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Abstract

We present a new method for remeshing surfaces that respect the intrinsic anisotropy of
the surfaces. In particular, we use the normal informations of the surfaces, and embed the
surfaces into a higher dimensional space (here we use 6d). This allow us to form an isotropic
mesh optimization problem in this embedded space. Starting from an initial mesh of a surface,
we optimize the mesh by improving the mesh quality measured in the embedded space. The
mesh is optimized by combining common local modifications operations, i.e., edge flip, edge
contraction, vertex smoothing, and vertex insertion. All operations are applied directly on the
3d surface mesh. This method results a curvature-adapted mesh of the surface. This method
can be easily adapted to mesh multi-patches surfaces, i.e., containing corner singularities and
sharp features. The reliability and robustness of the proposed re-meshing technique is provided
by a large number of examples including both implicit surfaces and CAD models.

1 Introduction

Surface mesh generation is a central topic in computer visualization, geometry
processing, and numerical simulation. Many computational applications involve
triangulation of complex surface geometry. The main challenge is to automatically
generate a surface mesh which satisfies various criteria with respect to geometry
approximation, mesh size, and mesh quality.
The goal of current work is to generate a surface mesh which well
approximate the geometry of the surface and with the number of elements as
small as possible. For this purpose, it is desired that the resulting mesh is not
only a well approximation of the geometry of the surfaces, but also a reflex of the
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2 Franco Dassi and Hang Si

Figure 1. The best approximation of a surface (shown in the middle) must consist
of mesh elements of different size, shape, and orientation that respect to the principle
curvatures of that surface.

intrinsic nature of the surface, i.e., the curvature. Intuitively, more curved
regions of the surface will contain small elements and a dense vertex sampling,
while almost flat regions will have large elements with more sparse vertices.
However, using only isotropic elements may be far from optimal for these
purposes. But an anisotropic mesh, i.e., a mesh with stretched elements could
offer even a better behavior “number of elements vs geometry fitting". Figure 1
shows an example.

In this paper, we propose a new method for remeshing of 3d surfaces based
on the idea of higher dimensional embedding [7, 30, 32]. We use the normal
informations of the surfaces, and embed the surfaces into R6. Our method
directly optimizes a two-dimensional triangular mesh of the surface embedded
in R6 in such a way that its triangles are as uniform as possible in R6. It will
result a curvature-adapted anisotropic mesh of the surface. This method has
the following properties:

• The core operation of this method is a uniform remeshing of a surface. It
fits the well-developed mesh adaptation strategy. It is possible to re-use
any optimization-based isotropic surface remeshing method.

• It can handle arbitrary complicated geometries and topologies, as well as
very strong anisotropy (which has very high aspect ratio).

• It automatically preserves sharp features, corner and edge singularities.
• It is robust. For instance, the initial mesh can be very coarse or crude in

geometry approximation.
• It is easy to implement.

Our method does have the following limitations:

• It only ensures the mesh quality in the embedding space, but not the
usually mesh quality (such as the smallest angle) in R3.
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• It does not support user-defined metric tensor fields.

The remainder of this paper is organized as follows: Section 2 presents
the background about anisotropic meshes and reviews the related works on
anisotropic surface remeshing. In Section 3, the main idea of the embedding
space is introduced. The proposed method is described in detail in Section 4.
Some experimental results of remeshing surfaces from implicit functions and
CAD models are demonstrated in Section 5. Finally, a summarization and
outlook of future works are given in Section 6.

2 Background and Related Work

2.1 Anisotropic Meshes

Many physical problems exhibit anisotropic features, i.e., their solutions change
more significantly in one direction than others. Examples include in particular
convection-dominated problems whose solutions have, e.g., layers, shocks, or
corner and edge singularities. Anisotropic meshes have great importance in
numerical methods to solve partial differential equations. They improve the
accuracy of the solution and decrease the computational cost.

Anisotropy denotes the way distances and angles are distorted. It is natu-
rally related to approximation theory and is important in function interpola-
tion [40, 41, 9, 37]. For a smooth function, the anisotropy is best characterized
by the Hessian of that function. In practice, a central question is how to
efficiently distinguish the anisotropy of a given problem. Another important
question is how to characterize the anisotropy in a such a way that an optimal
mesh for a given problem can be defined. These are all difficult questions
and are active research topics. In practice, a Riemannian metric tensor field
(either provided or automatically derived) is used to guide the generation
of anisotropic meshes [20, 25, 35, 36]. Mesh adaptation has been proven an
efficient way to capture the anisotropy, see e.g. [18, 13].

