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Abstract

The paper studies boundary integral operators of the bi-Laplacian on piecewise smooth
curves with corners and describes their mapping properties in the trace spaces of variational
solutions of the biharmonic equation. We formulate a direct integral equation method for
solving mixed boundary value problems for the biharmonic equation on a nonsmooth plane
domain, analyse the solvability of the corresponding systems of integral equations and prove
their strong ellipticity. '

1 Introduction

The present paper is devoted to the study of boundary integral operators of the bi-Laplacian on
piecewise smooth curves with corners and to the analysis of a direct integral equation method for

solving the biharmonic equation with mixed boundary conditions on a nonsmooth plane domain

Q with boundary I'. Although boundary element methods offer important advantages over

domain type methods and are frequently used for solving plate bending or related problems for

fourth—order equations (cf [2], [11] and also the references therein), their theoretical foundation

is very limited compared with the results for second-order equations.

For the case of smooth boundary quite satisfactory results are available by using nowadays
standard tools from the theory of integral and pseudodifferential equations and of approximation
methods. In connection with indirect boundary integral equation methods we mention Chapter
8 of the book [2], where a detailed analysis of the mapping properties of biharmonic boundary
-integral operators and of indirect formulations for four types of boundary value problems can
be found. As a rule indirect methods are designed for specific classes of problems, but their
application to other types of plate bending problems, for example to mixed boundary conditions,
is complicated both in analytical and numerical respect. The study of direct methods can be
based on the approach of Costabel and Wendland, which was developed in [4], [9] and results
in a complete description of the mapping properties of boundary integral operators and the
strong ellipticity of systems of first kind integral equations corresponding to various types of
boundary conditions. This can be used to consider different numerical methods for solving
the corresponding integral equations, to analyse stability and error estimates similar to well-
established techniques for second—order equations.

If the boundary of the domain has corners then the situation is quite different. The boundary
integral operators are no longer classical pseudodifferential operators and biharmonic boundary
value problems have in general only weak solutions. Thus the extension of similar considerations
concerning direct methods for second-order equations requires the study of the behaviour of
biharmonic boundary integral operators applied to the Cauchy data of H2-functions. In (8], the
first paper devoted to the study of boundary integral equations for the biharmonic equation in
nonsmooth domains, Costabel, Stephan and Wendland considered an indirect method for the
solution of the boundary value problem gradu|r = f. Using a layer potential ansatz with the
gradient of the biharmonic fundamental solution as integral kernel they obtained a system of
two integral equations of the first kind with logarithmic principal part. Thus they avoided the
above mentioned problem of dealing with the application of biharmonic integral operators to
the Cauchy data of weak solutions. This was first done by Bourlard in [1], where the biharmonic
Dirichlet problem on a polygonal domain was transformed into the variational formulation for
the first kind boundary integral equation with the biharmonic single layer potential. It was
shown that the variational problem is coercive on the dual of the space of Dirichlet data of
H2functions (the boundary values of the function and its normal derivative), that means the
single layer potential operator is a symmetric and strongly elliptic mapping from this dual into
the trace space. Similar results were obtained in [15] by applying some methods for second—
order equations from [5] and [7] in order to define and to study biharmonic boundary integral



operators. These operators were associated with the bilinear form

/AuAvdz , o (1.1)
Q

which is positive definite on H2(f2) and corresponds to the biharmonic Dirichlet problem. The
simple idea was to consider the two functions of the Dirichlet datum of a H2-function, which
obviously are subjected to some compatibility conditions at the corner points of I', as one
element of a trace space and to define Neumann data of H2-functions v with A%u € L? by
using the form (1.1) similar to the case of second-order equations. It turns out that the
Neumann data belong to the dual of the trace space. Then the biharmonic layer potentials
are simply the values of the duality functional applied to the Neumann datum (single layer) or
the Dirichlet datum (double layer) of the biharmonic fundamental solution and to an element
of the corresponding dual space, which becomes the density. Now the setting is the same as
for potentials of second—order equations, and by using the approach of Costabel [5] we prove
jump relations for the potentials, introduce the boundary integral operators and analyse their
‘mapping properties in the trace spaces of variational solutions. The obtained results were used
to derive boundary integral equations for interior and exterior biharmonic Dirichlet problems
in nonsmooth domains and to analyse their solvability.

In the present paper we extend the approach of [15] in order to treat other types of boundary
conditions, which appear in thin plate bending as free, simply supported or roller-supported
plate. To this end the bilinear form (1.1) has to be replaced by another form

2 .
a’(u,v) = /(aAu Av+(1-0) Z 0;0ru 6,-6;,11) dz

0 Jik=1

connected with the bending strain energy of a Kirchhoff plate if 0 < ¢ < 1/2. In Section 2
we provide the analogous construction as in [15] to define the Neumann data of H2-functions
u with A%u € L2, which now depend on ¢ and contain, even for smooth u, Dirac—functionals
supported at the corner points of the boundary. Further we consider the existence of variational
solutions of interior and exterior Dirichlet and Neumann problems. In Section 3 we introduce the
biharmonic layer potentials associated with a?, characterize their behaviour at infinity and prove
the jump relations and representation formulas for biharmonic functions. The corresponding
boundary integral operators will be studied in Section 4. Here we see that for 0 < o < 1
these operators behave like the boundary integral operators of the Laplacian. In Section 5 we
transform biharmonic boundary value problems into equivalent systems of boundary integral
equations. If the boundary value problem allows a coercive variational formulation then the
corresponding system of integral equation is strongly elliptic. We study the solvability of this
system, which leads immediately to stability results for Galerkin boundary element methods.

In this paper we restrict the analysis of continuity problems to the trace spaces of variational
solutions, i.e. to energy norms. By using the calculus of Mellin convolutions it is possible to
consider the continuity of the biharmonic boundary integral operators in other than energy
norms and to study the regularity of solutions of the obtained strongly elliptic systems of
integral equations. Additionally, other boundary integral formulations and their approximate
solution can be analysed. This will be the topic of another paper.

