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Abstract

We consider the equation (—A)*u + u = uP, with s € (0, 1) in the subcritical range of p.
We prove that if s is sufficiently close to 1 the equation possesses a unique minimizer, which is

nondegenerate.

1 Introduction

The purpose of this paper is to provide some nondegeneracy and uniqueness result for solutions of
an equation driven by a nonlocal operator. In striking contrast with the local case, extremely little is
known about these topics in the nonlocal framework and a satisfactory analysis of the problem is still
largely missing, in spite of some striking recent contributions in specific cases.

Our approach is to obtain some nondegeneracy and uniqueness results by compactness and bifurca-
tion arguments from the local case, that is when the fractional parameter involved is sufficiently close
to being an integer.

Let us introduce the setting in which the problem is posed. Let N > 2 be the dimension of the ambient
space R and let s € (0, 1] be our fractional parameter.

We consider the fractional exponent

2N
2::: m ifN}S,OI’N:2andSE<O,1),
+00 if N=2ands=1.

We recall that this exponent plays the role of the classical critical Sobolev exponent for the fractional
Sobolev spaces (see, e.g., [9] for a gentle introduction to the topic, and notice that 27 is increasing in s
and coincides with the classical Sobolev exponent for s = 1). We consider here the fractional Sobolev
space

H*(RY) = {u e LA(RV) : /

R

€12 [l dg < oo},
N
with norm
Julf? o= [ (1 IR dE = Nl + [ T€laF de,
RN RN
where, as usual, U is the Fourier transform of the function u, namely
1

u() = e "ty (x)d.
€= g [, o




We also denote by 2 ,(RY) the space of the radially symmetric functions of H*(R"). We recall that

rad

2* provides a compactness threshold for such radial functions, since L(IR") is compactly embedded
in H? ,(RY) for every q € (1,2") (see Proposition 1.1 in [20]).

rad

In this functional framework, we are concerned with the uniqueness and nondegeneracy properties of

the positive functions solving the fractional elliptic semilinear problem
(1.1) (—AYu+u=u" inRY.

Here we take p € (1,2%—1) (i.e., the exponent p+1 is subcritical with respect to the above mentioned
embeddings). Problems of this type has received a great attention recently, both by themselves and
in connection with solitary solutions of nonlinear dispersive wave equations (such as the Benjamin-
Ono equation, the Benjamin-Bona-Mahony equation and the fractional Schrédinger equation, see e.g.
[3,4,15,21,22,31]).

In this framework, the classical, local Hamiltonian operator is replaced by a fractional, nonlocal one,
and the classical diffusion induced by Brownian motions is replaced by a non-local diffusion driven by

2s-stable Lévy processes.

These type of fractional operators are now becoming also very popular in real-world models (for in-
stance in financial mathematics, nonlocal stochastic control, nonlocal electrostatics, denoising and
image processing, oceanography, dislocation dynamics in crystals, etc.), see for instance [9] and ref-

erences therein.

Since the fractional Laplacian of ¢ € CSO(RN) may be defined via Fourier transform as
(1.2) (—A)p(&) = [g]*B(€)  for& € RY,

we may apply Plancherel’s formula and adopt a weak (or distributional) notion of solution u € HS(RN)
for problem (1.1) via the identity

1 AN = /\ A=
3 | @B = [ 1epads = [ @ —uwpds

RN
for any ¢ € H*(RY). This notion of solution may be reduced to the one in the viscosity sense
(see [25, 28]) and therefore the fractional Laplace regularity theory applies (see [30]). It is known that
problem (1.1) admits a positive radial solution (see [10, 14]). Such solution is called a ground state,

since it is obtained (up to scaling) by a constrained minimization problem of the functional

Jo(u,v) = —|| Is - +1 !u\p“dx,
namely it attains the following greatest lower bound:
2
(1.3) vs:= inf ol = inf ]2

ueH*(RN) N\ e uEH* (RN)
|u[P* lull o1 vy =1
RN



We observe that if u is such that ||u||zp+1 g~y = 1 and vg = [|u||2, than itis a solution of

(1.4) (—A)’us + us = veu?

and so it solves (1.1) (up to scaling). Also its derivatives O;u, are solution of the linearized equation
(1.5) (—A)*(Dsus) + Oius = prsul ™ dyu,

and therefore

(1.6) O;us belongs to the kernel of the operator J (us, V).

The first result of this paper is nondegeneracy, namely that these derivative and their linear combina-
tions exhaust Ker(J! (us, vs)) at least when' s is sufficiently close to 1.

Theorem 1.1 There exists so € (0, 1) such that for every s € (so, 1) if us is a minimizer for v then

Ker(J!(us,vs)) = span{dus, i =1,..., N}
Our next result is a uniqueness property.

Theorem 1.2 There exists sy € (0, 1) such that for every s € (sq, 1), the minimizer for v, is unique,
up to translations.

In the local case s = 1, the results in Theorems 1.1 and 1.2 were obtained in [19, 23, 24] but the
specific arguments used there are not directly applicable to the nonlocal case s € (0, 1). Before this
paper, the only results available in the nonlocal case were the ones obtained in [2] for N = 1, s = 1/2
and p = 2, and recently extended in [15] for N = 1 and all s € (0, 1).