2.2 Related Works

Surface remeshing has been an active research subject for nearly two decades,
see a nice survey given by Alliez et al. [1]. Most of the early methods work
either in a 2d parameterization space or directly in the 3d space. And they
focus on creating isotropic meshes of 3d surfaces. Many recent methods have
been developed for creating anisotropic meshes of a surface. In the following,
we give an overview of works which are related to ours. More complete survey
are available [5, 42].
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Curvature evaluation and reconstruction

Heckbert and Garland [22] proposed a quadric-based metric tensor for surface
simplification. It is defined for each vertex of the mesh and uses the face
normals around it. They showed that this metric is directly related to surface
curvature. Jiao [26] used it to derive a Riemannian metric field for anisotropic
surface mesh adaptation. The method of Alliez et al. [2] first constructs a
curvature tensor field from a given polygonal surface mesh by estimating the
curvature tensor at every vertex. Then they trace lines along the principle
curvature directions from which a quad-dominant anisotropic mesh can be
obtained. These methods, which rely on a reconstructed metric field, are
suitable on remeshing of polygonal meshes whose original geometry are not
available. As we will show in Section 3, for surfaces whose the geometry are
accessible, such as implicit functions and CAD models, there is a natural way
to perform a remeshing of the surface respecting its curvature without using a
reconstructed metric tensor field.

Delaunay refinement based methods

Voronoi diagrams and their dual Delaunay triangulations are fundamental
data structures and have numerous applications [4]. The so-called restricted
Voronoi diagram (RVD) and restricted Delaunay triangulation (RDT) [17] are
their generalization to surfaces. Cheng et al. [11] proposed to generate an
anisotropic RDT from a 3d anisotropic RVD [29]. Although their concept is
valid in theory, it remains a big challenge in practice to ensure that the dual of
an anisotropic RVD admits a valid triangulation. Boissonnat et al [6] proposed
the notion of locally uniform anisotropic Delaunay meshes, and proposed a
practical Delaunay refinement algorithm to generate an anisotropic RDT of a
surface with respect to a given metric field [5]. By using the curvature tensor
of the surface as input, this algorithm is able to produce a curvature-adapted
anisotropic mesh of the surface. However, a fundamental difficulty of Delaunay
refinement based algorithms is that it does not respect sharp features. Cheng et
al. [10] showed that sharp features can be respected by using weighted restricted
Delaunay triangulations. However, to efficiently assign appropriate weights
remains a challenging problem.

Restricted centroidal Voronoi based methods

A Centroidal Voronoi Tessellation (CVT) is a particular type of Voronoi dia-
gram such that its generating points coincide with the centroids (center of mass)
of its Voronoi cells. It has a highly regular structure such that the restricted
Delaunay triangulation obtained from it will have well-shaped triangles. It has
been applied in many applications including surface mesh generation [14, 3, 33].
Efficient algorithms are proposed to generate CVTs [34]. It has been further
generalized to anisotropic CVT with respect to a Riemannian metric field [15],
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and an anisotropic restricted Voronoi diagram on surfaces can be defined.
However, more theoretical analysis are needed in understanding anisotropic
CVTs. And it remains a challenge to efficiently generate them. Lev́y and
Bonneel [32] proposed a novel approach to compute CVT in higher dimensions.
They used it to generate anisotropic curvature-adapted surface meshes. We
will discuss it in detail in Section 3.

3 Surface Embedding in R6

The remeshing method proposed in this paper is inspired by the method of Lévy
and Bonneel [32]. The basic idea is pioneered by Cañas and Gortler [7] and
Lai et al [30] and is originated in the application of feature characterization [39]
from image processing [27]. It treats the anisotropy by increasing the dimensions
such that it becomes an isotropy in a higher dimensional space: an isotropic
mesh in a higher dimensional space will correspond to an anisotropic mesh
in the lower dimensional space. This concept has been successfully applied in
generating curvature-adapted surface meshes [28, 32]

For a smooth surface, it is natural to consider the unit normals defined on
surface points as the components of the codimension, i.e., using the components
of the Gaussian map of the surface.

