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Abstract

Consider the class of planar systems

dz dy 5 ,
=y, — =—z+py hi(zpy

dt 7 dt :
7=0
depending on the real parameter p. We are concerned with the inverse problem: How
to construct the functions h; such that the system has not more than a given number of
limit cycles for 1 belonging to some (global) interval. Our approach to treat this problem is
based on the construction of suitable Dulac-Cherkas functions ¥ (x, y, ;) and exploiting
the fact that in a simply connected region the number of limit cycles is not greater than the
number of ovals contained in the set defined by ¥ (z, y, 1) = 0.

1 Introduction

We consider the following class of planar autonomous differential systems depending on a real
parameter p

dx dy

3
R 7 ) J
=Y =) hy(n )y, (1)

J=0

where the functions 7; : R x R — R, 5 = 0, ..., 3, are continuous and continuously differen-
tiable in the first variable, moreover we suppose

hs(x, ) # 0. @)

System (1) is a generalization of the polynomial system

dx dy ’
P A E ( o]
a Y T T 2L ey
1+7=2
which has been studied by |.S. Kukles (see e.qg. [7]).

For u = 0, system (1) presents a linear conservative system having the first integral 2 +y? =
c? > 0, where cis any real number. If the parameter [t crosses zero, then the phenomenon can



occur that from some circles 2> + 3? = ¢? limit cycles bifurcate. A famous example is the van
der Pol equation
F 4 p(a? = )i+ 2 =0, (3)

where a unique limit cycle bifurcates from the circle 22 +1? = 2 as 11 crosses zero. Concerning
this bifurcation problem the question arises: How many limit cycles of system (1) can bifurcate
from the continuum of circles surrounding the origin as (. crosses zero.

In this paper we address some inverse problem: How to construct functions h;,j = 0, ..., 3,
such that system (1) has not more than a given number [,/ = 0,1, ..., of limit cycles for u
belonging to some (global) interval M. If M contains the value 0, then not more than [ limit
cycles can bifurcate from the continuum of circles with center at the origin as y crosses 0. Our
approach to treat this problem is based on the construction of suitable Dulac-Cherkas functions
U(z,y, 1) and exploiting the fact that in a simply connected region of the phase plane the
number of limit cycles of systems (1) is not greater than the number of ovals contained in the
set defined by V(z,y, 1) = 0.

The paper is organized as follows. In section 2 we recall some basic properties of a Dulac-
Cherkas function. Section 3 contains the description of our general approach. In section 4 we
construct systems (1) having no limit cycle, in section 5 we derive systems (1) possessing not
more than one limit cycle. In section 6 we present conditions guaranteeing that the systems
considered in section 5 have a unique limit cycle.

2 Preliminaries
We consider the planar differential system

dx dy
o = Play), — = Q(x,y) (1)
in some open region G C IR?. First we recall the definition of a Dulac function.

Definition 2.1 Let P,Q € C'(G,R), let X be the vector field defined by (1). A function B €
C1(G,R) is called a Dulac function of system (1) in G if the expression

o(BP) | 0(BQ)

div(BX) = o 9

= (gradB, X) + BdivX
does not change sign in G and vanishes only on a set N of measure zero.

The existence of a Dulac function implies the following estimate of the number of limit cycles of
system (1) in G [4].

Proposition 2.2 Let G be a p-connected (p > 1) region in R?, let P,Q € C'(G,R). If there
is a Dulac function B of (1) in G, then (1) has not more than p — 1 limit cycles located entirely

ingG.



The method of Dulac function has been generalized in different ways. One possibility is to admit
that BB is not necessarily C'' at any equilibrium of (1) provided the number of equilibria is finite
in G. This generalization has been established by the second author in 1968 (see [9]). Another
generalization is due to L. A. Cherkas in 1997 (see [2]). The corresponding generalized Dulac
function, which we called Dulac-Cherkas function in our paper [6], is defined as follows.

Definition 2.3 Let P,(Q € C'(G,R). A function ¥ € C'(G,R) is called a Dulac-Cherkas
function of system (1) in G if there exists a real number k # 0 such that

¢ = (grad U, X)+ k¥ div X >0 (<0) in G. )
Remark 2.4 Incase k = 1, VU is a Dulac function.

