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Abstract

This paper is concerned with the inverse scattering of time-harmonic elastic waves from rigid
periodic structures. We establish the factorization method to identify an unknown grating surface from
knowledge of the scattered compressional or shear waves measured on a line above the scattering
surface. Near-field operators are factorized by selecting appropriate incident waves derived from
quasi-periodic half-space Green’s tensor to the Navier equation. The factorization method gives rise
to a unigueness result for the inverse scattering problem by utilizing only the compressional or shear
components of the scattered field corresponding to all quasi-periodic incident plane waves with a
common phase-shift. A number of computational examples are provided to show the accuracy of
the inversion algorithms, with an emphasis placed on comparing reconstructions from the scattered
near-field and those from its compressional and shear components.

1 Introduction

The inverse scattering problem of recovering an unknown grating profile (periodic structure) from the
scattered field is of great importance, e.g., in diffractive optics, quality control and design of diffractive
elements with prescribed far-field patterns [7, 32]. Consequently, there is a vast literature on the re-
construction of grating interfaces modeled by the Maxwell equations or the two-dimensional Helmholtz
equation (see e.g. [1, 5, 6, 20, 22, 19, 16, 28, 30, 33, 34]). The inverse elastic scattering by periodic
structures has also a wide field of applications, particularly in geophysics, seismology and nondestructive
testing. For instance, identifying fractures in sedimentary rocks can have significant impact on the pro-
duction of underground gas and liquids by employing controlled explosions. The sedimentary rock under
consideration can be regarded as a homogeneous transversely isotropic elastic medium with periodic
vertical fractures that can be extended to infinity in one of the horizontal directions. Using an elastic plane
wave as an incoming source, we thus get an inverse problem of shape identification from the knowledge
of near-field data measured above the periodic structure; see [29]. Analogous inverse problems also arise
from using transient elastic waves to measure the elastic properties or to detect flaws and cracks in con-
crete structures. Moreover, the problem of elastic pulse transmission and reflection through the earth is
fundamental to both the investigation of earthquakes and the utility of seismic waves in search for oil and
ore bodies ([17, 18]).

This paper is concerned with the inverse elastic diffraction problem (IP) of recovering a two-dimensional
rigid grating profile from scattered near-field, which can be regarded as a simple model problem in elas-
ticity. The direct scattering problem (DP) can be formulated as a Dirichlet boundary value problem for
the time-harmonic Navier equation in the unbounded domain above the scattering surface. We refer to
[3, 4, 12, 13, 15] or Section 2 of this paper concerning existence and uniqueness results to the forward
scattering. We shall establish the factorization method for (IP), generalizing the inversion algorithms in
the acoustic scattering from bounded obstacles [6, 11, 26, 24] and diffraction gratings [6, 5, 28] to the
current situation. The factorization method was firstly put forward by Kirsch [24] to reconstruct bounded



obstacles from spectral data of the far-field patterns. It requires neither computation of direct solutions nor
initial guesses, and provides a sufficient and necessary condition for precisely characterizing the shape
of unknown scatterers. We refer to [25, 30, 31] for the factorization method applied to inverse electromag-
netic medium scattering from bounded obstacles and diffraction gratings. Schiffer’s uniqueness theorem
for (IP) was already justified in [10]. It was proved that a smooth grating surface (02) can be uniquely
determined from incident pressure waves for one incident angle and an interval of wave numbers. Further-
more, a finite set of wave numbers is enough if a priori information about the height of the grating curve
is known. This extends the periodic version of Schiffer’s theorem by Hettlich and Kirsch (see [20]) to the
case of inverse elastic diffraction problems. The application of the Kirsch-Kress optimization scheme to
(IP) with one or several incident elastic plane waves can be found in [14].

Compared to the diffraction of acoustic waves, the elastic scattering is more complicated in view of the
coexistence of compressional (also called longitudinal or dilatational) waves and shear (also called trans-
verse or distortional) waves that propagate at different speeds. We divide our inverse problems into two
classes, based on the phase-shifts of the incident elastic plane waves for a fixed incident angle. For
each class, we study inverse problem by utilizing scattered compressional waves, shear waves or the
entire scattered near-field. As a corollary, we obtain a uniqueness result using only the information of the
scattered compressional or shear waves corresponding to all incident elastic plane waves with a com-
mon phase-shift. Such a result is in analogy with the one in [21] for bounded rigid obstacles using only
compressional or shear waves.

Inspired by the existing factorization methods for diffraction gratings [5, 28] as well as for bounded obstacle
scattering in a half-space [26, Chapter 2.6], we choose two admissible sets of incident waves based on
the form of the quasi-periodic elastic Green’s tensor in a half-plane. Such a Green’s tensor is derived
from the general (non-quasi-periodic) half-plane Green’s function (see [4]) through Poisson’s formula.
The admissible sets of incident waves enable us to factorize the near-field operators in a standard way. To
apply appropriate range identities, we investigate properties of the middle operator for small frequencies;
see Remark 4.12. This differs from the factorization method established in [5, 28], where the role of the
positive part of the middle operator is played by a single layer operator whose kernel is the quasi-periodic
fundamental solution to the Helmholtz equation with the wave number k& = i or k = 0. The injectivity of
the middle operator is justified under the assumption that the frequency of the incidence waves is not the
quasi-periodic Dirichlet eigenvalue of the Lamé operator over a periodic strip.

The paper is organized as follows. In Section 2, we formulate the direct and inverse elastic scattering
problems for diffraction gratings and collect some solvability results for the forward problem. Section 3 is
devoted to describing the half-space quasi-periodic Green’s tensor and two admissible sets of incident
elastic waves with distinct phase-shifts. In Section 4 we provide a theoretical justification of the factoriza-
tion method, following the spirit of [5, 21]. Numerical experiments are reported in Section 5 to test validity
and stability of the factorization method, with an emphasis placed on comparing reconstructions from
utilizing the scattered near-field and those from its compressional and shear components.

2 Direct and inverse diffraction problems

Let the diffraction grating profile be given by the graph A of a C2-smooth 27-periodic function f lying
above the x1-axis, i.e., A = {xy = f(x1) > 0,21 € R}. Denote by €2, the unbounded region above A,
and for simplicity assume that €2, is occupied by a linear isotropic and homogeneous elastic material with



mass density one. Suppose that an incident pressure wave (with the incident angle 0 € (—7/2,7/2))
given by ‘ X . X
u," = 0 exp(ikyx - 0), 0 := (sinf, — cos ) (1)

is incident on A from the region above. Here, k, := w/+/2 + X is the compressional wave number, A
and p denote the Lamé constants satisfying i > 0 and A+ > 0, w > 0 is the angular frequency of the
harmonic motion, and the symbol ()7 stands for the transpose of a vector in R?. The shear wave number
is defined as k, := w/\/ﬁ The direct problem for pressure wave incidence aims to find the scattered

field u*® € H}.(Q4)? such that
(A* +w)u* = 0 in Qy, A" :=pA+ (A + p)graddiv, (2)
u = —u;” on A.