2 Traces of H>—functions on piecewise smooth boundaries
For the following let I' be a simple closed curve in the plane (z,z2) composed of m smooth
arcs I';. Adjacent arcs I';_; and I'; meet at the corner points z*, i = 1,...m, with the interior

angles a;, 0 < o; < 2m. The interior of T' we denote by i, the exterior R?\Q; by Q2, and
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let the tunit normal n = (n3,7n3) on T be directed into Q. In the following we denote by 8;,
j = 1,2, the partial derivative with respect to z;, by 0, = ny 81 + n 0> the normal derivative
and by 8, = —n3 01 +ny 0, the tangential derivative along I'. Using a general result of Jakovlev
- [12] we can characterize the traces of the Sobolev space H2(£;), which we equip with the norm

2
a2y = (luliZagay) + luliega,) /> where lufdagg,) = 3 18:8kulZa(q,) -
Jik=1

Lemma 2.1 ([12]) There ezists a constant ¢ > 0 not depending on u € H2(Q;) such that

m

> (Il + 10nullzeary) + 18sullzsrey + |82l sy < el oy -

=

In order to define the trace space of H2(;) and the corresponding trace mapping we make
the following conventions. We identify functions on I' with periodic functions depending on arc
length s and denote the derivative with respect to s by du/ds = «’. Since with exception of
the corner points z* there holds

d

O1u|r = 11 Opu — N2 Oru, Ooulr =n2 Opu+ 1y 0ru and 9, = 7

Lemma 2.1 suggests the definition of the trace space
L 1 ' ’ 1/2
V(T = {(u ) : u; € H(T), nyug — nouj, noug +nyuy € H (F)} ,
2
equipped with the canonical norm. We introduce the generalized trace mapping

yu = (3Z'llflr‘> : HA(Qq) = V() .

Lemma 2.2 ([12]) The linear mapping
| v HE(IB2) = V(T)
is continuous and has a continuous right inverse
4~ :V(T) = HE (R?) .
In particular, v maps C(IR?) onto a dense subspace of V(T).

If we define the duality form

[(Z) ! (2)} = _,(v4,u1>r+ (03:'“2)1‘: (2'1)

where (-, -)r denotes the extension of the L?-scalar product on T, then the dual space of V(')
can be described as follows. '

Lemma 2.8 The vector (:4> belongs to (V(T')) iff there exist 21,2, € H-Y/3(T") such that
3

vz = n121 + nozz and (<P|I‘,‘U4)r‘ = —((<P|I‘)',n221 - n122>1‘) Veoe Cgo(le) .



" In the following we will consider boundary integral equations connected with plate bending
problems. To this end we introduce the bilinear form

a’(u,v) = af, (u,v) := /(crAu Av+(1-o0) Z 0;0ku 6]-81,11) dz (2.2)
0 Jk=1

well-known in the variational formulation of bending problems for a thin plate with Poisson
ratio 0 = A/2(X + p), A and p are the Lamé constants of the material. If u represents the
deflection function on 2; corresponding to suitable loading and boundary conditions then the

value of

(v, u) = 0 |Au||Za(q,) + (1 - o) [ulf(q,) (2:3)

is exactly twice the bending strain energy of the plate.

The analysis of boundary value problems for the biharmonic equation and of corresponding
boundary integral equations is based on the fact that the bilinear form a” is coercive on appro-
priate function spaces for certain values of the parameter o. By (2.3) the form a is coercive
on H?(£;) at least for 0 < o < 1. We mention that in the case of a smooth boundary T' the
form a“ is coercive on H?(Q;) if and only if —3 < o < 1, as stated in [10]

Furthermore, if u,v € C§°(€2;) then we have

‘/' 0;O0ku 0;0kv dz = / 0;0ju OxOrv dz

hence for u,v € HZ(Qi) the value of a”(u,v) does not depend on o and the seminorm

(a% (u,u))*/? = !’U'|H2(n) is a norm on Ho(Ql) equivalent to | - llz2(q,)- Thus for -given
f € L?(1), ¥ € V(T') the problem
yu=1v% , a(u,v)=(f,v)a,, VveH (M), (2.4)

has a unique solution u € H%(Q;) being the weak solution of the Dirichlet problem
A’u=f in Q, Tu="1. (2.5)
It is obvious that the solution operator defined by » = T'(f, ) is a continuous mapping

T : L) x V(L) = HA(Qy, A?) = {u € H*(Qy) : A2u € L} ()} . (2.6)

In order to consider other boundary value problems we define besides the operators 8, and
0r of normal and tangential differentiation along I' the differential operators Onn, Onr and O,r
by the relations

Opnu = n} 02u + 2n17mp 81 0pu + n2 iu ,
Ornu = (n? — n2)0105u — nyna(0fu — 02u) , (2.7)

0rru = n2 8%u — Inyn, 8,0,u +n2d3u.
Lemma 2.4 Let u € H%(Q;,A?) and o € R. The mapping

Sou 2 P = [6pu, ¥] i=a” (u, 7" P) — /7"1/1 A?udz (2.8)
2



is a continuous linear functional on V (T') that coincides for sufficiently smooth u and for 1 =

(”1) € V(T) with the functional

V2

[bou, ] = — /(vl OnAu — (1 - o) v} Ornu) ds + / vz (0AU+ (1 — 0) Bpnu) ds. (2.9)
r r

Moreover, the linear operator 8, : H?(Qy, A%) — (V(T))’ is continuous.
Proof : Since

, 2
cAulv+ (1-0) Y 8;0,u8;0kv

Gk=1

= Aulv + (1 - 0)(2 01024 8,0,v — 82u BZv — 02u H2v)
we use for u € H*(Q) and v € H%(Q;) Green’s formula to get

/(Au Av—vA%u)dz = /(Au Onv — v OpnAu)ds
1971 r

and

/ (2 0185w 818y — H%u B3v — 2w &%v) do = f (850 Ot — By Brrs) ds
U r
Thus the value of the domain integrals
ag, (u,v) — /vAzudz
N ;

depends only on yv € V(I') and we obtain formula (2.9) known as Rayleigh-Green formula.
Since

a7 (, v)| < loll|Aullzaq,) | Av|z2(a,) + |1 — o] [ulgaay) vl m2(a,)
there exists a constant depending only on ¢ such that
|[6ou, B]| < |A%ul| z2gy)llv~ ¥ llz2(a,) + € el a2y Iy ¥la2a,) - (2.10)

