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Abstract

Let A be a densely defined symmetric operator and let {g’, j} be an ordered pair of
proper extensions of A such that their resolvent difference is of trace class. We study the
perturbation determinant Ag,/g(‘) of the singular pair { A’, A} by using the boundary

triplet approach. We show that under additional mild assumptions on {g’, Z} the pertur-
bation determinant Ag,/g(‘) is a ratio of two ordinary determinants involving Weyl function
and boundary operators. In particular, if the deficiency indices of A are finite, then

det(B' — M(z)) ~
Ba/a) = qam =ty 2 €A

where M (-) is the Weyl function and B’ and B the boundary operators corresponding to
A’ and A with respect to a chosen boundary triplet IT. The results are applied to ordinary
differential operators and to second order elliptic operators.

1 Introduction

The perturbation determinant was introduced by Krein [39] and, independently, by Kuroda in
[45]. It is an important tool in studying the spectral shift functions and trace formulas for pairs of
self-adjoint operators [9, 10, 39, 42, 43] and non-selfadjoint operators [44] as well. It was also
used to analyze certain other properties of non-selfadjoint operators as the completeness of the
root vectors, estimates for resolvents of operators with discrete spectrum, etc, cf. [40, 41]. Dur-
ing three last decades the perturbation determinants attract certain attention in connection with
spectral shift functions and (higher order) trace formulas for self-adjoint and dissipative opera-
tors (see [3, 4, 6, 24,58, 59, 60, 61, 62, 63, 64, 65]). Applications of perturbation determinants to
Schrédinger operators (especially in connection with Jost-Pais formulas) have intensively been
studied in [23, 24, 25, 26, 27, 28, 29, 30] and [46, 47, 48].

The following definition goes back to M.G. Krein [42, 44] (see also [31, 69]).

Definition 1.1. An ordered pair { H', H} of densely defined closed operators defined on a
separable Hilbert space §) is put to the class 3 if

() p(H") O p(H) # 0,
(i) dom (H') = dom (H),

(i) (H' — H)(H — 2)"t € 6,(9) for z € p(H).



It {H', H} € D, then the scalar-valued function AH//H(-)
Apyp(z) :=det(I+(H — H)(H —2)""), z¢€ p(H), (1.1)

is called the perturbation determinant of the pair { H', H}.

Clearly, AH//H(-) is a holomorphic function. The properties of perturbation determinants are
summarized in [12, 31, 69] (see also Appendix). In what follows pairs { H', H} satisfying con-
ditions (i) and (i) are called regular. However, non-regular pairs are typical for boundary value
problems of differential operators. In the sequel a pair { A’, A} of operators is called singular if
condition (i) is satisfied and both operators A'and A are proper extensions of a densely defined
symmetric operator A. In this case condition (ii) is always violated: dom (A’) = dom (A) if and
only if A= A

In what follows we consider only singular pairs {H’, H} satisfying
Re(H', H) = (H' = &)~ = (H =€) € 6:(9), &€p(H)Np(H), (1.2)

and denote by D the class of such pairs. For the pair {H',H} € D using the Cayley transform
instead of (1.1) a family of perturbation determinants depending on parameter £ € p(H') N
p(H) is introduced by

Agy(€,2) = det (H' — 2)(H' — &) 7N(H — &)(H — 2)7) (1.3)
=det (I + (£ —2)Re(H',H)(H—&)(H —2)7"), z¢€p(H),

see [43, 12, 69]. Notice that KH,/H(f‘,f) — 1. Moreover, if {H', H} € D, then {H’, H} € D
and the following representation holds [69, Chapter 8.1.3]

AH/,H(Z>

= A n(©) z,§ € p(H') N p(H), (1.4)

zH’,H(S? Z)

i.e. for any fixed & the determinants KHQH(& -) and A g g(+) coincide up to a multiplicative
constant ¢(§) := (Ag g (€)' € C. However, definition (1.3) has a few drawbacks. The main
of them is that, in fact, it is not suitable for applications to boundary value problems. A different
approach to the (symmetrized) perturbation determinants for singular perturbations has been
proposed by Gesztesy and Zinchenko [30]. It is based on the use of positive-type operators
and its applicability requires that one of the square root domains of H and H’ contains the
other instead of condition (ii) of Definition 1.1. Note also that our definition of singular pairs is in
accordance with the notion of singularly perturbed operators from [38].

Our aim is to extend Krein’s theory of perturbation determinants to the case of singular pairs and
apply it to boundary value problems. Our approach substantially uses the machinery of bound-
ary triplets and the corresponding Weyl functions (see Section 2 for precise definitions). This
new approach to extension theory of symmetric operators has been appeared and elaborated
during the last three decades (see [15, 17, 18, 32, 50, 54, 53, 16] and references therein).

In what follows A denotes a closed densely defined symmetric operator in §) with equal defi-
ciency indices n(A) =n_(A) < 0.



Recall that a triplet IT = {H,T'o,T";}, where H is an auxiliary separable Hilbert space and
[y, 'y : dom (A*) — H are linear mappings, is called a boundary triplet for A* if the &bstract
Green’s identity"

(A*fa g) - (fa A*g) = (Flfa FOQ)H - (FOfa Flg)Ha f?g € dom (A*), (1.5)

holds and the mapping I' := (I'g, I";) " : dom (A*) — H @ H is surjective.

A boundary triplet IT = {H,T'y,T'1} for A* always exists, though it is not unique. lts role in
extension theory is similar to that of a coordinate system in analytic geometry. It leads to a
natural parameterization of the set Eixt 4 of proper extensions A of A (A C A C A*) by
means of the set C(H) of linear relations (multi-valued operators) in H, see [15, 18, 32] for
details. In this paper we mostly consider boundary relations © beingNthe graph gr (B) of a

closed linear operator B in H (B € C(H)). In this case the extension A is given by
A= Ap = A [ ker(I'; — BIy), (1.6)

where B is called the boundary operator of the extension A with respect to II.

The main analytical tool in this approach is the abstract Weyl function M (-) (see Definition
2.4) introduced and studied in [18, 22] which is holomorphic on the resolvent set p(A) of
Ay == A* | ker(I'g) = Aj. Its role in the theory of boundary triplets is similar to that of
the classical Weyl-Titchmarsh function in the theory of scalar Sturm-Liouville operators (see
[18, 18, 54]). For instance,

p(Ap) N p(Ao) = {2z € p(Ag) : 0 € p(B — M(2))}. (1.7)

Within the framework of boundary triplets approach our definition of the perturbation determi-
nant of a pair { A’, A} C Ext 4 reads as follows.

Definition 1.2. LetIl = {H, [, 1"} be a boundary triplet for A* and M (-) the corresponding
Weyl function. We put the ordered pair {Z’ , Z} of proper extensions of A to the class © if Al
and A admit representations (1.6) with boundary operators B’ and B, respectively, satisfying
the following conditions:

(i) 0 € p(B"— M(2)) N p(B — M(z)) for some z € C,
(i) dom (B’) = dom (B),

(iii) (B'—B)(B—M(z2)) ' € &1(9) for {z€C:0€ p(B— M(2))}.

If {E’ , ﬁ} € D, then the scalar-valued function

A% 3(2) = det (Be+ (B'= B)(B-M(2)) "), 0€p(B-M(), (18

is called the perturbation determinant of the pair {Av’ , A } with respect to I1.



Note that, according to (1.7) the condition (i) is equivalent to p(Ag) N p(A’z) N p(Ap) # 0 and
condition (iii) is valid for z € p(Ap) N p(Ag).

We show that the implication { A/, A} € © — {A’, A} € D™ holds whenever
p(A)Np(A)NCL#0  and  (p(A) U (A)NC_ #0, (1.9)

where o.(+) is the continuous spectrum of an operator (see below). Clearly, both conditions (1.9)
are satisfied if p(A’) N p(ﬁ) N R # (). Moreover, under assumptions (1.9) on the pair {ﬁ’, ﬁ}
a boundary tripIeLH for A* can be chosen to be regular, i.e. such that the parameterization
A’ := Ap and A := Ap (cf. (1.6)) holds with bounded boundary operators B’ and B. The
latter remains true without the second condition in (1.9) whenever ny.(A) = n < co.

Comparing definitions (1.8) and (1.1) we see that the class D is transformed into the class D!
by means of the "transformation”

H««— B and z+«— M(2). (1.10)

These correspondences appears natural if one allows A to be non-densely defined. In fact, the
boundary triplet approach allows an extension to such symmetric operators. For instance, let
A = 0 with dom (A) = {0}. For this trivial non-densely defined symmetric operator there is
an appropriate boundary triplet IT such that the corresponding Wey! function is M (z) = zlg
and Ap = B', Agp = B (see [20]). Hence, AA//A( ) given by (1.8) coincides with (1.1).

It follows from the Krein type formula (see (2.7) below) that the inclusion {A’ A} c D" implies
{A’ A} €D, ie., it implies condition (1.2) with H' and H replaced by A'and A, respectively.
Thus, definition (1.3) can also be applied to the pair {A’, A} € D1 C D. We show (see
Theorem 4.1) that in this case the perturbation determinants &fm(g, -) and A%j(') are
connected by

AL g(z)

Al
(§7 ) - —7
AA/ Av(g)
In other words, for any fixed £ these determinants coincide up to a multiplicative constant

c(§) = (A, ;(€))~". Clearly, representation (1.11) is similar to representation (1.4) and is
in accordance W|th the correspondence principle (1.10).

2,€ € p(A) N p(Ay). (1.11)

To demonstrate the advantage of our approach we note that definition (1.8) allows one to ex-
press All, y g(') as a ratio of two ordinary determinants involving only boundary operators and

the corresponding Wey! function. Firstly, we consider the case of the operator A with finite defi-
ciency indices ny(A) = n < oo. In this case, as an immediate consequence of (1.8) one gets

that det(B 2
dZt((B — M(;)))’ 2 € p(A') N p(A). (1.12)

Forinstance, let A := Ay, be the minimal symmetric operator generated in L?(R ) by Sturm-
Liouville differential expression £ = —D? + ¢, ¢ = g € L{, [0, 00). Assuming the limit point
case at infinity, one can choose a boundary triplet IT = {H, Ty, I';} for A* as follows (see
Section 7.2)

AL _(2) =

A&

H=C, Tof=f(0), I'if =f(0), f€dom(A").



Letalso L; := Ap,,j € {1,2}, be a proper extension of A given by (cf. (1.6))
dom (Ap,) = {y € dom (A") : y'(0) = h;y(0)}, j € {1,2}.
Then according to (1.12) the perturbation determinant AEQ/LI (+)is

_ hy —m(z2)

Agg/Ll(Z) - hl _ m(2)7

where m(-) is the Weyl function (of the Dirichlet realization) corresponding to the boundary
triplet I1. A similar representation for perturbation determinants is valid for two realizations of
the Sturm-Liouville operator with a matrix-valued potential as well as of Dirac type operators
(see Sections 7.1, 7.2, and 7.3).

Secondary, we consider the case of an operator A with infinite deficiency indices ni(A) =
0o. To obtain an analog of formula (1.12) in this case we slightly strength the assumption
Re(A'JA) € 61(9) (cf. (1.2)). Namely, let us assume that for some self-adjoint operator
Ay = A}y € Ext 4 the conditions

(A - = (A -9 ' €&i(9)
(A= = (A - &' € 6.(9)
are satisfied. Further, let Il = {,I'g,I'1} be a boundary triplet for A* such that A, :=
A* | ker(T'y), A’ = Ap,and A = Ap with B', B € C(H). From (1.13) it follows that

(B'— )™, (B—pu)™' € &1(H) for some € p(B") N p(B) N R. Moreover, denoting by
M () the Weyl function of IT we get

. €€ p(A)np(A) N p(Ay), (1.13)

dﬁU—@—BW%ufgwm (1.14)

A%a(2) = Apys(p) det(I — (u— B)~"(p—

for z € p(A') N p(A) N p(Ay), where App(-) is given in accordance with (1.1).

Formula (1.14) can be applied to boundary value problems for partial differential equations. For
instance, consider the symmetric Schrodinger operator in domain €2 C R? with smooth compact
boundary 0f,

o? o? —

+—> +q(x), ¢=q€ C™(Q). (1.15)

2 2
Jry  0x3

R

Furthermore, consider Robin-type realizations of the expression A,

~

Ay, = Amax [dom(ﬁaj),

dom (A,,):={f € H*Q): Gif = 0Gof}, je{1,2}, 119

and denote by Ay the Dirichlet realization of A given by dom (Ag) = {f € H*(Q) : Gof =
0}. Here Gy and G| are trace operators, Gou := You := ulsq and Gyu := v, (Ou/0v), u €

dom (Amax). It is known that Ay = A and the realization A, is closed whenever o; €
C?(09) and self-adjoint if o is real.



Denote by o ; the multiplication operator induced by o; in L*(92). Assuming that 0 €
p(As )N p(Agy ) Np(Ap), we indicate a boundary triplet IT for Ay, suchthat { A5, Ao} €

D™ and the corresponding perturbation determinants AH /Ao () and AH 3o, /Ao (-) are given
b
' AT /Ao( z) = detrz0) (I — (Moo(2) — Aop(0))(T; — Aop(0)) ), (1.17)
j €{1,2}, and
AlL 2y = detrzon) (I = (Roo(2) = Aoo(0))(7> Ao(0))") (1.18)
Aoy /Aoy detr2a0) (I — (Aoo(2) — No,0(0))(T1 — Aoo(0))71)

2 € p(A,)Np(A,,) N p(Ay), respectively. Here Ago(+) is the Dirichlet to Neumann map
restricted to H°(9Q)) := L*(91) (see Section 6.3 for details).

