, the total field u, corresponding to the incident wave 1y = erde g

given in (13) or (16). Taking into account (17), the scattered field u*¢ := U, (z, k, d) — e ¥* solves the

problem
(A + k) u(z) =0, inR*{y},

lim, ., 47 |z — y|u*(z) = (o (k) — ix/dm) " ey, (18)

lim‘x‘_m |.T‘ (Vusc ST — ifiusc) =0, Vzes.

By straightforward computations, the condition across the scatterer y can be replaced by the following
‘impedance type condition’, for the total field w,

[y(u) = a(k) T'i(u) (19)

where I ()
U
Ty (u) = lim 47|z — ylu(z) and To(u) := lim (u(z) — ——"2— ) .
()=t gl glue) a0 Tafu) o= iy (u(e) - 1)
This way of representing the condition across the point scatterer y will be very useful in studying the
inverse problem in section 4.

2.3 The regularization method

A physical interpretation of the Foldy’s coefficients, for the interaction between classical waves and matter,
has been given in [8] . Here, the authors define the interaction through the corresponding on-shell 7'
matrix (see the definition in [30]) which, for a single point scatterer in vy, is formally given as the sum of a
Born series where the frequency-dependent 'delta’ function: V (k, z) = — x%ad (x — y), plays the role
of a potential term in the Helmholtz equation. In the acoustic case, it describes a pointwise perturbation
of the refraction index at the energy x? inside an almost-everywhere homogeneous medium. A formal
computation, based on a ’regularization’ of the integral kernels to avoid the singularity at the interaction



point, allows to sum this series and leads to the non-perturbative formula representing the integral kernel
of T (k) as
Ton (Ryz,2") =7 (K,a,A) 6(x —y)d (' —y) . (20)

The coefficient '7’ depends on the wave number  and the coupling coefficient a according to

/i2

" 1/a — k2N /AT — k3 AT

7 (k,a,\) = (21)

In our framework, a = n(0) — 1, while A, the cutoff momentum used in the regularization of the un-
perturbed Green’s function, is an auxiliary parameter. The Lipmann-Schwinger equation for the outgoing
scattering states of this model writes as

Y, (x, k,d) = emdT 4 o (k,a, ) ey Pr (x,y) . (22)

Comparing this formula with the equation (16) and using (21), we obtain the relation

1 A 23)
@ k2a  Am’

For fixed A and x, this provides with a link between a pointwise perturbation of the refraction index and
the scattering length of the corresponding point-interaction model. The previous formal computations can
be made rigorous, see [5] for instance where this is done for the Maxwell system.

3 The model for acoustic scattering by extended and point-like
scatterers

In what follows, we adapt the methods described in the sections 2.1 and 2.2 to the case of point scatterers
in the exterior domain R3 \ D.

3.1 The Foldy method

Let up denotes a solution of the scattering problem (1)-(3), when n = 1, i.e. homogeneous medium,
corresponding to an incident field ©'"; the scattered field uy; is defined according to

uss =up —u. (24)
The Green’s function ®%, associated to this problem is the unique solution of the boundary value equation
(A+ %) ®f =—0(y), INR*\D,
(25)
% (-, y) =0, in 082,
such that the scattered field
(I)SDc(uyaﬁ):(I)% <7y)_q)ﬂ <7y)7 (26)

with ®* given in (8), satisfies the Sommerfeld radiation condition.



In what follows, we use the Foldy method to study the scattering problem from the sound soft obstacle
D surrounded by a system of point scatterers located in Y = {yj};.vzl, where Y C R*\ D and
sup; |yj| < oo (we refer also to [13] or [26, Page: 298] for the acoustic case without extended obstacles).
Proceeding as in Section 2.1, the total field is represented as

N
uw(z) = up(x) + Z D% (x,y5) A;, (27)
=1

where Aj are unknown constants. The field

N

uj(@) = u(w) = Pz, y;) Aj = up(e) + Y Oh(w,u) A, (28)
=1
I#j

is now regarded as the external field incident on the jth scatterer in the presence of all the other scatter-
ers. The physical assumption in Foldy method is that the strength of the scattered wave from the scatterer
y; is proportional to the external field on it. In our case this is given by the assumption that

Aj = gju;(y;) (29)

where g; is the scattering coefficient of the scatterer ;. Evaluating (28) at y;, we obtain

N
u;j(y;) = up(y;) + Z 9@ (s y1) wiyr) (30)
=
17
and then (27) becomes
u(z) +Z 9% (@, y;) wi(y;) - (31)

Following the seminal paper [13], we refer to the equat|ons (30)-(31) as the fundamental system of multi-
ple scattering.
In particular, (30) can be written as the algebraic linear system

Tnxn [Alnxa = [ulyxa,

with A := (ug(y1), u2(y2), -, un(yn)) " € CVY u = (up(yr), -, up(yn))" € C¥*' and

I —02®5 (y1,v2)  —93P5(y1,y3) 0 —gn P (Y1, yN)
.. —919% (Y2, 11) I —93Ph (Y2, y3) - —gnPhH(y2, yn)
I'=T(k) = . _ : . :
-1 Ph(yn, 1) —RPh(yn,v2) —9sPh(yn,ys) - I
(32)

Assuming det (I") # 0 and denoting the elements of =" € CN*N py [~ for I, = 1,2,--- N, we
deduce from (27) that the scattered field takes the form

u*(z) = ur) —u(z) = uj(z) + Z 95 P, y5) [T un (un), (33)



with the far-field pattern

N
u™(2) = up (@) + Z 95 (O (&, ;) + ¥ up(y) [[Yp, & €8
1j=1

—iKZ-Y;

where % (z, y;)+e is the far field corresponding to the incident source O (-, y;) = P35 (-, y;) +
Q% (-,y;) and uf () is the far field corresponding to the scattered field w75 by the obstacle D.

3.2 A point interaction model in R? \ D

As it has been remarked in section 2, scattering by point scatterers can be described in terms of point
interactions models provided that a suitable correspondence between the scattering coefficients and
some operator extension parameter is established. In what follows, we develop this approach in the case
of a set of point scatterers, located in Y = {y; }jvzl and surrounding an extended sound-soft obstacle
whose support, D, is assumed to fulfill the conditions discussed in the introduction. The corresponding
point interactions models, obtained as singular perturbations of the Dirichlet Laplacian in R3\D, are

defined as a selfadjoint extension of the symmetric operator Q"

D(Q") ={ue H*NHy (R\D) [u(y;) =0,y €Y},
(34)
Qu = —Au,

and their physical properties are encoded by conditions occurring in the boundary points ;. The exten-
sions of symmetric operators and the related spectral properties are the objects of a permanent interest,
both from the theoretical point of view as from the application perspectives. Focusing on the case of
selfadjoint point interactions models, a large and exhaustive introduction can be found in [1].

3.2.1 The Green’s functions

Since Q° C (Q°)", the selfadjoint extensions of Q° identify with a class of restrictions of (Q°)" fulfill-
ing prescribed linear relations on a ’boundary space’. Following this line, we next consider the adjoint
operator. Making use of the von Neumann’s decomposition formula (e.g. in [29], chp. X), this writes as

D((Q")) =D(@)aN oN, (35)
where \V,, the defect spaces of Q°, are defined by
N, = ker ((QO)* — z) . (36)

Then, due to the inclusion Q° C (Q°)", (Q°)" acts as —A on the regular part of its domain, while from
the above definition we have
(Q") u=%iu, asueN. (37)

Next we give an explicit representation of V, in terms the Green’s functions <I>CD introduced before. Let
¢ € Ctand z,y € R*\ D such that x # 3. To be consistent with (26) we write

D35 (x) = Pi5(z,y,C) = B} (z,y) — O (2,y) , (38)



where
x =

Then, the function k¢ (-, y) := —®35(-,y, ¢) solves the boundary value problem
(A =¢)h(,y) =0, inRN\D,
he (- y)lop = (-,y) |ap (40)
My oo |2 (2 - Vi — i) S (-,y) = 0.