After this paper was completed, arxived in [12] and submitted, the striking paper [16] has appeared,
showing that Theorems 1.1 and 1.2 hold for any s € (0, 1).

We also point out that, soon after [12], some interesting nondegeneracy results have been obtained in
[8] for a related, but different, fractional problem.

For other recent variational problems related to the fractional Laplacian see, for instance, [13,26,27,29]
and references therein. The rest of the paper is organized as follows. In Section 2 we collect some
preliminary material, likely well-known to the expert readers, concerning some uniform estimates on
the minimizers, some related asymptotics and a (up to now classical) local realization of the fractional
Laplacian. Then, in Section 3, we prove the nondegeneracy result of Theorem 1.1. The uniqueness
result of Theorem 1.2 is proved in Sections 4 and 5, by combining a series of arguments related to
the construction of a branch of pseudo-minimizers U; + wy,, with s varies near 1, which are uniquely
determined by their perturbation w,. Uniqueness is then deduced by showing that radially symmetric

minimizers belongs to such a branch.

'0Of course, since we are interested here in the case s close to 1 with a fixed exponent p, we fix S € (0,1) and
p € 2% — 1, and all the arguments we present assume implicitly that s € [S,1].



2 Preliminaries

2.1 Uniform estimates and asymptotics

By Lion’s concentration compactness, minimizers for v, always exists (see, e.g. [10, 14] for details) and
do not change sign. In this paper, we will consider only positive minimizers. They are radially symmetric
by [14] (and, as usual, we take the center of symmetry to be the origin of R"Y). The minimizers attain
the minimal value v/ of the functional in (1.3) and they are normalized to have norm 1 in LP(RN).
Also, thanks to Theorem 1.2 in [14], we have the decay estimate

u, < Clz|~™+2) inRY.

We call M the the space of these positive, radially symmetric even minimizers u, for v, normalized
so that ||| Lr+1(rrvy = 1. Therefore if u, € M, then

(2.1 [[ts]| oo vy = Jus(5)];

for some x5 € R™. Now we state a uniform bound on v/,:

Lemma 2.1 We have that sup v, < 400.
s€(0,1]

Proof. Let u; € M. Notice that [£]** < 1 + |£]? and therefore
lulls < 2lunllzzeny + [ [€F[A" d€ < 2flu ]l = 201,
C
Since v < ||u1]|s, the desired result follows. O

The following result provides uniform bounds on the minimizers.

Lemma 2.2 Given sy € (0, 1), we have

(2.2) 0 <75 = sup sup ||u|pemny < o0.
s€(s0,1) us€EMs

Also, given sy > 1/2 and 3 € (0, 1),

(2.3) sup  sup ||us|/cremyy < oo,
s€(s1,1) us€EMs

Proof. The first inequality in (2.2) is obvious since
Yso = Sup ||usl|peemry > 0.
u1 EM1

Now we prove the second inequality in (2.2). For this, we define

(24) )\5 = ||us||L°°(RN)



and we argue by contradiction: we suppose that A, — oo for a sequence s — & € [sq, 1]. We set
vs(T) 1= Ay us()\% T+ xy)

so that
||USHL<>O RN) = 1 = US(O),
@(6) — )\ 1Jr1\1 2s zga: ()\N 286)

and, by Lemma 2.1,

/ P de = / €@, d€ < v, < Const.
RN RN

Therefore v, — v in H!(RY) for every t < & and

vy — vin L2 (RY).

loc

Also, from (1.4),

N+25

(2.5) (—A)vg(x) = —/\s_ﬁ% va(@) + Ns VEuab(2).

Now we recall Proposition 2.1.9 in [30], according to which we have that there is a constant C'(s, N, a)
such that

(2.6) [vsllcom@ny < C(s, N, @) (JI(=A)*vs | Lo vy + [[0sll Lo @ry) 5

where one can fix @ < 25 for 26 < 1 and @ < 26 — 1 for 26 > 1 and the constant C'(s, N, «)
is bounded uniformly in s € [sg, 1]. From Lemma 2.1, (2.5) and (2.6), we see that ||v,||co.a@n)
is bounded uniformly when s — &. Accordingly, by the Ascoli theorem, we may suppose that v,
converges locally uniformly to v and passing to the limit in (2.5), we have that v = 0. In particular

0 = lim [0,(0)| = Tim A Hu,(25)] = 1,

S—0O
due to (2.1) and (2.4). This is a contradiction and so (2.2) is proved.
To prove (2.3) we use once again Proposition 2.1.9 in [30], see also [5], according to which, for any
s € (s1,1],
lusllcrs@ny < C(s, N, @) ([[(=A) | oo vy + [[tsll oo vy)

where C'(s, N, «) is uniformly bounded on [sq, 1]. Then, the latter inequality implies (2.3), thanks to
(1.4), (2.2) and Lemma 2.1. Ll



Corollary 2.3 Given sy € (0, 1), we have

sup  sup ||lusllas < oo.
s€(s0,1) us€Ms

Proof. Let sy € (0,1), us € M and fs(x) := vsuP(z) — us(x). Notice that

2(p—1
/ |Us’2p d:L‘ < ||Us||L(oZZ>(R3V)/ |U5|2 dl' < Ol,
RN RN
with C'; > 0 independent of s and u,, thanks to (2.2), Lemma 2.1 and the fact that p > 1. Moreover,
sl 72y < vs < Co,

with Cy > 0 independent of s and u, thanks to Lemma 2.1. As a consequence, and using Lemma
2.1 once more, we obtain that