Recall that a function u is called quasi-periodic with phase-shift o (or a-quasi-periodic) if
u(xy 4 2w, 29) = exp(2iam) u(xy, z2), (r1,72) € Qp (3)

Obviously, the incident pressure wave u;” is a-quasi-periodic with oo = k,, sin 6 over the periodic domain
Q. If the scattered field u*¢ is also supposed to be quasi-periodic with the same phase-shift as the
incident wave, then problem (2) admits a unique solution that satisfies the outgoing Rayleigh expansion

usc(ay) = Z {APJLWP,TL ( %: )eianl‘l-‘riﬁnxz +As,nWs,n ( _’y;n )eianxl—‘ri'yn:r:g} (4)

neZ

forzg > h > AT = mMax(y, 2,)eA T2. Here, the constants A, ,,, A, € C are called the Rayleigh
coefficients, the weights 1V}, ,, and IV ,, are defined by

1, i |an|<k:p, 1, || < ks, 5
P = exp(—ifah), i o] = ko ST\ exp(—iqah), i o] > K )

and

VEZ—aZ it Jan| <k
o _ L D n nj —= "vp-
ap=a+n, By=[0,(00) —{ iy/o2 — k2 it og| > Ky ©

The parameter 7, := 7,(6) is defined similarly as [3,, with k, replaced by k. Concerning the proof of
uniqueness and existence, we refer to [3] via integral equation methods for smooth (C?) grating profiles
and to [12, 13] where the variational approach is applied to case of general Lipschitz graphs in R"
(n = 2, 3). ltis recently proved in [15] that such an a-quasiperiodic solution is the unique solution to (2)
in the weighted Sobolev space

Hy(Sp) ={u:u=(1 +22)7%, v e H'(Sh)},  Shi=M0\{z = (21,75) : 25 > h}

forevery h > AT and —1 < ¢ < —1/2. This implies that non-quasi-periodic or other o’-quasi-periodic
(o # kysin 0) solutions to (2) does not exist in the space H}(.S). These solvability results in periodic
structures extend those in acoustics (see [23, 8, 9]) to the case of elasticity. Moreover, they remain valid
for a large class of quasi-periodic incident elastic waves as considered in the subsequent sections of this
paper, provided the scattering surface is given by the graph of a periodic function. For non-graph grating
profiles, existence of solutions to the problem (1)-(2) can be proved by applying the Fredholm alternative
(see [12, 13]).



Since (3, and 7, are real for at most a finite number of indices n € 7Z, only a finite number of plane
waves in (4) propagate into the far field, with the remaining evanescent waves (or surface waves) decaying
exponentially as x5 — +00. The above expansion converges uniformly with all derivatives in the half-
plane {x € R? : ¥y > h} and the Rayleigh coefficients {4, tnez, {Asntnez € €% The scattered
field can be decomposed into its compressional and shear parts,
u® = tul, w = —1/k:§ graddivu®, ' :=1/k? curl curl u*
—_—

where curlu := 0yuy — Oqu; for a vector function u = (uy, uz)? and curlw = (dyw, —Ow)7 for a
scalar function w. Particularly, the P- and S-waves admit respectively the expansions

u;c = Z [Ap,n Wp,n (Oén, ﬁn)T eXP(iOénxl + ZﬁnxQ)} 9
ne”Z

u’ = Z [Asyn Wi (9ns —an) " explio,zy + i’ynxg)]

neL

for o > h, which satisfy the equations

2\, sc __ sc __ 2\, sc __ : sc __ .
(A+E)u’ =0, curluy =0, (A+kJ)u =0, divu;*=0 in Qy

The uniqueness and existence results for a pressure wave can all be extended to an incident shear wave
uy" of the form

u™ = 0 exp(ik,d), 0 := (sinf,—cosf)", 0+ := (cosh,sinf)" (8)

which is k, sin #-quasi-periodic. Note that, the phase-shift of the (unique) scattered field corresponding
to (8) is @ = k, sin #, which differs from the case of P-wave incidence given in (1).

In this paper we are interested in the inverse problem of identifying an unknown rigid scattering surface
A from knowledge of the scattered near field measured on a line above A. We always assume that
this unknown scattering surface lies between the lines I'y := {xQ = 0} and I'}, for some h > 0.
Let Z;(«v) and Z»(«v) be two admissible sets of elastic waves that are a-quasi-periodic. Given a fixed
incident angle 6§ € (—m/2,7/2), this paper is devoted to studying the following inverse problems (P,)
and (S;),j = 1,2, 3, by using k, sin #-quasi-periodic and k; sin §-quasi-periodic elastic waves.

(P1) Determine A from the Rayleigh coefficients A,, ,,, n € Z, of the compressional part of the scattered
near-field on I'j, corresponding to each incident elastic wave from the set Z; («) with &« = k,, sin 6.

(P2) Determine A from the Rayleigh coefficients A, ,,, n € Z, of the shear part of the scattered near-field
on I}, corresponding to each incident elastic wave from the set Z,(«) with av = ky, sin 6.

(Ps) Determine A from the Rayleigh coefficients A, ,,, A5, n € Z, of the scattered near-field on I'j,
corresponding to each incident elastic wave from the set Z; () U Zp () with a = k, sin 6.

The inverse problems (Sj) are formulated similarly as (Pj) with the quasi-periodicity parameter replaced
by a = kg sinf. Obviously, the scattering surface will be recovered by selecting appropriate incident
waves depending on the source of the measurement data, that is, the component of the elastic waves
providing us the information of the near-field data on I';,. Our aim is to establish the factorization method
for (P;) and (S;) and compare the numerical results by using quasi-periodic incident waves with differ-
ent phase-shifts and by using different components of the scattered field. The admissible sets Ij(a) of
incident waves will be explicitly defined in the next section.



3 The admissible sets of incident elastic waves

In contrast to the inverse scattering from bounded obstacles, the angle of incidence has to be restricted
to (—m/2,7/2) in order to identify the scattering surface from above. However, it seems not suitable to
employ incident waves with distinct angles ranging from (—7 /2, 7/2), since the quasi-periodicity of the
scattered field varies with the angle of incidence. In the acoustic case, [5]) suggests using the following
set of incident waves having a common phase shift

{ug(y) = po [eZ(anyrﬂnyz) _ €Z(any1+ﬁny2)} . ne Z} (9)

where (3, is defined as in (6) with k, replaced by k. In (9), it is assumed that 3,, # 0 foralln € Z, that is,
the Rayleigh frequencies are excluded. Consequently, the periodic analogue version of the factorization
method can be justified by using the single-layer potential whose kernel is the a-quasi-periodic Green’s
function to the Helmholtz equation (A + k2)u = 0 in a half-plane. Note that each function uﬁl” in (9)
satisfies the Dirichlet boundary condition on I'y and consists of both upward and downward waves modes,
using only the downward modes cannot lead to a desired factorization of the near-field operator to which
an appropriate range identity can be applied. Recall the following ai-quasi-periodic Green'’s function to the
Helmholtz equation Au + k*u = 0 (see e.g. [27])

Gk €,y 4772_6}{1) ZOén 1 — y1)+zﬁn|x2—y2|)7 x_y#n(Qﬂ—,O)T

ne”

Then, the difference G (z,y) — Gr(x,y'), with (y1,42)" = (y1, —y2), is just the a-quasi-periodic
Green’s function in the half space xo > 0 satisfying the Dirichlet boundary condition on the boundary
x9 = 0. Observe further that, the incident wave uil"(y) coincides with the conjugate of the n-th Rayleigh
coefficient of the function © — Gy (z,y) — G(x,y) for 25 > ys. Inspired by these facts in acoustics, we
introduce the following two admissible sets of incident elastic waves for (P;) and (S;), 7 = 1,2, 3:

Zi(o) == {u’(y), n € Z}, j=1,2

where uf", () (or u3’,(y)) is defined as the conjugate of the n-th Rayleigh coefficient of the compres-
sional (or shear) part of the function x — TIp(z,y) (or multiplied by some constant) for x5 > ys > 0.
Here, IIp(x,y) stands for the a-quasi-periodic half-space Green’s tensor to the Navier equation with
the Dirichlet boundary condition on I'y. The expression of I1(z, y), which seems unknown by far in the
literature, will be derived from the free-space elastic Green’s tensor in the remaining part of this section.