In what follows, () denotes the Dirichlet Laplacian in the exterior domain R3\D, i.e.

D (@) = H* (R\D) 1 H} (R\D) .
Qo : (41)
Qou = —Au.

The Green’s function <I>CD (x,y) enjoys the following properties:
Lemma 3.1. Letz,y € R3\D.

1 Forx # y, the map ( — (I)% (x,y) is holomorphic in C* and continuously extends to the whole
real axis.

2 Forafixed ¢ € C*, it results: %, (-, y) € L? (R*\D), while for ( € C¥ the functions ®$, (-,y)
are C>°-smooth in R3\ (D U y) and satisfy the Sommerfeld radiation condition

(%V:v - iC) ) (2,y) = 0 (%) : (42)

Proof. From the definition (39), the result holds in the case of ®¢ (-, y). We consider next h (-, ). Recall
that it is the unique solution of the scattering problem (40). This solution can be represented using the
layer potentials approach (see for instance [6, 25] ) as follows

he(y) = . {0, (-,y/) — i@ (-,y) } oy, y) ds(y) (43)

where 0, denotes the normal derivative oriented towards the exterior of D while 7 is fixed in R*. The
potential ¢ (-, y) is the unique solution of the integral equation of second kind

(I + K — inS)go(~,y) = 20%(-,y) ondD (44)

where S and K are respectively the single and double layer potential operators defined by

S(u)(z) = 2 / & (z, y)u(y)ds(y), forz € D

oD

K(u)(x) =2 - D) @ (z,y)u(y)ds(y), forx € OD.



The integral operator [+ K —inS : L?(0D) — L?(9D) (respectively: C'(0D) — C(dD)) is Fredholm
and since n # 0 it is injective, see for instance [6, 25]. In addition it is holomorphic in C. From the
Fredholm theory, its inverse is meromorphic in C. This implies that ¢ is also meromorphic as a function
from C to L?(0D). From the representation (43), we deduce that for every z, y in R3\ D, h¢(z, y) is also
meromorphic in C. Next, we show that the eventual poles are located in C~. Let introduce the auxiliary
function s(-, y, ) := ®¢(-, y)v(-) where v € C5°(IR?) such that v = 1in D. Setting p° = h¢ — s, the
problem (40) is rephrased as

(=A =) p (hy)=F (y), InR\D,

pc('ay)}aD:()? FC('vy):(_A_C2)S('>y>C)'

Correspondingly, we denote the solution of the above problem as
-1
P (y) = (Qo—C%) FC(yy) . (46)

Recall that (by the limiting absorption principle) the operator (Qy — ¢2) ™" : L2(R3\D) — H?2_(R3\D),
o > 1, where L2(R*\D) and H?_(R3\D) are the Agmon spaces, is well defined for ¢ € C* and
(Qo — 2" : CF — L(L2(R*\D), H2_(R*\D)) is analytic in C* and Hélder continuous up to C¥,
see for instance [33]. Hence p¢ (-, y) : C* — H?2_(R*\D) s also analytic in C* and Halder continuous
up to C*. By the continuous injection of H}_(R*\D) in the space of continuous functions C'(R?), we de-
duce that for z, y in R*\ D fixed, the function p (), and hence hc(x y), is analytic in C* and Hélder
continuous up to C. The first point in the lemma follows now since ®$, (z, ) = @ (z,y) + hc(:)s Y).
Let us consider the second point. Since <I>CD (z, y) identifies with the integral kernel of (g — Cz) , the
absence of poles in the upper complex half-plane implies that (? € res (Qo) (the resolvent set of Qo)
for any ¢ in CT. Hence, for ¢ € CT, (Qy — ¢2)™ ' is a bounded map: L? (R¥\D) — D (Q,) and
the relation (46) gives p° (-,y) € D (Qy). Taking into account that ®¢(-,y) € L*(R?), this leads to:
®S, (-,y) € L? (R¥\D). For the 2-regularity of this function when ¢ € C, let us assume, in addition
to the previous conditions, s(-,y, () to be defined through a smooth cutoff function v such that: supp
v C R*\B; (y), with B; () denoting the ball of center y and radius d small enough. In this case, follow-
ing the definition in (45), the function F'¢ (-, y) is infinitely many times differentiable, and each derivative is
in L? (R3\ D). Then, by the the limiting absorption principle, we have: p¢ (-,y) € H°(R3\ D). Finally,
the radiation condition (42), holding for ®¢, also holds for the ‘regular part’ h¢ as a direct consequence of
the representation (43). O

As in the whole space case (cf. [1]), the defect space /N, are N-dimensional and can be represented in
terms of the Green'’s kernel of (Q)y — z)_l. This is shown in the next Lemma.

Lemma 3.2. Let N, be defined according to (34) and (36). For any z € C\R,, N, is N-dimensional
and generated by the linearly independent set {@CD (,y),y€E Y}, with( € Ct and (? = .

Proof. Consider the problem: u € ker ((Q°)" — z); since C§° (R*\ (D UY)) is dense in D (Q°), this
is equivalent to

<((Q0)*—z)u,g0>:0, Ve C§e (R?’\ (DUY)) ,
ue L* (R*\D) .

10



The above equation writes as
/ u(2)((FA=2)p(x) de =0, Vel (R\(DUY)), (48)
R3\D

with u € L? (R*\D). This implies
(A =2)u(z)=pe H?*(R\D) : u(¢) =0, Veelyr (R (DUY)) . (49)

Thus, the only possible solutions of (47) are those u € L? (R*\D) s.t. (—A — z) u coincides with a
bounded measure supported in Y. Let u € H 2 (R*\ D) be such a measure and f € H?(R*\D);
since y acts linearly on H? (R3*\ D) and its action on f depends only on the boundary values of the

function in Y, we have
p(f) = cif (y;) -

This allows to identify 1 with a linear superposition of delta measures concentrated in Y and, according
to the definition (38)-(40), implies: dim NV, = #Y = N, with

N, = {@%(-,y) , yey}

for(? =z € C. O

Remark 3.3. Take (,(' € C and o € R.. Since (—A + a)(®S, (-, ;) — 5, (-, y;)) = (¢ +
)@, (-, ;) — ((¢')? + )@, (-, y;) with a homogeneous boundary condition on D and that both
@S (-,y,) and B, (-, y;) are in L2(R¥\ D) then we deduce from the regularity of elliptic problems that

B (- y5) = @ (- y5) € HX(RN\D) N Hy (R*\D) . (50)
Then, the decomposition (35) can be rephrased as D ((Q°)") = H*(R*\D) N Hy (R*\D) & N.., with
z € C\R;.

3.2.2 Extensions of ()" and boundary triples
Let H be an Hilbert space and I';—1 5 € £ (D ((Q")") , H) a couple of linear maps fulfilling the relation
<'l/)a (QO)* (’0>L2(R3\5) - <<QO)* 'l/)a 90>L2(R3\5) = <F1¢7 P2S0>H - <F2wa FﬁO)H ) (51)

forall i, o € D ((Q°)"), and such that: (I'y, T'5) : D ((Q°)") — H x 'H is surjective. When the above
conditions are satisfied, the set {7, I';, 'y} defines a boundary triple for the adjoint (Q°)" operator. This
structure, introduced as an abstract generalization of the Green’s identity (e.g. in [19]), allows to relate
the proper extensions of a symmetric operator with some corresponding linear relations on a boundary
space (see [3], [28], [9], [10] and references therein). In what follows, we set H = C” and define | P
according to

(l'w); = lim 47 |z — y;| u(z) ; (Fou); = lim <u(x) M) : (52)

z—y; Ty, dr |z — ]

Lemma 3.4. The set {CN I, Fg} defined according to (52) forms a boundary triple for (QO)*.
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Proof. The proof easily follows by adapting the one given in [2] in the bounded domains case. O

Now we focus on point perturbations describing physical interactions localized in the points y; € Y. In
this perspective, we consider the selfadjoint extensions of Q°. Following the results exposed in [28], these
are parameterized by couples (A, B) € £ (CV,C") such that

i) AB* = BA* | (53)

it) the N x N matrix (AB) has maximal rank. (54)