Given a surface Ω in R3, one can embed it into R6 by using the embedding:
Φ : Ω → R6 defined by:

Φ(x) =


x
y
z
s nx
s ny
s nz

 ,

where (nx, ny, nz) denotes the unit normal to Ω at x, and s ∈ [0,+∞) is
a user-specified constant. This embedding Φ allows us to approximate the
geodesic edge lengths in Ω by the Euclidean edge lengths in Φ(Ω). Each edge
length in Φ(Ω) is determined by two parts:

• its Euclidean length in R3; and
• the variation of the normals of its endpoints, scaled by the parameter s.

By this transformation, in flat regions of Ω, the lengths of edges remain the
same in Φ(Ω). While in regions which have high curvatures, the lengths of
edges in Φ(Ω) become much larger than theirs in R3, see Figure 2.

Since the distance in R6 are affected by the normals, an isotropic mesh
of the surface Φ(Ω) in R6, when transformed back into R3, will become a
curvature-adapted anisotropic mesh of Ω.

As it is pointed out in [30] that the 6d embedding Φ is mainly for a simple
transfer from non-isotropic to isotropic configuration. As will be seen from
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Figure 2. Different 6d-lengths with different type of surfaces, on the left a plane
where the 6d and the 3d lengths coincide, l6dAB = lAB, on the right a sphere where
they do not coincide, l6dCD > lCD.

the developments given below, we can still explain everything in R3 via an
appropriately combined processing of points and normals and thus the use
of the embedding in R6 does not result in any computational overhead over
working in 3d.

By embedding a surface in higher dimensions motivates the new problem:
How to generate an isotropic good quality surface mesh in this embedding space?
In principle, a direct generalization of available methods in 3d is possible. But
this will be impractical due to the d! cost of memory requirement.

Lévy and Bonneel [32] overcome this difficulty by using their Vorpaline
(Voronoi Parallel Linear Enumeration) technique to compute a restricted
centroidal Voronoi diagram (CVT) embedded in 6d. It directly compute the
Voronoi cells by iterative half-space clipping. It requires only the nearest
neighbor informations for a point set in R6.

It is reported by Lévy and Bonneel [32] that this method may produce
flipped (self-intersected) triangles, in particular in regions where the anisotropy
varies too fast. This fact implies that if the normals between the neighbor
vertices are varying too big, their method may not work correctly. One possible
way to resolve this problem is to insert new vertices between these neighboring
vertices. However, the method of Lévy and Bonneel [32] does not support
inserting new vertices dynamically.

Another well-known problem in RVD- and CVT-based methods is that
sharp features or details of the surfaces may be smoothed or missing in the
resulting mesh. Although a theoretical solution has been proposed [10], but its
efficiency is still a challenge in practice.

Due to these problems, we propose a new method in the next section. In
particular, we show that a common mesh optimization framework for isotropic
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surface remeshing could be applied in remeshing surfaces embedded in higher
dimensional space. The primary difference between previous methods and ours
is the use of lengths and angles evaluated in the embedded space.

4 The Remeshing Approach

Consider a surface Ω in R3. For simplicity, we assume that Ω is a smooth
surface, i.e., it contains no corner and edge singularities. The non-smooth case
can be easily handled and will be discuss in Subsection 4.6. In this section, we
propose an optimization-based method for remeshing of 3d surfaces.

4.1 Preliminaries

Our method assumes the following two functions are provided:
(1) given a point p ∈ Ω, returns the normal of Ω at p; and
(2) given a point p ∈ R3, returns the closest point q ∈ Ω.
If Ω is represented by an implicit function or it is a parameterized surface (of
CAD models), the exact normals and the closet points of Ω are provided. If Ω
is given as a polygonal mesh, these two functions must be approximated from
the input data, see e.g. [19, 2, 8, 38].

Our method assumes an initial surface mesh Tinit of Ω is provided. It is
required that all triangles in the surface mesh are oriented consistently, such
that if we say the edge ab is the common edge of two faces abc and bad,
we understand that both of the normals of abc and bad are pointing to the
outwards of the surface.