We first recall the free space fundamental solution to the Navier equation (2) (see e.g., [4]),
1 1 T
[(z,y) = ;@ks(x,y) I+ Egrad cerad [(I)ks (x,y) — CIJkp(x,y)}

where I, ®,, stand for the 2 x 2 unit matrix and the free space fundamental solution to the Helmholtz
equation, respectively. Then, the a-quasi-periodic fundamental solution (Green’s tensor) to the Navier
equation takes the form

= Zexp(—ia%m) I'(z+n(27,0),y), =—y#n(2r,0), neZ.

ne’l



See [3, Section 6] for the convergence analysis of the above series. Similarly to the form of I'(x, y), the
tensor I1(x, ) can be written as (see [12])

1 1
U(r.g) = o Gu(r.o)l+ ead grad] [Gr(r.9) ~ Gi, ()

! Gk (l’ y) 0 1 821 aanam
= — s ) - * G _ G . 10
" ( 0 Guwy) T E 0, o) Gkl = Ghlny)] .00
To split the function  — II(z, y) into its compressional and shear parts, we rewrite I1(x, y) as

Mz, y) = > {0, 8)" P™(y) Wy expli(onz + Bua2)) }

ne”

+ Z {(_'Vm O‘n)T 5(")(y) Wsn eXp(i(O‘nxl + 'an’z))}

neL

(11)

for zo > yo, where P"(y), S"(y) € C'*2 will be referred to as the Rayleigh coefficients of the com-
pressional and shear parts of I1(x, y), respectively. Inserting the representation of G.(, y) to (10), we
find
1
dnw? W, By,
1

Pn(y) = (Oén, 5n) exp(_ia/nyl - iﬁny2)7
(12)

Sn(y) = <_7na an) exp(_ianyl - i'yny2)

A7w? Wy T

for 5 > yso. It is worthy pointing out that the difference I1(x, y) — II(x, y/') is not the half-space Green’s
tensor to the Navier equation since it does not vanish on I'y by virtue of the derivative with respect to
x4 acting on G, and ka. In [4], making use of the Fourier transform, Arens has derived the non-quasi-
periodic half-plane Green’s tensor of the form

FD(‘Tay) :F(:E,y)—r(x,y')+U(a:,y), $7£y7 T2, Y2 >0 (13)

where the correction term U (x, y) is defined as the integral

[e.o]

/ (Mp(t7,r]p(t)7 ns(t)’ $27?J2) + Ms<t777p(t)7 ns(t)7 $27y2)> e_i(ml_yl)t dta

—00

Mp(t’ np(t)v 775(75); 372,3}2) =

i

Ulz,y) = —

2mw?

einp(t) (z2+y2) _ ei(np(t) x2+1ns(t) y2) ( _t2,r]s (t) td )
Np (t)ms(t) +t2 inp (t) ns(t) _t277p(t) ’

e (V) (ratva) — gilns(0) w2 (1) 2) ( —t2n(t)  —tny(t) ns(1) >
p(t) 1s(t) + 12 —t? 2 (t)

M (t,mp(1), 0s(8); 2, y2) =

with

() = VER-12, <k () = VE2 =12, 2 <k?
PR, sk, P T — R, 2 s R

Motivated by this, we define the half-space a-quasi-periodic Green’s tensor in the following way

p(z,y) = Zexp(—ia%m) Ip(x +n(2m,0),y) =U(z,y) — U(z,y) + Un(z,y)

neEL



forx —y # n(2m,0), n € Z, where
Unz,y) == Z exp(—ia2mn) U(z + n(27,0),y) (14)
neZ
From Poisson’s summation formula, we see
Z lexp(—ia2mn) exp(—i(zy + 2nm — y1)t)] = exp(—i(x; — y1)t) Z ot + ay)
nez nez

where §(-) denotes the Dirac delta function. Inserting the previous identity back to (14) yields an alterna-
tive expression of U,:

; 2

1 , . _ . _ UnYn

U, (z — § eHanT1+Bn2) (o=i(any1—Pny2) _ o—ilany1—7ny2) n
() 2mw? {[ ( ) Bt nfn

i(anx T —i(a — —i(a — Qnn _’Ynﬁn
+e ( nT1+Yn 2)(6 ( nY1 %yz) —e ( nY1 ﬁnyZ)) ( 9 )
—Oén O‘nﬂn

Qp
O‘%L + BnYn

for o > yo. Hence, the n-th Rayleigh coefficients of the compressional and shear parts of the function
x — U, (x,y) can be formulated as (cf. (7)):

iy, e~ any1—Bny2) _ o—i(anyi—yny2)

POy — PRy
(y) 27TCL)2 me (a%+ﬁn’7n) (7 , & ) 9
) —i(any1—PFny2) _ o—i(any1 —yny2)
~ 1Q, € e
S(n) = - - —Cny Mn T
(v) 212 Won (02 + Buyn) (=, Ba)

for o > yo with W), ,, W ,, given by (5).

To introduce our admissible sets of incident waves, as mentioned at the beginning of this section, we
define ui”, (y) and u4®, (y) as the conjugate of the n-th Rayleigh coefficient of the compressional and
shear part of the function z — IIp(x, y), respectively. That is, after changing variables,

ult(z) i= PO () = PO (@) + POa), il (z) i= SO(e) = SO (@) + 5)()  (15)

for n € 7, where P and S™ are defined as in (12). More precisely, we can write uﬁ”n and ué”n as
" (16)
ug’?n ($> = 4:7_‘_(/‘}27 WS . (uZQ?:Ln,d(x) + ug?mu(l‘))
n )
with u;”nd and Ué'?n,w 7 =1,2,n € Z, denoting the downward and upward propagating modes, respec-
tively, given by