The paper is organized as follows. In Section 2 we give a brief introduction into the bound-
ary triplet approach. In Section 3 we introduce a concept of jointly almost solvable extensions
{A }j 1 C Ext 4 and discuss their properties. It is proved in Theorem 3.5 that under assump-

tion (1.9) on Athereis a boundary triplet IT for A* which is regular for the pair {A’ A} and, in
particular, the implication {A’, A} € ® = {A’, A} € D holds. In Section 4 we prove the
main results on connection between two definitions (1.3) and (1.8) of determinants. In particu-
lar, we prove representation (1.11) for A g /(& -) (Theorem 4.2) and formula (1.14). It is also

shown here that if {A’, A} € D" and {A’, A} € D then the perturbation determinants
A%, ;(*) and A%: +(+) corresponding to the triplets I and II" coincide up to a multiplicative
constant. ’

Certain properties of the perturbation determinant AH,/A( ) are discussed in Section 5. In Sec-

tion 6 we show that under certain additional assumptions the determinant d(-) := AE/A*( )is

an annihilation function (in the sense of [67]) for a m-dissipative operator A. We also indicate
conditions guaranteeing that d(-) is the minimal annihilation function. Finally, in Section 7 the
abstract theory is applied to some ordinary differential operators as well as to elliptic operators
on domains with compact boundary. In particular, formulas (1.17) and (1.18) are established
there. To make the paper self-contained an appendix is added.

In the forthcoming paper we apply our results to trace formulas. A preliminary version of the
paper has been published as a preprint [52].

Notation. Let ) and H be separable Hilbert spaces. The set of bounded linear operators from
$1 to $, is denoted by [H1,92]; [9] = [9,9]. By 6,(9), p € (0,00], we denote the
Schatten-v.Neumann ideals of compact operators on §; in particular, S, (£)) denotes the ideal
of compact operators in ).

By dom (7'), ran (T") and o (T") we denote the domain, range and spectrum of the operator 7,
respectively. The symbols o,(-), o.(-) and o,.(-) stand for the point, continuous and residual
spectrum of a linear operator. Recall that z € o.(H ) if ker(H — z) = {0} andran (H — z) #
ran (H —z) = $9;z € o,.(H) ifker(H — z) = {0} andran (H — z) # 9.



2 Preliminaries

2.1 Linear relations

Alinear relation © in H is a closed linear subspace of H ¢ H. The set of all linear relations in H
is denoted by C(H). Denote also by C(H) the set of all closed linear (not necessarily densely
defined) operators in H. Identifying each operator 7' € C(H) with its graph gr (1") we regard

C(H) as a subset of C(H).

The role of the set C(H) in extension theory becomes clear from Proposition 2.3. However, its
role in the operator theory is substantially motivated by the following circumstances: in contrast
to C(H), the set C('H) is closed with respect to taking inverse and adjoint relations © ! and
©*. The latter are given by: ©~! = {{g, f} : {f, g} € ©} and

o — {(/f) (W) = (b K) foral (;f) € @}.

A linear relation © is called symmetric if © C ©* and self-adjoint if © = ©*.

2.2 Boundary triplets and proper extensions

Let A be a densely defined closed symmetric operator in £ with equal deficiency indices
ny(A) = dim (MNy;), N, = ker(A* — z), z € Cy.

Definition 2.1.

(i) A closed extension A of Ais called a proper extension if A C A C A~

(ii) Two proper extensions A', A are called disjoint if dom (ﬁ’ ) N dom (AV) = dom (A) and
transversal if in addition dom (A’) + dom (A) = dom (A*).

Denote by A € Ext 4, the set of proper extensions of A completed by non-proper extensions
A and A*. Any self-adjoint or maximal dissipative (accumulative) extension is proper.

Definition 2.2 ([33]). A triplet Il = {H,T'o,I"1}, where H is an auxiliary Hilbert space and
[y, Ty : dom (A*) — H are linear mappings, is called a boundary triplet for A* if the &dbstract
Green'’s identity"

(Af.9) = (f, A7) = (T1f.Tog)n — (Tof. Tighn,  f,g €dom (A7), (2.1)
holds and the mapping I := (I'g,T'y) " : dom (A*) — H @ H is surjective.
A boundary triplet IT = {H, Ty, I';} for A* always exists whenever n(A) = n_(A). Note
also that ny (A) = dim (H) and ker(I'g) N ker(I';) = dom (A).

With any boundary triplet IT one associates two canonical self-adjoint extensions A; := A* |
ker(I';), j € {0,1}. Conversely, for any extension Ay = Aj € Ext 4 there exists a (non-
unique) boundary triplet IT = {H, 'y, I'; } for A* such that Ay := A* | ker(I'y).



Using the concept of boundary triplets one can parameterize all proper extensions of A in the
following way.

Proposition 2.3 ([18, 50]). Let T = {H, Ty, "1} be a boundary triplet for A*. Then the map-
ping

Ext 4 > A — Idom (4) = {{Tof,T1f}: f € dom(A)} = © € C(H) (2.2)

establishes a bijective correspondence between the sets Ext 4 and C (H). We write A= Ag
if A corresponds to © by (2.2). Moreover, the following holds:

(i) Ay = Ae~, in particular, Ay = Ag ifand only if ©* = ©.
(i) Ag is symmetric (self-adjoint) if and only if © is symmetric (self-adjoint).
(iii) Ag is m-dissipative (m-accumulative) if and only if so is ©.

(iv) The extensions Ag and Ay are disjoint (transversal) if and only if © € C(H) (© € [H]).
In this case (2.2) takes the form

Ag = Agr ©) = A" ker(F1 - @FO) (2.3)

In particular, A; := A* | ker(T';) = Ae,, j € {0,1}, where Oy := {0} x H and ©, :=
H x {0} = gr(O) where O denotes the zero operator in . Note also that C(H) contains
the trivial linear relations {0} x {0} and H x H parameterizing the extensions A and A*,

respectively, for any boundary triplet II.

2.3 Weyl functions and spectra of proper extensions

It is well known that Weyl functions are an important tool in the direct and inverse spectral
theory of singular Sturm-Liouville operators. In [17, 18, 22] the concept of Weyl function was
generalized to the case of an arbitrary symmetric operator A with n;(A) = n_(A) < oo.
Following [18] we briefly recall basic facts on Weyl functions and ~y-fields associated with a
boundary triplet I1.

Definition 2.4 ([17, 18, 22]). Let Il = {H, 'y, ['; } be a boundary triplet for A* and Ay = A* |
ker(T'y). The operator valued functions y(-) : p(A4o) — [H,$H] and M () : p(Ag) — [H]
defined by

1

7(2) = (Tol M) and  M(2) :=T1y(2), =€ p(Ao), (2.4)

are called the ~y-field and the Weyl function, respectively, corresponding to the boundary triplet
I1.

Clearly, the Weyl function can equivalently be defined by

M(’Z)Fofz = Flfz> fz € mza KA P(Ao)



The ~-field v(+) and the Weyl function M (-) in (2.4) are well defined. Moreover, both y(+) and
M (-) are holomorphic on p(Ap) and the following relations

Y(z) = (T +(z = (Ao —2) 7)), 2, € p(A), (2.5)

and
M(z) = M(¢)" = (2 = Ov(O)*v(2),  2¢ € p(A), (2.6)

hold. Identity (2.6) yields that M(-) is [H]-valued Nevanlinna function (M(-) € R[H)), i.e.
M (+) is [H]-valued holomorphic function on C\R satisfying

Im (M(z))

M(z) =M(Z)* and Im ()

20, ZG(C+U(C,

It follows also from (2.6) that 0 € p(Im (M (z))) for all z € C\R.

One easily verifies that if Il = {H,[y,[';} is a boundary triplet for A*, then IIT =
{H,—T1,T} is also a boundary triplet for A* which is called the transposed one. A straight-
forward computation shows that

M"(z)=-M(z)"" and ' (2)=—y(z)M(2)7", z € Cy.

Proposition 2.5 ([17, 18]). Let A be a simple closed densely defined symmetric operator in $
and let11 = {H,Ty, "1} be a boundary triplet for A*, M (-) the corresponding Wey! function.
Assume that© € C(H) and z € p(Ay). Then the following holds:

(i) z € p(Ag) ifand only if0 € p(© — M (z));

(iy z € 0,(Ae) ifandonly if0 € 0.(©—M(z)), T = p, ¢, r. Moreover, dim (ker(Ag—2z)) =
dim (ker(© — M(z2))).

2.4 Krein-type formula for resolvents and comparability

Let IT = {H, T, "1} be a boundary triplet for A*, M (-) and () the corresponding Weyl
function and v-field, respectively. For any proper (not necessarily self-adjoint) extension Ag €

Ext 4 with non-empty resolvent set p(A@) the following Krein-type formula holds (cf. [17, 18,
21, 22))

(Ao —2) 1 = (Ag—2) ' =79(2)(© — M(2) 9" (Z), z€p(Ay)Np(de). (2.7)

Formula (2.7) extends the known Krein formula for canonical resolvents to the case of any
Ag € Ext 4 with p(Ag) # 0. Moreover, due to relations (2.2), (2.3) and (2.4) formula (2.7)
is connected with the boundary triplet I1. Emphasize, that this connection makes it possible to
apply the Krein-type formula (2.7) to boundary value problems. The following result is deduced
from formula (2.7).

Proposition 2.6 ([18, Theorem 2]). LetIl = {H, Ty, "1} be a boundary triplet for A*, ©', © €
C(H) and p(Ae) N p(Ag) # 0. If p(©") N p(©) # (), then for any Neumann-Schatten ideal
S,. p € (0, 00|, the following holds:



(i) The inclusion

(Aor —2)7' = (Ao — 2) 71 € 6,(H), 2z € p(Aer) N p(Ae), (2.8)
is equivalent to the inclusion
(=0 = (0= €&, (H), Cep®)nn®). (2.9)

In particular, (Ag — z)™' — (Ag — 2)' € G,(9) for z € p(Ae) N p(Ao) if and only if
(0 =¢) € 6,(H) for¢ € p(©).

(i) IfB', B € C(H) anddom (B’) = dom (B), then the implication
B —BeG,(H) = (Ap—2)"'—(Ap—2)"1 € 6,(9), z¢€ p(Ae)Np(As), (2.10)
holds. Moreover, if B', B € [H], then (2.8) is equivalent to B' — B € &,(H).

(iii) The extensions Aeg and Ae are transversal if and only if 0 €
p ((@’ - C)fl - (6- C)A) for some ¢ € p(©) N p(O).

2.5 Determinants

Following [31] let us briefly recall some basic facts on infinite determinants.

Definition 2.7. Let T" be a trace class operator, i.e. T' € &,(H), and let {\;(T)}52, be its
eigenvalues counted with respect to their algebraic multiplicities. The determinant det(I + T')
is defined by det (I + T') := I122, (1 + A\;(T)).

The determinants have the following interesting properties.

Proposition 2.8 ([31, Section 4.1]). Let Ty € [H1, Ho] and Ty € [Ha, H1).

(l) IfT1T2 € 61(7’(2) andT2T1 € Gl(Hl), then
detyy, (I + T1Ty) = detyy, (I + ToTY). 2.11)

() IFH:=Hy =Hs andTl,Tg € 61(7’(), then
det[(I +T1)(I +T5)] = det(I + T1) - det(I + T3). (2.12)

(i) T € &1(H), thendet(I +T*) = det(I +T).

In the sequel we will also need a slightly improved version of the property(i).

Lemma 2.9. Let K be a bounded operator. Further, let C' be linear operator such that
dom (C) Dran (K). If KC € 61(9) and CK € G1(9), then

det(I + KC) = det(I + CK). (2.13)
The proof is left to the reader.
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3 Almost solvable extensions and class D!

3.1 Almost solvable extensions and class D!

Assume that {ﬁ’, E} C Ext 4 and the resolvent difference is trace class,

(A - —(A-9 " edi(sn), EepA)npd), (3.1)

i.e. {A’ A} S D. Here we show that under additional (not too restrlctlve) assumptlons on
the operator A there exists a boundary triplet I such that the implication {A’ A} €D —
{A’", A} € DT holds. Moreover, we show that the boundary operators 3’ and B in Definition
1.2 can be chosen to be bounded. This naturally leads to a concept of "jointly almost solvable
extensions".

Definition 3.1.

(i) An extensionA ﬁ S vat A Is called almost solvable if there exists a self-adjoint extension fAl
of A such that A and A are transversal, see Definition 2.1(ii).

(ii) The family {A }L, C Ext 4,2 < N < oo, is called jointly almost solvable if there exists
a self-adjoint extension A € Ext 4 such that A is transversal to each AJ, je{l,....N}.

The class of almost solvable extensions of A was introduced and investigated in [22] (see also
[19, 20, 21]).

Definition 3.2. Let {A }L, C Ext 4. A boundary triplet I = {H,To,T'1} for A* will be
called regular for {Aj}jyzl if there exist operators B; € [H|, j € {1,..., N}, such that
A' = AB' = A" [ker(Fl - Bro),j € {1,7N}

Proposition 3.3. Let {A; }L, C Ext 4. The family {4, }i2, is jointly almost solvable if and
only if there exists a boundary triplet 11 = {H,To,T'1} for A* which is regular for the family

{A; 1,

Proof. The proof follows immediately by combining Proposition 2.3(iv) with [21, Proposition
71]. O

Proposition 3.4 ([19],[20]). Let A € Ext 4 such thatz; € p(A). Ifthere is z5 € p(A)Uc,(A)
such that Im (z1)Im (29) < 0, then A is almost solvable. In particular, A is almost solvable if

p(A)NR £ 0.

Proof. Let Il = {H,T'y,I";} be a boundary triplet for A*, M (-) the corresponding Weyl func-
tion. Let for definiteness z; € C.., hence 25 € (p(A)U p.(A))NC_. Without loss of generality
we can assume that M (z;) = il. Further, let © € C(H) be a boundary relation of A with re-
spectto I1, i.e. A = Ag. By Proposition 2.5, 0 € p(© — M (z)) and either 0 € p(© — M (z,))
or0 € 0.(0 — M(z)). We set

X =T+ (M(z1) — MZ))(© — M(2,))™ = I +2i(© — i)™ (3.2)
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and
Y =1+ (M(z)— M(2))(© — M(2)) ' =1+ (il — M(2))(© —i)".

The assumption 0 € p(© — M(22)) U0 € 0.(0 — M(29)) yields ker(W) = {0} and
ran (W) = H. A straightforward computation shows that

X=T+1 (3.3)

where
Tl = (M(Zg) + Z)(M(Zz) - i)_l and Tg = 22(@] — M(Zg))_1Y. (3.4)
Since z; € C_, the imaginary part of M (22) is strictly negative, Im M (z5) < —el. Hence

T is a strict contraction, ||7}|| < 1. Further, since ker(Y) = {0} and ran (Y) = H we get
ker(Ty) = {0} and ran (73) = H. Hence the polar decomposition 75 = U |T| holds with the
unitary U. We set U(p) := e™#U, p € (0,27). Clearly,

X —Ulp) =T1 + U(|T2| — ®) = (I + Ta(|T2| — )" U")U(|To| — €'%).