I fs(@) || 2@y < |vs] |u | 2y + [|us || L2y < Cs,

with C3 > 0 independent of s and u;. Also, from (1.4), (—A)%us = fs, that s, recalling (1.2),

’6‘23@ = fs
and so
JulBy = By + [ JTlEPdE <vet [ 1R de
RN RN
=V + || foll Z2@ny < Co+ Cs,
and the desired result plainly follows. U]

Next result is a general approximation argument on the fractional Laplacian:

Lemma 2.4 Lets,o € (0, 1] and
(2.7) d> 2|0 —s|.
Then, for any ¢ € H*@+)(RN),
(=AY — (=8l ) < Coslo — sl 6oy

for a suitable Cz 5 > 0.

Proof. We start with some elementary inequalities. First of all, if 7 € [0, 1) then (14727 +9) 7205l
2 - 1. On the other hand, if 7 > 1 then (1 + 720+9) 7275l < (2. 727+%)7% thanks to (2.7). Allin all,
we obtain that, for any 7 > 0,

(2.8) (1 + 7—25""5)7—2|5—8| < 2(1 + 7_2(6-&-5))‘



Moreover, for any t € R,

+oo |t|k +oo |t|k

: —1<) =< — [t]e!.
(2.9 e =1 <) ;(k_l)! e

—-1/25

Furthermore, the map (0, 1) 3 7 — 727 log 7 is minimized at 7 = ¢ and therefore
(2.10) |72 log 7| < (26¢)”!  forany 7 € (0,1).
Similarly, the map [1,00) > 7 + 7% log 7 is maximized at 7 = ¢'/? and so

(2.11) |70 log 7| < (6e)7* forany 7 € [1,00).

By combining (2.10) and (2.11), we obtain that, for any 7 > 0,

(2.12) |7'2& log7| < Cs5 (1 + 7‘2‘_’+5)
where
(2.13) Cys = (20€)"" + (Je) "

Thus, using (2.8), (2.9) and (2.12), we obtain that, for any ¢ € R \ {0},

||£‘2s B |£’26’ _ |£’26|€2(876) _ 1’ _ |£26’ ’62(376)log|£| . 1|
‘5’26 }2(5 — s)log |5H62I6—s|\log|6\|l — ’§|25 215 — s | log ‘SH |€’2|5_S|

(2.14) <
< 2C5,0l0 — s|(1+ [€27) €771 < 4C55lo — s](1 + [¢[**).

As a consequence
/ [(=A) = (=A)7¢]]* = / lE> — lE* P12
RN RN

< ConstC3 4(0 — 5)? /N(l + |€)1@+9)| 5| d¢ < Const C 5
R

|90”§(6+5)7

as desired. O

Corollary 2.5 Fixo € (0, 1]. Then lim v, = v,.

S§—0
Proof. Let 5o € (0,1). Let s, s’ € (s, 1], that will be taken one close to the other, namely such that
(2.15) s > 2ls — §|.

Let us € M. Since |[u||or1ryy = 1, we obtain that vy < [|us||%. Hence, recalling (2.13) and
(2.14) (used here with & := s’ and ¢ := s, and notice that (2.7) is warranted by (2.15)), we conclude
that

vy — vy < Jlusll = [lusl]

= [ (e — ) @ < constly = of [ (1+161*) 1
RN RN

= Const |s" — s| [|us|2



The constants here above only depend on the fixed s, but not on s and s’. Since the roles of s and s’
may be interchanged, and recalling Corollary 2.3, we obtain that

|vg — vs| < Const|s’ — s
and the desired result plainly follows. U]

From now on, we will use the uniqueness and nondegeneracy results for the local case. Namely, we

recall that there exists a unique radial minimizer Uy (z) = U, (|z|) for vy, such that
(2.16) Ker(J{(Uy,1n)) = span{0;Uy, j = 1,...,N},

see, e.g. [19,23, 24].

Lemma 2.6 Fixd € (0,1]. Lets, € (0,1) be such that s,, — &. Letu,, € My, . Then there exist
u € M and a subsequence (still denoted by s,,) such that if

(2.17) ws, (T) 1= us, (z) — a,

we have that

lws, |25, — 0 asn — oc.

Moreover, ifc = 1 then

|ws, |2 — 0 asn — oo.

Proof. To alleviate the notation, we write s instead of s,,. From Corollary 2.3 we have that u, is
bounded in H!(R") for every t < &. Therefore, by compactness (see Proposition 1.1 in [20]), we
obtain that there exists u such that

us — win LY(RY) for every q € (2,2%).

Since we have uniform decay bounds at infinity and uniform L°° bounds (recall Lemma 2.2), this and

the interpolation inequality implies that the convergence also holds for ¢ € (1, 2], hence
(2.18) us — win LI(RY) forevery g € (1,2%).

In particular, |’a5||Lp+l(RN) = 1 and u is radially symmetric. What is more, by Fatou lemma, it follows
that & € H7(RY) because [,y |£]**|Us]?d¢ < vg < Conts. Also, by (1.4),

(2.19) / us(—A)Sgo—i-/ uswzvs/ wPp Vo € C(RY).
RN RN RN

Using Lemma 2.4,

/R =AY — (~A)] de < Const (7 — ) / (1+ €132 de < Constl| L.