(
o? —Bny —Qp, i(a 271—,3n1'2) 20, On ’YTL 7:(5’471151_’)/71372)
n noIn n _ _4%npPn <
o2 +Bnvn ﬁn € a2 +BnYn ay, e 5 ‘Qn‘ = k}%
. a . .
wm _ n nTl1—0Pn 20[71571 ,YTL nTl—Yn
ul:nvd(x) o (_6 eZ(a = nez) + 0472171871’777. (Oé > 67’(0‘ o x2)7 kp < |an| < k87
n n
(8% .
B n el(anﬂflfﬂnm2)7 |an| Z ks
\ n



p
(7% ei(anx1+ﬂn12), |Ofn| S kp,
Bn
; 2 o .
mn o ai +Pnvn n i(anx1+6nx
Ul,mu(.ﬁﬂ) - _a%_ﬁn’y’; (ﬂ )6( nT1+5n 2)7 kp < ’an| < ks,
n
agli nin Qn i 20 Bn Py 3
_ﬁ eilanTi+fBnw2) _ % n ez(anm-i-'ynxz), |04n| > k.,
\ n nm ﬁn n n'in _Oén
and
(
o =Buam [ Tn ) ilanzi—mmes) _ _20mya [ On i(an®1—PBnw2)
o2 +BnYn s € T a24Bnn _ﬁn € ) ’an| < kpu
; 2 )
m — ap+Bnyn Tn i(anT1—YnT2
uyna() = ¢ B (an) el ), ky < |og,| < ks,
Tn ; _
_ ( eilanzy 'YniUZ), ’&n| > k,
\ Qi
([~
n .
( ) e ] <y,
in — Tn i(ant1+me2) _ _2QnIn On \ i(anzi+Bnz2)
Uy (@) = 4 (ﬂ%>e 2o \ g, ) € , ky < |an| < ks,
=B [ T\ Li(anar+ynza) 20070 [ A\ i(anai+Bnr2)
Zn N n nYn >
L Oé%“r/gn'}/n a, € _'_ a’%‘Fﬂn'Yn ﬁn € ) ’C(n’ - ks'

It can be readily checked that u;”n are c-quasi-periodic solutions to the Navier equation with the Dirichlet
boundary condition on I'y. Note that, for the inverse problems (P;) and (S;), j = 1, 2, both compressional

and shear waves are involved in the incident elastic wave u;”n n € Z although the measurement data

only come from the compressional part when j = 1 or the shear part in the case j = 2.

Since the upward modes occurring in u;”n (j = 1,2) are not physically meaningful incoming waves
from (2, the scattered field uis, QUe to u;, cannot be generated straightforwardly. Denoting by ﬂjcn the
scattered field corresponding to u%’, 4, we have
—1 , —1 -
ust = - U5 — i usc = _ USE nez
1n 477(«026” me ( 1,n l,n,u)’ s,n 47_‘_&}27” W&n ( 2n 2,n,u)7

due to the linearity of the scattering solution with respect to incident waves. As a consequence, the m-th
Rayleigh coefficients AZ" Ag% of u3f, can be written as

p?m’
g o TU T Gpmy i
( - p,m)? -

m I ,m s,m —
b 4rw?B, Wy © 4wy, Win

for m,n € Z, j = 1,2, where AJ" and A\i,?n (resp. AIm, and A\gzﬁl ) denote the m-th Rayleigh
coefficients of the compressional (resp. shear) part of u}, and u;, ,, respectively.

’n ]7n7u ’

(A5, — AL7)

We end up this section by introducing several single-layer potentials. With the Green’s tensor 11, we define
the periodic single-layer potential

(SLp)() r=/AH(x,y)<p(y)d8(y), z € Qy (17)

and the corresponding single-layer operator S (x) = SLg(x)|A. Similarly, one can define integral op-
erators SLp and Sp with the kernel II replaced by the half-space Green’s tensor I1 . In what follows,
we sometimes employ the notation SL(‘”), SL%"), S@ and Sl(;}) to indicate their dependence on the fre-
quency w.



4 The factorization method

Since the inverse problems (P;) and (S;) (j = 1,2, 3) are quite similar, we will only investigate the
factorization method for the inverse problems (P;). With necessary changes on the quasi-periodicity the
mathematical argument automatically carries over to the second class problems (S;). Hence, unless
otherwise stated we always assume o = k, sinf for some fixed § € (—m/2,7/2). The unknown
scattering surface will be retrieved from the information of the Rayleigh coefficients of the scattered P- or
S-waves due to each incident elastic wave from the admissible set Z; («) or Zy(«) of a-quasi-periodic
functions proposed in Section 3.

Thanks to the periodicity of the grating profile and the «:-quasi-periodicity of the solutions, our discussions
can be restricted to one periodic cell. Consequently, we redefine the region and the boundary as

Q:={reR*:2,€(0,2m), 22 > f(r1) >0}, A:={veR*:2;€(0,27),2 = f(x1)}

Introduce the finite line Ty, := {z € R? : x; € (0,27),25 = h} for some h > AT on which the
near-field data are measured, and set €, := Q;f UA U Q~,, where

Qf ={z eR?:2,€(0,27m), 0 < f(z1) < 2 < h},

Q- ={reR? 2, €(0,21), —h < x5 < f(x1)}
Fors € R, let H:(-) denote the Sobolev spaces of scalar functions on the domain () which are a-quasi-
periodic with respect to x1. Analogously to the factorization method for bounded obstacle scattering prob-

lems, we define the periodic version of the so-called data-to-pattern operator GG, the Herglotz operator
H and the near-field operator NV; for (P;), 7 = 1,2, 3.

Definition 4.1. The data-to-pattern operators G : HY*(A)? — 12, j = 1,2, are defined as
Gi(p) = {Apn:n €Z}, Ga(p) ={An:n €L}, ¢ HY*N)

where A, ,, and A, ,, denote the n-th Rayleigh coefficients of the compressional and shear part of the
unique scattered field u*° to the problem (2) with the boundary value data u*® =  on A. The operator
Gy« HY? (M) — 12 x 12 is defined as the product of G1 and Gy, that is, Gy := Gy x Gs.

Definition 4.2. With the incident waves u;" given in (16), the Herglotz operators H; : 2 — Hcly/ 2(A)2

v

forj =1,2and Hs : [2 x 12 — HAY*(A)? are defined as

[H;(b)](x) == byull(z), j=1,2, Hs(ab):=H(a)+ Hy(b), z€A
nez
fora= (ap)nez, b= (bp)nez € I*.

Definition 4.3. Define the near-field operators N; : 1> — 12,5 = 1,2, and N3 : I x > — [?> x |2 as
J

The Herglotz operator H3 is a supposition of &, sin 6-quasi-periodic incident waves uﬁ"n and the k, sin 6-
quasi-periodic ones u’znn with different weights. The near field operator V; (j = 1, 2) maps the suppo-
sition of the incident waves u;”n to the Rayleigh coefficients of the compressional part (; = 1) or shear
part (j = 2) of the associated scattered field.



In view of the Green’s tensor I1(x, y) given in (11), we can explicitly formulate the Rayleigh coefficients
Cyn(y), Csn(y) of the compressional and shear parts of the function z — II(z, y)C, where C € C**1,
as

1 . T T
47rw2ﬁan,n eXp(—zy ' (a"’ ﬁ") ) Kam ﬁn) : C],
b
47Tw27nWs7n

(18)
exp(—iy - (an, /Vn)T) [<_’7n7 an)T ) C]

for xo > yo > 0. The sequences C,,, and C ,, can be utilized to characterize the region beneath the
scattering surface.