Hence the assertion follows by continuity from Lemmas 2.2 and the fact that C*(f;) is dense
in H2(Qq, A?) (see [15]).

a
Corollary 2.1 For u,v € H?(Qy, A?) there holds Green’ second formula
f(v A%y — w A?v)dz = [6,v, yu] — [6,u,7v] .
101 ‘
For ¢ = (Zl) € V(T') we write formula (2.9) in the form
2
[bou,¥] = —(vl,ﬁ,u)p + (v, Mpu)r : (2.11)



where for sufficiently smooth u, say u € H%(Q;), we have

d (Tow) , (2.12)

M,u:=0cAu+ (1~ 0)0Opnr Nyu:=8, Au—i—d

and the derivative of
Tou:= (1= 0) Ornu : (2.13)

is understood in distributional sense. In plate bending M, u corresponds to the bending moment,
T,u to the twisting moment and N,u is known as transverse force. In general the twisting
moment T,u is discontinuous at the corner points of I'. Therefore

.

m
N,u = N,u+ Z 5( — 93’.) (Ta-'u(m:_) - T,"U,(:L'i_)) )

i=1
where 6(z) is the Dirac functional, Tpu(z*+)—T,u(zi™) is the corner force at z* and the function
N, u, known as Kirchhoff shear, is equal to

N,u=0,Au+ ;—-(T,u) on the arcs T; . (2.14)
s

If we use that adjacent arcs meet at the corner point z* with the interior angle ¢, then from
(2.7) follows easily that

T,u(z’) — Tou(zh) = (1 - 0) sin &; (Oyipiu(z?) — Opiniu(z’)) - (2.15)

Here the unit vector
: -y, . T — oy o
= (con(p + ) sinfis + 5 ) = (= sin(is - ), conlis~ )

is directed like the bisector of the angle between n(z’.) and n(z% ), ¢; denotes the angle between
the z;—axis and n(zt ), and

1 Qg . [ 4
7" = —(cos(p; — —2—),8111(90; - —2—)) .

Hence we get

Nou= Nyu+ (1 -0) 25( — z*) sin ¢; (Bripiu(ct ) Opiniu(z)) . (2.16)

=1
The vector composed of the components of the Dirichlet and Neumann data
u
Yu Onu
= 2.17
() = | i (217
Ngyu

will be called Cauchy datum of u € H%(Qy, A?) associated with the bilinear form a”.
Let us now consider the problem to find w € H2(Q,) such that for given x € (V(T'))’

a®(u,v) = [x,7v], Vve H*}Q). (2.18)
By (2.8) this is equivalent to the Neumann problem for the biharmonic equation

A%uw=0 in Q, Set =X.- (2.19)

6



We denote by IP; the space of linear functions on IR? and introduce the factor space H? Q) =
H?(Q)/IP;. 1t is well known that

iz (q,) = lulm2(a,)

gives a norm on the Hilbert space #?(£;) equivalent to the quotient norm

piéllf,l llu — plla2(a,) -

Further we denote by ! (T") the traces of linear functions, I(I') := (/P,), consider the space
W(T) = V(T')/1(T) equipped with the factor norm and the adjoint (W (T'))’ with respect to
(2.1), which can be identified with the polar set

1Dt ={x e (V(T)) : D ¥] =0, V¥ € I(T)} .
Obviously the assertions of Lemma 2.2 remain true for the mapping v : #2(Q;) — W(T').

Lemma 2.5 Let 4 € H2(Q) with A%4 =0 and 0 < 0 < 1. There ezist constants not depending
on u such that

e llillfza,) < Il < ez iz, -

 Proof : Since 8,p = 0, p € IP;, the mapping J, is defined on the equivalence classes i e H2(Q)
with A%u € L?(£;). Further, for any u € H2(Q;) with A%u = 0 there holds

[6ou,vp] =0, pE P, ie., 6buel(l)*. (2.20)
From (2.10) we get
|85, %]| < eo lulfz() Y PlErq,) < ?Ilﬂllgtz(nl)||11}||%V(r) ;
hence &, maps {@& € HZ(Q) : A%% = 0} into (W(T'))’ and - )
8l wryy < 2 ||@llaaa,) -
On the other hand, for w € H%(Q;) with A%u = 0 we have
[bou, yu] = ag, (v, u) =0 ”Au”%ﬁ(nl) +(1-0) lul,zet?(nl) )
suchfor0<o<1
ot il 2 (1= ) ilaga, - | .21

Hence we derive

@l w @y vilwey = (L - o) @3z, > ellille@)lvillwr -

a

Corollary 2.2 Let 0 < o0 < 1. The Neumann problem (2.19) has a solution u € H%(Q,) if and
only if x € L(T')*. The corresponding equivalence class i € H?(Qy) is unique.

Lemma 2.6 The set {(vp,8,¢) : ¢ € C&(R?)} is dense in V(F) x (V(T)).



Proof : The assertion is proved if we show that for (¥, x) € V(T') x (V(T)) the relation
(60, %] = D19l =0, Ve Ce(R?) (2-22)
implies ¥ = x = 0. ’
Choosing arbitrary f € L?(Q;) we obtain by applying Corollary 2.1 and (2.6)
[6T(£,0),%] = [6T(£,0),7T(0,%)] - [6-T(0,%),vT(£,0)]
= [ (@(£,0)8%T(0,4) - T(0,9) A7 (£, 0)) do
1]

- —/fT(O,q,b)‘da:'.