RN



Hence we can pass to the limit in (2.19) and conclude that « is a distributional solution to the equation
(2.20) (=AU + 1 = vyuP

that belongs to H° (RY).

So, by testing the equation against u itself, we see that ||ul|2 = V5||u||72ﬁ1(RN) = vz, hence u is a
minimizer for v/.

Furthermore, by (1.4), (2.17) and (2.20),

(—AYws +ws =  vg[(a+ws)P — u?]
+[(=A)7a — (—A)*u]| + (vs — vy)ub.

Also, from the fundamental theorem of calculus

(2.21)

1
d
(U4 ws)? —a? = / %(a+tws)pdt
0

1
= pws/ (u + tw, )P dt,
0
so that using (2.17) and (2.2)
(@ + ws)” = @] < plos| (sl oo vy + 20| oo )P~

(2.22)
< Const |wy|.

Next we observe that, since u, us € C’z(RN), (2.21) holds pointwise and thus, by (2.22), we obtain

—A)swq|?
2.23) 1(=4A) SJLQ(RN) 2 2 2
< flwsl[z2@ay + Const (|6 — s[” + [vo — vs|” + [|lws|[72rr)) — 0
as s — 0. This and (2.18) imply that ||ws||2s — 0 as s " 7, as desired.
Next we consider the case & = 1. By (1.5) and (2.2) we have that for every s close to 1
|0;us|2s < Const.
From this, (2.20) and (2.17), we deduce that
||0;ws]2s < Const.
In particular ||ws||2s+1 is uniformly bounded. We let f be the right hand side of (2.21) so that

(_A)Sws +ws = fs

and so
—Aws + ws = fs + [-Aws — (—A)°wy).

Using Lemma 2.4, we conclude that, for every § € (0,1/4),

/ [~ Awe — (~A)wil? < Caa(1 — ) [wslass < wllasss < (1 — $)Const,
RN

provided s is close to 1. Also, by recalling (2.23) and (2.18), we obtain that || fs|| 2(rv) — Oas s " 1,
and therefore ||w;l[o — O. O



2.2 Local realization of (—A)® for s € (0, 1)

Following [6], we recall here an extension property that provides a local realization of the fractional
Laplacian by means of a divergence operator in a higher dimension halfspace. Namely, given u &
H?*(R™), there exists a unique H(u) € H'(RY*!;#172%) such that

div(t'=2VH(u)) =0 inRYT
(2.24) H(u) =u inRY,

limp o ' H (u); ==t H(u), = ks(—A)*u  onRY,

where ki, is a positive normalization constant. Equivalently for every ¥ € H'(RY*!;#172)
(2.25) / VH(u) - VUt 2dt de = k, / Ren/3
RY*! RN

where here and hereafter we denote the trace of a function with the same letter. From now on, H will
denote the s-harmonic operator. Moreover, the trace property holds, i.e. forany ® € H* (]Rf“; tl_zs),
the trace ® on R belongs to H*(R™). As H(tr(®)) := H(®P) has minimal Dirichlet energy, it fol-
lows that

/ VOt 2 dt dw > / IVH(®)|*t' " dt dox = ns/ €2 D |2de.
RN+1 RN+1 RN
+ +

Hence H (u,) is radially symmetric with respect to the x variable and it is a minimizer for

/18_1/ |VU|2t1_23dtdx+/ \U|*dx
” R+ RN
(2.26) Vg = n

UeH (RY 1;41-2s) / ‘U|P+1dm 2/(p+1)
RN

div(t'=2VH(us)) =0 in RYH
kg 2 H(u) + H(u) = veH(u)?  on RY.

and, by (2.24),

(2.27)

In this setting, we define

RN

1
J.(U, v) ::§/N VURHZdtdr + 7 | Ude - W"Sl/ UPd.
R+ p+ 1 /ey

3 Nondegenracy

3.1 Preliminary observations

In this section, we assume that u, € M and we prove that it is nondegenerate for s sufficiently close
to 1. For this, we denote by L, the orthogonality relation in HS(RN) and we start by estimating the
second variation of the functional.

10



Lemma 3.1 Forevery ¢ 1, us we have that
@) 0 < T un o) = Il = pre [ i da,
RN

Proof. Let ¢ > 0. Since ¢ L s u,, we have
(3.2) lew + us|l3 = 2|l + [lus]lz.