Lemma 4.4. For any fixed non-zero complex vector C, the sequence {C', . (y) }nez (resp. {Cs n(y) }nez)
lies in the range of Gy (resp. G) if and only ify € R?\ Q. Consequently, the sequence {C,,,(y) }nez X
{Cs..(y) }nez lies in the range of G5 if and only if y € R*\ Q).

Proof. We only need to consider the sequence {C},,(y) : n € Z} since the other cases can be dealt
with similarly. Obviously, we have {C),,(y) : n € Z} € [* whenever yo < h. If y € R*\Q, then

{Conly) : n € Z} = Ni(p) with ¢ = (II(x, y)C)|a € Ha*(A)?.

Assume that {C},,(y) : n € Z} = Ny(p) for some ¢ € HY?*(A\)? and y € Q. Denote by T1S(z)
the pressure part of the function I1(x, y)C restricted to I', and by u*¢ the scattered field to the problem
(2) with the boundary data u*“ = ¢ on A. The coincidence of HICJ(:U) with the compressional part u," of
u*® on T, implies that ITG () = S’ in 25 > h, due to the uniqueness of the Dirichlet boundary value
problem in a half plane. Together with the unique continuation of solutions to the Helmholtz equation,
this further yields the fact that I1% () = 3¢ in €2\ {y}. On one hand, we have div u3® = divu* €
L2,.(2F). On the other hand, div IS (z) = div ,[I1(x, y)C] & L2 (%) since the shear part of u* is

divergence-free and div ,[II(x,y)C] ~ O(|z — y|™') as x — y in Q7 \{y}. This contradiction gives
that y € R*\Q. O

By Lemma 4.4, the periodic profile A can be identified theoretically from the range of Gj, which, however,
cannot be numerically implemented. The essence of the factorization method is to connect the range of
N; with that of Gi; so that the scattering surface can be retrieved from the spectral of IV;. To that end, we
will factorize N in terms of (G; as shown in the following lemma, and then apply proper range identities.
In the following, H]* (j = 1,2, 3) denotes the adjoint operator of [;, and the single-layer operator Sp, is
defined at the end of Section 3.

Lemma 4.5. It holds that H; = G;Sp and the factorization N; = —G;SpG; for j = 1,2, 3.

Proof. For ¢ € H§1/2(A)2, let (G;Spw), represent the n-th Rayleigh coefficient of G;Sp(p), j =
1, 2. From the definitions of Sp, Gi; and /", we deduce that (cf. (15))

(GjSDm:/A@-sods, j=1.2

The relations H; = G;Sp,j = 1,2, then follow directly from the previous identity and the definition of
H;, which further yield the factorizations N; = —G;H; = —G;SG. From the definitions of H3 and
G, we arrive at the result that H} = Hy x Hy = G3Sp andthus N3 = —G3H3 = —G3S5G5. O

10



We now introduce the concept of the Dirichlet eigenvalue for quasi-periodic Lamé operators over a peri-
odic domain.

Definition 4.6. The frequency of incidence w is called a Dirichlet eigenvalue of the «-quasi-periodic
Lamé operator over the periodic layer )y := {x : 0 < xo < f(x1),0 < x1 < 2w}, if there exists a
non-trivial c.-quasi-periodic solution u to the Navier equation (2) on ), such thatw = 0 on A and I'y.
Accordingly, u is called the Dirichlet eigenfunction with phase-shift c.

Using variational arguments and standard spectral theory for compact operators, one can show that the
Dirichlet eigenvalues form a countable set and the positive eigenvalues can be represented in terms of
a min-max principle (see [10]). A further investigation of the monotonicity of these eigenvalues in [10]
leads to Schiffer’s uniqueness theorem for the inverse elastic scattering by rigid periodic surfaces. For the
inverse problems (P;), we make the following assumption:

Assumption (A): The frequency w is not the Dirichlet eigenvalue of the quasi-periodic Lamé operator
over the periodic region 2, with phase-shift & = k, sin 6.

This assumption will be used to verify the injectivity of the single-layer operator Sp; see Lemma (4.7) (i)
and Remark 4.8 below. Before describing properties of the middle operator &7, involved in the factoriza-
tion V; = —GijgG;, we recall that the real and imaginary parts of an operator 7" on a Hilbert space
are defied as

Re(T) :=(T+T%)/2, Im(T):=(T—T%)/(2i)
Let the dual form (-, -) denote the dual pair between HQW(A)2 and HClY/Q(A)2 which extends the inner
product of L?(A)2.

Lemma 4.7. (i) There exist an angle ¢ € (0,7/2) and a sufficiently small frequency wy > 0 such
that the real part of the operator exp(—i$)S“) is self-adjoint and positive definite when w € (0, wy].
Particularly, there exists a constant c > 0 such that

Re (9, exp(—ig)SWg) 2 cw 9l 1y, Yoo € HIP(NE Vw e 0w (19

(ii) For any w' € (0, wy), the operator Sp™) — 8« is compact from Ha /*(A)? to Ha!*(A)?, and thus
Sp is a Fredholm operator with index zero.

(iii) Under the assumption (A), the middle operator —S}, : Hy "/*(A)? — Ha/*(A)? is injective.
(iv) —Im (S3,) is non-negative over H;1/2(A)2, that is,
—{p,Im (Sp*)p) > 0 forall ¢ € H;'*(A)?
Proof. (i) Define u(z) := SL@ (), = € R2. Then u satisfies the Navier equation in R?\ A, the upward
Rayleigh expansion (4) for 5 > A™ and an analogous downward Rayleigh expansion in 7o < A~ :=

mingecp{z2}. From the first Betti's formula and the jump relations for periodic single-layer potentials, it
follows that

<SO7 S(W)90> = /(ayu+ - a}/u—) ° ﬂds
A

= / [E(u, 1) — w?|ul?] dv — 7:fu~ﬂds—/ T u-uds
Qh Ty

Iy —

11



where (-, -) is the bilinear form defined by

E(u, U) = (2u+ X)(01u10191 + Oaua0s¢p2) + H(52U152801 + 31“231902)
+11(Oauy 012 + O1usdar) + A(O1u102p2 + Oaun011)

and ’Z;i are the Dirichlet-to-Neumann maps defined on I',.;,, respectively, and given by (see [12])

TFv = — Z M, U, expliayzy) for v = Z@n exp(ia,x1) € H;/Q(Fih)Q (20)

neL nel

with the matrices M,, , € C**2 of the form

Mot (L Sl

2
@ =T\ Copan + WPanfty W/t ) tn = ¥ Onn (21)

Consequently,

Re (p, exp(—i)S@e) = cos¢ [E(u, ) — w?lul?] da

Qp

—Re {exp(igf))/ THu - ﬂds} : (22)
Tpul_p

We claim that there exist ¢ € (0,7/2) and w, > 0 such that for all u € Hcl/Q(Fih)z andw € (0,w,]
there holds the inequality

(23)

—Re {exp(igb) e

Twﬂ:u . ﬂds} 2 CwHu”iIé/Q(Fi
Fyp

with some constant ¢ > 0 independent of w and u; see Lemma (A.1) (i) in the appendix for the proof.
By the Friedrich-type inequality for the Navier equation (see, e.g. [12, Remark 2]), it follows from (22) and
(23) that

Re (i, exp(—i¢)S@e) > cw [ul| 71,2 — WPllull2iq, ) €>0 (24)

Now the estimate (19) follows from (24) for some sufficiently small positive number wy.