We use a heuristic condition to justify geometric approximation. Intuitively,
if a triangle is used to approximate a patch of a surface, the normal of the
triangle should not vary too much with respect to the normals of any point in
this patch. Let f be a face in the surface mesh. We say that f is inverted if
the angle between two vectors nf and nc is less than a given threshold, where
nf is the outwards normal of f and nc is the normal of surface at the closet
point of the centroidal c of f . In other words, the angle between nf and nc
determines if the face is inverted or not. An inverted face is considered as a bad
approximation of the geometry. It is crucial to use an appropriate threshold
in order to achieve best mesh quality. In our experiments in Section 5, the
threshold we used is 90o.

We found it is better to reinterpret the constant s in Φ. We consider a
surface Γ and two points A,B ∈ Γ , we apply the map Φ and we have:

Φ(A) = (xA, yA, zA, snA, svA, swA)t ,
Φ(B) = (xB , yB , zB , snB , svB , swB)t ,

where xA, yA, zA and xB , yB , zB are the R3 coordinates of A and B, respec-
tively, and nA, vA, wA and nB , vB , wB are the components of the unit normal
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Figure 3. Bounding box of the surface Γ .

vectors at A and B, respectively. The 6d vector scalar product between these
two points is

(A,B)6d = xAxB + yAyB + zAzB︸ ︷︷ ︸
I

+s2(nAnB + vAvB + wAwB︸ ︷︷ ︸
II

)
.

Since the coordinates of both A and B varies in the bounding box of the surface
Γ , we can say that I ∈ [−d2, d2] where d is the diagonal of the bounding box,
see Figure 3. Moreover, we have n2

A + v2
A + w2

A = 1 and n2
B + v2

B + w2
B = 1.

We can see that the quantity II ∈ [−1, 1]. The parameter s is introduced
to give more or less importance to the normals, II, on the whole value of
(A,B)6d. But, since I ∈ [−d2, d2] and II ∈ [−1, 1], the contribution of I and
II is unbalanced because it depends on the dimension of the bounding box.
To make the quantity I and II almost comparable, we decide to modify the
6d scalar product in

(A,B)6d = xAxB + yAyB + zAzB + (hΓ s)2(nAnB + vAvB + wAwB
)
.

where
hΓ = dx + dy + dz

3 ,

and dx, dy and dz are the dimension of the bounding box of Γ , see Figure 3.
In this way the quantity I and II are at most comparable and the parameter
s have effectively the effect to give more or less importance to the normals.

4.2 Overview of the Approach

The inputs of the algorithm are: an initial triangular mesh Tinit of the surface Ω,
a user-specified desired edge length Lmin (in 6d), a user-specified minimum face
angle θmin, and a parameter s that specifies the desired amount of anisotropy.
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Figure 4. Edge-flip.

We initialize a mesh T := Tinit. Then we use the map Φ to transform T
into a surface mesh TΦ in R6. Our goal is to remesh T such that TΦ is an
uniform isotropic triangular mesh in R6. For simplicity, we assume the map Φ
is one-to-one. Therefore, we still work in R3, but we use calculated quantities
(edge lengths and angles) from R6.

Our method works in two phases:

(i) sampling, we split edges in T whose lengths (measured in R6) are too
long with respect to the given parameter Lmin (Section 4.4); and

(ii) optimizing, we maximize the smallest face angle (measured in R6) such
that they are not smaller than θmin (Section 4.5).

The result is a curvature-adapted anisotropic triangular mesh of the surface.
This method is detailed in the following subsections.

4.3 Local Mesh Modifications

Our algorithm applies a series of local surface mesh modifications directly on the
mesh T . The most well-known and commonly used local modifications are: edge-
flip, edge-collapse, vertex insertion, and vertex smoothing. These operations
are already extensively discussed in many papers, see e.g. [24, 23, 12, 19]. In
this section, we describe how they are realized in our method.

An Edge-flip Algorithm

Edge-flip is the most efficient and effective local operation to improve simul-
taneously the geometry approximation and the quality of the surface mesh.
Therefore, it should be applied whenever it is possible. For this purpose, we
developed an edge-flip algorithm. It is inspired by the well-known Lawson’s
flip algorithm [31] for constructing 2d Delaunay triangulations.

An edge-flip on ab will remove the two faces abc and bad and replace
them by two new faces cdb and dca. As a result, edge ab is replaced by edge
cd. In our method, we want to flip ab if the new triangles are “better" than
the old ones with regard to either geometry approximation or mesh quality.