If o € (%,37”) then ||(|T2| — €)Y < 1. Hence ||Ty(|To| — ) 'U*|| < ||Ty]| < 1

and 0 € p(X — U(y)). Further, since H is separable, the point spectrum o,(U) is at most

countable, hence
{0 e (5.5 (@) Up(U)) # 0.

Choose any ¢ € (%, 3F) such that e~ € O'C(U) Up(U).Then 1 € a.(U(p)) U p(U(p))
and the operator B := —il + 2i(U(p) — I)~! is self-adjoint and

~ ~

U(p)=(B +i)(B —i) ' =1+2i(B —i)" (3.5)

Since 0 € p(X —U(y)), one has 0 € p ((@ —i)' = (B — i)_1> By Proposition 2.6(iii),

the extensions A 5 = A% and A are transversal, i.e. A is almost solvable. O

Emphasize however, that the sufficient conditions of Theorem 3.5 are not necessary. It might
even happen thatn (A) = n_(A) < oo and A is almost solvable although (p(A) Ua.(A))N
C. = (). Such extensions can easily be found for A = A, & A_ where A are simple symmet-
ric operators with deficiency indices n (A,) =n_(A_)=1landn_(A;) =n (A_) =0.

Theorem 3.5. Let A be a densely defined closed symmetric operator and let {Z] }jvzl C Ext 4

and A =: A,y € Ext 4. Let also ﬂ;\”{l p(A;) # 0 and

N+1
(A=z)" = (A= 21) ' €6x(9), zm€[)pA), je{l,....N}. (36

Ifthereis zy € p(A)Uo.(Ay) such thatIm (z)Im (z5) < 0, then the family {A, Ay, ..., Ay}
is jointly almost solvable.
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Proof. We keep notations of Proposition 3.4. Let IT = {H, Iy, I'; } be a boundary triplet for A*
andlet A; := Ag,, ©; € C(H). Similarly to (3.2) we set

Xj = ] + (M(Zl) — M(El))(@] — M(Zl))_l = I + 2%(@] — i)_17 (37)
j €{1,2..., N}.By Proposition 2.6(i), inclusion (3.6) is equivalent to
O©—i)'—(0;—i) €GB (H), je{l...,N}L

Combining this relation with (3.2) and (3.7) yields K; := X; — X € 6 (H),j € {1...,N}.
Moreover, using the polar decomposition 75 = U|T5|, formulas (3.3), (3.4), (3.7), and setting
T := U*T + |T|, one gets

X;=Ulp) =K;+ X = Ulp) (3.8)
=K+ T +U(|I| - %) = U(U'K; + T —€¥I), je{l,...,N}

Since || T1|| < 1, thereis ¢ € (0, 1) such that )*(7") > —1 + € and hence
Ci.:={2z€C:Re(z) < —1+¢} Cp(T).

Since the half-plane C; . belongs to the infinite component of p(T") and U*K; € &,,(H), the
spectrum of each operator 7" + U™ K; within C; . consists only of isolated eigenvalues of finite
multiplicities (cf. [31, Lemma 1.5.2]). Hence,

N
{e%:pe (5.5} )Ce \ (U op(U"K; + T)) # 0.

1
Thus there is o € (5, %) such that ™ € ﬂNzl p(U*K; +T)and e " € o.(U) Up(U).
Therefore, by (3.8), 0 € I p(X; — U(wo)). Moreover, U () admits representation (3.5)
with B = —il + 22(U( 0) — I) - B Combining these relations with (3.7) yields
0 e ﬂjvzl p((©; — i)' — (B —i)~!'). One completes the proof by applying Proposition
2 6(iii). 0

Remark 3.6. (i) Proposition 3.4 and Theorem 3.5 remain valid if we replace the condition
29 € p(A)Uo.(A) by
dim ker(A — z;) = dim ker(A* — %,).

(ii) Different proofs of Proposition 3.4 can be found in [22, 19, 21]. The given proof does not
use Krein space theory and fits better to our exposition because of direct generalization for a
system of operators given in Theorem 3.5.

Corollary 3.7. Let A be a densely defined closed symmetric operator with finite deficiency
indices. Further, let { A, }L, C Ext 4 and Ny i1 P(Aj) # 0. Then (4 }IL\ is jointly almost
solvable.
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Proof. Let A = A* € Ext 4. Then there is non-real z; € ﬂ " p(A ) such that

(A, —z) ' = (A—2)'e6.(9), je{l,...,N}.
Moreover, there is z; € p(A) such that Im (21)Im (22) < 0. By Theorem 3.5, the family
{A Al, . AN} is jointly almost solvable. Hence {A } | is jointly almost solvable. O

The following corollary is an immediate consequence of Theorem 3.5.

Corollary 3.8. Let A', A € Ext 4 and let condition (3.1) be satisfied. If there exists §' €
p(A) U oo(A) such that Im (€)Im (€') < 0, then { A", A} € D™,

3.2 Almost solvable extensions and characteristic function

It is known several approaches to the definition of the characteristic function (CF) of an un-
bounded operator with non-empty resolvent set. The most relevant to our considerations def-
initions have been proposed in [66] and [19, 20]. In general, the CF might have some exotic
properties. However, it was shown in [19, 20, 22] that the CF of an almost solvable extension
of A takes values in [H] and has some nice properties similar to those of bounded operators
(cf. [14]). We will not present a strict definition of CF since in what follows we need only a
representation of CF by means of the Weyl function and boundary operator.

Proposition 3.9 ([19, Theorem 2]). Let A be a densely defined closed symmetric operator and
let A be an almost solvable extension of A. Let also I1 = {H,Tq, "1} be a boundary triplet
for A* which is regular for A, ie. A = Agp = A* | ker(I'y — BTy) and B € [H]. Then the
characteristic function of the operator Ag admits the representation
. * -1 ~
WH(z) =1+ 2i|B;|'/*(B* — M(2)) | Bi|'J, 2 € p(A*) N p(Ay), (3.9)

where By = J|By|, J

= sign(By), is the polar decomposition of By := Im (B).

It follows from (3.9) that Wg() takes values in [H] and is J-contractive (.J-expansive) in C.

(resp., in C_). If A= Ap is m-dissipative, then, by Proposition 2.3(iii), B is m-dissipative,
J = I and W(-) is contractive in C..

4 Main formulas for perturbation determinants

Here we establish a connection between our definition (1.8) of the perturbation determinant of
a pair {A’, A} C Ext 4 and the classical one given by formula (1.3). In particular we prove
representation (1.11) for ﬁg, g(f, z) as well as formulas (1.12) and (1.14) mentioned in the
introduction. 7

Theorem 4.1. Let A be a densely defined closed symmetric operator and let11 = {H, Ty, 'y }
be a boundary triplet for A*, M () the corresponding Weyl function. Further, let A’ , A € Ext A
andlet®', O € C (H) be the corresponding boundary relations, i.e. A = Agr and A = Ag.
Assume also that {A', A} € D and ¢ € p(A') N p(A) N p(Ay). Then:
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(i) The linear relations © — M (§) and © — M (&) are boundedly invertible.
(i) The following condition is satisfied

R'(6/,0) = (0 = M(§))™ — (0 — M(§)) ™" € &1(H); (4.1)

(iii) Forany& € p(A) N p(A) N p(Ao) and = € p(A) N p(Ay) the perturbation determinant
Az (&, ) admits the following representation
Az 7(€, 2) = det (I + RY (6/,0)

(4.2)
[T — (M(§) = M(2))(© — M(2))"'|(M (&) — M(2))) -

Proof. (i) By Proposition 2.5, £ € p(A’) N p(A) N p(Ag) if and only if 0 € p(©' — M(£)) N
p(© — M(€)). Hence the inverse relations (©' — M (£))~! and (© — M (£))! exist and are
bounded operators.

(i) According to (2.7)
(A - = (A= =v(&)RM(©,01(E) (4.3)

where Ré”(@’, O) is given by (4.1). Since (£) and (€)* isomorphically map H onto 91z and
Ne onto H, respectively, the inclusion (3.1) yields (4.1).

(iii) According to (1.3) for any z € p(A) \ {£}

Byale,2) =det (T+(6=2) (A -7 = (A=) (A-e)(A-2)").

Combining this formula with (4.3) and using the property (2.11) we get
Agya(€,2) = det (I + (€ —2)(A - (A 2) (RN (O, @)ﬂf)*) L (44

Next we transform the expression (ﬁ — 5)(2( — 2)71y(€). Noting that A = Ag and applying
the Krein type formula (2.7) we obtain

(A=A =276 = (T+ (= = (A= 2)"") 7(¢)
= ([ +(z= (A —2) '+ (2 = 7(2)(© = M(2)) 4(2)) 7(§)
= (I +(z =)A= 2)")(&) + (= )7(2)(© = M(2))'7(2) 7(€).
On the other hand, by (2.5), (I + (z — &)(Ag — 2)7')y(€) = v(2) Hence
(A=A —=2)79(&) = T+ (2 = (A= 2" )(9)
=7(2) (I + (2 = (O = M(2))"'(2)"1(€)) -

Further, rewriting identity (2.6) in the form

(2 =& (E)(&) = M(z) — M(§) = (2 = ) (§)"(2) (4.5)



and combining it with the previous one we derive

(A=) (A—=2)79(&) = 7(2) (T+ (O = M(2))" (M(2) — M(€))) .
Substituting this identity in (4.4) and applying property (2.11) we get
A 5(6, ) = det (I+
[T+ (8 — M(2))" (M (2) — M(&)]R¢' (O, 0)(€ — 2)7(€)"(2)) -

Finally, combining this identity with the second equality in (4.5) and taking property (2.11) into
account we arrive at (4.2). O

Next we simplify representation (4.2) assuming that {ﬁ' ﬁ} € D' In particular, we prove
representation (1.11) as well as establish a connection between two determinants for the pair
{A’, A} corresponding to different boundary triplets.

Theorem 4.2. Let A~be ' a densely defined closed symmetric operator and let Al , A € Ext 4.
Assume also that {A’, A} € DY for a boundary triplet 11 = {H,Ty, "1} for A*. Then the
following holds:

(1) {Z’ , g} S D and the representation

- AL (2)

Aza&2) = 3 @ (4.6)

AlJA
holds for € € p(A') N p(A) N p(Ag) and z € p(A) N p(Ap).

(ii) The perturbation determinant AY, ) +(2) admits a holomorphic continuation from p(A) N

p(Ay) to the domain p(A).

Gii) /FII' = {H’, T, T} is another boundary triplet for A* such that {A’, A} € D', then for
any & € p(A") N p(A) N p(Ao) N p(Af) the following identity holds

, -1
AL () =cAL ((z) with c=AL (€ (Aﬁ,/A(g)) . 2 e p(A).

In particular, this identity is valid for some non-real € € p(A') N p(A).

Proof. (i)If {A’, A} € ®"then, , by Proposition 2.5(i), (g’)ﬂp( ) # (), hence p(A’)ﬂ,o(A)

p(Ao) 7& 0. Moreover, since {A’, A} € ©, A’ and A admit representations A’ = Ap and
A = Ap with B', B € C(H) and satisfying dom (B') = dom (B). Combining the later
condition with condition (iii) of Definition 1.2 yields

RY(B',B) = (B =M™ —(B—-M()™" (4.7)
= (B'=M() (B=B)(B-M¢ " e€6i(H)
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for§ € p(g’) N p(g) N p(Ap). In turn combining this inclusion with the Krein type formula (2.7)
implies condition (3.1), meaning that { A", A} € ©.

Further, by Theorem 4.1(iii), the perturbation determinant ﬁg,/g(é’, z) admits the representa-
tion

Az, x(62) = det (I + RY (B, B)(B — M(€))(B — M(2))"(M(&) — M(2)))

for & € p(A") N p(A) N p(Ag) and z € p(A) N p(Ay). Combining this relation with represen-
tation (4.7) for Ré”(B’, B) and using the cyclicity property (2.11) we obtain

Zﬁ’/ﬁ(ga Z)
— det(Dy + (B — B)(B - M(2)) ™ (M(€) — M())(B' — M(£))™).

On the other hand, one easily verifies by a straightforward computation that

Ly + (B = B')(B — M(2)) (M (&) — M(2))(B"— M(€)) ™
= (I + (B' = B)(B — M(2))™")(In+ (B — B')(B' — M(¢)) ™)

for £ € p(A") N p(A) N p(Ap) and z € p(A) N p(Ay). By the multiplicative property (2.12) it
follows that

zg’/g(gv Z)
=det (I + (B — B')(B' = M(£))™")) det (I, + (B' — B)(B — M(2))™))

= A%/K/(S)A%//g(z)v zZ € p(A) N p(AO)'

Now (4.6) is implied by combining the later relation with the identity

AT (&) = (A )N €€ p(A) N p(A) N p(Ay).

(i) Obviously, the generalized perturbation determinant ﬁg,/g(f,z) is holomorphic in z €

p(A). 1€ € p(A') N p(A) N p(Ao) is fixed, then it follows from (4.6) that ALL 5(+) admits a

holomorphic continuation to the domain p(A).