The corresponding selfadjoint extension () 4 5 is defined according to: Q4 g C (QO)* and

D(Qap)={ueD((Q)") | AT'yu= Blu} . (55)
Let us introduce the linear maps y(z) and ¢(z)
72 =Tl . a(z) =T207(2), (56)

where F1|Nz is the restriction of I'; to the defect space N,. According to the results in [9], the func-
tions = — ~7(z) and z — ¢(z) exist as holomorphic bounded operators valued maps: C\R —
L (CN,L*(R*\ D)) and C\R — L (CN,C") respectively. Moreover, they allow analytic contin-
uations to the resolvent set res (o) of the particular reference’ extension (o defined by the bound-
ary condition: I'yu = 0. From the definition (52), () identifies with the Dirichlet Laplacian in the ex-
terior domain defined in (41). With this formalism, a generalized Krein formula expresses the differ-
ence (Qup—2)"" —(Qo—2)"" interms of a finite rank operator with range .. Namely, for all
z € res(Qa,p) Nres(Qo) we have (see the Theorem 1 in [28])

(Qap—2)"" —(Qo—2)"" = —7(2) [(Ba(z) = 4)7 B]v(2), (57)

Explicit expressions for the operators (-, z) and ¢(z) appearing at the r.h.s. of (57), are obtained by fixing
a particular basis of the defect spaces. As it has been shown in Lemma 3.2, a possible representation of
N is given in terms of the Green’s functions of the operator (Qy — z). Let {e; };Vzl denotes the standard
basis in CV, and consider the action of the linear map y(z) on e;. Setting z = (2, ¢ € C*, adirect
computation gives: v(¢?) (¢;) = @5, (-, ), and

N (I)CD(ynuy]) ) n#]v
(4(¢*),.; = | (58)
®8Dc(yj7yj)+ﬁ7 n:j

As already noticed in the section 3.1, the notion of point scatterers, given according to the Foldy’s defini-
tion, basically describes systems of independent scatterers, in the sense that the strength of the scattered
wave from the jth scatterer depends only on the value of the external field in y;. This appears to be a
quite natural assumption to describe the multiple scattering by ’small’ inhomogeneities of an acoustic
medium. In the mathematical modeling, the independence of point interactions corresponds to assume
separated boundary conditions at each point y; (cf. [1], Appendix G). Using the parameterization (55),
this is equivalent to take

B =0n;, A= onbn;, (o1,...,an) € RY (59)

where the diagonal coefficients «; is related to the inverse of the scattering length of the jth point
interaction.
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3.2.3 Direct acoustic scattering by extended and point scatterers

We consider the scattering problem for a selfadjoint extension of Q° modeling independent point inter-
actions. Let & € R" and consider the operator (), obtained from (55) by fixing A and B as in (59).
Denoting with (I)iD the Green’s kernel of (Q, — (2)_1, the resolvent formula (57) explicitly writes as

N
O, plx,y) = Bz, y) — Y (q(¢?) — diag (), 5% (2, y) % (1, ;) . (60)

n,j=1

where (diag («v)),, ; = @n0n,;. According to the result of the Lemma 3.1, <I>i7D is holomorphic w.r.t. ¢ in
C™ and continuously extends to C*, provided that the limits of M (¢2, o)) ™! exists as (> — £2 € R
The formula (60) models the total field corresponding to point sources ®“(-,y) as incident waves. To
derive the total field corresponding to incident plane waves, we need only to take the source point y
tending to infinity in the following way. The far field pattern of the point source ®"(x, y), with respect to

the second argument, is given by e 9% ¢ := X Precisely, we have
ly|

Jim_4nly| exp(~inly|)®"(z,y) =" =™z, 5, d), = (61)
y|—o0

Correspondingly, from (60), we obtain the relation

u(z,d) = up(e,d) = Y (M (r,));} Ph(x, y:) up(y;, d) (62)

ij=1
where the matrix valued function M (#, @) is defined on R x R™ according to

lim (Q(Z) - dla’g (O[)) = M (:l: |"€| 7a)‘n€R+ 9 (63)

z— k2440

and the far field patterns are

w(ed)= 1 {anlyl ] exp(=in(ly| + lol) [ p(r. ) = @*(a,0)]}.
. B , K K (64)
wped) =l {aelyl ol exp(—in(ly] +|a]) (@ (x,) - 0@ p)]}

In this setting, up (-, d) is the total field corresponding to incident plan waves e py the obstacle D. It
satisfies the scattering problem

(A+rK)up =0 inR3\D,
up =0 on 0D, (65)
up = u™ + us, (0r —ir)uss(z,d) = o(1) forr = |z| — 0.

It is well known that (65) admits a unique solution which is k-continuous and C*° (R3 \E) w.rt. = (e.g.
in [6]). The function u(-,d) = u(+,d, k, @), introduced above, denotes the total field corresponding to
incident plan waves ¢ scattered by D U Y. In the next proposition, we show that w is the solution of
the scattering problem

A+rHu=0 InRNDUY,
u‘aD = 07 FQU‘ = dlag (O() Fl“? (66)
u = u™ 4 uc (0 —ir)u*(xz,d) = o(1) for r = || — o0
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Proposition 3.5. Let S, denote the subset
Sa={k eR |det M (k,a) =0}, (67)

and up(-,d) be the solution of the problem (65). Then, for k € R\S,, the problem (66) has one and
only one solution given by (62).

Proof. Since the direction of the incident wave does not play a role in this proof, the dependence of the
scattering functions from d is omitted. From Rellich’s lemma and the weak unique continuation property,
it follows that the solution of (66) is unique. Regarding the existence issue, we next show that the function
(62) solves the problem (66); we explicitly consider the case x > 0, while the problem for k < 0 can
be treated by a suitable adaptation of the arguments below. The terms up (y;, d), %} (-, v;) at the
r.h.s. of (62) are well defined smooth functions of z. Then, for any K € R\S,, the r.h.s. of (62) exists.
According to the definition of up and ®%, (-, yj), the function at the r.h.s. of (62) solves the equation
(=A —k*)u = 0,in R?\ (DUY), fulfiling the Dirichlet condition on dD. Moreover, the scattered

field
N

usc(x7 d) = usg(l,7 d) - Z (M_l (ka Oé))l.j Up (ij d) (I)’Z) ('7 yz) > (68)
ij=1
satisfies the Sommerfeld radiation conditions since both u55(z, d) and ®%,(z, y;) do. Let us now show
that I'yu = diag (o) T'yu. To this aim, we notice that the regularity of the unperturbed total field implies
up (y;) = (Faup);. Thus, (62) also writes as

u(‘? d) =up ('7 d) - Z (M_l (’%7 O‘))m’ (F2uD ('7 d))g T) (‘7 yl) : (69)

Set u(+,d) = ¢ — 1 with
¢ =up (‘7 d) ) (70)
0= (M (s0),, (Caup (- d)); @ (,9:) (71)

The function 7/ can be pointwise approximated by elements of the defect spaces N, as z — x2 + 0.

Let 1, be given by
N

,lvbz = Z ((Q(z) - a)_l)iJ (F2¢)] (I)%) (ayz) : (72)

i,j=1

For ( € Ct,z= (2, this function is well defined and belongs to N, while it results

lim v, =1, (73)

z— k2430

provided that M ™! (k, «) exists. Since up is C.-continuous in R, we have I';¢ = 0 and the following
relation holds

M)y (0= 0) = —M(m, @) Twr = — i (4() = ) Tut
= — lim (FQ’}/(, Z) — Oé) Fﬂﬂz = — lim (Fg — ozFl) lpz
z2— k2440 z— K240
(=T + 1)) . (74)
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The n-th component of the vector at the I.h.s. of (74) writes as
M (k,a)T1 (¢ =), = (=M (K, ) T'10),, =
N
Z @), (Daup (-, d)); (M (5, ) T1®5 (- 31)),,

Recalling that I'y %, (-, z;) = e;, we get

N
(M (K, ) 't (¢ — 1)), Z )i (M7 (5,0))  (T20); = — (T'20),,
which implies
M (k,a) Ty (¢ — 1) = —Ta0. (75)
From (74), (75) and (69), the interface conditions I'su = o I';u follows. O

Remark 3.6. The explicit form of M (k, v), obtained by using (58) and the definition (63), is given by

(I)% (yn7yj) ) n#]?
(M (), ; = 4 ‘ (76)
OF(Yyy5) + = —aj, n=7j.