1)

Since C*(£2;) is dense in H?(£, A?) relation (2.22) holds also for ¢ = T(f, 0), such that

/fT(0,1,b)da:=0 for all f e L3(Sh).
Q ,

Thus T'(0,%) = 0 yielding % = vT(0,%) = 0. From (2.22) it follows now that
- Del=0 forall p € HX(2y,A?),

which together with Lemma 2.2 implies x = 0.
O

Let us consider some properties of boundary value problems in the exterior domain Q,. The
traces of functions given outside of Q; are defined such that for any ¢ € C$°(IR?) there holds

Y(eln) =v(ela)  S(pln,) = drlela) - -

Hence, if { denotes a domain containing £y, u € H2(Q\Qy, A?) and v € H2(Q\Q;) then we
have '

2 .
(6,2, 0] := f (o) A% — 0 A(pv) Au— (1 - ) Y 8;05u0;0k(pv))de ,
ﬁ\ﬂl . Sk=1

where ¢ € C({2) with ¢ = 1 on a neighbourhood of ;.

We define the Hilbert space W2(f2;) which is a special case in a family of weighted Sobolev
spaces studied in [13] and allows the variational formulation of exterior boundary value problems
for the biharmonic equation. We denote p(r) = log(2 + r?) and introduce

u Bju
(L +12?p(l2l) " (1+121?)1/2p(l])’
WE(Q3) := closure of Cg°(22) in W2(Q;) .

W2(Qs) = {u : 0;0ku € L*(Q2) , 5, k=1, 2} ,

equipped with the canonical norm.
It is proved in [13] that the seminorm

2 1/2
lulwaan = (X 18:0eul3a(a,)
7,k=1



is a norm on WZ(Q) and on the factor space W?2(Q2)/P; equivalent to the corresponding
induced norms. Hence the bilinear form

2 ‘
ad, (u,v) := /(aAu Av+(1-0) > a,-akuaja,cv) dz (2.23)
N, Jk=1

is positive definite on W§(Q) and, for 0 < o < 1, on H?(Q;), where we use the notations
H?(Q2) = W2(Q)/ 11 and ||illg2(q,) = |ulwa(q,). Furthermore, for u € W?(Q;) with A%u =0
and 0 < o < 1 there holds

[0ou, yu] = — ag, (u,u) < (0 — 1) luﬁV’(ﬂz) ) (2.24)

such that analogously to Lemma 2.5 we obtain

Lemma 2.7 Letu € 7{2(92) with A% = 0 and O < 0 < 1. There ezist constants not depending
on U such that

a1 llall3e(,) < 18sallmwry < ez llillfza,) -
Quite analogously to the interior problems the following assertions holds.
Lemma 2.8 For any 9 € V(') the weak formulation of the Dirichlet problem
yu=v , af(uv)=0, VveWi(Q),
has a unique solution u € W2(Qy). The ezterior Neumann problem
ag, (w,v) =-[x,7v], Vve WZ(QZ) ,

has a solution u € W2(Q) if and only if x € L(T)* C (V(I'))'. The corresponding equivalence
class & € H?(Q2) is unique.

3 Layer potentials for the bi-Laplacian

Here we consider the biharmonic layer potentials, which are based on the fundamental solution
of the bi-Laplacian A?

1
G(a) = olaf logla|, =€ R?,
and are associated with the form a”. Note that the operator

Gu(z) :=(G(z, ), u)gz Wwith G(z,y)=G(z—y)

is the two—sided inverse of A? on the space of compa,ctly supported distributions on /R?. Fur-
thermore,

G: HS,. (R?) — H,:j;‘*(]Rz), seR, (3.1)

is continuous. We have the following representation formula which follows immediately from
the special case o = 1.

Lemma 3.1 Let u € L*(IR?) be a function with compact support such that the restrictions
ulg, € H*(Q1), ulg, € HE(Q2) and f = A?u|ga\p € L*(RR?). Then for ¢ € R?\T the
representation '

u(z) = §f(z) - [{dou}, 7G(z, )]+ [6:G(z, -), {yu}]
holds, where

{yu} :=v(ula,) —v(ula,)  {ou} := b (ula,) — do(ulay),
denote the jumps of the Cauchy data across I'.



This leads to the definition of the layer potentials for z € JR?\I'

Vx(a) = (e1Ge ], x € VDY, 652)
Koy(z) = [6G(=,-), 4],  $e V(D).
Lemma 3.2 The layer potentials
V: (V) = HE(R?) and K,:V(D) = H3(Q,),
are conlinuous.
Proof : Because of
Vx(e) = (G(z, ), 7X) 2
we can write
Vx = G7'x. (3:3)

The adjoint of the trace map v’ : (V(T'))’ — HZ2,,
for V follows from (3.1).

Due to Lemma 3.1 the solution u = T'(0, ) of the Dirichlet problem (2.5) can be represented
by '

(IR?) is continuous, therefore the assertion

T(0,9) = V&, T(0,9) - Ko¥,
such that Lemma 2.4 and the continuity of T imply
1KXo¥llm2ay) < clldllvir) -

O

Note that the definitions (2.1) and (3.2) lead to the known representations of V and K,
as integral operators (cf [16], [11]). If the components of the vector x = (:1) are integrable
2

functions then we have

1
Vi(e) = —g= [n(w) e~ yP logle - v ds,
+ -8—7F'/v2(y) (ny,y—z)(2log|z — y| + 1) dsy .
r

Using (2.16) we obtain that for ¢ = (21) € V(I') the potential K, is the sum of two integrals
2

and of a finite number of functions depending on the point values at the corners vy (z*)

Ko(z) = f v3(y) MyyG(,y) dsy — f v1(y) NoyGle,y) ds,
T

T
| : | (3.5)
l-0 ¢ i - 2(ng, T — z*)?
- g m(@)sine; (I“W) ;
=1 )
where
_1+0’ l-o (ny,y—z)z 1
M, ,G(z,y) = = (loglz —y|+1) + o ( P 2) :
140 (ny,y—2) 1-0/(ny,y—2)? (ny,y—z)? 1
N,.G — y? _ Y AN
'Y ‘(E, y) A1 |z _ ylz o ( lm _ y|4 Ky (_—lm — ylz 2))

10



Here &, denotes the curvature of I' at the boundary point y, & = di¢/ds, where ¢ is the angle
between the z;—axis and n,. k

Let us define the linear spaces
L7 = {u(z) = Vx(z) - Ko¥(z) : (¥, x) € V(T') x (V(T))', = € 5},

of biharmonic functions representable via layer potentials. From Lemmas 3.1 and 3.2 we con-
clude that the space L{ corresponding to the interior domain is independent of o and coincides
with the set of functions v € H%(Q;) satisfying A%u = 0. Moreover, for u € L; there holds the
representation formula

'u,(a:) y .'ZEQl,

Vésu(z) — Koyu(z) = { 0 e, (3.6)

The space L§ consists of functions u € H?_(Q;) characterized by A%u = 0 and a special
asymptotic behaviour at infinity which will be described in the following lemma. To this end
we take the functions on IR?

gl(miy) =1, ‘ gz(ziy) = (a:,y) )

2
By =k, o)=L+ (),

denote by Z = z/|z| the direction of = and introduce
Iix(z) = x,79i(%,-)], x€ (V(P))’ )
J;¢(m)=[5¢gj(ﬁa'))¢]s "I’GV(P), ji=1,...,4.