Remark 2.5 Condition (2) can be relaxed by assuming that ® may vanish in G on a set of
measure zero, and that no simply closed curve (oval) of this set is a limit cycle of (1).

Remark 2.6 In case that ® vanishes identically in G we get from (2)

/OT divX (zp(t), yp(t))dt = 0,

where (z,(t), y,(t)) is a periodic solution of (1) with period T" located entirely in G. That means
any closed trajectory of (1) located entirely in G belongs either to a continuum of closed orbits
or is a multiple limit cycle.

For the sequel we introduce the subset WV of G defined by
W ={(z,y) € G:V(z,y) =0}. (3)

The following theorem can be found in [2].

Theorem 2.7 Let ¥V be a Dulac-Cherkas function of (1) in G. Then any limit cycle I" of (1)
located entirely in G has the following properties:

(7). T does not intersect W.
(7). T is hyperbolic.
(7i1). The stability of I' is determined by the sign of the expression k®W onT'.

Remark 2.8 The existence of a Dulac-Cherkas function implies the non-existence of a multiple
limit cycle.

The following result about the upper number of limit cycles has been proved in our paper [6].

Theorem 2.9 Let G be a p-connected region, let ¥ be a Dulac-Cherkas function of (1) in G
such that VW has s ovals in G. Then system (1) has at most p — 1 + s limit cycles in G, and all
limit cycles are hyperbolic.

Remark 2.10 In [6] it has been also shown that the differentiability conditions of U in Theorem
2.9 can be weakened in the same manner as in case of a Dulac function.



3 General approach

For the sequel we suppose G C R? to be a simply connected region containing the origin. If we
assume that W is a Dulac-Cherkas function of system (1) in G, then Theorem 2.9 implies that
the number of ovals of the set WV in G gives an upper bound for the number of limit cycles of
system (1) in G. Since in case of system (1) the set VV depends on the parameter (i, we use in
the sequel the notation W,.

For the following we suppose that the Dulac-Cherkas function ¥ is a polynomial in y of degree
n

U,y ) =D Ve, p)y’ )
7=0
with
Wy (z, 1) # 0. (2)

Then, the corresponding function ¢ defined in (2) is in case of system (1) a polynomial in y of
degree m

m

Oz, y, 1) =Y Bilz, p)y', (3)

i=0
where between n and m there holds the relation
m=n-+2. (4)

From (2), (1) and (1) we get

O(z,y, 1) = (%(:v, 1)+ Vi, my + ... + ¥ (z, u)y”>y

+ (Qfl(x, W) + 29 (z, 1)y + ... + 00, (z, u)yﬂfl)

x ( — T+ p [ho(rr, p) + ha(, )y + ho(a, 1)y* + ha(z, u)yP’D (5)
+ k:(\I/O(:p, 1)+ U (2, )y + .+ (2, ,u)y")

% i, ) + 20 (2, )y + 3, )y ) > 0 (< 0),

where the prime denotes differentiation with respect to x.

The key goal of this paper is to present a method for deriving conditions such that one of the
inequalities in (5) is fulfilled in G for 11 belonging to some interval M, that is, V(x,y, 1) is a
Dulac-Cherkas function of system (1) in G for x € M. We treat the cases n = 1 in section 4
and n = 2 in section 5. Since in case n = 1 the set Wu contains no oval, we can conclude by
Theorem 2.9 that section 4 is concerned with determining systems (1) having no limit cycle. In
case n = 2 the set )V, contains at most one oval, thus we can conclude that the systems (1)
considered in section 5 have at most one limit cycle. In section 6 we derive additional conditions
such that the corresponding systems from section 5 have a unique limit cycle.



4 Construction of systems (1) with no limit cycle

In this section we study the case n = 1, that is, the functions W and $ have the representations

U(z,y, p) = Vo(z, p) + Vi (z, 1)y (1)
with
Wy (z, 1) #0, )
3
Oz, y,p) = ;q%(x,u)yi- 3)

The case n = 1 implies that the set
WAL = {(‘I.ay> eg: \Ijl(:c7y7:u’)+\p2(x7yau)y:0} (4)

has no oval. Thus, under the condition that W(z, i) is a Dulac-Cherkas function in the simply
connected region G, Theorem 2.9 implies that system (1) has no limit cycle in G.