(iii) Let {A’, A} € D" and {A’, A} € DY Then writing down representation (4.6) for both
boundary triplets IT and IT’, we arrive at the identity

I Al;XIN’/Z(@ 11 T /
Ag,/g(z) = N!—@Ag,/g(z% z € p(A) N p(Ao) N p(Ap).
AJA
Taking into account (i) one completes the proof. O

Proposition 4.3. Let A be a densely defined closed symmetric operator in ), let II =
{H,Ty,T'1} be a boundary triplet for A*, and M (z) the corresponding Wey! function. Let
A = Ap € Ext 4 where © € C(H). Then the following holds:
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() If{A, Ay} € D, thenfor& € p(A) N p(Ay) and z € p(Ay)
Agyag(6:2) = det (b + (0 = M(€)) 7 (M (&) — M(2))) (4.8)

Moreover, the spectrum of © is discrete, (© — 1)~' € &1(H), u € p(O), and

~ det(Iyy — (u—©)H(u— M(2)))

Ag (&5 2) = dot(I — (n — )L — (@) (4.9)
for& € p(A) N p(Ag) and = € p(Ao).
(i) IF{A", Ay} € D and {A, Ay} € D, then { A", A} € D and

X _det (Iy — (p— 0" H(u — M(2)))

Aa645) = 4 Gt (o = (= 0) 0 = M) (410

for i € p(©') N p(©), € € p(A) N p(A) N p(Ag) and z € p(A) N p(Ay) where

. det (I = (= )~ (n =~ M()))
$ det (I — (n—©) M (u = M(€)))

Proof. (i) The extension Ay is given by Ag, with ©g := {0} x H. Clearly, ©g — M(§) =
{0} x H and (©g — M(£))~" = 0. Therefore R} (0,0,) := (© — M(£))™" — (6 —
M(€))™ = (0 — M(&))~!. Substituting this expression in formula (4.2) we obtain (4.8). By
Proposition 2.6, © has discrete spectrum and (1 — ©)™! € & (H), u € p(O).

Let us prove (4.9). It is easily seen that for £ € p(A) N p(Ag) and 1 € p(©)
1

det (Irx — (n — ©) 1 (n — M(£)))

Hence for any £ € p(A) N p(Ap) and z € p(Ay) one has

det(I3 — (n—©) "' (u — M(2)))
det(l3 — (n— ©) M — M()))
= det (I — (© — M (€)™ (n — M(€))) det (Ir — (n — ©) (1 — M(2))) .

A straightforward computation shows that

I+ (9 = M(€) ™ (M(E) — M(2))
= (I — (© = M(€)) M — M(€))) (I — (1 —©) (1 — M(2)))

for & € p(A)Np(Ap) and z € p(Ay). Combining two last identities with relation (4.8) we arrive
at (4.9).

(i) From {A’, Ay} € D and {4, Ay} € D we get that the spectra of A’ and A are discrete in
C4.Hence {A’, A} € © and

A/A(é’ ) NA/AO(ga )NAO/Z(gaz)
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for & € p(A") N p(A) N p(Ay) and z € p(Ay) N p(A). Combining this identity with (4.9) and
applying the known identity AAO/g(f’, z) = (AA/AO (&,2))71, &2 € p(A)Np(Ap), (cf. (a.1)),
we arrive at (4.10). O
Corollary 4.4. Assume the conditions of Proposition 4.3. Suppose in addition that Ais disjoint
with Ao, i.e. A = Ag with B € C(H). Then for§ € p(A)Np(Ap) the perturbation determinant
AE/AO (&,-) is given by

Aj)a, (&, 2) = det (B — M(2))(B - M(€)™). (4.11)

If, in addition, dim H < oo, then

~ det(B — M(z))
B2 = B a@)

4.12)

Remark 4.5. Combining the chain rule with formula (4.12) we arrive at formula (1.12) for
Az / g(f , -). Note that formula (4.12) up to a constant was established in [7] for the first time.

Corollary 4.6. Let 11 = {H,Tg,T'1} be a boundary triplet for A*, M (-) the corresponding
Weyl function, and A’ = Ap/, A = Ap where B', B € C(H). If, in addition, {A’, A} € D,
then for any € p(B') N p(B)

det (I — (n = B) (- M
det (I — (= B) ™M (u — M (2)))’

A% x(2) = Apys(n) (4.13)

z € p(A) N p(Ag). Here A p:(11) is the classical perturbation determinant defined by (1.1).

Proof. Let us show that the inclusion {A’, A} € © yields (B’ — B)(B — u)~! € &,(H),
w € p(B). Since (B’ — B)(B — M(£))™! € &,(H), by assumption, we get

(B'=B)(B =)' = (B = B)(B~M(&)" (B~ M()(B-un~" €6&i(H).

By Theorem 4.2(i) (see (4.6)), for any & € p(A") N p(A) N p(Ap)

A%//g(z) = A%//ﬁ(&)Ag’/Z(gv Z)? z € IO(A> A IO(AO)
Combining this identity with (4.10) yields

, det (I — (u— B') "' (p — M(2))) i

A1) = & G L = B = M) © PN, @

A

for i € p(B') N p(B), & € p(A) N p(A) N p(Ao) where

det (I — (u = B) " (u — M(€)))
det (I — (u — B) "1 — M(£)))’

To compute this constant recall that, by definition,

ce =AY, 5(6) ce = A, 3(6)

AL

7a(8) = det(Iy + (B' = B)(B — M(€))™).
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A straightforward computation shows that

[T+ (B = B)(B = M(€))™'] - [T — (= M(€)) (1 — B)™"] = (M(€) — B)(u— B)™"

and

(I3 — (n = M)~ B)7'|™ = (u—B) M) - B)™".
Taking the product of these identities and applying the properties (2.11), (2.12), of the determi-
nants we finally get

¢, = det(Iy + (B' = B)(B - p)™") = Aps(n).

Combining this relation with (4.14) we arrive at (4.13). O

5 Properties of AE[{,’ ()

Here we extend basic properties of the classical perturbation determinants (cf. Appendix) to the
determinants AT / +(+) defined by Definition 1.2.

Proposition 5.1. LetIl = {H,T'y,I'1} be a boundary triplet for A*, M (-) the corresponding
Weyl function and A; := A* | ker(I';). Assume that A = Ag, A’ = Ap,, A" = Apn with
B,B',B" € C(H).

() Let p(A") N p(A) N p(A) % 0. If {A”, A} € DT and {A', A} € DU, then {A”, A} €
D' and the multiplicative property holds

AL 2(2) AL 3(2) = AL, 1), 2 € p(A) Np(A). (5.1)

(i) F{A", A} € D", then {A, A’} € D" and

AL

54 () =1 2 € p(A)Np(A). (5.2)

A)A

(iii) Let {/T’ , /T} e D and let z, be either a regular point or a normal eigenvalue of the
operators A’ and A of algebraic multiplicities mZO(;l’ ) and mZO(}I). Then ord <AI}V ) g(zo)> =

My (A') — m.,(A). In particular, ord (A%/Z(zo» = m.,(A) forany zy € p(Ao) N p(A).

Gv) IF{A", A} € DY, then for z € p(A') N p(A) one has

1 d = ot
——Al:[./ ~ = t A — -1 — A/ — -1 . 53
rert BERLICEE RS EE 59

v) If{A", A} € D" and { A, A*} € DY, then

NG 5(2) =AY 1), z€ p(A). (5.4)
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(vi) If{A", A} € DT thenforz € p(A) and ¢ € p(A) N p(A)

Ag//g(z)

AT ) det(Iy + (M(2) = M(¢))(B — M(2))"(B' = B)(B'— M(¢)) ™).

Ar)A
Proof. (i) If the condition p(A”) N p(A') N p(A) # 0is satisfied, then p(A”) N p(A") N p(A) N
p(Ag) # . Hence, by Proposition 2.5(i) one has {z € p(Ag) : 0 € p(B" — M(2)) N p(B' —
M(2)) N p(B — M(z))} # (. To check Definition 1.2(iii) we note that due to the property
dom (B"”) = dom (B’) = dom (B)

(B" = B)(B—M(2))" = (B" = B')(B—M(2))"" + (B'— B)(B— M(2)) "

for z € p(A') N p(Ap). By the assumption, (B — B)(B — y(z))_l € 61(H). It remains to
check that (B” — B')(B — M (z))™' € &1(H) for z € p(A) N p(Ap). Clearly,

(B"=B)(B—M(z))"" = (B" = B)(B' = M(2)) "
+(B" = B)(B' = M(2)) (B = B)((B - M(2))™"

for z € p(A') N p(A) N p(Ay). Since (B" — B')(B' — M(z))™! € &1(H)for z € p(A)) N
p(Ap)and (B'— B)(B — M(z))™' € &,(H) for z € p(A) N p(Ay), by the assumption, we
find (B" — B)(B—M(z))"! € &1(H) for z € p(A") N p(A) N p(Ag). Now the multiplicative

property (5.1) for z € p(A’) N p(A) N p(Ag) immediately follows from definition (1.8). Finally,

applying Theorem 4.2(ii) one extends identity (5.1) to the domain p(A") N p(A).

(i) Clearly, conditions (i) and (i) of Definition 1.2 are satisfied for the pairs {g, Av’} and {g’, ﬁ}
simultaneously. Let us check condition (iii) of Definition 1.2. Since dom (B) = dom (B’), the
operator (B — M(z))(B’ — M(z))~! is bounded. Combining this fact with the assumption
(B— B')(B— M(z))™' € &,(H) and using the representation

(B—B)(B' = M(2))" = —(B'= B)(B - M(2))"(B — M(2))(B' - M(2))™"
forz € p(ﬁ’)ﬁp(ﬁ)ﬂp(/lo)wgget (B=B')(B'=M(2))"" € &1(H)forz € p(A)Np(Ap).
To prove (5.2) it suffices to set A” = Ain (5.1).

(iii) Combining formula (4.6) with Proposition A.1(iii) we get the statement.

(iv) Combining formula (4.6) with Proposition A.1(iv) it yields (5.3).

W) If {A", A} € DY then C(B — M(2))"! € &1(H) for z € p(A) N p(Ay) where C' :=
B'— B, dom (C) := dom (B’) = dom (B). Since B’ and B are densely defined and closed,
the operators B"*, B* and C* are well defined and (B* — M (z)*)~1C* € &,(H). Setting

C, := B" — B*, dom (C,) = dom (B”*) = dom (B*) we get dom (C*) O dom (C,).
Moreover, we have

CH(B" = M(2)")"" = Cu(B" = M(2)") " € 61(H), z€p(A)Np(Ay).  (65)

Combining this relation with Lemma A.2 one gets

det(Iy + (B* — M(2)*)~1C*) = det(I + C.(B* — M(2)*)™) (5.6)
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for z € p(A) N p(Ap). Since ((B' — B)(B — M(2))™4)* = (B* — M(2)*)~1C*, applying
Proposition 2.8(iii) and using (5.5) and the identity M (z)* = M (Z), z € p(Ap), we obtain

AEI/A( z) =det(ly + (B* — M(z)*)~1C*) = A/*/A*( zZ), (5.7)
for 2 € p(A) N p(Ao). Replacing here Z by = we arrive at (5.4).
(vi) This statement follows from (ii) and (iii). O

6 Determinants and annihilation functions

Following [67] we briefly recall some basic concepts and facts on C'y-contractions. Using di-
lation theory Foias and Nagy [67] have extended the Riesz-Dunford functional calculus for a
contraction 7" to the class H2°(ID) (see [67, Section 3.2] for precise definitions). If a contraction
T is completely non-unitary, then H2°(D) = H>°(DD) is just the Hardy class in the unit disc
ID. The extended functional calculus makes it possible to introduce concepts of C-contractions
and minimal annihilation function.

Definition 6.1 ([67]).

(i) A contractionT in $) is put in the class Cy. (Cg) if s —lim,, oo T" = 0 s-(lim,, o, T*" =
0) It is set C()o = O.() N C(]..

(ii) It is said that a completely non-unitary operator T belongs to the class (Y, if there exists a
function u(-) € H*(D) \ {0} such thatu(T') = 0. The function u(-) is called an annihilation
function forT'.

(iii) An annihilation function wuo(-) is called minimal if it is a divisor in H*>* (D) of any other
annihilation function u(-) forT'.

It is well known that Cy C Co. Moreover, it is known [67, Proposition 3.4.4] that forany T' € C
the minimal function exists and is denoted by m(-). It is unique up to a multiplicative constant
and is always an inner function.

Any m-dissipative operator DD in §) is an infinitesimal operator of a contractive semigroup
Up(t) = exp(itD) and vise versa (see [67, Chapter 3])) where exp(itD), t € Ry, can
be defined by means of the Nagy-Foias calculus. The main properties of ) are closely related
with the corresponding properties of its Cayley transform T, the contraction given by

T:=Tp:=(D—i)(D+i) ' =1-2i(D+4)""
For instance, s — lim;_., exp(itD) = 0, i.e. the semigroup Up(-) is stable, if and only if

Tp € Cy., [67, Proposition 3.9.2]. Moreover, T'p is completely non-unitary if and only if D is
completely non-selfadjoint.

For any function v(-) € H>(C,) and any completely non-selfadjoint m-dissipative operator
D we set v(D) := v(Tp) where

H®D) 3 5(¢) = v (ﬁfg) ¢eD.
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We say the m-dissipative operator DD belongs to the class Cy. (Co, Cy) if Tp belongs to
Co. (resp. Cy, Cp). In other words, D € Cj if it is completely non-selfadjoint and v(D) =
v(Tp) = 0 with certain v(-) € H>(C,). Clearly, there always exists a minimal function
mp(-) € H*(C, ) which is an inner function.

Here we demonstrate a role of perturbation determinants AL in the Nagy-Foias theory

110
of annihilation functions of m-dissipative extensions Aofa symmetric operator A with finite
deficiency indices. Recall that a point z € C is called a point of regular type for A (in short z €
p (A)), cf. [1, Section VIII.100], if there is a constant ¢ > 0 such that ||(A — 2) f]]* > ¢||f]I?,
f € dom (A). Recall that an unbounded operator 7" € C($)) with the compact resolvent is
called complete in §) if the system of its root vectors is complete in £).

Proposition 6.2. Let A be a a simple closed symmetric operator in §) with finite deficiency indices
n = ny(A) < oo and A € Ext A a maximal dissipative extension of A. Let also II =
{H,Ty,T1} be a boundary triplet for A* and A disjoint with Ay, i.e. A = Ag with B € [H]. If
p (A) = C, then the following holdss:

(i) The resolvent of Ais compact, i.e. the spectrum of A is discrete.

(i) If ker(B;) = {0}, B; = Im(B), then A is completely non-selfadjoint operator with
discrete spectrum. In particular, R C p(A).

(iii) If Ais completely non-selfadjoint, then A belongs to the class Cy and the perturbation

determinant d(-) := Al / A*( ) is an inner function holomorphic in C. U R. Moreover, d(-) is

an annihilation function for A

(iv) If A is completely non-selfadjoint and complete, then the annihilation function d(-) is

minimal for_ A if and only if the geometric multiplicity of any eigenvalue z of A is one, i.e.
dim (ker(A — z)) = 1 or, equivalently, dim (ker(B — M(z))) = 1. In particular, d(-) is
minimal ifny(A) = 1.