Note that JY and J§ vanish, I, I3 and J3 are consténts, while I, Iy and J§ depend on the
direction of z. Since the asymptotics of the fundamental solution for |z| = R — oo can be
written in the form (cf. [3])

(3.7)

1 . ) R
G(z,y) = g;r(Rz log R — g2(2,7)(2R log R + R) + g3(%,y) log R+ g4(£,v)) (3.8)
+O(R7Y),

the definition (3.2) of the layer potentials implies
Lemma 3.3 For given (¢,x) € V(T') x (V(T)) the function
u(z) = K9(z) — Vx(z)

behaves for large |z| = R as

1
ue) =~ (le R? log R — Lx(z)(2R log R+ R) + (Isx — JS¢) log R

(3.9)
+ Iix(z) — J{(a)) + O(R™Y) .

Corollary 8.1 The operator K, : V(I') - W2(Q3) is continuous.
Now one can prove the representation formula for functions u € L.

Lemma 3.4 For u € L with Cauchy data (yu,6,u) there holds
u(z) ,z€Qy,

3.10)
0 , T E Q]_ . (

Koyu(z) — Vésu(z) = {
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Proof: We enclose 2 by a ball Bg with radius R > |z|. Then the representation formula (3.6)
is valid for the bounded domain 22 N Bp yielding

u(z) = Keyu(z) — Vé,u(z)
+ / (u N, .G(z, z) — M,,.G(z, 2) By + Myu 8, G(z, z) — G(z, z) Nyu)ds, .

Using the asymptotics (3.9) of u(z) as R = |2] — oo and the asymptotics (3.8) of the funda-
mental solution it was shown in [15] that the integral

/ (u0n,AG(z, 2) — AG(z, 2) Bpu + Aud,,G(z, z) — G(z, z) OpAu)ds, .

converges to 0 as R — co. By the same technique one obtains after some lengthy computations

that the remaining integral converges to 0, too. ,
]

Corollary 3.2 The function u € L§ belongs to the weighted Sobolev space W2(R2,) if and only
if S,u € [(T)L.
Corollary 3.3 Let 0 < o < 1. If the exterior Neumann problem

Au=0 inQ, Su=x€((V(T), (3.11)
has a solution u € L§ then this solution is unique.

Proof : Obviously it suffices to show that d,u = 0 for u € L§ implies u = 0. Due to Lemina
2.7 we have ”u“’u?(n y = 0, hence u € IPy. But in view of the asymptotics (3.9) this is only

possible if u = 0.
a

- We note that the exterior Dirichlet problem »
A’w=0 in Q, yu=19 € V(T), (3.12)
is not uniquely solvable in L, in general. For example, the two biharmonic functions
uj(z1, 22) = 2(2 log |z + 1+ ¢ |2 %)

have vanishing trace yu; = 0 on the circle I' with radius e~!, whereas for any circle I' with
radius r # e~! the problem

A’u=0 inQ;, yu=0, ~ (3.13)

has only the trivial solution.

In the following we say that the curve I' satisfies the assumption A if the corresponding
exterior homogeneous Dirichlet problem (3.13) has only the trivial solution, or equivalently

Ar: v € L] with ~yu=0 implies du=0.

Recently Costabel and Dauge proved in [6] that for any general curve I' there exist between 1
and 4 values of the scaling factor p > 0 such that the scaled curve pI' = {pz € R?, z € T’}
violates assumption Aj.

The layer potentials provide the following jump relations:

12



~ Lemma 3.5

{wx} =0, {&Vx}=-x foral xe(V(D)),
{7k} =4, {6Ks9}=0  forall € V(T).

Proof : Since u = Vx € HE, (IR?) we have y(ulq,) = y(u|q,). Further, from (3.3) we obtain
that A%u ="y in distributional sense, i.e.

f uA? pdz = (X, o) g2 = [X,7¥)]
R2

for any ¢ € CP(IR?). On the other hand

f vAPpdz = af (u,9) - [bo0,7u] = [Ja(ulm),"rso]— (6, vu] ,
/ uApdz = —af (u,9)+ [6-0,7u) = —[6-(ula,), 7¢] + (60, 74] .

Thus
X, 1ol = [0 (VXla) — 8(Vxla,) 19, Vo € C°(IR?).

Let now u = K%, ¥ € V(I'), and again ¢ € C$°(IR?). The second Green formula yields

/ uA?pde = —[{8,u}, 1]+ [otp, {12}] - - (3.14)
R?
.The definition of K, provides
u=Ksh =G, (3.15)
where 4’7 denotes the compactly supported distribution on JR? defined by
(o &) 2 = [bop, %] for all o € CG°(IR?).
So A?u = §/+ in distributional sense, therefore
/ uA%pdz = [6,0,9] . (3.16)
R
Comparing (3.14) and (3.16) we obtain
(80 % — {yu} = —~[{8ou}, 7] forall ¢ € C(R?).

Thus from (2.22) we conclude that

(YKo} — % =0 = {6 K9P} .
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4 Boundary integral operators for the bi-Laplacian

In this sction we study some basic properties of boundary integral operators connected with
the biharmonic layer potentials. These operators are defined as the traces

Ax = 29Vx ) ' Box = 26,(Vxla,),
Cotp :=27(Ko¥la,), Dot = 28 (Kopla,)-

Formally this definition is the same as for second order equations given in [5]. We will show
that the biharmonic boundary integral operators have analogous properties as the correspondmg
operators of the Laplacian.