Let consider the expression of the total field obtained in (33) with the Foldy’s approach. With the above
notations, this can be written as

('I d) - uD €, d + Z < d’LCLg( ))qu)%(xuyJ uD(yj7d)7 (77)
i,j=1 ’

where the vector g = (q1, ..., gn) fixes the Foldy’s scattering coefficients. Comparing this formula with
(62), we deduce a condition for the equivalence of the two models

diag (é) =M (k) . (78)

Then, using (32) and (76) it follows that

Ssc ZH .
= ((I)D(yjayj)+ﬂ—oéj) , j=1,..,N. (79)

Under this condition, the representation of the total field due to the obstacles D U 'Y using the Foldy
approach with scattering coefficients g;, is nothing but the one obtain by using a multiple point interaction
model with independent points and choosing frequency-dependent parameters cv; according to (79).

In order to use the formula (62) it is important to characterize the set S, where this representation fails.
We next show that the inverse matrix M ™! (k, «) is defined on IR outside a discrete set.

Lemma 3.7. In the assumptions of the Lemma 3.4, the representation (62) holds a.e. w.r.t. k € R with
the only possible exception of a discrete set of points.
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Proof. Let us introduce the matrix valued function Q(()

(I)%)(ynay]) ) n#]v
(Q(C))n; = , (80)
¥y y) + =, n=j.

Taking into account the definition of @% (eq. 38) and the properties of its regular part h¢ (see the proof
of the Lemma 3.1), it follows that ()(¢) is analytic in C* and meromorphic in C, while, according to the
definition (58), the identity

q(¢*) = Q(¢), (81)

holds for ( € C™. Thus, the map

Fo (¢) = det (Q (¢) — diag ()",

is analytic in C* and meromorphic in the whole complex plane. Moreover, from the definition (63) and the
identity (81), we get
M (k,a) = lim (Q () — diag (a)) . (82)

C_’Iﬂ‘q
Im >0

Therefore, S,, (see the definition (67)) identifies with the discrete set of the possible poles of the mero-
morphic function F,, (¢) on the real axis. O

Remark 3.8. The previous lemma says that for a fixed configuration of the extended as well as the point-
like scatterers, the set of the singular points of the matrix M (k, «) is at most discrete. In this remark,
we provide a condition linking all the parameters of the scattering model, namely the configuration of the
scatterers, the frequency k as well as the coefficients «, under which the matrix M (k, «) is diagonally
dominant and hence invertible. This condition is

N -1

sc 1K
C——— max_[PH(y;,y;) + —

g lax, = a7 <1 (83)

where d := minjzm, | Yj— Ym| and C'is thi constant (depending on D) appearing in the known estimates
|Pp(z,y)| < Cle —y|™!, x,y € R®\ D. Let us finally mention the following behavior of the function
O35 (y;,y;) in terms of y; in the two regimes:

1 y;'s are far away from the extended scatterer D. In this case we have: |®3$(y;, v;)| < Cd~*(y;, D)
where the constant C' depends on D. Here d(yj, D) is the Euclidean distance between y; and
D. In this case, the condition (83) behaves like C' % max,—i,_ N \ﬁ — a;|7' < 1 which re-
flects only the multiple scattering between the point-like scatterers, i.e. the interaction between the
point-like scatterers and the extended one is neglected.

2 y,’s are close to the extended scatterer D. In this case we have: ®55(y;,y;) = m +

O(In(d(y;, D))) where the constant appearing in the second term of the expansion depends on

D, see for instance Proposition 3.2 of [27]. In this case, the condition (83) is mostly satisfied. Here,

the effect of the interaction between each point-like scatterer and the extended one dominates the

effect of the interaction between the point-like scatterers.
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4 The inverse scattering by extended and point-like scatterers

In this section we turn to studying the inverse problem of detecting the shape of the extended sound-soft
obstacle and positions of the point-like scatterers from the far-field data corresponding to all incident plane
waves at a fixed frequency. Our goal is to establish the factorization method by Kirsch for the two-scale
model under consideration.

Let 4" be a time-harmonic incident wave. The classical scattering theory in the absence of the point-like
scatterers is devoted to finding the scattered field u3s € H} .(R*\ D) satisfying

(A + K?)ug =0, in RO\D,
(I) USDC = _uin7 on 8D’
ouss/or —ikuss = o(1/r), as r— oo,r=x/|z|

If the obstacle consists of both extend and point-like scatterers, we have seen in the previous sections
that the corresponding model is to look for the scattered field u*¢ € H,. (R3\ D) such that

(A + Hu*c =0, in RA\{DUY},

(n) us¢ = —u', on 0D,
(Fou); = a;(Tyu);, a;€C, j=1,2,--- N,
ou*®/Or —iku*® =o(1/r), as r — oo, r=ux/|z|,

where u = u*¢ + 1™ denotes the total field and the operators I';, I'; are defined as in (52).

We review several symbols employed in sections (2) and (3). If u" is a plane wave with the incident angle
deS?={x:|z| =1}, ie,u"(z) = exp(ikz - d), we denote by u3$(z,d), up(x,d), uss(z,d)
resp. u*“(x, d), u(x, d), u>(z, d) the scattered field, total field and far-field pattern to problem (1) resp.
(I1). Analogously, if the incident wave is a point source, i.e., u’" = ®%(x,y) for some y € R?\ D, we
employ the symbols O35 (., y), @} (7, y), @5 (2, y) resp. i p (7, y), 4 p (7, y), Pop(, y) to denote
the corresponding quantities.

The well-posedness of (11) is described in the following lemma, where 1" is allowed to be either a plane
wave or a point source wave.

Lemmad4.1. Letup = u™+ uyy where ufy is the unique solution to problem (I). Then the unique solution
to problem (ll) is given by

N

w(w) = u(e) = Y {IM (K @)y [(Daun); — aj(Trup);] €5 (2, ym) } (84)

m,j=1
where the matrix M(k, «) is defined as in (76). In particular, if 'yup = 0, then the expression (84)
reduces to
N

u*(z) = up(z) — Z {IM (5, )]y (Toup); O (2, ym) } - (85)

m7j:1

The proof of (84) can be carried out analogously to the proof of (69) in section 3.2.3, where (85) is justified
under the assumption I'yup = 0. Note that I';up = 0 if '™ is continuous at Y;, €.9., u™ is a plane
wave. However, I'yup # 0 if u™ = &% (z, y;) for some y; € Y. By the definition of the far-field pattern,
we get from (85) the far field of u°¢ for incident plane waves.
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Corollary 4.2. Ifu"(x) = exp(irx - d), then the far-field pattern of the scattered field corresponding to
(ll) can be formulated as

u(d,d) = up(@,d) = ) Mk )y (€ F i (y;, d)) (€7 + DF(2,ym)) } - (86)

mh]:l
We are interested in the following inverse problem

(IP): Recover 0D and y; (j = 1,2, --- N) from the far-field data u*°(Z, d) over all observation points
% € S? corresponding to all incident directions d € S?.

The following lemma generalizes the reciprocity relation for an extended obstacle to the two-scale model.

Lemma 4.3. It holds that

() u>(z,d) = u>*(—d,—2) forall &,d € S*.
(i) uw(y, —d) = O, (d, y) foralld € S*,y ¢ DUY.