From (5) and (3) we obtain
Ps(x, 1) = (14 3k)phs(z, ) V1 (2, 1),
Doz, p) = Vi (z, ) + (1 + 2k)pha(z, ) U1 (2, )
+ 3kphs(, ) Vo(z, 1), (5)
Dy (z, p) = Wo(z, p) + (L + k)pha (z, p) V1 (z, 1)
+ 2k pha(z, p) Vo (z, ).

Concerning the function ¢, we get

Do, 1) = (e, p)z + p(ko(w, W) (2, 1) + Wi (2, pho(w, ). (@)

We note that this relation is valid for any n.

To derive conditions on the coefficient functions /; such that one of the inequalities in (5) is ful-
filled we study in the following subsections the cases ®(z, y, ) = Po(x, 1) and ®(z,y, pu) =

Do (@, 1) + oz, 1)y,

4.1 Nonexistence of limit cycles if ® does not depend on y

In this subsection we consider the case that the function ® does not depend on y. Hence, taking
into account (6), the inequalities in (5) read

O(z,y, 1) = Po(w, 1)

_ @)
= —Uy(z,u)r + ,u(k:\llo(x, p)hy(x, 1) + Wy (z, w)ho(z, ,u)) >0 (<0).



Since the inequalities should hold also for small ©t we have to assume
—Uy(x, )z >0(<0) for = #D0.
Hence, for the following we set

\IJO(Z',,U) ::q%()? \Ijl('ralu) =, (8)
such that we have
U(x, 1) = q+ pa.
Using these relations we get that the inequalities in (7) read as
O(x,y, 1) = Co(x, 1) = —p(a® — kgh (w, p) — pho(z, 1)) > 0(<0),  (9)
and that by (5) the relations ®; = 0,1 < ¢ < 3, take the form
Oy(z, 1) = (1+ 3k)p’hs(, p)x = 0,

Oy (2, 1) = pu+ (14 2k)pho(x, p) + 3kughs(z, 1) = 0, (10)
Oy (z, 1) = (1 + k) pPhy(z, p)x + 2kpghs(z, 1) = 0.

To satisfy the relations (9) and (10) we derive conditions on & and the functions ;.
Taking into account (2) and (2), we get from (10) that the relation ®3(xz, 1) = 0 is equivalent for

puxr # 0to

Using (11) we obtain from (10) that the relation ®; (z, 1) = 0'is for ;1 # 0 equivalent to

/Mjhl(x?#) - qhg(:U?[L) =0
from which we get

ho(x, p) = %@’M) (12)

Taking into account (11) and (12) we obtain from (10) that the relation ®5(x, 1) = 0 is fulfilled
if we define hs by
3¢+ pPath(x, )

hs(z, p) == 372 . (13)

Finally, we note that the inequalities in (9) read

O(z,y, 1) = Po(w, ) = —p(2® + %fn(x’u) — pho(z, ) >0(<0).  (14)

Taking into account Remark 2.5 and that system (1) has no limit cycle for x = 0, we have the
result:



Theorem 4.1 Let q be any given real number different from zero, let hg, h; : R x R — R be
continuous functions, let ho and hs be defined by (12) and (13), respectively. If there exists an
interval M such that for ;1 € M the expression

—[['2 - ghl(xmu) + ,uxho(m,u)

has the same sign for all x € R and does not vanish identically for any x-interval, then system
(1) has no limit cycle for 1 € M.

Proof. Under the assumptions of Theorem 4.1, the function W(x, 1) defined by (1) and (8)
is for ;1 € M a Dulac-Cherkas function in the phase plane and the corresponding set WV,
contains no oval. Applying Theorem 2.9 the proof is complete.