Given an edge ab in T , we check if ab needs to be flipped if one of the
following two conditions are met:

(a) (geometric approximation) either face abc or face bad is inverted; and
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FlipEdges(S, S1)
// S is a stack of edges to be checked and flipped; and
// S1 is another stack which is empty on input.
(1) while S is non-empty do
(2) count := 0;
(3) while S is non-empty do
(4) pop ab from S;
(5) if ab meets condition (a) or (b), then
(6) if ab meets conditions (c) and (d), then
(7) flip ab to cd;
(8) for xy ∈ {ac, cb,bd,da} do;
(9) push xy on S;

(10) count := count + 1;
(11) else
(12) push ab on S1;
(13) endif
(14) endif
(15) endwhile
(16) if S1 is non-empty and count > 0, then
(17) swap S and S1;
(18) endif
(19) endwhile

Figure 5. The edge-flip algorithm.

(b) (mesh quality) both abc and bad are not inverted and the smallest 6d-
angle of the two new faces (cdb and dca) is larger than the smallest
6d-angle of abc and bad.

If an edge ab satisfies either (a) or (b), it implies that either face abc or
face bad is bad (or both of them), it (or they) should be replaced by a better
face(s). However, it is not always possible to do an edge-flip. An edge ab is
flippable, if both of the following two conditions are satisfied:

(c) (topology validation) the edge cd does not exist in T ; and
(d) (geometry validation) neither cdb nor dca is inverted.

Condition (c) guarantees that the topology of the surface will not be changed
after the flip, and (d) ensures that the new created faces are not bad approxi-
mation of the geometry.

The edge-flip algorithm is shown in Figure 5. This algorithm uses two
stacks S and S1. Initially, the stack S keeps all edges to be checked and flipped,
and the stack S1 is empty, and it will keep edges which are not flippable. Edges
in S1 are tried again if any flip has been done in the inner loop (lines 3 – 15).
Once an edge is get flipped, we push the boundary edges of the new triangles
into stack (lines 7 – 9). Hence flips may propagate to the neighboring edges.
On return, if S1 is not empty, it means there are unflippable edges or even
inverted faces.
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Face-split Edge-split

Figure 6. Vertex insertion.

A key issue for the termination of this algorithm is to show that once an
edge is flipped, it will never be created again. Unfortunately, it is not yet
proved. We leave it in our future work. So far, this algorithm works very well
in our experiments.

Edge Collapse

Edge collapse is a common operation for simplifying meshes. An edge collapse
unifies the two endpoints of the edge and two adjacent faces of this edge vanish.
The unification of the two endpoints can be either one of the endpoints or a
new vertex inside the cavity of adjacent faces of this edge.

For simplicity, we simply choose one of the endpoints as the new vertex
by checking if there will be no inverted face at this endpoint after the edge
collapse. Then we push all the link edges of this vertex into a stack, and the
routine FlipEdges() is called to locally improve the mesh.

Vertex insertion

Vertex insertion is a common operation for refining meshes. Two well-known
approaches for vertex insertion are the Bowyer-Watson algorithm or the
incremental flip algorithm [16]. They are equivalent in generating Delaunay
triangulations. We use the incremental flip algorithm for our vertex insertion
in 3d surfaces.

Let v be a new vertex (in the surface) to be inserted. It is first located in the
mesh, i.e., either a triangle abc or an edge ab of the mesh is declared to contain
this vertex. We then replace the face abc by three new faces, abv,bcv, cav,
see Figure 6 left; or split the edge ab by replacing two faces abc,bad by four
faces avc,vbc,bvd,vad, see Figure 6 right. Then we put all link edges of v
into a stack, and the routine FlipEdges() is called to improve the mesh.

Comment: Since the surface may be curved, the vertex (in the surface)
is not necessary in a face or edge in current mesh. Vertex location in a 3d
surface mesh is a difficult problem. We avoid this problem in our method by
always choosing the midpoint of an edge, and then a new vertex is obtained
by snapping this point to the surface. Hence, we can declare that the edge to
be split contain this new vertex.
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Sampling(Ω, T , Q, Lmin)
// Q is a queue of triangles in T ;
(1) while Q is non-empty do
(2) pop a face f from Q;
(3) Let e be the longest edge of f ;
(4) if ‖e‖6d > 1.5 Lmin, then
(5) split e by adding v ∈ Ω into T ;
(6) update Q;
(7) endif
(8) endwhile

Figure 7. The sampling algorithm.