Proof. We have

N

u(=d, =) = uF (—d, =&) =Y {IM (8, 0)]my (€707 + ufs(y;, =) (¢ + OF(—d, ym)) } -

m,j=1

Comparing this identity with (86) and making use of the following reciprocity relations for the extended
obstacle D:

forallx # y, z,y € R?’\E, we finish the proof of the first assertion. The second assertion follows from
the equations

u(y,=d) = up(y,—d) - Z {M7 (5, )] (7 + s (ys, —d) P (5, ym) }
anldy) = @5(dy) - Z {IM7H(k, @)y (5, ) (e + @ (d, ym)) }

and the last two identities in (87).
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4.1 Data-to-pattern operator

Given f € HY?(OD) and ¢ = (c1,¢2,-++,cn) € CV, we consider the problem of finding v €
H} (R3\(DUY)) such that
(A + k*)v =0, in RA\{DUY},
(i) v=f, on 0D,
(FQU)j—OZj(Fﬂ))j:Cj, j:1,2, ,N,
ov/0r —ikv = o(1/r), as r — oo,r =x/|x|.

By Lemma 4.1, problem (lll) is uniquely solvable with the solution taking the form

v(r) = uf(x Z { (K, )]y [(Touf); — ¢4 @E(m,ym)},

m,j=1

where u* denotes the unique solution to (1) with the Dirichlet data v} = f ondD. The far-field data v>°
of v defines the data-to-pattern operator G : H'/2(0D) x CN — L2(S?) as

é(f, c) :==v>(%) = uf (2 Z { (K, @)|mj [(Tou); — ¢ (e~ ym 4 @%o(i,ym))} (88)

m,j=1

with u° being the far-field pattern of uf".

Remark 4.4. If f = —u"™|sp, c; = —(Dau™); + a;(T1u™);, then v coincides with u*® given in (84).

The set D UY of extended and point-like obstacles can be characterized by the ranges of G. Recall that
the far-field pattern of the free-space fundamental solution is given by gby(i) ==

Lemma 4.5. The function ¢, belongs to the range R(G') of G ifand only ify € DU'Y .

Proof. Assume firsty € DUY . Set f = ®*(x,y)|sp and ¢ = {¢;} € CV with

D" (y5,y) ify € D,
cj = (I2®"(z,y)); — a;(T1®2%(z,9)); = ¢ P"(Yj: Ym) ify =y, €Y, m#j, (89)
ik/(4m) — oy ify=y; €Y.

Then we see the unique solution to problem (1ll) is v = ®"*(x, y) and hence é(f, c) =v>° = ¢,

Now suppose ¢, = G(f,¢) for some f € HY2(OD) and ¢ € CV. Let © be the solution to (Ill) with
f = fand c = ¢ so that > = ¢,. Applying Rellich’s identity and the unique continuation of solutions
to the Helmholtz equation, we get o(z) = ®"(z,y)forallz ¢ DUY.Ify € D ory € R3\(DUY),
one can readily derive a contraction from the boundedness of the limit o(xz) — ©(y) as * — y and the
singularity of ®"(z, y) at x = y. This impliesy € D UY'. O

However, the above characterization cannot be numerically implemented, since knowledge of the data-

to-pattern operator is not available from our measurement data. The essence of the factorization method
is to connect the ranges of GG with the far-field operator F' : L*(S?) — L?*(S?) defined as

(Fo)@) = [ v d)gld)dsta), g € L*S°). )
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To do this we shall factorize Finterms of G in the subsequent section. It is obvious that the spectrum of
F’ can be straightforwardly extracted from u® (&, d) forall &, d € S*. Below we show some properties of
G which will be used in Section 4.4 for establishing the relation between R(G) and R(F).

Lemma 4.6. Assume that k2 is not a Dirichlet eigenvalue of —A\ in D. Then the data-to-pattern operator
G is one-to-one, compact with dense range in L?(S?).

Proof. Define G : H'/*(0D) — L?*(S?) as the data-to-pattern operator in the absence of the point-like
scatterers. It is seen from (88) that the compactness of (& follows from the compactness of (=, shown in
[20, Lemma 1.13], since Fgujf is smoothing. The injectivity and denseness can be proved in the same
way as in [20, Lemma 1.13] for G. O
4.2 Factorization of the far-field operator

Introduce the Herglotz wave function
(Ho)(a) = [ e™=ig(d)dstd), g€ ().
§2

The far-field operator F defined in (90) is nothing else but the far-field pattern of the scattered field to
problem (I1) with the incident wave u™(z) = (Hg)(x). Define the bounded operator H : L?(S?) —
HY2(0D) x CN as

Hg = (Hglop, (c1,-++ ,cn)), ¢ = (TaHg); — a;(T1Hg); = (Hg)(y;).

Then it holds the factorization

Introduce the single layer potentials

i
Q\
S

=
\_/
QL
f’%
s
m
Q
S
©

for o € H~'/2(9D) and the function
N
) :Zby(pﬁ(x7y]>7 x#y]7 b:(b17627"'7bN>ECN-

Clearly, the sum S(¢) 4 K (b) =: S(i, b) is a radiating solution to the Helmholtz equation in R*\ (D U
Y'). Define the operator S : H=/2(0D) x CN — H'Y2(dD) x CN as

S(p,b) :== (5(¢,b)|on, {¢;}L1), ¢ = (F25(e,b)); — o5(I'1S(,b));. (92)

Then, the unique solution to problem (l1l) with (f,¢) = S(¢, b) is given by
v(z) = S(p,b)(z), zeRN\(DUY).
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This implies that, for any (¢, b) € H~/2(0D) x CV,

N
GS(p,b) = v>(2) = / e " o(y)ds(y) + Y e b, = H*(p,b),
oD =1
where the last equality is derived from the definition of H. Hence, we get H = 8*G* and
F=-G&8 G (93)

Remark 4.7. In the absence of the point-like scatterers, i.e., Y = (), there holds H=H , G = G and
S = J, see [20]. If there is no extended obstacle, i.e., D = (), then the factorization (93) can be reduced
fo the case of MUSIC algorithm as considered in [4] or [20, Chapter 4].

4.3 Properties of the middle operator

Define the entries of the matrix ©(k, a) = [0}, ; in the following way

Opnj = O j(k, ) == { G (94)

ik/Am — o it m=j.

Note that ©(k, a) differs from M (k, ) only in the diagonal terms. Let B.(y;) := {z : |z — y;| = €}
for some € > 0. Assume that f(z) is a continuous function at = y;. Using mean value theorem, one
can easily prove that

: . —f(y;) if m=j,

where the normal v on B.(y;) is directed into the region |z — y;| > €, and

. ofe), tm
Ajma(e) == / Q" (2, y1)0, Q" (z, ym)ds(x) = ¢ —P (yj,u) +ole) if m=j#1, (96)
Be(y;) (ik —1/€)/(4m) it m=j=I,

where o(¢) — 0 as e — 0.

The properties of the middle operator S are shown below.

Lemma 4.8. Assume that ? is not a Dirichlet eigenvalue of —/\ in D and that the matrix © is invertible.
Then,

(i) The operatorS : H='/2(0D) x CN — H'Y2(dD) x CV is an isomorphism.
(ii) We have

Im (¢, b), S((,b)) <0, forall (p,b) € H/2(OD) x C¥,  #0, || #0,

provided Im«; < 0 forallj =1,2,--- | N.
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(iii) There exists a self-adjoint and coercive operator Sy : H=/>(0D) x CN — H'?(0D) x CN such
that S — Sy : HY/2(0D) x CN — H'Y2(0D) x CV is compact.

Proof. (i) From (89) and the definitions of I',,,(m = 1, 2), K(b) and ©, we see

(F25(9)); — o (T18(9)); = (T25(9));,  {(T2K (b)); — oy(I1 K (b)), 112} = Ob.

This enables us to rewrite the operator S in (92) as the matrix form

S(p,b) = (F‘QIS g) (ﬁ) (@7)

If k2 is not a Dirichlet eigenvalue of —A in D, the single layer operator .J is an isomorphism from
H=Y2(9D) to H'?(0D). Since © : CNV — CV is invertible and K : CV — H'Y2(dD), I'yS :
H‘l/z(ﬁD) — C! are compact operators, it can be concluded that S is a Fredholm operator with index
zero. Consequently, S is an isomorphism provided it is injective.