Lemma 4.1 ([6],[15]) The operator A : (V(I'))’ = V(T') is continuous, symmetric and strongly
elliptic, it is positive definite on (W(T))', i.e. for any x € (W(T))' =1(T')* there holds

[ AX] > cllxllfy oy

with a positive constant not depending on x. If addztzonally the curve I satisfies the assumption
Aj then A is bijective.

Here and in the following the adjoints of boundary integral operators are taken of course
with respect to the duality (2.1). .

Lemma 4.2 Let 0 < o < 1. The continuous operator D, : V(I') — (V(I')) is symmetric
and strongly elliptic with ker D, = I(T) and im D, = [(T')*. Moreover,.the isomorphism
Dy : W(T) = (W(T)) is positive definite. :

Proof : Note first that the boundedness .and symmetry of D, follows immediately from Lemmas
2.2, 2.4, 3.2 and the symmetry of the kernel function G. To prove that D, is positive definite
we take 9 € V(T') and set uy = —Ky9|q,, u2 = —Ks9¥|q,. The jump relations lead to

1
Oouy = dpup = §D,1/:, Yu2 — YUy = —9P.

Due to Corollary 3.1 we have luI%V,(nz) < oo, such that by (2.21) and (2.24)

[Da¢ Y] = [8our, Yu1] — [0ou2, Tu2] = af, (u1, %) + af, (2, u2)
>(1- ‘7)(”"‘1”7{2(91) + ||u2||'n=(nz)) .
Since
[¥llwry < lvedllwy + llyvaliwey < llulle) + vzl ;)
we obtain |
[Da"'pby"/)] 2 Cr “¢”%V(F) !

hence D, is strongly elliptic in V(I'). From (2.20) it is clear that ker D, = [(I").
O

Lemma 4.3 The boundary operators C, : V(I') = V(I') and B, : (V(T)) — (V(T)) are
continuous and connected by the relation B' =C,+21I.

14



Proof : For any (¥,x) € V(I') x (V(T'))’ we obtain

[Box, ¥] = [6:(VXla,) + 5o(VX|hz) + X, ¥]
= (g'Y,X'ﬂl. + g’Y,Xlﬂz!a{r'ﬂb)R’ + [ 1¢] = (g7IX1 5::-71b)R2 + [X! 7!’]
= (7,Xx KU"&)R’ + [X: Y] = [X;'Y(K:a"p'ﬂl) +"/(K_¢r¢lﬂz)] + [X: "/’]
- [X: 2’7(’Ca"‘»b|ﬂx) + 'lwb] + [X: ¢] = [X: ca"‘tb] + 2[X1 "/’] )
where the jump relations for Vx and vK,9 as well as (3.15) are used.
O

If we introduce the operator W, := I +C, then B, = I + W. and from Lemma 3.5 we
derive for j =1,2 .

Tobla) = 3 W+ (19D , 5,(Vxia,) = 5 W, - (1¥D)x. (41)

Let us mention that in the special case o = 1, where the form a? is not coercive, we obtained
the following characterizations in [15]:

e The operator 3 (I — W;) = —3C; is the Calderon projection onto the traces yu of har-

monic functions v € H(Q1);

e The operator 5 1 (I +Wy) = 3B} projects onto the traces yu of all harmonic functions
u € HE.(Q2) with the asymptotms u(:z:) = a(log lz] + 1) + O(jz|™1), |z| = oo, for some
real a;

e The operator D; = 0.

 Now we introduce the bounded linear operator

v(T) V()
By = ( gv ;V‘t ) X — X (4.2)
o/ (v(T)) vy
and define two mappings
¢, = (I (- 1) By), j=1,2. (4.3)

Lemma 4.4 The operators €, ; are the Calderon projections in V(I') X (V(I'))’ mapping onto
the set of Cauchy data (yu,d,u) of functions u € LY. ;

Proof : For arbitrary (,x) € V(T') x (V(I)) and » = (—=1)¥(K,¥ — Vx) € L the jump
relations of Lemma 3.5 and (4.1) imply '

(w) _ (_1),-< 1(Kotln;) =1 (Vxln) ) _(w ( (W + (~151)9 - Ax )
S0 8 (Kala;) — 82(Vla;) 2 \—Dyp— (W — (-1)il)x

L T, - (AN (B 1 ()L (¥
‘5( ~(~1yD, I—(—l)fwz,> (x)_2(I -1 """)(x)‘@"’(x)'

Let now u € L7. Then the representation formula (3.6) or (3.10), respectively, yields

u(z) = (41)"(IC,7u(a:) - Vésu(z)), =€Qj,

15



after applying the jump relations we obtain.

Yu YU
() = =o(2)

showing that the mappings €, ; are bounded projections and that the Cauchy data of all
functions from L7 belong to the image of &s,;.

O
Since the Calderon projections for the interior and exterior problems are conjugate
Cor+Co2=1, )
the space V(I") X (V(T'))’ can be decomposed as the direct sum of closed subspaces
V() x (V(T) = {(yu,8su) : u € L1 } + {(yu,00w) : u € L} . (44)
Further, from €2, =¢,; we derive the'relations
Corollary 4.1
Wod=AW. | W.Do=D, W, , ADy=I-W2. (4.5)

Lemma 4.5 Let 0 < o < 1. The operator (I —W,) : V(I') = V(T) is bijective, whereas
(I+W,):V(T) = V(T) is Fredholm with indez zero. Furthermore, ker (I + Ws) = 1(T) and
im (14 W,) = AL(T)).