Also, by a Taylor expansion we obtain

/’kw+u£“
RN

ep(p+1
= [l e [ e HEED [ iy o)
RN RN RN

(3.3)

Furthermore, by testing (1.4) against ¢ and using again that ¢ | ; ug, we conclude that

/ ubyp =0,
RN

hence the first order in € in (3.3) vanishes. Consequently, recalling also that functions in M, are

normalized with ||u(| r+1(rvy = 1, we write (3.3) as

2p(p + 1
(3.4) (/|w+u£“:1+—ﬂ%—l/ ul~tp? + O(e%).
RN RN

Now we recall the Taylor expansion

1
I
(1 4 2)2/(®+D) p+1

(3.5) z + O(2?)

for small z. Thus, by inserting (3.4) into (3.5), we obtain

1 2

o = 1€ p/RN uP~p? + O(e%).
e + ug|PH
([ o)

From this and (3.2) we obtain

le + us2

2/(p+1)
e+ s p+1
<4N|¢ U | )

:(1_334N@]¢”+O@%)&W¢M+H%M)

=l + (Il =l | 276) +O(E?),

Then the desired result follows since u attains the minimal value v, = ||u,||?. O

11



Lemma 3.2 Let® € H'(RY™;#17%) be such that
(3.6) Ky VO - VH(u,)t' " *dt do + / DH(us)dx = 0.
Rf+l RN

Then

67) T (H(u)[®, ] = n" /

N+1
R

VOt 2dz + /

O2dr — pus/ ué’_l@?dx > 0.
RN RN

In particular for any g € H* (]R?H; tl_QSTN—l)

Mg.g) = [
(3.8) +(N — 1)/R

gt 2N dtdr + / g2t 2N dtdr

2
Ri+

thl_erN_?’dtdr + Ks/ gQTN_ldr

2
++ Ry

—stK,s/ uﬁ’ngTNfldr > 0.
R

Proof. The proof of (3.7) is similar to the proof of Lemma 3.1, since H (u;) minimizes (2.26). Next, let

(3

g € H'(RE;;t'7**r™"1) and define ®(x) := g(t, ) ;. Since H(us) is radial in the z variable,
P satisfies (3.6) by odd symmetry. Then (3.6), (3.7) and the use of polar coordinates yield (3.8). [

Lemma 3.3 Letw € KerJ!(us,vs). Then

N
w = wo(|z|) + Zci@us,
=0

where

wo(r) = /sN—l w(rd)do(0)

andc € R.

Proof. Let w € Ker(J!(us,vs)) which means
(—=A)Yw+w —prau? lw =0 inRY.
Let H(w) € H'(RY1!;#172¢) be the s-harmonic extension of w which satisfies

3.9) k! VH(w) - VU t'=2dtde + | H(w)¥dx — py, / uP ' H(w)Wdr = 0,

° RY*! RN RN

for all U € H'(RY 1! #172%). Now we consider the spherical harmonics on RY for N > 2, i.e. the

solution of the classical eigenvalue problem

—Agn 1Y =\ Y) on SV

12



We let ny, be the multiplicity of \y. It is known that ng = 1 and n;y = N (see e.g. formulae (3.1.11)
and (3.1.12) in [17]). In addition \¢y = 0, \; = N —1and A\, > N —1for k > 2. Also Y} is constant,
while ‘
. xt )
Y/ =— fori=1,...,N.
|z

With this setting, we decompose H(w) in the spherical harmonics and we obtain
ng
(T
.10 Hw)(e) = 3 ey (),
keN i=1

where fF € H'(R2;t'725rN=1). By testing (3.9) against the function ¥ = h(t, |z|)Y} and using
polar coordinates, we obtain that, forany h € H'(R%;¢t!"2rV~1) any k € Nand any i € [1, n],

AfE ) = /
R I

A [ SRR dtdr kg [ fPRrN T

2
R+ R

—pus/is/ b~ fFRrN " dr = 0.
R4

(ff)thttl_erN_ldth’-i—/ (ff)rhrtl_ger_ldtdr

2
F+ R

Now we observe that
A(FE D) = AR D) + (e — (N = 1) / / (522N 3 g
R%, JSN-1
By Lemma 3.2 and the fact that A\, > N — 1 for k > 2, we obtain from the identities above that
0=Ap(f5 15 = AE I+ e — (N =1)) / / (F)241 25N =3ty
R%, JSN-1

> (A — (N —1)) / / (fEy2e1 =25 N=3atdr > 0.
RE, JSNTI

As a consequence, ff = 0 for every k > 2. Accordingly, (3.10) becomes

H(w)(t, ) = éff(t, i ()

|z]

To complete the proof we need to characterize f}. For this, we notice that, for = 1,..., N, the
function
filt,r) = H(w)(t, 10)0"do(0)
SN—1

satisfies f}(t,0) = 0 and

Al( i17h> — /]R;2 (fil)thtt12er1dtdr+/R (f})rhrtlsterldtdr

2
+ T+

(3.11) +(N —1) [t =25 N3 dtdr + gy frhrN"tdr

R+ Rt

p—1plp N-1;. _
—pl/slis/ ub= fihr? T dr =0,
Ryt
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for every h € H'(R? ;' =25V ~1), due to (3.9).

Now we define U (, |x|) = H(us)(, z). Then we have

( div(t'2rNIVU) =0 inR%,

limp o —t' 25PN 10, + korN U = krNTUP on Ry

| lim,~ o V1T, (,0) = 0.
We set V := U, and we differentiating the above equation with respect to . We obtain

( . —2s p— —2s —_ .
—div(t'" 2PN IVY) + (N = D2V 3V =0 inR2

(3.12) limp o =t 2N W, + kN WV = g prVTIUPTIV on Ry

\limT\O TN_1V(t, 0) = 0.

Since U, does not change sign, we may assume that V' < 0 on R%r+.