Suppose that S(ip, b) = 0 and that S(¢, b) is the unique solution to problem (I1l) with ( f,¢) = S(i, b).
The uniqueness of solutions to (Ill) gives S(,b) = 0 in R3\(D U Y). Again using the fact that x? is
not a Dirichlet eigenvalue of —A in D, we see S(gp, b) = 0in D. Then ¢ = 0 follows from the jump
relations of S(¢, b) over dD. Inserting ¢ = 0 into (97) and using S(y, b) = 0, we arrive at O b = 0.
Finally we get |b| = 0 as a consequence of the invertibility of ©. This together with Fredholm alternative

yields the unique solvability of S(¢,b) = (¢,¢) forany (¢, ¢) € H/2(0D) x CV.
(if) From (97) and (92),

Im ((¢0,b),S((¢,b)) = Im (¢, S(¢,b)|op)) + Im (b, (I'25)¢ + Ob). (98)

The first term on the right hand side of (98) will be calculated as follows. Set w(x) = S(p,b)(z),z €
R3\(D UY). Choose R > 0 sufficiently large and ¢ > 0 sufficiently small. Using the jump relations of
w over JD and integration by parts, we get

(o, S(% b)lap)) = /aD(ag)—V_ — ag)—;)mds

ow al
— va_H2w2dx_/ w_ds_i_ g / w—d87 (99)
/DUD&E | | ] Br(0) o Be(yy) v

j=1

where Dp. = {z : x € R\D,|z| < R,|z —y;| > €,j = 1,2,--- , N}. In view that w(z) =
S(p) + K(b), using (95) we find that

/ @8—w ds = / {S—ap 0K (b) + K (b) Ok (b) } ds+o(e) ase—0,
Be(y;) Be(y;)

ov ov

since S(¢) is continuous at each y;. From (95) and the definition of K (b), it follows that

——0K(b al 9D (x, Yy _
Bgyj e\Yj

ov v
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as € — 0. By (96), it holds that

OK (b) - TP
K(b) ds = b bmAjmai(e) = L (ik — =) — bib; ©(y;, ur)-
/Bsm) v 2 ’ Am ¢ l:;# Y

I,m=1

Hence, summarizing over j and recalling the definitions of 'y and ©,

Z/ w—ds- —(b,I',5¢) — (b, Ob) — |b|?/(4e) — Zaﬂb 2+ o(e) (100)
eyj

Since w satisfies the Sommerfeld radiation condition, letting R — oo we get

ow / 9 ik )
W—ds = ik w|*ds 4+ o(R) = w>||72(g2) +0o(1/R), (101)
/BR(O ov |x|=R| | (R) (47r)2|| HL(S) (1/R)

where w™ denotes the far-field pattern of w. Inserting (100), (101) back to (99), taking the imaginary part
and letting R — 00, ¢ — 0, we get

N
Im (¢, S(,b)|sp)) = —Im (b, (T'35)¢p + Ob) — fi/(47r)2Hw°°||%2(gz) + Z |b;|*Tm aj.  (102)

j=1
Now, it is seen from (98) and (102) that
N
Im {(,b), S((1p,b)) = —r/(4m)*||w™| |22y + Y b  Imay <0
j=1
under the assumption that Im o;; < Oforj =1,2,--- | N.

It Im (¢, b), S((¢, b)) = 0, then we have w™ = 0, and by Rellich’s lemma, w(z) = S(,b)(z) =
for v € R3\(D UY'). Arguing the same as in the proof of assertion (i) we obtain ¢ = 0,b = 0. This
implies that Im ((¢, b), S((p, b)) < 0 for all ¢ # 0 and |b| # 0.

(iii) Denote by .Jy the single layer operator defined as in (91) with the k = 4. It was proved in [20, Lemma
1.14] that J, is a self-adjoint and coercive operator from H~/2(0D) to H'/2(dD), i.e.,

(@, Jop) = collelllr20p) 0 € H2(OD),

for some positive constant c,. Moreover, .J — .J; is compact from H~'/2(0D) to H'/2(0D). To prove
(iii), we define the operator Sy : H~/2(0D) x CN — HY2?(0D) x CV as

80(307b) = (JO%CO b)7 2 € H1/2<8D)7 b e (CN'
Then S is coercive, i.e.,

((,b), Sol. b)) = co (|2l Fr-1/20p) + 1B

With such a choice, the difference
(8 —So)(p.b) = ((J — Jo)p + K(b)|ap, [25¢ +Ob — cyb)

is compact, since J — Jy, K, ['3S and the multiplication operator by © or ¢ are all compact. O
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4.4 Uniqueness and Inversion algorithms

The properties of the data-to-pattern operator G and the operator S (see Lemmas 4.6 and 4.8) put us
in a position where we can directly apply the following range identity (see [20, Theorem 2.5.1]) to the
factorization of the far field operator established in (93). Recall that the real and imaginary parts of the
operator F' over a Hilbert space are given by

ReF :=(F+F")/2, ImF :=(F—F")/(2i).
Obviously, both Re F' and Im F' are selfadjoint operators.

Lemma 4.9 (Range Identity). Let X C Y C X™ be a Gelfand triple with Hilbert space Y and reflexive
Banach space X such that the embedding is dense. Furthermore, let Y be a second Hilbert space and
F:Y—>Y G:X —YandT : X* — X be linear and bounded operators with ' = GTG*.
Suppose further that

(a) G is compact and has dense range.

(b) There existst € [0, 27| such that Re [exp(it)T'] has the form Re [exp(it)T| = Ty + T with some
compact operator I’y and some coercive operator Ty : X* — X, i.e. there exists ¢ > 0 with

(p, Tow) = cllgll® forall e X* (103)

(c) Im T is non-negative on R(G*) C X*, i.e., (p,ImTp) > 0 for all ¢ € R(G").

(d) Re [exp(it)T] is one-to-one or Im T is strictly positive on the closure R(G*) of R(G*), i.e., for all
v € R(G*) with p # 0 it holds {p, Im T'p) > 0.

Then the operator Iy := |Re exp(it)F| + |Im F| is positive definite and the ranges of G : X — Y
and Fﬁl/ >.Y — Y coincide.

To apply Lemma 4.9, we set

t=m, F=F, G=G, T=-8,Ty=38, T, =Re(S -8,
Y = LZ(SQ), X = H‘l/z(aD) x CN.
In our settings, all the conditions in Lemma 4.9 are satisfied. In fact, conditions (a) and (b) follow from
Lemma 4.6 and Lemma 4.8 (iii), respectively. Conditions (c) and (d) are guaranteed by Lemma 4.8 (i) and

(i) under the assumption that Ima; < Oforall j = 1,2,---, N. Combining Lemmas 4.5 and 4.9, we
conclude

Theorem 4.10. Assume that 2 is not a Dirichlet eigenvalue of —A in D, the matrix ©(«) is invertible
andthatIma; < Oforallj =1,2,---,N. Then,

(i) The function ¢, (Z) belongs to R(Fﬁl/z) ifandonlyify € DUY .

(ii) The far-field data u(z, d) for all &, d € S* uniquely determine the shape of the extended obstacle
and positions of the point-like scatterers.
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Note that the uniqueness described in Theorem 4.10 (ii) is only a corollary of the first assertion. By
Picard’s theorem (see e.g, [6, Theorem 4.8]), the set DUY can be characterized through the eigensystem
of the far-field operator as follows.

Corollary 4.11. Suppose the assumptions in Theorem 4.10 hold. Let ()\j, ¢j) be an eigensystem of the
(positive) operator Fy := |Re F'| + |Im F’|. We have the following characterization of D U'Y :

by, ) 22
Aj

~1
> 0, (104)

yeDUY <— W(y)::i{

where ¢, (%) := exp(—iki - y) for& € S2.

Thus, the function W () on the right hand side of (104) can be regarded as an indicator function for the
unknown scatterer D U Y where the variable y is me sampling point. The values of W fory € DU Y
should be much larger than those for y € R3\{D U Y'}. We complete this section by the following
remarks.