Vertex smoothing

For a given vertex v, the vertex smoothing operation consists in finding a new
location for v such that the local mesh quality is improved without changing
the mesh topology.

Our approach for vertex smoothing is very basic, somewhat similar to the
Laplace smoothing. Let abv be one of the faces connecting at v, we simply
move v towards the barycenter of abv with a relaxation parameter. If the
new location of v improves the local mesh quality, we actually do this move.
After v is moved, we push all the link edges at v into a stack, and the routine
FlipEdges() is called.

4.4 Sampling

The purpose of sampling is to achieve the desired mesh size with respect to
the given 6d-length parameter Lmin. Our strategy is straightforward, splitting
edges of T which 6d-lengths is too long compared to Lmin. For simplicity,
each long edge is split by adding the point in the surface which is closet to the
midpoint of the edge. Also, we do not collapse short edges in this phase, it
will be applied in the optimization phase.

The sampling algorithm is shown in Figure 7. It initializes a queue Q which
contains all triangles in T . It then works in a loop until Q is empty. On each
face f popped from Q, it checks the longest edge e of f and split it if the
6d-length of e is too long (lines 4− 7). Then T is updated (line 6) by removing
old faces and adding new faces.

Inserting a new vertex into a 3d surface mesh may deform it very much.
This is particularly the case when the surface mesh is only a very crude
approximation of the original geometry. Recall that our vertex insertion routine
will automatically improve the local mesh by FlipEdges(). Our experiments
(shown in Section 5) showed that this edge flip algorithm is very effective in
improving both of the geometry approximation and the mesh quality.
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Optmizing(Ω, T , Lmin, θmin, I, J , K)
// I, J , and K are user-specified iterations.
(0) θmax := 180o − 2 ∗ θmin;
(1) Collapse too short edges with respect to Lmin.
(2) for i ∈ {1, ..., I} do
(3) for j ∈ {1, ..., J} do
(4) for k ∈ {1, ...,K} do
(5) Smooth all vertices;
(6) enfor
(7) Collapse edges for removing angles < θmin;
(8) enfor
(9) Split edges for removing angles >= θmax;

(10) endfor

Figure 8. The optimizing algorithm.

4.5 Optimizing

Since the sampling phase has removed long edges, the goal of the optimizing
phase is on maximizing the smallest 6d-angle of triangles in the mesh T . We
used the following combination of these operations shown in Figure 8.

Mesh optimization is performed by iteratively combining a series of local
modifications, which are, edge-flips, vertex smooth, edge-collapse, and vertex
insertion:

• vertex smoothing iteratively moves the positions of vertices (stay on surface)
such that the minimum 6d-angle is improved around each vertex;

• edge collapse is used to remove small angles < θmin, it iteratively removes
the edges opposite small angles;

• edge split is used to remove large angles > θmax, it iteratively splits the
edges opposite large angles by inserting a vertex close to the midpoints of
the edges.

We call the routine FlipEdges() called within each local operations to improve
local mesh quality.

4.6 Sharp Features

Our method can be easily adapted to mesh non-smooth surfaces, i.e., surfaces
containing edges and corner singularities and sharp features. These features
are commonly presented in complicated geometries. Sharp features can be
preserved as follows. We consider a surface Γ , for example a geometry coming
from a CAD model. The whole geometry is the sum of a finite set of patches
that are joint together along their common boundaries, see Figure 9, i.e.

Γ =
n⋃
i=1

Γi , and Γi ∩ Γj =
{
∅
γij

, (1)
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Figure 9. Example of a domain with sharp features.

where γij is the common line between Γi and Γj , if it exists.
The proposed method will re-mesh each sub-surface Γi separately, like

the implicit surfaces of Subsection 5.1. In the routine FlipEdges(), an edge
belong to a sharp feature will never be flipped.

5 Examples

In this section, several examples are presented to demonstrate the proposed
method. Firstly, in Subsection 5.1, we re-mesh some very simple cases to ensure
that this method works. In particular, we consider surfaces in which we could
predict where and how the triangles will be stretched. Then we experimentally
verify the reliability of the proposed re-meshing method by using some implicit
functions which have very steep jumps, and using very bad-quality initial
meshes.