Given g € C>°(R2_ U {t = 0}), we define
)= % € HY(RZ ;' 25pN7h),

Simple computations show that
IVgl*> = [VVY|* + VV - V(V?).
Hence we have

/ Vgt 2N ddr

RY

= / (VP2 N dedr + / V(Vy?) - (¢ 2NV ) dtdr,
B3 R+

Integrating by parts, by using the above identities and (3.12), we get

J

Vgt 2N dtdr + (N — 1) /

g2t1_237‘N_3dtdr + Ky / g2rN_1dr
R

2 2
++ ++ R+

—/{sp/ u’;_ngTN_ldr:/ (V[ 2N dtdr.
Ry R

2
T+

In particular, by density and recalling (3.11), we have that, forevery: =1,..., N,

AL =0z /2 ‘VV (fiIV_l) ‘2t1_257ﬂN—1dtdr,

R+

14



This implies that the last term vanishes and therefore

1
i,

%

for some constant ¢! € R. We then conclude that (0, |z|) = ¢!U’(|z|) forall z € RV,

Thus, we have proved that for any w € Ker(J! (us, vs))

N .

H(w)(0,2) = wiz) = (0. l]) + 3 F(0. o)

i=1

1
— £200, Je]) + 3 0, (@),
1=0

||
as desired. |

Now we are ready to prove our nondegeneracy result for s close to 1.

3.2 Completion of the proof of Theorem 1.1

Let vs € Ker(J"(us, vs)) be a radial function.

Claim: If s is close to 1, we have v, = 0.

Assume by contradiction that there exists a sequence s,, — still denoted by s — with s * 1 and such
that v, # 0. Up to normalization, we can assume that ||| »+1 g~y = 1. By Corollary 2.5, we know
that v, — v1 and u, — Ui (- — a) in LPT, for some a € RY. Since u, is symmetric with respect to
the origin, a = 0. By Holder inequality

(3.13) / 17102 dE < [vs]l3 < pwslus] i;-il-lHUSH%erl(RN) = pvs < Const,,
RN

by Lemma 2.1. Since v, is a radial sequence and bounded in H'(R") for every t € (0, 1), by
compactness (see [20]) v; — v in LI(RY) for every ¢ € (2,2?), and then also for ¢ = 2 (by
repeating the argument above (2.18)). In particular ||v{|»+1@®y) = 1. Next we observe that v, is a
solution of the linearized equation and therefore for any p € C2°(RY)

/ Us(_A)S(p +/ Vs — pys/ Ug_lvs‘P =0
RN RN RN

s0 by (2.2) and the fact that (—A)*¢p — —Ayp in L*(RY) thanks to Lemma 2.4, we infer that

/ v(—A)sDJr/ w—pvl/ U™ op = 0.
RN RN RN

Applying Fatou lemma to (3.13), we get v € Hl(]RN). We then conclude that v is radial, nontrivial
and belongs to Ker(J"(Uy, v1)). This is clearly a contradiction and the claim is proved. O

15



4 Uniqueness (preliminary observations)

4.1 Preliminary observations

Now we prove Theorem 1.2. The first part of the proof of the following result is quite standard but the
last part requires a more delicate analysis on radial functions.

Lemma 4.1 Let A, := (Ker(J (us,vs)) ® Rug)*.

1 We have

(4.1) J;/(U&VS)[U&US] =(1 —P)||Us||§

2 There exists so € (0, 1) such that for every s € (so, 1) and every minimizer u for v

J (us, vs) [,
(4.2) K(s,us) == inf = (1, v )2[90 d > 0.
PEA\{0} lo]I2

3 Let
A; = {SO € iad(RN)v 2 LS uS}

and
Jg (us, vs) [,
K, (s,us) == inf s (s, v )2[90 7]
anfor el
Then there exits sy € (0, 1) such that
(4.3) inf inf K,.(s,u) > 0.

86(50,1] ueMs

Proof. The statement in (4.1) is immediate from (3.1).

Now we prove (4.2). We first show that for any ¢ € Ay
(4.4) J! (us,vs)[p, 0] =0 = ¢ = 0.

That is to say that J” (us, vs) defines a scalar product on A by Lemma 3.1. For this, assume that
v € Agand
I3 (us, vs) [, ] = 0.
Pick v € H*(R") such that ¢ | u,. By Lemma 3.1
J:(um VS)[QO +e, o+ aﬂ > 0.

Hence

0 < J (s, vs) [, 0] + 26T (ws, v5) [0, ] + €7 J] (s, vs) [, Y]
= 2€J;/(us, vs)p, ] + 52‘];/(“57 vs) [0, 1]

16



Then we conclude that
(4.5) J! (ug, vg)[p, 1] = 0forany 1 L us.

Now we observe that, since ¢ L ug, we deduce from (1.4) that

0= (p,us), = 1/5/ uby
RN

and so

T (1) s1s] = (0, us), — pvs / o = 0.

RN

This and (4.5) yield that ¢ € Ker(J!(us,vs)). Since also ¢ L, Ker(J!(us,vs)) it follows that
o =0, and (4.4) is proved.

Now we end the proof of statement 2. Assume by contradiction that there exits a sequence ¢,, € A,
such that ||¢,||s = 1 and

(4.6) J! (s, Vs)[pn, ©n] — 0asn — oo.
Let 0 be the weak limit of ,, in H*(RY). Then, by Lemma 3.1, we have that
0 < JY (us, vs) [, o] < Uminf J! (ug, vs)[en, pn] = 0.