Proof : From (4.5) we have
ADy = (T+W,)I=Wy) =T = W)T+Ws). (4.6)

Since A and D,, 0 £ o < 1, are strongly elliptic the operator AD,, is Fredholm with index
zero and by well-known arguments (cf. [14], Thms. 1.3.1 and 1.3.3) the operators (I £ W, ) are
Fredholm itself. Based on the relations (4.1) one can use as in the case of Laplace’s equation
the uniqueness of the interior Dirichlet problem in L; and of the exterior Neumann problem in
L§ to derive that

ker (I —W,) = ker (I-W,)=0. (4.7)

Therefore (I+W,) is Fredholm with index 0, from (4.6) its kernel and image can be determined

by using Lemmas 4.1 and 4.2.
O

5 Boundary integral equations for plate bending problems

Using the layer potentials and boundary integral operators it is now quite easy to transform
biharmonic boundary value problems into integral equations over the boundary. For example,
the results of Sections 2 and 3 and certain layer potential representations lead immediately to
equivalent integral equations for Dirichlet and Neumann problems. However, the analysis of
indirect methods for other types of boundary conditions seems to be more invclved. Here we
fix attention on a direct method which produces strongly elliptic systems of boundary integral
equations equivalent to mixed biharmonic boundary value problems. Having the properties of
boundary integral operators at hand the analysis of the proposed method extends simply the
well-studied approach for second order equations to our situation.
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We introduce the bounded bilinear form on V(I') x (V(T'))’

¥
((X),<P)>me vy =+ DAl (5.1)

From (4.2) we see that for any (¢, x) € V(T') x (V(F))’ the equality

<s:8¢ (11))’ ("f(’) >V(I‘)><(V(P))' = —D6 We¥] + [, AX] + [Dob, %] + (Wi, ¥]

X
= [, Ax] + (Do, 9]

holds. Let us denote by P : V(') = V(T') a bounded projection, set Q = I — P and introduce
the projection P in V(T') x (V(I))’ by

(5.2)

V() im P

P O

‘:B::( ,>:. X — X . (5.3)
0 27 vy im Q'

Note that
imPxim Q@ =imP and im Qxim P =im (I -P)

are closed subspaces of V(I') x (V(I'))’ which are in duality with respect to (5.1). Since
(im Q) = (ker P)* = im P’ the equality (5.2) leads to

Y\ (L 1 i Qp\ (LY
(€ (P'x>’ (’P'x)>V(r)x(V(r»' =5~ oy ( ’X>’( ’X)>V<F>><<V(F)>’

(D™
= 5 ([AP'%, P'x] + [Ds Q¥, Q¥]) -

Hence for any projection P the mappings

o im @ im P
Pi=(-1yMpe,;(I-P): x  — X (5.4)
im P’ im Q'

do not depend on j = 1,2. If 0 < o < 1 then in view of Lemmas 4.1 and 4.2 the operator 27
satisfies a Garding inequality

¥\ (¥ ' ‘
(02 +9(2)+ (2] gyt 2 915+ el
V(¢¥,x) €im @ X im P’

with a positive constant ¢ and some compact operator F. Since the adjoint of A with respect
to the form (5.1) provides the same property we derive

Lemma 5.1 Let 0 < o < 1 and P be a bounded projection in V(I'). Then A2 defined in (5.4)
is a Fredholm operator with indez zero from im (I — ‘B) into im B and strongly elliptic with
respect to the form (5.1).

Note that the two trivial cases P = I and P = 0 are treated in Lemmas 4.1 and 4.2,
respectively.

The mapping 2? is closely connected with the biharmonic boundary value problem:

Find we€Lf suchthat Pyu=p and Qéyu=r1, (5.5)
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where (p,7) € im P X im Q' are the given boundary values. Indeed, for u € L we know from
Lemma 5.1 that
YEAWNED
()= ()
To solve (5.5) we decompose

e\ [ Pyu n Oyu
Seu) ~ \Q'6,u Plosu)’

such that the unknowns ¥ = Qyu and x = P'§,u have to satisfy the equation

(I - €) (ﬁ) = (€25 = 1) (ﬁ) L (5.6)

In particular, applying the projection P to both sides we get the equation

ol (ﬁ) = (-1 P (€= ) (ﬁ) : (5.7)

Lemma 5.2 Let (p,7) €im P X im Q'.
(2) Ifu € LY satisfies (5.5) then ¥ = Qyu and x = P'd,u solve the equation (5.7).
(i) If (¥,x) € im Q X im P’ is a solution of (5.7) then the function u given in Q; by
| w= (1P (Ko (9 +0) ~ Vi +7)) (5.8)

solves the boundary value problem (5.5).

Proof : It remains to show (ii). For u from (5.8) there holds in view of Lemma 4.4

Y _e [¥TP
8o \x+71)°
Since the equation (5.7) is fulfilled we have

Yv+p '_
"p(I—Qc’J)(X‘i‘T) —‘0,

~ implying
Pyu=P+p)=p and QGHu=Q(x+7)=7.

O

Thus any solution of the boundary value problem (5.5) can be obtained by solving the
system of boundary integral equations (5.7). Note that in general this system has more linear
independent solutions than (5.5).

Lemma 5.3 Let 0 < o < 1 and Bj, 3 = 1,2, be the dimension of the null-space of the corre-
sponding homogeneous problem (5.5) with p =7 = 0. Then

dimker A2 =61 + B, <3 and By =dim Q(I(T)).
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Proof : Since u € LY with (yu,d,u) € im Q x im P’, i.e. Pyu = Q'6,u = 0, determines an
element (yu,8,u) € ker A7 and and by (4.4)

{(ru,64) w € Ls} 0 {(yu,6,0) 1w € L} =0

it is clear that dim ker QL:’,’ > B1 + Ba.

On the other hand, since V(T') x (V(T'))’ is the direct sum of these subspaces there exists
a basis in ker 27 consisting of elements of the subspaces. Due to Lemma 5.2 (ii) and the
representation formulas (3.6) and (3.10) we get therefore dim ker 2A? < 81+ ..

Let now u € Ly with Pyu= Q'é,u=0. Then
ag, (u, v) = [dou, Yu] = [6ou, Pyu] + [Qdou, yu] =0

and Lemma 2.5 yields v € IP;, i.e. yu € [(T') and §,u = 0. Hence the homogeneous boundary
conditions can be satisfied by §; = dim Q ({(T")) linear independent elements of L.

Using (2.24), Corollaries 3.2 and 3.3 it can be seen quite similarly that
uw€ LENW3Q,) with Pyu=Q'6,u=0 implies u=0.