(i) We write S — S = §) _ ) 4 8§« _ S From the definitions of S\ and S, we see
that the kernels of Sl(;J) — 8@ and §@ — S are both smooth. Hence, 8,(5”) — 8@ is compact from
H;l/Q(A)Q to Hé/Q(A)Q, so by (i), Sg‘)) is a Fredholm operator with index of zero.

(iii) Since Sp is a Fredholm operator with index zero, we have dim(Ker(Sp)) = dim(Ker(S7},)). Hence it
suffices to prove the injectivity of Sp. Define the single-layer potential u(x) = SLpp(x) for z € R If
Spe = 0on A, then u = 0 on A. Moreover, we have u = 0 in ;" due to the uniqueness of the forward

scattering problem. Observing that u satisfies the Navier equation on €2, and vanishes on A and A, we
getu = 0in £, by Assumption (A). The jump relations for SL, finally yield o = 0 on A.

(iv) For ¢ € Ha'/?(A)?, there holds
— (¢, Im (Sp)ep) = Im (i, Spp) = Im (Spe, @) = —Im (¢, Spy).

12



Thus we only need to prove that —Im (p, Spy) > 0 To this end, define u(x) := SL%))QO(I), z € R2

Arguing similarly as in (i) with I"_j, replaced by I'y and using the fact that u vanishes on I'(, we obtain

—Im (¢, Spp) = Im Tu-uds = 27w Z ﬁn|Ap,n|2 + Z %|As7n|2 >0

Tn o | <kp lan | <ks

where the last equality was proved in [12], and 4, ,,, A, ,, denote the Rayleigh coefficients of the com-
pressional and shear parts of u, respectively. O

Remark 4.8. To prove the injectivity of Sp, we think it is necessary to make the assumption (A); see the
proof of Lemma 4.7 (iii). Note that the single-layer potential (17) consists of both upward and downward
modes in the region — f (1) < x2 < f(x1) and is non-analytic not only on the curve o = f(x;) but
also on 9 = — f(1). An analogous assumption to Assumption (A) above could be used to close a gap
in the proof of [5, Lemma 2.5 (i)], where a half-space quasi-periodic Green’s function for the Helmholtz
equation is involved.

Before stating the range identity, we need the following compactness and denseness results of the data-
to-pattern operators Gj, that is,

Lemma 4.9. The operators G for j = 1,2, 3 are all compact and have a dense range.

Lemma 4.9 can be proved in a standard way; see [28, Chapter 2] for a proof in the inverse acoustic
scattering from penetrable diffraction gratings, which can be readily adapted to the Navier equation case.
Lemmas 4.7 and 4.9 allow us to directly apply the range identity of [30, Theorem 3.4.1] to the factorization
of the near-field operators /N; established in Lemma 4.5. The following abstract range identity generalizes
the one contained in [28, Chapter 1], the proof of which is essentially based on the approach of Kirsch
and Grinberg [26, Theorem 2.15] (cf. [30]).

Lemma 4.10 (Range Identity). Let X C U C X* be a Gelfand triple with Hilbert space U and reflexive
Banach space X such that the embedding is dense. Furthermore, let Y be a second Hilbert space and
F:Y—>Y G:X —YandT : X* — X be linear and bounded operators with F' = GTG*.
Suppose further that

(a) G is compact and has a dense range.

(b) There existst € (0,2m) with cost # 0 such that Re [exp(it)T'] has the form Re [exp(it)T]| =
Ty + T with some compact operator I} and some coercive operator’ly : X* — X, that is there
exists ¢ > 0 with

(0, Tow) > cllgl® forall X (25)

(c) Im (T") is non-negative on X, that is, (Im (1), ¢) > 0 for all ¢ € X. Moreover, we assume that
one of the following conditions is fulfilled.

(d) T is injective.

(e) Im (7") is positive on the finite dimensional null space of Re [exp(it)T, that is, for all p # 0 such
that Re [exp(it)T]p = 0 we have(Im (T)p, ¢) > 0.

13



Then the operator F}; := |Re [exp(it) F|| + Im (F') is positive definite, and the ranges of G : X — Y
and Fﬁl/ >.Y — Y coincide.

Making use of Lemma 4.10, we can characterize the region beneath the periodic scattering surface in
term of the spectrum of the near-field operators N;, 5 = 1,2, 3.

Theorem 4.11. Let the assumption (A) hold and define the sequences {Cn(2) Ynez, {Csn(2) fnez as
in (18). Then the point z € RQ\Q A If and only if one of the following conditions holds:

@) {Cpn(2)}nez € R[(Np)"/?],

(i) {Cin(2)}nez € R[(Nay)'?),

(iii)) {Cpn(2)}nez X {Con(2)}nez € R(Nap)'?].

where N4 := |Re [exp(it)N;]| + Im (N;), j = 1,2, 3, and R[] denotes the range of an operator.
Proof. By Lemma 4.4, it suffices to verify the coincidence of the ranges of (N;;)'/? and G for j =
1,2,3. To do this, we shall apply Lemma 4.10 to the factorizations N; = —G;S, G by verifying the
conditions (a), (b), (c) and (d) with 7" = =S}, ' = N, and G = G, for j = 1,2, 3. The condition (a)
follows from Lemma 4.9, while the conditions (c) and (d) follow from Lemma 4.7 (iv) and (iii), respectively.
It remains to verify the condition (b). Indeed, letting w; € (0,wp] and ¢ € (0, 7/2) be given as in Lemma
4.7, we get

—Re {p, exp(it) SV p) = —Re (exp(—it)S“op, p) = Re (p, exp(—i(t — 7))S“p)  (26)

forall ¢ € H;l/z(A)Q. Takingt = ™+ ¢ € (m,3/2m) in (26), we then conclude from (19) and the
previous identity that

~Re (i, exp(it) S g) > ¢ gl vz € 0

This, together with Lemma 4.7 (i), implies the condition (b) in Lemma 4.10 with 7, = —Re [exp(it)S(‘”l)*].
O

Let (og), eﬁlj)) be the eigensystem of IVj;. By Picard’s range criterion, the scattering surface A can be
reconstructed by first selecting sampling points from the set {(z1, z5) € R?2:0< 2 < h} and then
computing one of the following indicator functions:

CRIABES vl ([{{NE) N MM
(i) Wa(2) = T2y {I{Cun(2 ez, o huca)il? /ot },

() Wa(=) := 3252, {|{Cpn(2) ez X {Cun(2) ez {el Yucchal /o8 }.

The values of the indicator function W;(z) for z lying above the scattering surface should be relatively
larger than those below the surface. In this way we establish the factorization method in elastic scattering
by rigid surfaces, using the k, sin 6-quasi-periodic incident elastic waves u’lnn By the proof of Theorem
4.11, the parameter ¢ entering into IV will be selected depending on the choice of the angle ¢ € (0, 7/2)
given explicitly in the appendix.