We deduce from this and (4.4) that ¢ = 0, that is
(4.7) ., converges to 0 weakly in H*(R™Y).

. 2L ONY : N
Now, since u?~! € L»—1 (RY), given € > 0 there exists w. € C>°(R") such that
(4.8) |uP~t — w6||Lp+1 <e.

T ®Y)

Now we use (4.7) and the compactness results in fractional Sobolev spaces (see, e.g., Theorem 7.1

in [9]): we obtain that ¢,, converges to 0 in L? (R™) and therefore

loc
2
[ et
RN

as n — 00. Also, by Holder inequality

p—1, 2
[
R

(4.9)

< ||w€||L°°(RN) H(an%Q(Suppwg) — 0

< M — w3 loalrnn + / W
Lp—1 (RN) RN

p—1,,~1 2
< ey, +/ WPy .
Supp we

This, (4.8) and (4.9) imply that

/ uP~1p? = o(1) as n — oo.
RN

17



Hence, recalling Lemma 2.1, we obtain

T2t )imson) = lonll2 = v [ a2 =14 o(0).
R

But this is in contradiction with (4.6) and the proof of (4.2) is complete.

Now we prove (4.3). Assume by contradiction that for every sy € (0, 1)

inf inf K,(s,us)=0.

s€(s0,1] us€EMs

Then there exits a sequence s,, /' 1 and radial minimizers u; for v, such that
(4.10) K, (8p,us,) — 0asn — oo.

Up to a subsequence, and recalling Corollary 2.5, we may assume that v, — v and, by Lemma 2.6,
that

(4.11) llus, — Ui]l2 — 0 asn — oo.

For fixed n € N, by the Eckeland variational principle (see [11]) together with the Riesz representation
theorem, we obtain that there exist f, ,, € A’ and a minimizing sequence ), ,,, € A’ for K, (s, us, )

such that
[nmlls, =1, YmeN
and
(412) J;/(USn’ VS")[wn’m’ U] - KT(S”’ usn)<wn,m7 U>sn = <fn,m7 v>sn7 V'U € A;m

where || fmlls, — 0 as m — oo. Then there exists a sequence of sub-indices m,, such that

| fromn ||s, — 0 asn — oo. In particular, from (4.12) we have

(4.13) J!(usm Vsn) [¢n,mn ) 'U] - Kr<3na uSn)<¢n,mna U>Sn = <fn,mna U>3n-

Letw € C°(RY) N Af. Then, from (2.14) and (4.11) we have (w, u, ), = o(1)|jw||2+1 and

Sn

/}R (U P08y = ol Vi=T1,.., N,

We define
<w’ U’Sn >3n

Sn

Uy =W —

Sn *
By construction v,, € A} . Using it as test function in (4.13) and recalling that 1, ,,, € A} , we get
(4.14) J;/n (usna Vsn)[wn,mna w] - Kr(sna usn)<wn,mna w>5n = 0(1)

Since ||¥n.m,, |ls, = 1, we may assume that up to a subsequence v, ,,, — ¥ in H'(RY) for every
fixed t € (0, 1). Passing to the limit in (4.14) and recalling (4.10), we get

J!(U, v) ¢, w] =0 Vw € C(RYN) N AL
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Since, by Fatou’s lemma, ¢ € H!'(RY), the latter identity implies that 1/ = 0, because the case
s = 1 is nondegenerate and ¢ € Af.

That is, ¥y, — ¥ = 0in H'(RY) for every fixed ¢ € (0, 1) and so, by compactness,
VYnm, — 0in LPTHRY),
Also, by (4.12), we have

J!(”Sm ’/sn)wn,mm wn,mn] — K, (sp, usn)Hwn,mn Hgn =o(1)

and, by Hoélder inequality
bp— 2

p+L 1
p—1,/2 p+1 p+1
Jototton| < (L) (L)

(4.15) = |Ynmn || Lrt1@yy = o(1)

bS]
==

as n — +o00. Therefore
Lp [, = [l = [ a2, = ol1),
RN RN

Hence, passing to the limit and using (4.15), we get 1 — 0 = 0, that is a contradiction. O
5 Uniqueness (construction of pseudo-minimizers and completion
of the proof)

5.1 Construction of pseudo-minimizers

Pick u a radially symmetric even minimizer for v,. Define the mapping

(5.1) s+ Hyog(RY) — Hog(RY)

by

(5.2) Py(w) = J, (U + w,vs).

As customary, by (5.2), we mean: for all w € H?,;(RY)

(5.3) (Ps(w), w), = J; (Uy + w, ) [w].

Lemma 5.1 Forevery f € H? ,(RY), there exists a unique w* € H? ,(R™) such that
(5.4) (@,(0)[@’],w), = (f,w), Yw e H,,(R").

In addition there exists a constant C; > 0 such that

(5:5) 1(24(0)) Ml < €1 Vs € (s0,1).
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Proof. We observe that

(@(0)[w'), w), = (J (Ur, vs) [w', w]).

s

Hence solving the equation

(@,(0)[@], w), = (f,w), Yw € Hy(RY)

rad

is equivalent to find a solution w to the equation

(5.6) I3 (U, ve) [w, w] = (f,w),,
forany w € H?, ,(RY). To this scope, we observe that, for every w € H? ,(RY),
(G0 ) = Zw ool = vp| [ (@7 =07 ?
(5.7) < el = OP e 0l .