Remark 4.12. (i) Remark that the matrix ©(k, «) is the same as the matrix M(k, «) in section 2,
see Remark 3.8, when the extended obstacle is absent. Hence a similar condition as in Remark

3.8 is enough to invert ©(k, «). Precisely, if
N -1 1K

——— max

y ]:1,...,N‘E -7t <1 (105)

then O(k, ) is diagonally dominant and hence invertible. Remark that we took the constant C'
appearing in Remark 3.8 to be C = (47)~! and h = 0 since D = () and hence |®p(z,y)| =
|®%(x,y)| = (47) |z — y|~*. Actually, in the case of absence of extended obstacles, we have
a weaker condition than (105) to ensure the invertibility of O (k, ). Namely, there exists a positive
constant aq such that if

Il’lan:Lm’N |% — Oéj|_1

d

< agp and Igincos(/i|yj —Yml|) >0 (106)
jFEm

then ©(k, «v) is invertible. Note that this last condition is independent on the number of obstacles
N. Such condition is derived in the framework of scattering by many small obstacles in [4], where
the coefficients ﬁ —Qj | ~1 are replaced by the diameters of the small obstacles.

(i) The condition I'm o = 0 is needed to have the selfadjointness of the scattering operators in
section 2. Indeed, we know that (Q),)* = (.~ and hence we need o = « which implies that
Im a; = 0 if we take v := diag (o, ..., an).

(iii) Our arguments apply to the case where the extended scatterer D is of sound-hard or impedance
type, or is a penetrable medium. For the forward problem, the waves w35, up and ®%, in (84)
should be redefined according to the underlying extended scatterer ID. Concerning the inverse
problem, our approach in section 4 extends to these cases with an additional complexity from
how to factorize the far-field operator with an appropriate middle operator and then to justify the
conditions in Lemma 4.9. We believe that this can be achieved taking into account the various
versions of the factorization method in [20] for extended penetrable or impenetrable scatterers
only.
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5 Numerical results and discussions

This section is devoted to reporting numerical examples for testing accuracy and validity of the Factoriza-
tion method in IR?. We first list the necessary changes for carrying over the mathematical analysis of the
direct and inverse scattering from three to two dimensions. The free space fundamental solution to the
Helmholtz equation (A + x%)u = 0in 2D is given by

i

T (Rlr =), x#y.

% (z,y) =

where Hél)(t) denotes the Hankel function of the first kind and of order zero. In R?, the Sommerfeld
radiation condition has to be replaced by

lim 7(0yu —iku) =0, r=|xz],

T—00
uniformly for all directions x /|z|. With some normalization we defined the far field pattern as
eiﬁ\x\ 1 eiﬂ'/4

vm{uw(i)+0(—)}a 1=

|z
The operators I'; (7 = 1, 2) introduced in (52) have to be replaced by

u(z) =

(M), = lim —— " —u(z),  (Tyu), = lim <u(x)+%ln\x—xj|(F1u)j>  (107)

—_—u
v—a;  In |z — ] T—;
Then, using the expansion of ®*(z, y,) (see e.g., [6, Chapter 3.4]) we see

. . 1 1 k C
(D@ (2, y5)); =1, (T2@"(z,y;)); = 1oy o =

where C' denotes Euler’s constant. Consequently, we define the matrix

% (Ym» Yj) it m#j
MK, )| i = L g _ X
[ ( )] 7 {(I)Z)(yj7yj> n—a; it m J5

in place of the one given in Lemma 4.1. Then the well-posedness of the forward scattering and the
factorization method for the inverse scattering can be established in the same manner as for 3D.

In the following experiments, unless otherwise stated we always set the wavenumber k = 1. The far-field
operator F' is discretized by 64 incident directions and 64 observation directions equivalently distributed
in the unit disk.

Experiment 1: We use the inversion algorithm (104) to reconstruct a kite-shaped obstacle and a fi-
nite number N of point-like obstacles equivalently lying on the line segment {(x,z5) € R? : 2y =
—6, 22 € [—3,3]}. The numerical results are shown in Figure 1. We take o; = 1. The number N is
setas NV = 4,6,8in (1(a)), (1(b)) and (1(c)), respectively, where the plots of the indicator functions are
visualized from the direction (0,0,1). Figures (1(d)) and (1(e)) show the recovery of the point-like obstacles
corresponding to (1(a)) and (1(b)) from the viewpoint (-1,0,0), while (1(f)) is the view of (1(c)) from the
point (1, —3,0.5). We conclude from Figure 1 that the factorization method works well only if the point-
like scatterers are well-separated. When the number /N increases, neither the positions of the point-like
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obstacles can be precisely retrieved nor the shape of the extended obstacle; see Figures (1(c)) and (1(f))
where the minimum distance between the pointwise scatterers is less than the wavelength. In the well-
separated case, e.g. Figures (1(a)) and (1(d)), the point-like scatterers that are closer to the extended
obstacle are less resolved than those further away from the extend obstacle (see also Figure (1(b)))

Experiment 2: We show the sensitivity of the factorization method to the distance between the point-like
and extended obstacles. The recovery of a fixed kite and one point-like obstacle with different locations
at (8,8), (4,4), (1,5,1,5) are illustrated in Figures (2(a)),(2(b)) and (2(c)), respectively. We set v = a; = 1
in each test. The shape of the extended obstacle can be identified only if the point-like obstacle keeps
some distance from it (see Figure (2(a))). In Figure (2(c)), neither of them is well-reconstructed since they
are getting too closed. The location of the point-like obstacle in (2(a)) or (2(b)) can be visualized from the
XY-plane rather than from the direction (0,0,1).

Experiment 3: Figure 3 illustrates the sensitivity of the factorization method to the values of «;. We fix
the kite as in Experiment 2 and also the position of the point-like obstacle at (2.5,2.5). We set a = a; =
10,1, 0.05in (3(a)), (3(b)), (3(c)), respectively. These figures are visualized from the direction (0, 1, 0) in
(3(d)), (3(e)) and (3(f)), respectively. If « is big, e.g., in Figures (3(a)) and (3(d)), the position of the point-
like obstacle cannot be located. If «v is too small, e.g., in Figures (3(c)) and (3(f)), the reconstruction of the
extend obstacle becomes distorted and unreliable. It can also be observed that the values of the indicator
function around the point-like obstacle grow as the value of « decreases, i.e., the point-like obstacle is
more visible for small c.

Experiment 4: The factorization method can be applied to the case where only partial far-field data are
available, i.e., u™(z,d) for #,d € S* C {z : |z| = 1}. For the details we refer to [20, Chapter
2.3]. In this experiment, we consider the reconstruction from limited aperture data S* = {(cosb,sin ) :
0 € [—m/2,m/2]}. This implies that the obstacles are illuminated by incident plane waves only from right
hand side and the far-field data are measured at the same side. To make the numerical results comparable
with the case where the full far-field data are used, we discretize the corresponding far-field data by 32
incident directions and 32 observation directions equivalently distributed in the right half of the unit disk.
We put NV point-like obstacles equivalently lying on the half-circle {(x1,z2) : x1 = cosf — 3,29 =

sin 3,3 € [7/2,3m/2]}.

Figure (4(a)) illustrates the recovery of the extended obstacle in the absence of the point-like scatterers
(i,e., N = 0). It can be observed how the reconstruction of the unlighted (left half) part of the kite
deteriorates due to the limited incident directions from the right hand side. The shadow part can be well
reconstructed in Figures (4(c)) and (4(f)) by virtue of the multiple scattering effect between the point-like
and extend obstacles. In Figures (4(d)), (4(e)) and (4(f)), we fix the number of point-like obstacles (i.e.,
N = 4) and change the value of the coefficients ;. It is seen that the visibility of the unilluminated part
also depends on ;. However, numerical experiments show poor reconstructions for c; less than 0.2.

References

[1] Alberverio et al. Solvable models in quantum mechanics. AMS Chelsea Publishing, Providence,
Rhode Island, 2004.