14



Remark 4.12. In inverse acoustic scattering by diffraction gratings, the role of the positive coercive
operator is usually played by the single-layer operator whose kernel is the quasi-periodic fundamental
solution to the Helmholtz equation with the wavenumber k& = ¢ or k = (. This gives rise to an analogous
inversion algorithm to Theorem 4.11 with the parameter ¢ = 0. In the elastic case, more mathematical
arguments would be involved in analyzing the D-to-N map and the middle operator when w = % or
w = 0. This is the reason why we turn to investigate properties of the middle operator with small
frequencies as shown in Lemma 4.7 (i). However, our numerical experiments illustrate that the inversion
algorithms with ¢ = 0 still work well although a theoretical justification for that is not available yet.

The factorization method using k; sin 6-quasi-periodic incident plane waves for the problems (S;) can be
established analogously.

Corollary 4.13. Suppose

(i) w is not a Dirichlet eigenvalue of the quasi-periodic Lamé operator in the periodic layer €}, with
phase-shift « = kg sin 6,

(i) eithersin®@ < /(X + 2u) or|sin @] > 1/2 holds.
Then, the results of Theorem 4.11 for (P;) apply to the corresponding inverse problems (S;), j = 1,2, 3.

Note that the second condition in Corollary 4.13 ensures the inequality (19) for « = k; sin #; see Lemma
A.1 (ii). Combining Theorem 4.11 and Corollary 4.13, we obtain the following uniqueness results for the
inverse problem by utilizing only the compressional or shear part of the scattered field due to incident
elastic waves with a common phase-shift. Define

Z(a) = {(an, —Bn)" exp(i(anzy — Buz)) : n € Z} U {(Yn, an)’ exp(i(anzy — Yox2)) :n € Z}

Corollary 4.14. Given an incident angle 6 € (—m /2,7 /2). Under the conditions in Theorem 4.11 (resp.
Corollary 4.13), a rigid diffraction grating surface can be uniquely determined from the knowledge of the
compressional or shear part of the scattered field corresponding to each incoming wave from the set
() withaw = ky,sin @ (resp. « = kg sin6).

5 Numerical experiments

In this section we report numerical experiments to test the validity and accuracy of the factorization
method for the inverse problems (P;) and (S;), j = 1, 2, 3. To generate the synthetic scattered data for
downward incoming waves u?, ,(n € 7Z) from the set Z;(«v), we solve an equivalent first-kind integral
equation on A to (2) by using the discrete Galerkin method given in [14]. The n-th Rayleigh coefficients

Alm Ag;m corresponding to the incident wave ©*" can be computed through the analysis at the end of

YRR n jm
Section 3. Define (2M + 1) x (2M + 1) matrix Njgf):
J:fﬂ[ 377M+1 ]70 ij
AﬂX/}W AT’_]\]%—FI N AB,—M ce A}_\}[_M
Ajv: A.]:: . A.]:_ . A.]v_
N](i\—/[) — T,—M+1 T, .M—i-l T, .M—i-l T, .M—&-l : j _ 172’ T=p,s (27)
JM =Ml 30 ' M
AT,M AT,M o AT,M T AT,]V[
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for some M > 0. Then the near-field operators /V; (j = 1,2) can be approximated by the matrices
NI(M) = Nl(i\f) and NQ(M) = Néf\f), respectively, whereas discretizing N3 leads to the (4N + 2) x
(4N + 2) matrix

Let the singular value decomposition of Re [¢’? N ()] be given by
Re (¢?NM)) = y Dy !

with D being the matrix of eigenvalues and V' being the matrix of the corresponding eigenvectors of
Re (e? NM)). Then the operator Nj can be approximated by

NOD

h VDV~ 4 Im (NW))

Suppose we have the singular value decomposition of N;M

N =Usu!

with .S being the diagonal matrix of singular values o; and U = (1),,;) being the matrix of the left singular
vectors. Hence the Picard’s range criterion can be approximated by the cut-off series

) 2M+1 -1/
Wi(z) = Z _‘ Z Cpn(2)¥nyars14] ] ;

i n=—M
) _2M+1 ] _ _12
WQ(Z) = Z ;‘ Z Cs,n<z)¢n+M+1,l’2} )

S 1=1 ! n=—M
) M2 B 12
W) = [ 213 Couleaesrons + Con el

T I=1 n=—M

We will consider the following three grating profiles in our numerical experiments (see Figure 1):

(i) f(z)=0.6+0.5sin(z),z € (0,27), h=1.3,
(i) f(x) =0.5+0.3sin(z) + 0.2sin(2z),z € (0,27), h=1.2,
(iii) f(x) =0.2+ 0.2exp(sin(3x)) + 0.3 exp(sin(4zx)),z € (0,27), h =1.8.

In Figure 1 the red horizontal line indicates the detecting position I';, of our measurement for the scattered
data.

Experiment 1: We apply the factorization method to the inverse problems (P;) and (S;), j = 1, 2, 3 with
fixed parameters w = 5, A = 1, 4 = 2, M = 30 for distinct incident angles § = 7 /6, 7 /3. With these
parameters we have the compressional wavenumber k,, = \/5 and the shear wavenumber &, = 5/\/§
implying that most of our measurement data (Rayleigh coefficients) are from the surface waves with only
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(a) Surface (i) (b) Surface (ii) (c) Surface (iii)

Figure 1: Test surfaces

a few from the propagating modes. We used unpolluted scattered near-field taken on I';, to reconstruct
surfaces (i), (ii) and (iii). It can be seen from Figures 2, 3 and 4 that the factorization method gives
satisfactory reconstructions particularly for mild surfaces (surface (i)), although poor reconstructions occur
when the surface has deep grooves (e.g., surface (ii)) or oscillates heavily (e.g., surface (iii)). Evidently,
using the entire near-field data gives better images than using only P-part or S-part data. In Figure 2, the
reconstructions for (P;) and (S;) are nearly the same using different types of incident waves and Rayleigh
coefficients, but those for (P3) and (S3) appear more reliable (see also Figures 3 and 4). However, in our
settings it is not easy to conclude which one is superior by using P-part data and S-part data. The incident
angles seem to have little effect on the quality of reconstructions.

Experiment 2: We take surface (ii) as an example to investigate the sensitivity of the factorization method
to the noisy data. We only consider problems (P;), j = 1,2, 3 for the incident angle § = 0 and take the
other parameters as shown in Experiment 1. The Rayleigh coefficients are perturbed by the multiplication
of (1 + d%¢) with the noise level §%, where £ is an independent and uniformly distributed random
variable generated between —1 and 1. Figure 5 illustrates the reconstructions from different noise levels
at 0% = 2%, 5%, 8%, respectively. It is seen that the factorization method with synthetic data is not very
sensitive to the noise, and using the full near-field data seems more stable than using only compressional
or shear waves.