In Subsection 5.2, we consider some complicated CAD data to show that this
method can be used to re-mesh complicated geometries and it does preserve
sharp features.

The proposed method aims at optimizing the mesh to make it as uniform as
possible in R6, the best triangles in the resulting mesh should have its smallest
6d-angle as close as to 60◦. In all the example meshes, we use a color-map to
highlight the 6d measure of the smallest angle for each triangle.

5.1 Implicit Surfaces

Example 1: We consider the disk, defined by the zero level set of the following
function:

f1(x , y , z) :=
( x

0.8

)2
+
( y

0.8

)2
+
( z

0.4

)2
− 1 . (2)
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In Figure 10, we highlight some zones and we indicate how the triangles will
look like after the re-meshing procedure.

Since there is a very big change of curvature along one direction −→v , see
zone A in Figure 10, we expect that the triangles will be stretched along −→w ,
i.e. the perpendicular direction that lies on the tangent plane of the surface.
Moreover we expect equilateral triangles in the zone B, where the surface is
more smooth and flat.

Figure 10. The zero level set of the function f1, some zones are highlighted to show
how the adapted mesh will look like.

In Figure 11 we show both the initial and the final mesh. The shapes of
triangles in the resulting mesh are those as we have expected. More details of
the mesh are shown in Figure 12 and 13.
Example 2: We consider the sinusoidal surface, defined by the zero level set
of the following function:

f2(x , y , z) := sin (πx) sin (πy)− z . (3)

In Figure 14 we show the surface and the zones of interest. In particular we
notice that there are a lot of regions where the mesh has to be isotropic, see
the zones A and B in Figure 14.

In Figure 15 we show both the initial and the final mesh. It is interesting
to see that in the zones like A and B, see Figure 14 and 16, where the mesh is
smooth, we do not have any anisotropy. Moreover we notice how this method
“solve” the zone where we move from an isotropic mesh to an anisotropic
one, see Figure 17: from the center, where the triangles are isotropic, they
progressively becomes aligned to the surface features, i.e. they progressively
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Figure 11. the initial mesh (left) and the optimized mesh (right).

Figure 12. Detail of the initial mesh (left) and the optimized mesh (right).

becomes anisotropic due to the curvature of the surface. In Figure 12 this
behavior is shown and the arrows point out the optimal orientation of the
triangles.
Example 3: Now consider the following function

f3(x , y , z) := tanh (20x)− tanh (20(x− y)− 10)− z . (4)

The zero level set of such a function is a surface that presents a smart change
of curvature, see zones A and B in Figure 18, and it is flat in others, see zone
C and D in Figure 18. This behavior allows the re-meshing procedure to create
a very stretched elements in the zones like A and B, and isotropic triangles in
the zones like C and D.

In this example, we stat from a very bad approximation mesh obtained by
a marching cube method. As we can easily see in Figures 20, and 21, the initial
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Figure 13. Detail of the initial mesh (left) and the optimized mesh (right).

Figure 14. The zero level set of the function f2, some zones are highlighted to show
how the adapted mesh will look like.

mesh does not give a very good approximation of the surface: the triangles
are not oriented in the right way, there is an over sampling and the triangles
are somewhere really far away form the real geometry. This challenges the
robustness of the proposed method.

From Figures 19, 20, and 21, we could appreciate that the geometry is
really well fitted by the resulting mesh. In particular, from Figure 20, the
initial mesh entirely change and both shape and orientation of the elements
help to fit the geometry as well as possible.

In Figure 21 we have a similar configuration of the one proposed by the
previous example, see Figure 17: a flat region surrounded by zones where the
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Figure 15. The initial mesh (left) and the optimized mesh (right).

Figure 16. Detail of the initial mesh (left) and the optimized mesh (right).

curvature change. But in this example the curvature do not have the smooth
behavior of the one of Example 2, so we have more stretched elements.
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Figure 17. Detail of the initial mesh (left) and the optimized mesh (right).

Figure 18. The zero level set of the function f3, some zones are highlighted to show
how the adapted mesh will look like.

Example 4: In all the previous examples we have considered the same s factor
to proceed with the re-meshing algorithm. Now we try to change this value and
see what it would be the effect on the resulting mesh. We define the function,

f4(x , y , z) := tanh (20y)− tanh (20(x− y)− 10)− z , (5)

whose zero level set is the surface represented in Figure 22. This surface
presents some flat regions, like the zone A in Figure 22, and a series of very
deep jumps, see the arrows in Figure 22.