From Lemma 2.6 and Corollary 2.5 we know that ||us — Uy||s — Oand vy — vy as s " 1. This
implies that u, — U, in LPT1(RY) and thus we have

_ -1 . b+l
ul~t — U7 in L»—1 (RY).

Therefore, from (5.7),

(5.8) |(J§ (Ur,vs) = J7 (us, vs)) [w, w]| = 0(1)”w”%P+1(RN)'

This together with (4.3) and (4.1) in Lemma 4.1 implies that there exist C', so > 0 such that for all
s € (s0,1)

(5.9) [T (U, vs)[v, ]| = Cllvll? Vo € Hyoy(RY).

rad

Hence, by the Lax-Milgram theorem, there exits a unique w* € H?,,(R") such that

rad
J!(Uh VS)[wS] =f

and by (5.9)
[@°|[s < CI|f]]s,

which gives the desired result. U

Proposition 5.2 Forr > 0 and s > 0, we set

B,s = {w c H?

rad

(RY) : fJwlls < rmax{l — s, [ — VS|}}.

Then there exist so € (0,1), ro > 0 such that for any s € (sg, 1), there exists a unique function
w® € By, s, such that
O (w”) = 0.
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Proof. We transform the equation ®,(w) = 0 to a fixed point equation:

(5.10) w=—(2,(0))"" {2s(0) + Qs(w)},

where
Qs(w) = @s(w) — 4(0) — ¥4(0)[w].

Notice that the definition above is well-posed thanks to (5.5). We observe thatif w € H?

rad(RN) then
the mapping w — (®.(0)) ™! {®,(0) + Qs(w)} is radial too, since U is radial.

Forvery 0 € H? (RY), we set

rad

No)w] == Ji(U1 +w,ve)[@] = J(Ur, ) [@] = J{ (U, ve) lw, @]

= Vs (—/ |U +w|”@dx+/ U{’@der/ U{"lw@d:c).
RN RN RN

(5.11) Qs(w) = Ns(w).

Notice that

Also, referring to page 128 in [1], we obtain
Ns(@) @]l < Clwll + lwli)li@lls

and
[N (w1) = Na(wa) | < C(llwnlls + Nlwn B + flwalls + [[w2ll2™) [lwr — walls.

This, together with (5.11), implies that for every ||w ||, ||w2l|s < 1,

(5.12) 1Qs(w1)|| < Csllws [|m37)
and
(5.13) [Qs(w1) — Qs(wr)|| < Csljwr — walfs,

where C} is independent on s € (sg, 1).

Now we claim that there exists a constant C; > 0 independent on s € (sg, 1) such that
(5.14) |D,(0)|| < Comax{l — s, |, — vg|).
By (2.14) we conclude that

| Jo(U, ) [v] = Ji(Un, ) [v]] < (1 = s)Con | Utllz—sssllolls + |1 = vl o]l

Since, from (1.4), J; (U1, v1) = 0, we get (5.14).

Now we finish the proof of Proposition 5.2. We shall solve the fixed point equation (5.10) in a ball of
the form
B,.={we H:,RY) : ||Jw|s < ra,},

rad
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where oy = max{1l — s, |v; — 5|} and 7 > 0 will be fixed in a minute. Indeed for w € B, ;, we
exploit (5.5), (5.14) and (5.12) to deduce that

1(2(0)) 7" {@4(0) + Qs(w)} [Is < C1 (Caarg + Cyr™ P ).

There exists 7y > 0 large and sy € (0, 1) (possibly depending on 7g) such that for any s € (sg, 1)
we have

roas, = C (CQaSO + Cgrg‘““(z’p)ami“@?))

S0

> Cl (CQOCS + CgT’Bnin(Z’p)Oémin(Q’p)> s

S0

since o is small as s " 1. It follows that for every s € (g, 1), the mapping

w = = (2(0)) 7 {24(0) + Qs(w)}

maps B,, s, into itself. Increasing s if necessary, this map is a contraction on 5, s, by (5.13). Hence
by the Banach fixed point theorem, for every s € (sg, 1), there exists a unique function w® € B, s,
solving the fixed point equation (5.10). U

The set of pseudo-minimizers is given by {U; + ws @ @4 (ws) = 0, s € (sg, 1)}. We now prove
uniqueness, up to translations, of the minimizers for v, when s is close to 1 by showing that minimizers

belong to such a set.

5.2 Completion of the proof of Theorem 1.2

Let ui and ug be two minimizers for v;. We know that they are symmetric under rotation, so we may

and do assume that they are both symmetric with respect to the origin of R™Y. Our aim is to show that

ul = uz provided s is close to 1 (no confusion should arise between the superscripts 1 and 2 and

s

some exponents that shall occur in the course of the proof).

By Lemma 2.6, we know that u! = U; + ' with [|w!||s — Oass  1,fori = 1,2 and ' is

symmetric with respect to the origin for i = 1,2. Then we have ®,(w’) = 0 for s close to 1 and thus

2
5"

by uniqueness (Proposition 5.2) we conclude that wsl =w
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