Proof. (i) According to [1, Section 105] z € C belongs to o.(A), the continuous spectrum of
A ifz € C\ p(A) and ran (A — z) is not closed. Since n < oo and p(A) = C, then,

by [1, Theorem 100.1], o.( A ) = () for any A = E* € Ext 4. Hence, the spectrum of any

A= A cExt A is discrete, i.e. its resolvent is compact. By the Krein type formula (2.7), the
resolvent of any other extension A with p(A ) # () is compact too, i.e. A has discrete spectrum.

(ii) Let us show that A= Ap is completely non-selfadjoint. By Proposition 2.3(iii), 5 is dissi-
pative, i.e. Im (B) > 0. Since the spectrum of A is discrete, it suffices to show that A has no
real eigenvalues. It follows from the Green formula (2.1) that for any = € R the following identity
holds

m ((Ag —2)f, f) = =i[(BTof, Tof)n — (Do f, BLof )]
= 2(Brlof,Lof)n = 2 H\/Eroin7 f € dom (A").
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Let f € ker(Ap — x). Since, by the assumption, ker(B;) = {0}, the above identity yields
Iof =0and ' f = Bl'of = 0.Thus, f € dom (A) and f € ker(A — z). This contradicts
the simplicity of A. Thus, R C p(A)).

(iii) Since A is m-dissipative, the characteristic function Wi(o) = Wg() is given by (3.9)

with J = I. Further, since Alis m-dissipative, the characteristic function W ;(-) is contractive

and holomorphic in C... Moreover, since R C p(A), W;(+) is holomorphic and unitary on R,

Wi(x)Wz(x) = Iy, i.e. Wx(+) is an inner matrix-valued function. By [67, Proposition V1.3.5],

T; € C.. Similarly, since the operator —A* i m-dissipative too, its characteristic function
W_7.(+) is also inner matrix-valued function in C. Hence T' ;. = T belongs to the class
C' o which is equivalent to the inclusion T'; € Cj.. Therefore T'; € C.q N Cy. = Cyo. Hence
the determinant d; (-) := det(W3(-)) is an inner function in C. holomorphic in C; UR,.

Since ny(A) = n < oo, the contraction 77 = (A — i)(A + i)~! has equal finite defect
numbers, i.e. dim (ran(l - T}Tg)) = dim (ran (I — TgT})) < ©00. By [67, Theorem
VI.5.2], T; € Cp and the determinant d; (-) = det(WW;(-)) defined on C.., is an annihilation
function for A: dy(A) = d,(T7) = 0.

On the other hand, since ni(A) < oo, {A, A*} € DY and the perturbation determinant
d(-) == AI}/Z* (+) is well defined on p(A*). Therefore combining (1.8) with (3.9) one gets

d(z) = det((B — M(2))(B* — M(2)) ") = det(I + 2iB;/*(B* — M(2)) ' B}%),

ie. d(z) = det(W3(2)) = di(2), z € p(A*) N p(Ap). Thus, d(-) is an inner function in C.

and annihilates A, d(A) = 0.

(iv) Let {e;}_; be a fixed orthonormal basis in . Denote by © ;(-) the matrix representation of
the characteristic function W 3(+) with respect to the basis {e;}7_,. By adj (© ;(-)) we denote
the adjugate matrix of © ;(-). Note that together with © ;(-) the matrix function adj (O ;(-)) is
holomorphic and contractive in C_, too (cf. the proof of [67, Proposition V.6.1]). By [67, Theorem
VI1.5.2], the determinant d(-) := det(© 7(-)) = det(W;(-)) of © () coincides with the mini-
mal annihilation function m 3(-) of A if and only if the entries of adj (©1(+)) have no common
non-trivial inner divisor in the algebra H>°(C,.).

On the other hand, by (iii), 7'y € Cj. Therefore the operator T';, hence ﬁ is complete if
and only if the determinant d(-) is a Blaschke product (see [57, Section 4.5]). Therefore it
follows from the identity adj (O 7(-)) - © z(-) = d(-)., that each common divisor ¢ (-) of the
entries of adj (O ;(-)) has to be a divisor of d(-). Therefore ¢(-) always contains a Blaschke
factor, i.e., it admits the representation ¢(-) = 1 (-)b7%°(-) where b7'(-) is a Blaschke factor
b0 (z) = (" (2 — 20) /(2 — 7)), mo > 1, 20 € Cy., cf. [37]. Clearly, the latter happens
if and only if adj (© 7(20)) = O, := 0 - I,,. However, adj (O 7(29)) = O, if and only if
rank (© ;(20)) < n — 2, ie. dim (ker(© ;(20))) = dim (ker(W3(20))) > 2.

Further, by Proposition 2.5(ii), dim ker(A — z) = dim ker(B — M(z)) forany z € p(Ap).
Let us show that

dim (ker(W3(29))) = dim (ker(B — M(2))), 20 € Cy. (6.1)
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Indeed, setting 7 := 2i(B* — ]\/[(zo))_lB}/2 one immediately gets ker(77) = {0} by
ker(By) = {0}. Further, we note that W4, (z9)ho = 0if and only if hy € ker(I + B}/2T1). If
ho € ker([—l—B}/le), then T1hy € ker(I—i—TlB}/Q) which yields dim (ker([—l—B}/?Tl)) <
dim (ker(I+TlB]1/2)). Conversely, if h; € ker(I+TlB}/2), then B}ﬂhl € ker([—i—B}/le)

which proves the relation dim (ker(/ + TlB}/Q)) < dim (ker(I + B}/QTl)). Hence

dim (ker(W3(z)) = dim (ker(I + B;*Ty)) = dim (ker(I + Ty B}"*)).

Combining this relation with the identity I+TlB}/2 = (B*—M/(z)) ' (B—M{(2)) we arrive

at (6.1). Thus, d(-) = A%/Z*(') is 2 minimal annihilation function if and only if dim (ker(B —

M(z))) = 1for z € o(A) which yields dim (ker(A — z)) = 1. O

7 Examples

7.1 Sturm-Liouville operators on a finite interval

Consider in L?([0, b], C™) the matrix Sturm-Liouville differential expression

d2
da?

(Af)(z) = f@)+ Q) f(x), f=col{fi,.... [n}, (7.1)

with n X n-matrix potential Q(-) = Q(-)* € L*([0, b], C™ ™). Itis well known that the maximal
operator A,,., associated in L2([0, b], C™) with the differential expression (7.1) is given by

(A*f)(x) = (A[f])(z), f & dom(A")=W?2((0,b),C"). (7.2)
The minimal operator A = A, is a closed symmetric operator given by
(Af)(x) = (A[f)(x), [ € dom(A) =W3?*((0,b),C") (7.3)
Notice that A,.x = A*. Due to the regularity property (7.2) for dom (A*) the mappings
— £}
Dof = (f “)), ruf = ( f{(é))> CFEWE((0,5),CY, (74

are well defined. Moreover, one easily checks that IT = {C?", Ty, ", } forms a boundary triplet
for A*. Notice that Ay := A* | ker(I'y) and A; := A* | ker(I'y) correspond to the Dirichlet
and Neumann boundary conditions, respectively.

Let us introduce the . X n matrix solutions C'(z, x) and S(z, z)

AlC(z,2)] = 2C(z,2), C(z,0)=1, (20 =0,
A[S(z,z)] = 25(z,z), S(2,0)=0,, S(z0) =1I,.



Any f. € ker(A* — z) admits the representation f,(z) = C(z,x)§ + S(z,x)n for some
&,m € C™. Hence

. (c*(;n, b) S(g;b)) <1§7> wd Tt (_Cé)(j’ b) —S’[(nz,b)> (g)

Combining these relations with Definition 2.4 we find that the Weyl function M (-) corresponding
to the triplet I1 is

M(z)_<_cé)(j’b> _S}(f’b)> <s<£7;)—1 —5(z, b)[flc*(z, b>)

_(FGHSEN SCENSENSEDICEn) g,

S(z,b)71 —S(2,0)71C(z,b)

~ [(=S5'(2,0)S(z,b)7* S*(z,b)7! cC

- S(z,b)"! —S(z,b)71C(z, b)) S E
If @ = 0, then the Weyl function M (-) = Mj(-) takes the form

1 Vzcos(y/zb) 1, —1I,
Mo(2) = = 072 ( I, cos(y/zb) I, (7.6)
/ B, B, B].]. Bl? / nxn -+ - .

Let B’ = (B; 5;) ,B = (B?} 322) , where Bj;, B;; € C™*",i,j € {1,2}. Define

proper extensions A’ := Ap and A := Ap with the boundary operators B’ and B, respec-
tively (cf. (2.3)). Using (7.4) one defines A’ and A explicitly in terms of boundary conditions. For
instance,

7t 2,2 —f"(b) = Bi1 f(b) + B12£(0)
dom (4) = VGW“®'ﬂ®=&J@+&J®}' 72

Notice that {j” ﬁ} € D Since ni(A) = 2n < oo, we get (cf. (1.12))

_ iitt(g: j\‘j((;))) 2 € p(A) N p(Ay). 7.8)

II
Combining this formula with (4.6) we arrive at the following representation

_ det(B' = M(2)) det(B — M(¢))
det(B — M(z)) det(B’ — M (&))

Az x(62)

for z € p(A) N p(Ag) and £ € p(A") N p(A) N p(Ay).
fA' = Ap and A = Ay, then we obtain from (4.12) that

Ram(69) = Sy €olda), €€ pl@)npldd)

Proposition 7.1. Let A be the minimal Sturm-Liouville operator on |0, b] defined by (7.3) and
let B € C*"*?" B; := Im(B) > 0, andker B; = {0}. Letalso Ap = A* | dom (Ap),
dom (Ag) := ker(I'y — BT'y). Then the following holds:
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(i) A is simple and p(A) = C.

(i) Ap is a m-dissipative and completely non-selfadjoint operator with discrete spectrum such
that R C p(Ag). Moreover, the operator A is complete.

(iii) Ap is of the Co—class. Moreover, the perturbation determinant d(-) = Al{_ / A*B(') is an
annihilation function for Ag, thatis, d(Ag) = 0.

(iv) The annihilation function d(-) is minimal if and only if dim (ker (B — M (z))) = 1 for any
z€0(Ap)NCy =0,(Ap).

Proof. (i) It follows immediately from the Cauchy uniqueness theorem.

(i) The first claim follows from Proposition 6.2(i) and (ii). Further, it is well known that the resol-
vent of Ay is of trace class. It follows from Proposition 2.6(i) that the resolvent of Ap is also of
trace class. Since, in addition, Ag is m-dissipative, it follows from [31, Theorem V.6.1]) that Ag
is complete.

(iii) and (iv) These statements follow from Proposition 6.2(iii) and (iv). O

7.2 Matrix Sturm-Liouville operators on R .

Let us consider in L*(R,,C") the matrix Sturm-Liouville differential expression (7.1) with
n x n matrix potential Q(-) = Q(-)* € LY(R,.,C"™") N L*(R,,C™"). Denote by
A = A, and A, the corresponding minimal and maximal operators, respectively, asso-
ciated in L?(R,, C") with expression (7.1). Clearly, A is symmetric. Notice that the deficiency
indices are n4(A) = n. It is known (see, for instance, [56, Section 5.17.4]) that A* = Apax.
The latter means that dom (A*) = W22?(R,C"). A* is given by the differential expression
(7.1) on the domain dom (A*). Therefore the trace mappings I'g, I'; : dom (A*) — C™,

FOf:f(0)> Flf:f/(0>7 szOl{fla---7fn}7

are well defined and the Green identity (2.1) holds. Moreover, one easily proves that Il =
{C", Ty, T'1} is a boundary triplet for A*. Hence the minimal operator A = A,,;,, is a restriction
of A* to the domain dom (A) = ker I'; N ker I'y,

dom (A) = W (R,,C") := {f € W*3(R,,C") : f'(0) = £(0) = 0}.

Due to our assumption on () the Weyl matrix solution ¥ ( z, x:) coincides with Jost matrix function
F(z, ), being the solution of the integral equation

F(z,x) = V=], — /00 % sin (vVz(z — 1)) Qt)F(z,t)dt, z€ C\{0}, (7.9)

where Im (1/z) > 0. The Weyl n X n matrix function is given by

M(z) = F'(2,0)F(2,0)"",  z€Cy.
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Let A’ and A be proper extensions of A disjoint with Ay := A* | ker(T'g). By Proposition
23, A' = Ap and Av = Ap with some operators B', B € [C"], i.e. dom (A = {f €
dom (A%) : f(0) = B'f(0)} and dom (A) = {f € dom (A") : f/(0) = Bf(0)}. Thus,
the boundary triplet II is regular for the pair {A’ A} Moreover, since ny(A) = n < oo,
condition (3.1) is satisfied and

det (B’ — M(2)) B det(B'F(z,0) — F'(z,0))

A= (B ME) (BRG0P 0)

A&

(7.10)

for z € p(A) N p(Ag). Using (4.6) we find the representation

det(B'F(z,0) — F'(z,0)) det(BF(,0) — F'(£,0))
det(BF(z,0) — F'(z,0)) det(B'F(&,0) — F'(£,0))

Ay a6 2) =
for z € p(A) N p(Ag) and € € p(A") N p(A) N p(Ap). In particular, if Q = 0, then M(z) =
My(z) :=i\/zI, and
det(B' — My(2))  det(B' —iy/z)
det(B — My(z))  det(B —iy/z)’

If A = Ao, then {Z/, Ao} & DM, However, according to (4.12) for any £, z € p(ﬁ) N p(Ap)
the generalized perturbation determinant AZ’/AO (& -)is

AT 2(z) = z € p(A) N p(Ay).

AR

x- B det(B'F(z,0) — F'(z,0)) det(F(&,0))
a6 2) = det(F(2,0))) det(B'F(£,0) — F'(£,0))

7.3 Dirac type operators on a finite interval

Consider in L*([0, 1], C™) the first order differential expression
. d
(AlN(2) = =B~ = f(2) + Q) (), f=col{fi,..., fu}, (7.11)
with a potential matrix Q(-) = Q(-)* € L*([0, 1], C"*™). Here B is n X n self-adjoint non-
singular diagonal matrix with not necessarily different eigenvalues,

B = diag (by,...,b,) = B* € C"™*". (7.12)

Denote by P_( P, ) the ortho-projection onto the eigenvectors of B corresponding to its negative
(resp. positive) eigenvalues. We put £ := dim P € {0,1...,n}. lf n = 2m and B =
(=L, I,,), then A'is equivalent to the Dirac expression.