We fix a desired 6d-length and we consider these values of the parameter
s = 0.1, 1., 5., 25..
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Figure 19. The initial mesh (left) and the optimized mesh (right).

Figure 20. Detail of the initial mesh (left) and the optimized mesh (right).
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Figure 21. Detail of the initial mesh (left) and the optimized mesh (right).

Figure 22. The zero level set of the function f4, some zones are highlighted to show
how the adapted mesh will look like.

Increasing the factor s, will increase the length of the edges of the mesh, but
this fact it is not completely true. The real effect of increasing the parameter
s is to empathize the variation of the normal, i.e. the variation of curvature.
In fact, where the surface is flat, the size of the mesh elements is the same
for each values of s. Instead, where it presents a variation of the curvature,
it is more and more refined. When we are dealing with big values of s, small
variation of the normals will correspond to large variation of the edge length,
so these edges should be refined.

Figure 24 clearly shows this behavior. Nearby the jump we have a flat
region, then there is a very sharp change of curvature and, finally, a region
where the curvature of the surface varies very slowly. The resulting mesh does
not vary with the different values of s, but the slow variation of the normals
will be more empathize with higher value of s, see Figure 25.
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Figure 23. Meshes with different values of the parameter s.

Figure 24. Detail of the optimized meshes in Figure 23.

Figure 25. Detail of the deep jump of the optimized meshes in Figure 23.

5.2 Sharp Features

In this subsection, we consider CAD models as input, and to show that our
method is able to preserve sharp features and to mesh complicated geometries.
We used the Gmsh library [21]. It conveniently provided the functionalities (1)
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and (2) described in Subsection 4.1 for CAD models and it builds an initial
surface mesh from them.

Example 1: The method of Lévy and Bonneel [32] does not preserve the
sharp features, i.e. they are oversampled and smoothed. We consider one of
the CAD model in this paper and we apply the proposed re-meshing procedure
to make a comparison between these two methods.

Figure 26. The initial mesh (left) and the optimized mesh (right).

In Figures 27, we compared the resulting mesh of the method in [32] and
the same detail obtained by our method. Sharp features are preserved and
they are not both smoothed and oversampled.

Example 2: Here we compared another example given in [32], where the
sharp features are not preserved.

Example 3: The proposed re-meshing procedure does not have any prob-
lem in the reconstruction of really complex geometries with details of different
measure respect to the size of the whole geometry and different shape.

Example 4: This example shows another complicated CAD surface
remeshed by our method.
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Figure 27. Detail of the mesh proposed in [32] (shown in red boxes) and the same
detail of the mesh obtained by our method (colored).

6 Conclusion and Future Works
In this paper, we presented a curvature-adapted anisotropic surface remeshing
method. It is based on the idea of high-dimensional embeddings of surfaces.
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Figure 28. The initial mesh (left) and the optimized mesh (right).

This method is in principle simple. It fits the well-developed mesh adaptation
framework. While it has several advantages. For instances, sharp features
are always respected; it is robust in handling strong anisotropy, and it is
easy to implement. Our experimental results showed that this method is able
to produce good meshes for various 3d surfaces which may have arbitrary
complicated geometry and may contain strong anisotropy.

There are many questions which are widely open. A very important theo-
retical question is: How well could this mapping Φ approximate the geodesic
distances in 3d surfaces? Are there upper or lower bounds on distance vari-
ations by this mapping? A theoretical study of these question could lead to
more efficient methods, and will result much smaller mesh size.

The edge-flip algorithm we described in this paper appears very useful
in improving both geometry approximation and mesh quality. However, its
termination is not yet proven. We found that the threshold angle for checking
inverted faces is very crucial. A good value will give edge-flip more freedom
and may produce highly stretched triangles.

In practice, many surfaces are given as a polygonal mesh, i.e., the original
geometry is not available. A good recovery and estimation of the surface
normals are necessary in order to achieve good results. We plan to implement
such feature into our code.

The running time of our implementation is far from optimal. There are
many possibilities to improve it.
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Figure 29. Detail of the mesh proposed in [32] (shown in red boxes) and the same
detail of the mesh obtained by our method (colored).
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