Hence any nontrivial solution of the homogeneous boundary value problem in the outer domain
Q, satisfies §,u ¢ I (T')* or more precisely, the corresponding equivalence class §,% in the factor
space (V(T'))'/1(T)* is different from zero, 6, # 0. ’

Consequently, if (¢, x) € (im @xim P’)Nker A? and x # 0 then the equivalence class ¥ # 0
in (V(T'))’/1(T)*. This means that B, is not greater than the number of linear independent
elements x € im P’ with x # 0 which equals to

dim P (I(T")) = 3 — dim Q(I(T)) =3 - B .

Now we introduce the assumption . ’
Ap: If ue L] satisfies Pyu=0 and (I —P')0;u=0 then u=0.
and consider the boundary value problem (5.5) for j = 2.

Theorem 5.1 Suppoée that T' satisfies assumption Ap, let (p,7) €im P Xim Q' and0< o <
1. Then the boundary value problem for the bi-Laplacian

A2u=0 in Qo

Pyu=p, [ -Posu=r (5.9)

has in the space L§ a unique solution given by
v=Ko(¥+p)-V(x+71),

where (¢, x) € im Q x im P’ solve the system of boundary integral equations

A7 Cﬁ) =P ¢y (ﬁ ) :  (5.10)

If additionally the projection P reproduces the traces of linear functions, Pyp = yp for all
p € IPy, then (5.10) is uniquely solvable. ‘ '

19



For j = 1 the boundary value problem (5.5) admits the variational formulation:

Find w€ H?(Q;) suchthat Pyu=p and

ag, (u,v) =[r, Qyv], Vve HR(Q):={uve H*(Q): Pyu=0}. (5.11)

It is clear that (5.11) is uniquely solvable for 0 < ¢ < 1 iff the only linear function p satisfying
Pvp =0 is the trivial function p = 0.

Theorem 5.2 Suppose that the projection P satisfies P(I(T')) = I(T'), let 0 < 0 < 1 and
(p,7) € im P X im Q. The unigue weak solution of the boundary value problem for the bi-
Laplacian

Alu=0 in

5.12
Pyu=p, (I -PYoeu=71 (5.12)

can be obtained by the formula

u=V(x+7)-Ko(¥+0),

where (¢, %) € im Q X im P’ solve the system of boundary integral equations

24P (i) =P ¢ (f: ) : | (5.13)

If T' satisfies assumption Ap then (5.13) is uniguely solvable.

Roughly spoken, if the boundary conditions are such that the biharmonic bourdary value
problem can be transformed into a coercive variational problem then it is equivalent to a strongly
elliptic system of boundary integral equations.

As an example we now consider the choice of the projection P for mixed boundary conditions.
We assume that the boundary I' is composed of four disjoint parts I'c, 's, Iy, and I'y such that

=T UlRUlUTy,

and consider a bounded projection P in V(I') providing

v wy W=, W2 =102 On’ Le,
P = ( € V(I') with wy =1 on T4, (5.14)
v2 w2 wy = r
2= onT,, |

whereas the functions w; are extended to the other parts of I' in some specific way. Clearly
there exists of variety of projections giving (5.14), which differ only in the method of extending
wj. But the concrete form of the projection P is not important, we need only the existence of
bounded projections, ||P¥|ly(r) < ¢|[#|lv(r), which is obvious. Since for the adjoint of @ = I-P

we have |
o (Z:) - (?) € (V(I))" with { (va, w1)r = (24, w1)r

(vs, wa)r = (23, wa)r

‘ wy\ v '
for all (wz) €ker P = {(UZ) € V() : vi|r.ur, =0, 1’2|r=urr = 0} )
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we conclude that in weak sense

23 = U3, 24 = U4 OnPf,
Q' (v,;) = (24) € (V(I) with 23 =v3 onI'y, (5.15)
VU3 23
Z4 = vy onl; .

We note that the space ker P xker Q' in which the unknowns (%, x) of the system (5.6) have
to be sought is independent of the concrete choice of P. Moreover, the definition of the trace
spaces together with the description of ker P X ker Q' imposes certain compatibility conditions
for the components of ¥ and x at singular boundary points, i.e. corners and points at which
the type of boundary conditions changes. We will not go into detail, we mention only that it
is important to take into account these compatibility conditions in choosing the approximation
spaces for the numerical solution of (5.6). ’

If we formulate the boundary conditions in (5.5)

P7u=p=(§:)€im77 ) Q’J,u:7=(§:)€img'

in terms of the Cauchy data of %, which are defined in (2.17), then we obtain from (5.14) and
(5.15) the well-known mixed boundary conditions of plate bending

(i) clamped

u=g1 , Ghu=gs “onT¢;
(ii) hinged or simply supported
u=g, , M,u=gs onI;;

(iii) roller—supported

o~

Ohu=g2 , Nou=g4s onTy;

(iv) free

M,u=g3 , Nou=g, onTly.

To state the stability result of the Galerkin method for solving the system of integral equa-
tions derived from the mixed boundary conditions (i)-(iv) we introduce sequences of finite
dimensional spaces of approximating functions Xz C ker P and Y; C ker @', h — 0, such that

UXh X Y, is dense in ker P X ker Q' .
h

Theorem 5.3 Suppose that 0 < o0 < 1 and that the interior and the ezterior boundary value
problem for the biharmonic equation with homogeneous boundary conditions (i)-(iv), z.e. g; =0,
have only trivial solutions. Then the Galerkin equations

CAWEY i ifre . n(P) [en
(2 (xh)’ (¢h>>V(F)>‘(V(F))’ =2-17((s =D (T) (%) >V(r)x(V(r»"

v ("”‘) € XnxYa (5.16)
on
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are uniguely solvable for all sufficiently small h and the approzimate solutions

Ur = (-—1)‘7.(](:,(‘1,0},-{- P) - V(Xh +T)) )

converge quasioptimally to the biharmonic function w in Q;, 7 = 1,2, satisfying the boundary
conditions (i)-(iv), for ezample, for any = € Q; the estimate

u(@) —un(e)l < e( inf [|Qvu - enllv(ry + inf [P'6eu = ¢allwiryy)

holds with some constant not depending on u and h.
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