O

As an example we consider the case

q=-3, hi(z,p) =% (15)
By (14) we have

(I)($, Y, /L) = NQth(x7 H’)’
and we can conclude that the function ¥(x, 1) = ¢ + pxy is a Dulac-Cherkas function for
system (1) with

3 2,.4
T -9+ px
hl(m?:u) = $27 hQ(xnu) = _Ta hg(ﬂf,ﬂ) 2—7

in the phase plane for ;1 # 0 under the condition that for given . # 0 zho(x, ;1) does not
change sign for z € R and does not vanish identically for any z-interval. Since the set W,
contains no oval, we have the result:

Corollary 4.2 The autonomous system

dx_
dt_y’
dy 0 M3, —9Fptat g
Y _ h _H L >
I x+u< o(w, 1) + 27y STY T Y

has no limit cycle for any . provided that for any p # 0 the function xho(z, 1) does not change
sign for v € R and does vanish identically for any x-interval.

The way we used to derive conditions for system (1) to have no limit cycle can be characterized
as an algebraic method: we prescribe ¥ and W, and determine conditions for the coefficient
functions h;, 0 < j < 3, by solving the identities for ®5(x, 11), Po(x, i), @1 (z, 1) in (10) and
the inequality ®o(x, 1) > 0(< 0) in (9).

Now we describe another approach based on a combination of the approach used above and
the method used in our paper [3]. As in the preceding approach we first determine the number



k in order to satisfy the identity ®3(x, 1) = 0. Then we solve the identities ®o(x, ) = 0
and ¢ (z, u) = 0 as a system of non-homogeneous linear differential equations for ¥, and
V. In general it is not possible to get an explicit solution of this system. Under the assumption
that we are able to obtain a solution of that system as a function of the coefficient functions
h;, we can plug in this solution into the inequality (7). By this way we derive conditions on the
coefficient functions h; implying that W is a Dulac-Cherkas function. We call this approach an
algebraic-differential approach.

As an example we consider system (1) under the condition
ho(z, 1) = 0. (16)
From the first identity in (10) we get k = —1/3, the identities for 5 and ®; read
Py (2, ) = Vi (2, 1) — pha(x, p)Vo(z, 1) =0,
By (.11) = Wyl ) + ) W ) = 0 "
We consider (17) as a system of linear homogeneous differential equations to determine W

and V. If we look for a solution of system (17) satisfying
Uy (2, 1) = k¥o(x, p), (18)
where k is some constant which can depend on the parameter p, we obtain the condition
2,
hs(z, 1) = —3k hy(z, p1). (19)

Therefore, we get from the last differential equation in (17) the special solution

2 xr
Wo(z, 1) = exp ( - gm/ hl(&u)dé“) (20)
which is always positive. Taking into account (18) we obtain from (7)
1
Po(z, 1) = ‘1’0(%/@( — KT — g/ihl(% f1) + pkho(z, M)) (21)
Setting
1
K=—=
3”7
and
hi(z,p) =z (22)

we obtain from (20), (21), (1) and (18)

2 2

To(w p) = exp (Ga?). Bolr,pr) = - Uoa, p)holi. )
W,y 1) = ol ) (1 - Sy).

8



Thus, the function
2,2

vt = () 1)

is a Dulac-Cherkas function for the system

r_y
Yot /i(flo(:rj ) +ay = 3u2xy3>
dt ’ 27

under the hypothesis

(Hp). ho : R x R — Ris continuous. For any i € R

(). ho(z, ;v) does not change sign for x € R.

(7). There is no interval I, such that ho(x, ;1) vanishes identically for = € 1.

As the set Wu contains no oval, we have the result:

Theorem 4.3 Under the assumption (H,), the autonomous system (23) has no limit cycle for
any [i.

In the next subsection we consider the case that the function ® is an even function of y.

4.2 Nonexistence of limit cycles if ®3 and ®; vanish identically

In what follows we assume the identities &3 = 0 and ®; = 0 to be satisfied such that we have

O(x,y, 1) = Po(, 1) + Bo(x, p)y*. (24)
As in the subsection before, we suppose that W (x, 1) and Wy (z, 1) are defined by (8) such
that we have
U(z,y, u) = q + pzy.
Solving the identities ®3 = 0 and ®; = 0 in (10) we get the relations (11) and (12). Using
these relations we obtain from (10) and (9)

2

Dy, 1) = (1 = gha(w, 1) + g—qﬂszhl(w,u)), (25)
@o(w, ) = i —a® = Tha(o, p) + paho(, ) ). (26)

By (24) we can conclude that the relation

Dy(x, 1) Do (2, 1) > 0, (27)



is a sufficient condition for ® to have the same sign. Using (25) and (26) this inequality reads

i (= a® = I o) + prho(, 1))
2 (28)

X (1 — qhs(z, p) + g—qxzhl(a:,u)> > 0.