The minimal operator A = A,,;, associated in LQ([O, 1], (C") with the differential expression
A is given by

(Af)@) = (Alf)(a),
dom (A) = WE([0.1.€7) = {f € WH([0,1],€") : £(0) = £(1) = 0}.
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Clearly, A is a closed symmetric operator with n(A) = n. Moreover, the maximal operator
Anax = A*is given by

(A f)(x) = (A[f])(x),  dom (A") =W"*([0,1],C"). (7.13)
Due to the regularity property (7.13) of the domain dom (A*) the mappings
VaLof = —iB ' (f(0) = f(1)), V2Lif = f(0)+ f(1), f € dom (A%), (7.14)

are well defined. Moreover, one easily checks that the triplet IT = {C™, Ty, I'; } forms a bound-
ary triplet for A*.

Let ®(-, z) be the (fundamental) n X n matrix solution of the Cauchy problem
o d
—iB d—q)(x,z) + Q(x)P(z,2) = 2®(x,2), ®(0,2)=1, z¢cC. (7.15)
x

Clearly, [(® = —iB~* (I, — ®(1,2)) and T1® = I,, + ®(1, 2). By Definition 2.4, the corre-
sponding Weyl function is

M(z) =i(I+®(1,2)) (I —®(1,2))"" B. (7.16)
Denote by AC,D a restriction of the operator A,,., to the domain
dom (Ac p) = {f € W"*([0,1],C") : Cf(0) + Df(1) = 0}, (7.17)

and assume the condition rank (C' D) = n, i.e. ker(CC* + DD*) = {0}.

The operator A= Ac. p is naturally associated with boundary value problem

—2'31%3/(:5, 2)+ Q(x)y(x, 2) = zy(z,2z), Cy(0)+ Dy(1) =0. (7.18)

Consider also an operator Al = Acr pr given by (7.17)—(7.18) with matrices C’, D" € C™*"
in place of C' and D. Suppose also that rank (C’ D') = n.

Proposition 7.2. Assume that0 € p(C'+ D)Np(C’'+ D'). Then the perturbation determinant

II . .
Ag//g(‘) is given by

_ det(C 4 D) det(C'+ D'®(1, 2))
 det(C" + D) det(C + D®(1,z))

A% (%)

Ta (7.19)

Proof. Itis easily seen that with respect to the boundary triplet II the operators Aand A’ admit
representations A = Ay = A* | ker(I'; — TTy) and A’ = Ap = A* | ker(I'; — T'Ty)
with the boundary operators 1" and T” given by

T:=i(C+D)yY(D-C)B and T :=i(C'"+D) (D —-C)B. (7.20)
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Combining (7.16) with (7.20) one easily checks that

det(T — M(2)) =

. _ _ (7.21)
(—2i)" det(C' + D)~ " det((I — ®(1,2)) ' B) det(C + D®(1, 2)).

Combining this relation with a similar relation for the determinant det (7" — M (+)) and using

AL

N 7(2) = det(T" = M(2)) (det (T = M(2))) ",

cf. (1.12), one proves (7.19). O

Remark 7.3. Recall that det (C + Dd(1, z)) is called the characteristic determinant of the

operator Ac p (cf. [5]) and [55]. Thus, formula (7.19) shows that up to a multiplicative constant
I

X ;(+) is aratio of the two characteristic determinants.

the perturbation determinant A

Proposition 7.4. Let A be the minimal operator associated in L*([0, 1], C") with the differen-

tial expression A (7.11) and let A= Ac.p € Ext 4 be its proper extension given by (7.17).
Then:

(i) Aissimple and p(A) = C.
(i) The operatorzzl/ = Ac p is m-dissipative if and only if
K :=DBD*—-CBC* > 0. (7.22)

If, in addition, ker K = {0}, then A= Ac p is completely non-selfadjoint operator with dis-
crete spectrum and R C p(A).

(i11) A€ Cy if (7.22) is satisfied and ker K = {0}. Moreover, the perturbation determinant

_ II
d() =A% ()
det(C* 4+ D*)  det(C + D®(1,z))
d(z) =A% - (2) = . 7.23
(2) A/A*(Z) det(C' 4 D) det(D* + B~'®(1,2)BC*) (7.23)
is an annihilation function for A, d(A) = 0.
(iv) The operator Ac.p is complete provided that it is m-dissipative and
det(CPy + DP-) # 0. (7.24)

In this case the perturbation determinant d(-) is the minimal annihilation function if and only if
dim ker(C' + D®(1,2)) = 1 forz € o(Ac,p) NCy = 0,(Ac,p).

Proof. (i) The statement immediately follows from the Cauchy uniqueness theorem.

(i) We confine ourselves to the case 0 € p(C'+ D). Then the corresponding boundary operator
T is given by (7.20). By the straightforward computation

—i(T = T*) =2(C+ D)"'K(C* + D*)". (7.25)
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Hence the dissipativity of 7" is equivalent to (7.22). In turn, by Proposition 2.3(iii), the m-
dissipativity of A7 = A¢ p is equivalent to (7.22).

Further, by (7.25), the condition ker XK' = {0} yields ker(7;) = {0}. Since T; > 0 and
ker(T;) = {0}, then, by Proposition 6.2(ii), A7 is completely non-selfadjoint operator with
discrete spectrum and R C p(Ar).

(iii) Let us find the matrices C',, D, parameterizing the operator .A*C,D by means of (7.17).
Without loss of generality we can assume that C' + D = [,,. Otherwise we replace C' and D
in (7.17) by (C + D)~'C and (C' + D)~!D, respectively. By (7.20) the boundary operator is
T =i(D — C)B. Setting

C,=BD*B™', D,=BC*B™', C.,+D,=1,, (7.26)

one easily gets T\, = i(D, — C,)B = —iB(D* — C*) = T*. Hence Ac, p, = (Ac.p)*. It
follows from (7.16) and (7.20) that

det(T* — M (z 2i)" (det(I — ®(1 z))) det(C, —|—D CID( ,2))
= (—2i)”(det([ @(1 z))) "det(B(I — C*)B™' + BC*B'®(1, 2))
— (=20)"(det(I — ®(1,2))) " det(D* + C*B~'®(1, 2) B)
Combining (7.26) with (7.21) we arrive at (7.23).

(iv) According to [55, Corollary 4.3] conditions (7.22), (7.24) imply the completeness of the
operator A¢ p. It remains to apply Proposition 6.2(iv) and note that due to (7.21) dim (ker(7"—
M(z))) = dim ker(C' + D®(1, z)). O

Remark 7.5. If () = 0, then the corresponding Weyl function (7.16) is
M(z) = diag (—by cot(27b12), ..., —b, cot(27'b,2)).

The annihilation function (7.23) is det (C' + D®(1, 2)) (det(D* + C*®(1, 2)))~".

7.4 Second order elliptic operators in domains with compact boundary
7.4.1 Basic facts on elliptic operators

Consider the second-order formally symmetric elliptic operator with smooth real coefficients in
a domain €2 C R™ with smooth compact boundary 0f?2,

3 _
Z a 5o T q(x), ap =a;, q=geCQ). (7.27)
j,k=1

Recall that ellipticity of .4 means that its (principle) symbol ag(x, £) satisfies

n

ao(z,€) = Y a(2)§& #£0,  (2,€) € A x (R"\ {0}). (7.28)

7,k=1
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Here basically following [34] and [51] we present some known facts on operators (7.27)-(7.28),
needed for computing the perturbation determinants.

Let A = A, be the minimal elliptic operator associated in L?(£2) with expression (7.27). Due
to Green’s identity the operator A is symmetric in L?(£2). Any proper extension A € Exty4
of A is called a realization of A. Clearly, any realization A of A is closable. We equip
dom (Ay,ax) with the corresponding graph norm. It is known (cf. [8, 49]) that for bounded do-
main 2 dom (A, ), equipped with the graph norm, coincides with the Sobolev space H3(2)
algebraically and topologically, dom (A,,;,) = HZ(£2). However, in contrast to the case of

ordinary differential operators, dom (Ap.,) # H?(£2) while
H*(Q) & dom (Amax) & Hip ().
Since the symbol ay(z, £) is real the operator A is properly elliptic (see [49]).

Hypothesis 7.6. A is uniformly elliptic and its leading coefficients a;;(-) are bounded and
uniformly continuous in {2 with all their derivatives. Further, let ¢ € L>(Q2) N C*(12).

In particular, assuming Hypothesis 7.6 we have dom (A,,;,) = HZ(Q) even for unbounded

domains. Notice that for bounded €2 any elliptic differential expression A with C'(£2)-coefficients
is automatically uniformly elliptic in €2.

Denote by % the conormal derivative:

0 _ 0
% = j 1221 Qjk (I) COS(?’L, .I'J)a—xk (729)
and set
ou ou
Gou == Yu := ulsa, Giru = (—) = (—) , u € dom (Apax)-
ov o /)| sq

We define the Dirichlet and Neumann realizations /Algo and Eol by setting

A\Gj = Amax rdom(A\Gj)v

~ (7.30)
dom (Ag,) = {ue H*(Q)|Gju=0}, je{0,1}.

It is well known that under Hypothesis 7.6 the realization EG]. is self-adjoint in H°(2) :=
L*(Q),ie. Ag, = AGj,j € {0,1}.

To apply Proposition 4.3 and Corollary 4.6 we need a boundary triplet for A*. Note, that the
classical Green’s formula reeds now as follows

ou v
(Au,@)—(u,Av):/(99 (E-v—u-%>ds (7.31)

:/ (Glle_oU—G()UG_lU) dS, U,U€H2<Q).
[2}9]
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Proposition 7.7 ([34]). Let the Hypothesis 7.6 be satisfied and let 0 € p(ggo). Then for any
s € R the operator GG isomorphically maps the set

Z5(Q) = {uc H(Q) : Apaxu =0}  onto  H*V2(0Q).
Definition 7.8 ([34, 68]). Assume Hypothesis 7.6.

(i) Letz € p(Ag,) and ¢ € H"Y/2(9(2), s € R. Then one defines P(z)¢ to be the unique
u € Zj_z]LQ(m(Q) satisfying Gou = .

(i) The Poincare-Steklov operator A(z) is defined by
A(z) : HV2(0Q) — H32(09), A2)p = G1P(2)e. (7.32)

To be precise we denote the operator A(-) : H*(0Q) — H*1(9Q) by A(-). Notice that
As(2) € [H*(09), H=1(09)].

Further, let Agq be the Laplace-Beltrami operator in L?(92). Since —Agq > 0, the operator
(—Agq + I)~*/% isomorphically maps L2(92) onto H*(992), s € R.

Notice that the classical Green formula (7.31) cannot be extended to u, v € dom (A*) since the
traces Gou and G u belong to the spaces H~'/2(99) and H~3/2(0%), respectively (see[49,
35]). A construction of a boundary triplet for A* as well as the respective regularization of
the Green formula (7.31) goes back to the classical papers by Vishik [68] and Grubb [34]. An
adaptation of this construction to the case of boundary triplets in the sense of Definition 2.2 was
done in [51]. First we recall a result from [51] that modifies and completes [34, Theorem 3.1.2 ]

Proposition 7.9 ([51, Proposition 5.1]). Let the Hypothesis 7.6 be satisfied and let0 € p (A\GO).
Then the following statements are valid:

() The totality IT = {H,To,T'1}, where H := L*(91) and

Fou = (—Aag + I)_1/4G()U,

ed Anax), 7.33
Lyw = (—Boo + D)4 — AL (0)Go)u, om (A, (7:39

forms a boundary triplet for A*. In particular, the Green formula
(A", v)2() — (u, A"0) 20y = (D1, Tov) r290) — (Lo, T1v) 1200, (7.34)
u,v € dom (A*), holds and Ay := A* | ker(I'g) = EGO.

(0) has the regularity property

(i) The operator valued function A_1(z) — A_s

—
N
~
|

=

1(0): H2(00) — H'2(09),  z€p(Ag,). (7.35)

Moreover, A_1(z) —A_1(0) € [H-12(09), H2(9Q)] forany z € p( Ag,).

1
2
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(iii) The corresponding Weyl function is given by

M(z) = (—Agqn + 1)1/4(A_%(z) —A (0))(—Aaﬂ + 1)1/4, z e Cy. (7.36)

_1
2

In contrast to the mapping I' = {T'y, "1} : dom (Apax) — L2(0Q) x L?(0), the mapping
G ={Gy, Gy} : dom (Apax) — H™V2(0Q) x H=3/2(09Q) (7.37)
is not surjective. The following statement describes the range ran (G).

Corollary 7.10. Let the assumptions of Proposition (7.9) be satisfied. Then for any pair
{ho,hi} € HY2(0Q) x H=*2(9Q) the system G, f = hj,j € {0,1}, has a solution
f € dom (Amax) if and only if

hy — A_1(0)hg € H*(09). (7.38)

_1
2

Proof. If (7.38) is satisfied, then it follows from Proposition (7.9)(i) and the surjectivity of [' =
{To,T1} : dom (Anax) — L2(09Q) x L*(99) that the system

I'yf = <—A3Q + ])_1/4h0

Flf = (—A@Q + 1)1/4(]11 - A_%(O)ho)
has a (non-unique) solution f € dom (A,.x). According to definition (7.33), f also satisfies
the system G, f = h;, j € {0,1}.
Conversely, let f € dom (Amax) satisfy G, f = h;, j € {0,1}. Then,

(0)ho = G1f = A_1(0)Gof = (—Doa + I)"V'T1 f € H/?(00)

2

hi — A

_1
2
which proves (7.38). O

For any operator K : H~/2(0Q) — H~3/2(0Q) we set

A\K = Apax [dom(A\K), 7.3
dom (A k) = {f € dom (Amax) : G1f = KGof}. '

~

Obviously it holds dom (A) C dom (A k) C dom (A*) = dom (Aax) but in general the
operator fAlK is not closed. That is the reason why EK is in general not a proper extension of
A, cf. Definition 2.1. In the following we denote the set of all not necessarily closed extensions of
A with domain between dom (A) and dom (A*) by Ext . Obviously one has Ext 4 C Exty.