Experiment 3: In the final experiment, we want to explore possible approaches to improve the recon-
structions. At first, we consider the problem (P; ) for recovering surface (i) with fixed M = 30,6 = 0 and
different incidence frequencies at w = 5, 10, 20. Figure 6 shows that higher frequency waves provide
more accurate images than using lower frequencies. This can be explained by the fact that the number of
propagating modes for w = 20 (k,, ~ 8.9) is much more than that for w = 5 (k,, ~ 2.24). The propagat-
ing wave modes contain more information of the scattering surface than the surface (evanescent) modes,
because the latter propagates only along the grating profiles and decays exponentially in the x5-direction.
This is confirmed again in Figure 8 for recovering surface (iii) with different detecting positions. Since sur-
face waves nearly cannot be measured at locations far away from the profiles, lowering the height of the
measurement position contributes to better imaging quality. To see the effects of evanescent waves, we
fix w = 5, & = 0 and compare the numerical results with different /. From Figure 7 we conclude that
increasing the number of evanescent waves will enhance the imaging quality.
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Figure 2: Experiment 1, surface (i)



(k) (82),0 =7/3

Figure 3: Experiment 1, surface (ii)
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Figure 5: Experiment 2
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Appendix
The following properties of the Dirichlet-to-Neumann (DtN) maps at small frequencies were used in the
proof of Lemma 4.7 (i).

Lemma A.1. (i) Let the Dirichlet-to-Neumann map 1., be given by (20) with « = k,,sin 0. Then, there
exist an angle ¢ € (0, /2) and a sufficiently small frequency wy > 0 such that

_ y .7 > 2 -
Re {exp(z¢) /Fih T.u uds} > cw ||uHHé/2(Fih)2, c>0 (A1)

uniformly foru € Hy'*(T'1,)? andw € (0, wp).

(i) In the case o = k,sin 6, the first assertion remains valid provided either sin* @ < y1/(\ + 2u) or
|sind]| > 1/2.

Proof. (i) We prove (A.1) only for the DtN map defined on I';,. By the definition of 7_,, we have

— Tru-uds = Z(meun, Up)c2, Yu€ H;/Q(Fh)2

Ap nez

where {u, },ez stands for the Fourier coefficients of exp(—ia)ulr,. Thus it suffices to prove the exis-
tence of ¢ € (0,7/2) and wy > 0 such that

Re(exp(z’@]\/[nw 2, Z)CQ > cw (14 |n|)|z]?, forall w € (0,w), n €Z, z € C? (A.2)
Observe that
Re(exp(w)Mn,w) = cos ¢ Re(M,,,,) — sin ¢ Im(M,, ) (A.3)
and that for o = &, sin 0,
{n:ilan <k} ={0h{n:|an| >k} ={n:n#0}{n:k, <|a,| <k} =2 (A.4)

if w — 0. For notational convenience we write (cf. 21)

. . ) 2
( ) o= O = T O ) (AS)

M, ., = . )
e —icy, b, tn tn th

B

We first prove (A.1) in the case n # (. Elementary calculation shows that

k2 + k2
t, = a2 — ai—kﬁﬁa%—k?z%—i—@(w‘l) asw — 0 (A.6)

Combining (A.4) and (A.6) then yields

iy, = —iw? By [ty > ciw(l+|n|) >0, ImM,, =0,

A7
det(Re M,,.,) = (4a2pu(w? — pt,) — w*) /[ty > caw?(1 + |n|)? > 0 (A7)

as w — 0, with some constants ¢y, ¢co > 0 independent of © and w. The estimate (A.2) then follows from
(A.7) and (A.3) for all ¢ € (0,7/2) and n # 0.
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We next consider the case n = 0, which implies that ag, by, co, to € R,

0 c ag 0
Re(MO,w> = (—l'C() 00) P Im(MOM) = <00 b0>

Consequently,

Re(exp(w)]\/[o,w) _ (—ao sing  icy Cosgzﬁ)

—icgcos ¢ —bgsing

Moreover, the (1, 1)-th entry and the determinant of the above matrix can be more precisely reformulated
in terms of A\, i, w and ¢ as

—apsing = w+/2u+ AcosOsing/Hy(0,\, 1),

det[Re(exp(igp)Moy)] = w?(2u-+ A)(tan® ¢ — Hy(6, X\, 1))/ H (0, A, 1)
where
Hy(0,\, 1) = sin*@ + cos 0\/(2u + )/ —sin?@ > 0,
2
: sin? 0 sin?
sin? @ [1 —2u(57x + ﬁ cos 6 /l» - 2u+/0\)]

H1(9, )\,[L) =

cos O/ (21 + \)/pn — sin® 6
Taking ¢ € (0, 7/2) such that tan® ¢ > Hy (0, \, i), we get
—apsing > cw, det[Re(exp(ig)Moy)] > cw?, Vw € (0,wo)

for some constant ¢ > 0 independent of w € (0, wp]. From this the estimate (A.1) follows when n = 0.
The first assertion is thus proven.

(i) Let ov = kg sin 6. If sin® 0 < 1/ (X + 21) (or equivalently k2 > k2 sin® 6), then the relations in (A.4)
remain valid for small w. Hence, repeating the same arguments in proving (i) gives the estimate (A.1) for
this case. Next, under the assumption that sin®§ > /(X + 2u) and sin? @ > 1/4 we will verify the
estimate (A.2) by arguing similarly as in (i).

Forn # 0 and small w, we have (3, = i|3,|, 7 = i|7a| and t,, = a2 —|B,||7n| ifsin® 6 > p/(A+2p).
Consequently, by (A.5) we have Im (M,,,) = 0 and (Re (M, )z, 2) > cw|n||z|* for z € C* n #
0, w € (0,wp]. Therefore, for any ¢ € (0,7/2) one can verify the inequality (A.2) again whenever
n # 0.

Additional arguments are needed in the case n = 0, for which we have 5y = i|3|,7% = 7,t0 =
a? + i|B|y and

— i - —’inﬂ Co o 2
MO,UJ = NQ, NO = ( —co —w27 > , Cop—= Oz(w Q,Mto)

By elementary calculations, the matrix Re (e'? M) takes the form

oy 80 o (@ tandlBh)?l id
Re (M) = i o o= ~id (tan ga? — [3ly)uty
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where d = (tan ¢a® — |B]y)2uc|Bly + (o + tan ¢|3|y)a(w? — 2ua?). For small w, the (1, 1)-th
entry of the matrix Vo, is bounded below:

(o + tan glB)e?|] = c16®, Vo e (0,7/2), ¢ =ci(@) >0

The determinant of No,w can be written as det(Noyw) =tano [1(0,\, u,w) — I(0, A, u,w), where

L = (a®+|B[7%)|8ly(4sin® 6 — 1)w?,
L = (*w®—2u0?) — 2pa|B4?)” + w!B7%0? > 0

Obviously, I; > 0 if |sinf| > 1/2. Now, choosing ¢ € (0,7/2) such that tan¢ > I,/I; > 0, we
deduce that det(Ngw) > cyw® as w — 0 for some constant ¢ = c5(¢p) > 0. Finally, making use of
the asymptotic behavior a* + [3|*7? ~ w? as w — 0, we obtain (A.2) for n = 0 in the case when
sin@ > pu/(\ + 2p) and sin?@ > 1/4. Note that det(Np,,) < 0, so the matrix Re (e’ M,,) is not
definite when |sin 0| < 1/2. O
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