Analogously to Theorem 4.1 we can prove the following theorem.

Theorem 4.4 Let g be any given real number different from zero, let hg, h1,hs : R x R — R
be continuous functions, let the function hy be defined by (12). Suppose the existence of an
interval M such that for n € M

(i). There is no interval I, such that ®, and ®, vanish identically for x € 1.

(7). The inequality (28) is valid for all © € R.

Then system (1) has no limit cycle for 1 € M.

In the special case (15), that is, ¢ = —3 and hy(x, i) = 2%, we have

—2% — %hl(xn 1) + pho(x, ) = paho(z, p)

and , .
1 — qhs(z, p) + g—qx2h1(I,M) =1+ 3hg(z, pu) — %x4.

For the formulation of the following result we introduce the assumption

(Hy). ho,hs : R x R — R are continuous functions. There is an interval M such that for
we M

(7). There is no interval I, such that ho(z, p) and 1 + 3hs(z, pu) — %x“ vanish identically
forx € I,.

(7). The inequality
pxho(x, 1) (1 + 3hs(x, u) — %gf*) >0
is valid for z € R.

Corollary 4.5 Under the hypothesis (H;), the autonomous system

dz

- =Y

ccilgj pa® =
= et M(ho(% p) +aty — ?yz + hs(z, N)yg)

has no limit cycle.

10



As in subsection 4.1, we now apply the algebraic-differential approach to derive conditions on
¥ and the functions /; such that system (1) has no limit cycle. As we noted above, the identity
®3(x, u) = 0is equivalentto k = —1/3. Concerning the function ¥ = Wy (z, u) + Wy (2, 1)y
we assume ¥y (x, u) = kWq(x, 1), where  is some constant which can depend on . We
determine W, by means of the identity 1 (x, ;1) = 0 in (5) which reads

_ 2

\II/
03

<h2(x, p) — khy(z, u)) . (30)

A special solution of this differential equation takes the form

o) = exp (B [ (hale ) — o ).

Using this solution and setting < = u we get from (6), (5) and (30)

1
CHENDES u( =2 = ghi(2, ) + pho(z, u))%(% 1), (31)
— 2 2
Dy(7, ) = u(uhz(% H) = g (e ) = hg(l’,u))%(% ). (32)

For the following we assume

(Hs). ho, h1, ha, hg : R x R — R are continuous functions. There is an interval M such that
forpe M

(7). Thereis nointerval I, such that the functions —z—3hy (2, p1)+pho(x, 1) and puho (2, 1) —
2pPhy(z, 1) — hs(x, p) vanish identically for z € I,,.

(77). The inequality

( — - %hl(%u) + uho(w,u)) (uhz(m, ) — ;ﬂzhl(xa ) — hg(w,u)) >0

is valid for z € R.

Under this assumption, W(z, 1) = Wo(x, u)(1 + py) is for u € M a Dulac-Cherkas function
for system (1) in the phase plane, and we have the result

Theorem 4.6 Under the hypothesis (H>), system (1) has for 1 € M no limit cycle.

11



5 Construction of systems (1) having at most one limit cycle

In this section we consider the case n = 2, that is, we use the representations

U(z,y, 1) = Uolz, p) + Ui(z, w)y + Va(z, p)y>, (1)
4 .
Oy, 1) = > Pil, p)y'. 2
1=0

The case n = 2 implies that the set

W, i={(z,y) € G: ¥(z,y,pn) =0} (3)

consists of at most one oval. In the following subsections we consider the case that V'V, consists
of an oval.

We obtain from (5) and (2) the relations

Dy(x, 1) = (2 + 3k)phs(x, p)Va(z, p),

D3z, p) = Vh(z, p)

+ (2k + 2)pho (@, 1) Vo (z, 1) + (1 + 3k) phs(z, p) V1 (2, 1),

(2, 1) + (1 + 2k) pha(x, n) ¥ (2, 1) 4)
z, p) Vo, 1) + 3kphs(x, 1) Wo(z, p),

(, 1) + 2kpha (2, 1) Wo(, 1)

z, )i (z, p) + 2pho(z, 1) Va(z, 1) — 20Ws(, p).