[2] Ph. Blanchard, R. Figari, A. Mantile. Point interaction Hamiltonians in bounded domains. J. Math.
Phys. 48, 082108, 2007.

27



0.09

3
0.08

2
007
1 b Hoos
- Hoos

>0
0.04

El
003
2 0.02
0.01

-3

6 5 4 3 2 4 0 1
x

0.0 005
0.045
0.0 i
0.04
004 0.035
0.03
0.03 0.025
0.02
0.02
0.015
0.01 001
‘ } 0.005
0
3 2 1 0 1 2 3
y

Figure 1: Reconstruction of a kite and /N point-like obstacles lying on a line segment. In (1(a)) and (1(d)),
N = 4;In (1(b)) and (1(e)), N = 6; In (1(c)) and (1(f)), N = 8.

3

0.07

0.06

b oos

0.04

0.03

0.02

) 0.01

3 2 -1 0 1 2 3

3

(@) (b) (©

Figure 2: Reconstruction of a kite and one point-like obstacle located at (a, a). We set a = 8,4,1.5in
(2(a)), (2(b)) and (2(c)), respectively.

28



0.1
0.16
0.14
0.12
0.1
0.08
0.06
0.04
0.02
0.08 0.08 025
0.07 02
0.07 0.07 0.07 0.18
0.06 02
0.16
0.06 0.06 " 0.06
0.05 0.14
005 005 005 015} 2
0.04
0.04 - 0.04 - 0.04 0.1
| |
oo 0.03 003 0.03 o1 008
oo ’ 0.08
002+ o2 002 0.02
005 0.04
L 0.01 +
0.01 0.01 0.01 J 0.02
o 0 0 H
3 3 3 2 1 0 E] 2 3 3 2 1 ) 4 2 3

Figure 3: Reconstruction of a kite and one point-like obstacle located at (2.5, 2.5). In (3(a)) and (3(d)),
o = 10; In (3(b)) and (3(e)), o = 1; In (3(c)) and (3(f)), o = 0.05.

0.14
3 . \ 0.14
0.12
2 0.12
i 01 <01
1
I qo08 | ™
>0 |
b o0 -0.06
4 E g
" 0.04 0.04
2 g K
0.02 0.02
3 E . E
6 5 4 3 2 o1 K E E E E E K E
x

(@)

Figure 4: Reconstruction of a kite and /V point-like obstacles lying on a half-circle using limited aperture
data. In (4(a)), NV = 0; In (4(b)) resp. (4(c)), N = 3 resp. 5 and c; = 0.3. In (4(d)), (4(e)) and (4(f)), we
seta; = 2,0.75 and 0.3, respectively and N = 4.

29



[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

J.F. Brasche, M. Malamud, H. Neidhardt, Wey! function and spectral properties of selfadjoint exten-
sions. Integral Equations Operator Theory, 43(3), 264-289, 2002.

D. P. Challa and M. Sini. On the justification of the Foldy-Lax approximation for the acoustic scattering
by small rigid bodies of arbitrary shapes. Preprint from:
http://people.ricam.oeaw.ac.at/m.sini/publications.html

D. P. Challa, G. Hu and M. Sini. Multiple Scattering of Electromagnetic Waves by Finitely Many Point-
like Obstacles. To appear in M3AS. Preprint from:
http://people.ricam.oeaw.ac.at/m.sini/publications.html

D. Colton, R. Kress, Inverse acoustic and electromagnetic scattering theory. Applied Mathematical
Sciences vol 93. Springer, Berlin, 1998.

A. J. Devaney, E. A. Marengo, and F. K. Gruber. Time-reversal-based imaging and inverse scattering
of multiply scattering point targets. J. Acoust. Soc. Am, 118:3129-3138, Nov. 2005.

P. de Vries, D. V. van Coevorden and A. Lagendijk, Point scatterers for classical waves, Reviews of
Modern Physics, 70 (1998): 447-466.

V.A. Derkach, M.M. Malamud. Non-selfadjoint extensions of a Hermitian operator and their charac-
teristic functions. J. Math. Sci., 97, 4461-4499, 1999.

V.A. Derkach, M.M. Malamud. Generalized resolvents and the boundary value problems for Hermi-
tian operators with gaps. J. Funct. Anal., 95(1), 1-95, 1991.

D.E. Edmunds, W.D. Evans. Spectral Theory and Differential Operators. Oxford Mathematical Mono-
graphs, The Clarendon Press - Oxford University Press, New York, 1987.

R. Fazli and M. Nakhkash. An analytical approach to estimate the number of small scatterers in 2d
inverse scattering problems. Inverse Problems, 28(7):075012, 2012.

L. L. Foldy, The multiple scattering of waves. |. General theory of isotropic scattering by randomly
distributed scatterers, Phys. Rev., 67 (1945): 107-119.

G. Hu and M. Sini. Elastic scattering by finitely many point-like obstacles. J. Math. Phys. 54, 042901
(2013).

K. Huang; K. Solna and H. Zhao. Generalized Foldy-Lax formulation. J. Comput. Phys. 229 (2010),
no. 12, 4544-4553

K. Huang and P. Li. A two-scale multiple scattering problem. Multiscale Model. Simul. 8 (2010), no.
4,1511-1534.

K. Huang, P. Li and H. Zhao. An efficient algorithm for the generalized Foldy-Lax formulation. J.
Comput. Phys. 234 (2013), 376-398.

F. Gesztesy and A. G. Ramm. An inverse problem for point inhomogeneities. Methods Funct. Anal.
Topology, 6(2):1—12, 2000.

30



[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

V.I. Gorbachuk, M.L. Gorbachuk, Boundary value problems for operator differential equations. Math-
ematics and its Applications (Soviet Series), 48, Kluwer Academic Publishers Group, Dordrecht,
1991.

Kirsch A and Grinberg N 2008 The Factorization Method for Inverse problems, Oxford University
Press

Kirsch A 1998 Characterization of the shape of a scattering obstacle using the spectral data of the
far field operator Inverse Problems 14 1489-1512

A. Lagendijk, B.A. van Tiggelen. Resonant Multiple Scattering of Light. Phys. Rep. 270, 143-215,
1996.

E. A. Marengo and F. K. Gruber. Subspace-based localization and inverse scattering of multiply
scattering point targets. EURASIP J. Appl. Signal Process., 2007(1):192-192, Jan. 2007.

E. A. Marengo, F. K. Gruber, and M. Jasa. Non-iterative analytical formula for inverse scattering of
multiply scattering point targets. J. Acoust. Soc. Am, 120: 3782-3788, 2006.

W. McLean. Strongly elliptic systems and boundary integral equations. Cambridge University Press,
Cambridge, 2000.

P. A. Martin, Multiple scattering, Encyclopedia of Mathematics and its Applications, Volume 107
(Cambridge: Cambridge University Press), 2006.

G. Nakamura and M. Sini, Obstacle and boundary determination from scattering data. SIAM J. Math.
Anal, V:39 (2007) N: 3 p:819-837

K. Pankrashkin, Resolvents of self-adjoint extensions with mixed boundary conditions. Rep. Math.
Phys., 58(2), 207-221, 2006.

M. Reed and B. Simon, Methods of modern mathematical physics Vol. II: Fourier analysis, Self-
adjointeness. Academic Press. New York, 1975.

M. Reed and B. Simon, Methods of modern mathematical physics Vol. lll: Scattering Theory. Aca-
demic Press. New York, 1979.

M. Reed and B. Simon. Methods of modern mathematical physics vol. IV: Analysis of Operators.
Academic Press, New YorK, 1978.

E.M. Stein, Boundary values of holomorphic functions. Bull. Amer. Math. Soc., 76, 1292—1296, 1970.

R. Weder. Spectral and scattering theory for wave propagation in perturbed stratified media, vol-
ume 87 of Applied Mathematical Sciences. Springer-Verlag, New York, 1991.

H. Zhao. Analysis of the response matrix for an extended target. SIAM J. Appl. Math. 64 (2004), no.
3, 725-745.

31