Lemma 7.11. Assume the Hypothesis 7.6. Let A € Ext A and let G be the mapping given by
(7.37). Then the following three statements are equivalent:

@) A admits the representation (7.39), i.e. A=A K-
(i) Gdom (A) is a graph of an operator K : H=Y/2(8Q) — H—3/2(09), i.e.

Gdom (A) = gr (K). (7.40)
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(i) A and Ag = A G, are disjoint.

Qombinﬂwg Proposition 2.3 with Proposition 7.9 this yields the parameterization of realizations
A = A g by means of boundary operators (see (2.3)). However in contrast to the parame-
terization (2.3), parameterization (7.39) is not bijgctive:jwo differgnt K and K3 may corre-
spond to the same A, i.e. it might happen that A = A g, = A k,. Moreover, an operator
K : HY2(0Q) — H~3/2(0Q) in (7.39) is not arbitrary, i.e. not each such K can satisfy
(7.40). Next we describe those operators K admitting representations (7.40).

Lemma 7.12. Let Hypothesis 7.6 be satisfied and 0 € p(AGO) let K : H™Y/2(08)) —
H=3/ 2(0N2). There is a not necessarily closed extension A € Ext A such that (7.40) is valid if
and only if the regularity condition

ran (K — A_1(0)) € H'/2(0Q) (7.41)
is satisfied. Moreover, Ais disjoint with Ag and A= A K-

Proof. Let K : H™Y/2(98)) — H~%/2(09) be a linear operator such that (7.41) is satisfied
and let {ho, h1} € gr (K). Since hy = Khgone has hy — A_%(O)ho = Kho— A_%(O)hg €
H'/?(992). By Corollary 7.10, there is f € dom (Apay) such that h; = G f, j € {0,1}.
Setting A := Apay | dom (A),

dom (A) := {f € dom (Amax) : Gf = {ho, h1} € gr (K)},

we define a generalized proper extension of A such that gr (K) = Gdom (A). By Lemma 7.11
Ais disjoint with A, and according to (7.39) A= Ag.

Conversely, assume that Gdom (A) = gr (K) for some A € Ext 4. Then by Lemma 7.11(ii)
for any {ho, h1} € gr(K) thereis f € dom (,Z) such that Gf = {hg, hy}. By Corollary
7.10 one has hy — A_1(0)ho € H'Y2(0%2). Hence Khy — A_1(0)ho € H'Y2(0R) for any
ho € dom (K') and condition (7.41) is satisfied. O

Note that any K : H~Y/2(9Q) — H~3/2(9<2) defines realization A x by (7.39). However if
K does not satisfy regularity condition (7.41), one has only inclusion Gdom ( EK) Cgr(K)
instead of equality (7.40). In this case according to Lemma 7.12 alongside the operator /X we
consider its restriction K’ : H~1/2(9)) — H~3/2(982) given by

K':= K | dom (K'),

dom (K') := {h € dom (K) : Kh — A_ (7.42)

(0)h € HY?(0Q)} C dom (K).

~

Clearly, gr (K') = Gdom(A ), i.e. Ak = A . For instance, consider the zero operator

~

O : H-2(8Q) — H3/2(0Q). Then Ag = A,. However, O := O | dom (0),
dom (Q) :={f € HV2(09) : —A_1(0)f € HV*(00)} = H¥*(09). (7.43)

_1
2
Hence Eel = ﬁ@/ and dom(ﬁ(;l) ={f e H*Q): G f =0}.

Next we describe certain properties of realizations A x by means of boundary operators with

respect to the boundary triplet IT given in Proposition 7.9.
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Proposition 7.13 ([51, Proposition 3.8]). Assume the conditions of Proposition 7.9. Let K :
H=2(0Q) — H™3/2(0Q) and let 1 = {L?(09Q),T, I';} be the boundary triplet for A*
given by (7.33). Then the following holds:

(i) EK = Ap,., where Ap, = A* | ker(I'y — BkI'1) and

By = (Do + )4 (K" — A3 (0))(~Doq + 1)'/*: L2(00) — L2(99).  (7.49

1
2

(i) The operator A K Iis closed (and necessarily disjoint with Aqg = A o) if and only if the
operator K' — A_1(0) : H=12(0Q) — HY%(09) is closed.

(iii) Let A K be not closed (but necessary closable). Its closure is disjoint with Ag if and only if
the operator K — A_1(0) : H=Y2(0Q) — HY?(09Q) is closable.

~

(iv) Ifz € p(Ao). thenz € p( A k) if and only if the operator K'—A_1 (z) maps dom (K”) C
H=Y2(0Q) onto H'/?(0)) and its kernel is trivial.

Proof. (i) Since A\K = A\K/, we get from (7.42) that

Gif —A_1(0)Gof = (K' = A_1(0)Gof, f € dom (A ).

1 _1
2 2

Combining this relation with definition (7.33) it yields

Dif = (=Qp0+ DYH(K = A
= (—Aag -+ 1)1/4<K/ —A

(0)(—=Apg + DV (=Apg + 1) VG f
(0)(=Apq + DVTof, fe€ dom(ﬁK).

=

D=

Hence, if f € dom(ﬁK), then f € ker(I'; — BgT'y). Therefore /AlK C Ag,.

Conversely, if f € dom (Ap,.) = ker(I'y — BgT'y), then combining (7.33) and (7.42) yields
G1f = K'Gyf.Hence dom (A, ) Cdom (Ak)and A = Ap,.

(ii) ﬁK is closed and disjoint with A if and only if B is closed. In turn, By is closed if and
only if K/ — A_1(0) : H~Y/2(9Q) — H'Y?(0Q) is closed.

(iii) The closure of EK is disjoint with Ay if and only if B is closable. In turn, By is closable
simultaneously with K" — A_1 (0).

o~

(iv) By Proposition 2.5, z € p( A k) ifand only if 0 € p(Bx — M(2)) where M (-) is the Weyl
function given by (7.36). Combining (7.44) and (7.36) yields

Br — M(2) = (—Qpq + DY K" — A_1(2))(—Apq + 1)V4, (7.45)

1
1

However, 0 € p(Bx — M(z)) if and only if the operator K" — A_1(z) : H2(0Q) —
H'2(082) has a bounded inverse. O
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7.4.2 Perturbation determinants

To state the next result we recall the following definition.

Definition 7.14. Let S,(9) = {T € &.(9) : s;(T) = O(j~7), as j — oo}, p >
0, where s5;(T), j € N, denote the singular values of T (i.e., the eigenvalues of (T*T)'/?
decreasingly ordered counting multiplicity).

It is known that S,()) is a two-sided (non-closed) ideal in [$)]. Clearly, S,, C S, if p1 > po.
An important property of the classes Sp(fj) needed in the sequel is

Sy - Sy, CS,, where pt=p;t+pyt (7.46)

Theorem 7.15 ([51, Theorem 4.13]). Assume the Hypothesis 7.6. Let Ay := EGO and 0 €
p(Ao). Further, let K : H='/2(9Q) — H~*/%(0S2) be an operator satisfying dom (K) C
L*(0R2) andran (K) C L*(09Q). Then

(A —2)7" = (Ao —2)7 € Sua(I2(Q)), 2 € p(Ak) N p(Ay). (7.47)
For n = 2 the resolvent difference in (7.47) is of trace class operator.

Lemma 7.16. Let X, Xy, and ) be Banach spaces and let X : X — %) be a closed
operator with bounded inverse. Assume that X is a dense subset of X and the embedding
J 1 Xy — X is continuous. If dom (X') C JX,, then the operator Xy := XJ : Xg — 9,
dom (Xy) :={f € Xo: Jf € dom (X))} is well defined, closed, and has a bounded inverse.
Moreover, Xt = J X .

Proof. The first statement is well known since X is closed and J is bounded. The second
statement immediately follows from ran (X) = ran (X,) = 2. O

In what follows we apply Lemma 7.16 with X = H~Y2(09Q), X, := H°(09), Y =
H'Y2(09Q) and Q) := H~3/2(012). Denote by .J the embedding operator,

J: HY0Q) = L*(09) — H V2(0Q), Jf=f. (7.48)
Let K : H-'/2(0Q) — H—3/2(09). Since dom (K) C JL?(05), we can set

Ky :=KJ: H(0Q) — H3?(09),
dom (Ky) := {f € H°(0Q) : Jf € dom (K)}.

Clearly, Ag(z) = A_1(2)J, dom (Ay(2)) := JH®(9R), and

_1
2

K| := Ky | dom (K}),

(7.49)
dom (K}) == {f € dom (Ky) : (Ko — Ao(0))f € HY?(9Q)}.

Clearly, K, = K'J : H(0Q) — H~3/2(09Q).

Now we are in position to state the first main result of this section.
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Proposition 7.17. Let the assumptions of Theorem 7.15 be satisfied and let 1T = {H, Ty, "1 }
be the boundary triplet given by Proposition 7.9 (cf. (7.33)). If 0 € p(Ag) N p( A k), then the
following holds:

(i) Foranyz € p( A k)N p(Ay) the operator K’ — A_1(z) : HTV2(09) — H'?(09) is
boundedly invertible and

(K' = A_1(2))7" € Sz (H'2(09), HV(092)). (7.50)
In particular, if n = 2 then

(K'—A_1(2))" € G (HY?(0Q), H/2(09)). (7.51)

2

(ii) Letn = 2. Then the transposed boundary triplet 11" = {H,—T'1, Ty} is regular for the
pair { A i, Ao}, and the perturbation determinant Arg /Ao () is
K

T

AT (2) =det, (1 — (K= A_1(0)) (A4 (2) - A_%(O))>
([ — (A_1(2) = A_1(0)) (K"~ Af%(o))_1> :

(7.52)
= det .

1
2

NI

(i) Letn = 2. Then (Ag(2)—Ao(0))(K)—Ao(0))™t € &1 (HY/2(052)) and the perturbation

determinant A (-) admits the representation
Ak /Ao

A (2) =det

Ak [Ao

(1 — (Ao(2) = Ao(0))(KG — Ao (0))7") - (7.53)

1
2

Proof. (i) Combining Proposition 2.5(i) with Proposition 7.13(i) this yields 0 € p(Bx — M(z))
forany z € p( A k) N p(Ao) where By is given by (7.44). In turn, combining Proposition 2.6
with Theorem 7.15 implies (Bx — M(z))™! € S%(HO@Q)). It follows with account of

(7.45) that

(]— Aaﬂ)—1/4<K/ —_A 1(2‘))_1(] i ABQ)_1/4

= (Bx — M(2))™" € San2(H(09)).

Since (I — Ago)~1/* isomorphically maps H*(9Q) onto H*t1/2(9Q) for s € R we arrive at
(7.50). Further, for n = 2 inclusion (7.50) implies

(K' = A_i(2))7" € S2(H'(0), H~V2(09)) € &,(H'*(09), H'*(99)).

T2
This proves the last statement.
(i) Since n = 2one has (A x—z) " —(Ag—2) " € &1(L*(2)) by Theorem 7.15. Further, by

Proposition 7.13(i), the condition 0 € p(Ap) N p( A i) is equivalentto 0 € p(Bx — M (0)) =
p(Bg). By Definition 3.2 one easily checks that the boundary triplet IIT = {H, —T';, Ty} is
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regular for the pair { A ., Ao}, hence { A s, Ay} € D", and the perturbation determinant
%TK/AO(-) is given by (1.8). Inserting in this expression formulas (7.36) and (7.44) we get
AL (2) = det 290 (I — Bg'M(2)) =

Ak /Ao
(0)7H (A

detypo (T— (1 = Ag) V1K'~ A 1(2) = A () — Aga) )

1
2

-~

for z € p(Ag) N p(Ag). Further, according to Proposition 7.9(ii), Afé(z) —
A_1(0) € [H=2(0Q), H'/2(052)]. Combining this inclusion with (7.51) we get T5(2) €
S, (H(00Q), H~/2(082)) where

Ty(=) = (K = Ay (0)) (A3 () = A3 ()T = Aon)", = € p(Ax) N p(Ay).
Noting that Ty = (I — Agq)~'/* isomorphically maps H~/2(9Q) onto H°(9S2) we see that
Ty(2)T is well defined and Ty (2) T} € &1 (H~'/2(952)). Moreover, due to the inclusion (7.51),
T\T»(z) € &1 (H(0R)). Taking both last inclusions into account and applying property (2.11)
we arrive at the equality
T
AI:IZX\K/AQ (Z) = deth(aQ) (I — TlTQ(Z)) = detH—1/2(89) (I - TQ(Z)Tl)

coinciding with the first identity in (7.52). The second identity in (7.52) is implied by combining
the first one with the property (2.11). Note that the applicability of (2.11) is possible due to
inclusion (7.51) and Proposition 7.9(ii).

(iiiy By Lemma 7.16, the operator (K} — Ao(0))~ : HY2(092) — L?(09) is bounded and

-~

(K" = A_1(0)™" = J(Kg = Mo(0)™". 2z € p(Ax) N p(Ao). (7.54)

1
3
Combining this formula with (7.51) we get J(K), — A¢(0))~! € &,(HY%(0Q)). Therefore
inserting (7.54) into the second formula in (7.52) we get

T

AT (2) = det g (1 - (A_%(z) - A_%(O)> J (K} — AO(O))_1> .

To arrive at (7.53) it remains to note that A_1(2)J = Ay(z). O

3
Combining the chain rule (5.1) with Proposition 7.17 one arrives at the following statement.

Corollary 7.18. Assume the conditions of Proposition 7.17. Further, let K; : H1/2(0Q) —
H=3/2(99) satisty dom (K;) C L*(0Q) andran (K;) C L?(d9), j € {1,2}. Assume also
that 0 € p(Ao) N p( Ag,) N p( Ag,). Then the boundary triplet 11T = {H,—T,T¢} for

Anmax Is regular for the family { A Kis A K, Ao}, and the perturbation determinant Arg /A )
2 1

where A := AK]. is

det

AL (2) = il
Ao/ 4 det
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Our next goal is to show that under additional restrictions on K the perturbation determinant

Ag /4o (-) can be computed in L?(912). To this end we introduce the operator-valued function

Aoo(+) : HY(092) — H(0R) by setting
Aoo(z) == Ag(2) | dom (Ago(2)),

dom (Ao (2)) = {f € dom (Ao(2)) : Ao(2)f € H(DQ)}. (7.58)
Lemma 7.19. Let( € ,O(EGO). Then
dom (Ago(z)) = HY(8), z€p(Ag,), (7.57)

and, forany z € p( A g,)Np( A q,) the operator (Ago(z)) " exits and satisties (Ago(z)) ™ €
S1(H°(092)). Moreover, if 0 € p( Ag,) N p( Ag,), then the operator Ag o(0) is self-adjoint,
has discrete spectrum, and (A o(0))~! € S1(H°(09)).