S
—
—~
8
~—
Il
S
AN O /N =

1 [I,hl

Concerning the function ¢, we have the same expression as in (6).

To derive conditions on the functions & ; such that one of the inequalities in (5) is fulfilled, we
study in the following subsections the cases

®(z,y, p) = Po(z, p),
q)(xvymu> = (I)0<I>M) + q)2($a/i>y27
(I)(I7 Y, M) = q)()(l’,/j,) + q)g(l', M)y2 + @4(1},M)y4.

In all cases we apply the algebraic approach, that is, we prescribe the function W(x, y, 11).

5.1 Existence of at most one limit cycle if ® does not depend ony

In that case we have
(I)(.CE, Y, [1/) = q)O(xa :u)a

12



Dy (x, 1) = Po(x, p) = Pg(w, ) = Py, u) = 0.

Concerning ¥ we assume

U(z,y, p) = pr® — ¢+ pxy + py?,

that is
\IJO(xvlu) = pxz -G \Ijl(gjnu) = B, \112($,lu> =D

The set WV, is defined by
W, = {(x,y) € R? : p2® + pay + py* = c}.
Thus, under the conditions
p>0, 4p* —p2 >0, ¢>0
the set JV,, consists exactly of one oval which is an ellipse.

By (2), (2) and (4) we get from the identity ®4(x,y, ) =0

k=—-.
3

Taking into account (9) and (6), we obtain by (4) from the identity ®3(z, 1) = 0

3
ho(, p) == 2—pu:vhs($7 ).

Using this relation, the identity ®o(x, 1) = 0 is satisfied if we define h; by

3
(e p) = g (4phs(e, ) (pa? = ) + ha(w, p)ua® = 2p).
Then, by (4) the identity @1 (z, ) = 0 is valid if we define hg by

1

ho (i, 1) = Fpg(mphg(x,m:c(px? —0)

— 12 hs(x, p)a® + 2px>.

Taking into account (12) and (11), we get from (6)

M
©0($,M) = sz))qDO(zaU)7

where

Oo(x, p) = —a'hy(x, 1) (4p7 — p2)? — 2?2p(1 — dehs(w, 1)) (4p° — 1°)

13

(11)

(12)



—8pc(1 + 2chy(w, 1))

A detailed analysis of this expression shows that under the conditions (8) and hs(x, 1) > %66 for
(z, ) € Rx (—2p,2p), the function Oy (z, 1) is always negative for (x, ;1) € R x (—2p, 2p).

Thus, it holds

Lemma 5.1 Suppose the following conditions are satisfied:

(A1). Let c and p be given positive numbers, let ;« be a number of the interval (—2p, 2p).

(Ag). Leths : R x (—2p,2p) — R be a continuous function satisfying

1
ha(, p) > g for (2, 11) € R x (=2p, 2p). (13)

Then the function ®y(x, 1) is negative (positive) definite for (x, 1) € R x (0, 2p) ((x, W) €
R x (—2p, 0)).

If what follows we additionally suppose

(As). For j = 0, 1,2, the functions h; : R x (—2p,2p) — R are defined by (12), (11) and
(10), respectively.

Then we can conclude that under the assumptions (A;) — (As) the function W defined in (5)
is for 1 € (—2p,2p) \ {0} a Dulac-Cherkas function for system (1) in the phase plane, and
the set V), consists of exactly one oval. Thus, according to Theorem 2.7 and Theorem 2.9, and
the fact that system (1) has for ;© = 0 a continuum of circles centered at the origin as orbits, we
have the following result:

Theorem 5.2 Under the assumptions (A;) — (As), system (1) has for i1 € (—2p, 2p) at most

one limit cycle in the phase plane. If system (1) has a limit cycle I',,, then it is hyperbolic and
contains the ellipse VW, in its interior.

5.2 Existence of at most one limit cycle if ®,, &3 and ®; vanish identi-
cally

In the case under consideration we have
q>(w7yvﬂ) = ¢O(I7M)+®2(xvu)y27 (14)

Oy (x, p) = P3(x, 1) = Py, u) = 0.

14



Concerning the function ¥ we assume

U(z,y, 1) = px® +py* — ¢, (15)

that is,
\IJO($7N) EpZEQ —C, \III('I"M) = Oa \112(1‘7”) =D (16)

where p and c are positive numbers.
As in the subsection before we get from the identity ®4(z, 1) = 0 by (4) the relation k = —2/3.
According to (16) we obtain from ®3(z, 1) = 0 and &4 (z, 1) =0

hQ(Inu) = 07 (17)

h0($7:u) = 07 (18)

respectively.

Taking into account the relations obtained before we get from (4) and (6)

®a(a, 1) = (a1 — 20, ) 2 = ), 19)

Qo (z,p) = u( — ;(pr — c)hl(a:,u)). (20)

For the following we assume

(Hs). There are intervals M;, i = 1,2, ..., such that for ;1 € M, the following conditions are
satisfied:

(7). The function ®(x, 1) does not change sign for = € R.
(77). ®Po(x, 1) has the same sign as P (x, p) for x € R.

(4i). There is no interval I, such that ®o(x, 1) and ®5(x, 1) vanish identically for z € I,.

Under this assumption, the function W defined in (15) is for p € M;, ¢ = 1,2, ..., a Dulac-
Cherkas function of (1) in the phase plane, and we have the result:

Theorem 5.3 Let the functions hi, hs : R x R — R be continuous, let hy and ho be defined
by (18) and (17). Under the assumption ( H3), system (1) has for jp € M;,i = 1,2, ..., at most
one limit cycle. If such a limit cycle exists, then it is hyperbolic and contains the oval W, in its
interior.
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In the special case

2

I, ) = pa® — e, ha(w, p) == pa® —c+op

it holds

2
Oy, 1) = —2u(pa® — ¢)®,  Polw, p) = —Sp(pr® — ).

3

Therefore, we have the result:

Corollary 5.4 The autonomous system

dr

dt - y?

d p

d—g = —z+p|(pr® = c)y + (px2 —c+ §p>y3}

has for any positive numbers p and c and j+ € R at most one limit cycle.

5.3 Existence of at most one limit cycle if $5 and $; vanish identically

In this case we have
(I)('I7 Y, M) = (I)()(ZL’, M) + (I)Q(x7 M)yZ + (I)4<ZL’, M)y47

Oy (x, u) = P3(x, 1) = 0.

As ¥ we choose the function
\II(CU7 Y, M) = I‘2 + y2 - 17

that is
‘IJO(':EMU’) = xQ - 17 \Ijl(xmu) = 07 \Il2<x7,u) = 17

and the set VW, consists of the unit circle.
By (26) and (4) we have

Ps(w, 1) = (2k + 2)pha(z, 1),
Oy (2, 1) = 2u <k:h2(x, p)(x* — 1) + ho(z, u))

To fulfill the identity ®3(z, 1) = 0 we choose
k=—1.
The identity 4 (x, 1) = 0 holds if we set
ho(x, ) == hao(z, p)(z* = 1).

16
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From (4), (26), (28) and (29) we obtain

®y(x, 1) = —phs(z, pn), Do, p) = ph(z, p) — 3phs(z, p) (2 — 1), 0)
¢O(m7/’b) = —/Lh1(9ﬂau)($2 o 1)'

Our goal is to derive conditions on the functions /; such that ® does not change sign. For this
purpose we introduce the assumption

(Hy). There are intervals M;,7 = 1,2, ..., such that for i € M; one of the following conditions
is satisfied:

(7). The functions ®¢(z, ) and P4 (z, ;) do not change sign for x € R, the functions
Do (z, p), Po(z, p) and P4(x, 1) have the same sign for z € R, there is no interval 1,
such that @ (x, 1), Po(x, 1) and ®4(x, 1) simultaneously vanish identically for x € I,,.

(7). The functions ®g(x, 1) and P4(x, 1) do not change sign for = € R, the inequality
(I)g(x7 :LL) - 4(1)0(37, /L)(I)4<£C, /1’) < 0

holds for = € R, and there is no interval I, such that ®q(z, i), Po(x, 1) and Py (z, p)
vanish identically for z € I,.