Proof. It follows from Definition 7.8 that dom (Ago(-)) 2 H'(9N). Let us prove the equality
(7.57). Since both realizations AGO and AG1 are self-adjoint, p(AGO) N p(AGl) D Cu..
Letz € p(Ag,) Np(Ag,). Then dom (A;(z)) = H(9) and A, isomorphically maps
H(99Q) onto H(99) (see [34, Theorem 5.2]). Since Ago(z)h = Ai(2)h for h € H'(9Q)
we conclude that dom (Ag(2)) = H'(9Q) and ran (Ago(z)) = H°(99).

Next let 7y = Zg € p(Ag,) \ p(Ag,). We can assume without loss of generality that
xg = 0. Otherwise we replace the expression A by A — z¢l. Then, by Proposition 7.9(ii),
the difference 7'(z) := A_1(-) — A_1(0): H=Y2(0Q)) — HY2(0Q) is bounded. Hence
the operator Ag o(+) — Ago(0) being a closable restriction of T'(-) on H"(912) is bounded on
H°(9). Hence dom (Ag(0)) = dom (Agp(2)) = H'(0Q) for = € p(Ag,). Further,
since ran (Ago(2))™!) = HY(0Q) for 2 € p(Ag,) N p(Ag,). we have (Ago(2))! €
S1(HO(60)).

Clearly, for any g = Ty € p(/AlGO) the operator Ag () is symmetric. If, in addition, zy €
p(Ag,), then the operator Ago(x) is self-adjoint since ran (Agg(zg)) = HO(8Q). If 0 €
p(ﬁgo) \ p(ﬁgl), then the self-adjointness of Ay o(0) is implied by the self-adjointness of
Aoo(zo) with zg = Ty € p( /Algo) N p( A g,) and the boundedness of Ao o(xg) — Agp(0) on
HO(00).

Further, since the boundary 0f2 is compact, the spectrum of A070(0) is discrete. Moreover,

since by (7.57), ran (Ao o(2)) ™) = H(09)) for p( A g, )Np( A, ), we have (Ago(2)) " €
Sy(HO(002)). N

Now we prove the main result of the section. Namely, we show that under additional assumptions
on K determinant (7.53) can be computed in L?(952).

Theorem 7.20. Assume the Hypothesis 7.6. Let K : H~Y/2(0Q) — H~3/2(0Q) be an
operator satisfying dom (K') C L*(0€2) andran (K') € L*(9). Letalso that0 € p( Ag, )N
p(Ag, ) N p( A k) and let

Ko = KJ: H(0Q) — H°(09), dom (K) = Jdom (K,), (7.58)
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where J is the embedding operator given by (7.48). If K o is relatively compact with respect to
AO,O(O)f then

1

(Aoo(2) — Moo (0)( Ko — Aog(0)) " € S1(H(9Q)) € &,(H (D)), (7.59)

1
2
2 € p(Ag)Np(Ag,), and the perturbation determinant AI}TK / AO(~) given by (7.52) admits
the representation

T

AR, 4, (2) = detrzgon) (I — (Aoo(2) = Agp(0)( Ko — Ao,o(o))‘l) , (7.60)

-~

forz € p( A )N p( Ag,). In particular, representation (7.60) holds whenever K is bounded,
ie. Ko € [H(09)].

Proof. We prove the theorem in two steps.

1. Let us prove the inclusion (7.59). According to (7.35), Ag(2z) — Ag(0) : H°(02) —
H'Y2(052). Hence

Ao(2) = Ao(0) € So(H(99)), 2 € p(Ao). (7.61)
Further, by (7.48), J* continuously embeds H'/2(92) into H°(S). Therefore
T*(Ao(2) = Ao(0)h = (Ao o(2) — Aoo(0))h, € H'(99). (7.62)

Combining relations (7.62) and (7.61), using the inclusion J* € Sy(H'/?, H°) and taking into
account property (7.46) of the ideals S, we obtain

Aoo(2) — Aoo(0) € SI(HY(0Q)), = € p(Ay). (7.63)

By the assumption, dom (Ky) C H°(9). Hence and from definitions (7.42), (7.49), one
gets dom (K|)) € H°(92). Moreover, since ran (K) C H°(9S), by the assumption, and,
by (7.42), Koh — Ag(0)h € HY2(0R) for h € dom (K}), one has Ag(0)h € H°(99)
for h € dom (K}). Therefore, by (7.56), Ag(0)h = Ago(0)h for h € dom (K) and
dom (K{) C dom (Ag(0)). Combining this inclusion with Lemma 7.19, yields dom (K)) C
H(02), hence (7.49) takes the form

dom (K}) := {h € dom (K;) N H'(99Q) : Koh — Ago(0)h € HY?(5Q)}.
Besides, since J* (continuously) embeds H'/2(92) into H°(0S2), we get
J* (K} — Ao(0))h = (Ko — Moo(0))h,  h € dom (K}). (7.64)

Clearly, EK = A\KO. Therefore, by Proposition 7.13(iv) the condition 0 € p(A\KO) with account
of dom (K}) C H°(99), yields ran (K}, — Ag(0)) = ran (K’ — A_1(0)) = HY2(00).
Combining this relation with (7.64) shows that ran (K — Ago(0))(D HY2(8%)) is dense in
HOY(09). Let us show that 0 € p(Ky — Ag(0)).
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First, by Lemma 7.19, the operator AO,O(O) is self-adjoint and its spectrum is discrete. In par-
ticular, Ago(0) is a Fredholm operator with zero index. Next, since Ko is Ao 0(0)-compact,
dom (Ko — Ago(0)) = dom (Age(0)) = H(0R) and Ko — Ago(0) is also Fredholm op-
erator with zero index [36, Theorem 4.5.26] (in fact, it has discrete spectrum too). Therefore
the range ran (Ko — Ao0(0)) is closed and being dense in H(9S2), coincides with H°(992).
Since ind(Ky — A(0)) = 0, the latter is equivalent to 0 € p(lA(O — N 0(0)).

Further, due to the assumption 0 € p( Ag, ), Ao o(0) is invertible and (Ago(0))™! €

S1(H(09)). Therefore the operator (I — [A(O(A(),()(O))*l)*l exists, is bounded on H°(952),
and

(o= B0o(0) ™" = = (Ag0(0)) ™ (1 = Ko(Aao(0) ") € Si(H(002)).
Combining this relation with (7.63) and applying (7.46) we arrive at (7.59).

2. In this step we prove (7.60). Since ran (K) C L?*(02), the operator Ky = KJ :
HO(E)Q) — H73/2(9Q) satisfies ran (K,) € L?(0S2). However, we distinguish between
KO and KO defined by (7.58). Note that, by Proposition 7.13(iv), the condition 0 € p(AKO) =
(AK) also implies ker(K} — Ag(0)) = ker(K' — A_%(O)) {0}, i.e. the inverse
(Kh— ANo(0))71 - HY2(092) — H°(09Q) exists. Combining Lemma 7.16 with (7.64) yields
(Ko = Aoo(0) 71" = (I§ — Ag(0)) 7. (7.65)

Inserting (7.65) into (7.53) we obtain

Alf]‘l; 14,(2) = det 4 5 (00) (I — (Mo(2) — Mo (0) (Ko — Ao,o(O))_lJ*> .

Using (7.59) and applying the cyclicity property (see (2.11)) we get
A () = detion) (1= T (Ao(2) = Ao(0)) (K g = A00(0) 7).

z € p( ﬁK) N p(Ap). Combining this identity with (7.62) we arrive at (7.60). O

Remark 7.21. Note that though the assumption 0 € p( Ax ) implies ker(K}, — Ag(0)) =
{0}, we cannot conclude from (7.64) that ker( Ko — Ao(0)) = {0} Indeed, the inclusion
J* (K} — Ao(0)) C Ko — Ago(0) is always strict since the range ran (J*) = HY/2(0Q) is
only dense in H°(92) in opposite to ran (K — Ao o(0)) = HY(09).

Corollary 7.22. Assume the Hypothesis 7.6. Let K; : H~'/2(0Q) — H~3/2(0Q) be an
operator satisfying dom (K;) C L*(0Q) and ran (K;) C L*(00), j € {1,2}. Further, let
0€ p( Ay ) N pl Ay ) 1 p( A k), and

Kj,O = K;J : H(0Q) — H°(99), dom (K;) = Jdom ( Jo) j€{1,2}.

If the operator K j,0 Is relatively compact with respect to AO,O(O), then the perturbation deter-

minant AH Ao/ A (+) given by (7.55) admits the representation

detL2 (I — (A070(Z) — A070(O))( [?270 — A070(O))71)
det (1 — (Moo(2) = Aao(0))( Ky — Ao,o(o))‘l) ’

o’ _
AAKQ / Ak, (Z) o
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forz € p(Ag,) N p( Ak, ) N p( Ag, ).
Proof. The proof follows from Corollary 7.18 and Proposition 7.20. O

Consider Robin-type realizations

— Apax [ dom (A,),

fl” (7.66)
A,) = {fEHQ(Q):Glf:aGOf}.

dom (

~

It follows from the classical a priory estimate (see [2, Theorem 15.2]) that the realization A,
is closed whenever o € C2(92). Moreover, in this case p( A,) # 0 and A, is self-adjoint
whenever o is real.

Let & denote the multiplication operator induced by o in L?(952).
Corollary 7.23. Assume the conditions of Theorem 7.20. Let o € C2(8Q) 0 € p(A,) N
p(Ag, ) N p(Ag, ), and let1l = {H,Ty,T'1} be the boundary triplet, given in Theorem 7.9.

Then the transposed boundary triplet 11" = {H,—T"y, T} is regular for the pair { A o Ao}
and forz € p( A,) N p(Ap) the perturbation determinant Arg / A0(~) is

AI}{: /AO(Z) = detL2(3Q) (I — (AO,O(Z) — AQQ(O))(& — Aoyo(O))_l) .
Proof. Setting K = & and noting that o € C?((2) we easily get from (7.66)
dom (K — A_1/5(0)) = dom (K) = dom (7 ) C ran (Gy) = H**(99).

Since A3/2(0) is a restriction of A_15(0), then according to (7.32) ran (A_1,2(0) |
H32(0Q)) C HY2(09Q). Further, the assumption o € C*(09) yields ran (K |
H3/2(6Q))) C H*?(0%). Combining these inclusions we arrive at the regularity property
ran (K — A_1,2(0)) C HY?(09) (see (7.41)).

Hence K’ = K (see definition (7.42)) and dom(AK) = dom(//l\a). Since
dom (K), ran (K) C H3/2(09), then, by (7.58), Ko = K = 5. Finally, since Ko = 7 €
[H°(99)], one completes the proof by applying Proposition 7.20. O
Appendix

Following [69, Section 8.1] and [11, 31]. we summarize some basic properties of the perturba-
tion determinants Ag /g () and Agr (&, 2).

A point 25 € ap(T) is called a normal eigenvalue of T’ if it is isolated and its algebraic multiplicity
m, (1) is finite. An isolated eigenvalue z, € o,(T) is called normal if the Riesz projection
P,y = —= = ho|=5 Ry (z)dz is finite dimensional. In this case m., = dim (P,,). We also
setm,, (1) := 0if zg € p(T).
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Further, if the function f(-) is analytic in a punctured neighborhood of z; € C and z is not an
essential singularity of it, then the order ord (f(zo)) of f(-) at zg € C is the integer k € Z
in the representation f(z) = (z — 29)*g(2) where g(2) is analytic at 2y and g(zy) # 0, [31,
Chapter 1V.3].

Proposition A.1.
G) If{H" H'} € ® and {H',H} € D, then
z1&1”/}1/(57 Z)KH’/H(& z) = ZH"/H(fa z), ze€p()Np(H).
In particular, if {H",H'} € ® and{H',H} € ©
Apgryg(2)Apa(2) = Agryu(z), z € p(H') N p(H).
(i) IF{H',H} €D, then {H,H'} € D and
A& 2) Ay (§,2) =1, 2 € p(H') M p(H). (a.1)
In particular, if {H',H} € ©, then {H, H'} € ® and

Apym(2)Aum(2) =1, 2z € p(H") N p(H).

(iii) Let {H',H} € D. If 2 is either a regular or a normal eigenvalue for H' and H with
algebraic multiplicities m.(H') and m_(H), respectively, then ord (Ag:/u(§,2)) =
m.(H') — m,(H). If in addition {H', H} € D, then ord (A u(2)) = m.(H') —
m,(H).

(iv) If{H',H} € D, then

— Ny (&2) =tr (H—2)"" = (H' —2)7"), (a.2)

) If {H’,H} € 5, then {H/*,H*} € 5 and ZH’*/H*(EwZ) = KH//H(&?) for
z € p(H*). In particular, if {H', H} € © and {H™, H*} € D, then Ay /p-(2) =
Apryn(Z) forz € p(H*).

~vi) If{H' ,H} € D, then the following identity holds

zH’/H(évz) :g ) H HNYN ol H
R0 (G, 2), z€p(H), ¢ep(H)Np(H).
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In particular, if {H', H} € D, then

Apryn(z)
Apru(Q)

forz € p(H) and( € p(H') N p(H).

= det ([+ (z — C)(Hl - C)—1V(H — z)_l) )

The proof of second part of point (v) is not obvious and is based on the following lemma.

Lemma A.2. Let T be a densely defined closed operator such that 0 € p(T'). Further, let C
be a linear operator such that dom (C) 2 ran (T). If T-1C € &,(9) and CT~! € &,(9),
then

det(I + T-1C) = det(I + CT™1). (a.3)

Notice that Lemma A.2 generalizes the following known property of determinants:
det(I +7T) = det(I +T%).
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