Under this assumption, the function W defined in (25) is for p € M;, ¢ = 1,2, ..., a Dulac-
Cherkas function for (1) in the phase plane, and we have the result:

Theorem 5.5 Let hy,ho,hs : R x R — R be continuous functions, let the function hy be
defined by (29). Suppose assumption (H,) to be valid. Then system (1) has for u € M;,
1 = 1,2, ..., at most one limit cycle. If such a limit cycle exists, then it is hyperbolic and contains
the unit circle in its interior.

For the special case
hi(x, p) =2 — 1 (31)

and

132

hg(l’,ﬂ) = 3 (32)

we get from (30) that condition () from the assumption (H,) is satisfied.

In the special case (31) the condition (77) in assumption (H,) are fulfilled provided the inequality

< hylw,p) < 1 (33)

O

holds.
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6 Conditions for the existence of a unique limit cycle

In section 5 we derived conditions on the functions /; such that the corresponding system (1)
has at most one limit cycle. In this section we will show that if we improve the smoothness of the
functions h; with respect to 1, then we are able to derive sufficient conditions for the existence
of a unique limit cycle. Our approach is based on a known perturbation (bifurcation) theorem.
To be able to formulate the corresponding result we introduce the following condition:

(A). The functions h; : R x R — R, 0 < j < 3, can be represented in the form
hJ'(x?/L) = h?(l’) + ilj(xv fL)H

where h9(z) := h;(z,0), and the functions h; : R x R — R are continuous.

Under this assumption, system (1) can be written in the following form

dx d
=y, L=+ pgle,y) + pPhiz,y, ), (34)

a7 dt
where ,
W)y, h(w,y,p) =Y hi(z, p)y'.

j=0 7=0

NE

q(w,y) =
The application of a well-known theorem (see [1], Theorem 75) implies the result:

Theorem 6.1 Suppose the assumption (A) to be valid. If the equation (r, ¢ are polar coordi-
nates)

2m
/ q(rcosp,rsinp)sinpdp =0 (35)
0

has a positive root v = r, satisfying

/27r 0q(r. cos p, rysin )
0 dy

dp # 0, (36)

then system (34) has for sufficiently small |1 a unique limit cycle near the circle centered at the
origin with radius ., which is hyperbolic.

In the following subsections we apply this result to the autonomous systems studied in the
subsections of section 5.

18



6.1 Existence of a unique limit cycle in the class of systems (1) consid-
ered in subsection 5.1

In section 5.1 we studied system (1) by means of the function

U(x,y, p) = p® — e+ pry + py?,
where the functions hg, h1, ho are defined by the function h3 (see (10), (11), (12)). For the se-

quel we suppose

(Ay4). The function h3 can be written in the form

hs(w, 1) = h§(x) + phs(z, ),

where hi3 : R x (—2p, 2p) — Ris continuous.

Thus, assumption (A) is fulfilled. Taking into account (10), (11), (12), it holds

hy(x) = h(z) = 0, h)(x) = ip[hg(m)2(px2 —c)— 1}y + h3(z)y.

Hence, we have 3
q(z,y) = 4_p [hg(x)Q(px2 —c)— 1]y + hg(x)yg. (37)
Now we consider equation (35) and inequality (36), where the function ¢ is defined in (37). We

get
2m
/ q(r cos p, rsin ) sin g dp
0

2
3 «
= / <— [th(r cos gp)(prz cos® 0 —c)— 1} rsin @ + hg(r cos <,0)7’3 <ind <p> sin o dy
0

4p
3 [T, 3er [T, . 9
= —— sin“ pdp — — hs(r cos ) sin® p dyp
4p Jo 2p Jo ’
37,3 27

2m
+ h(r cos ) sin?  cos? ¢ dip + 1 / h(r cos @) sin* o d
0

2 Jo

3r

2T
= _2_p<g + c/o h(r cos ¢) sin2¢d<p)

3 27 27
+ % (3 / h3(r cos @) sin?  cos® o dyp + 2 / h3(r cos @) sin* ¢ dgp) =0,
0 0
(38)
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27 .
8 * ) *
/ q(74 cos p, rysin @) do
0 Ay

3r 3¢ [* 3r2
= = hO(r, d *
TR 3(rx cos ) dp + 5

27
/ h3(r, cos ) cos® pdyp (39)
0

2m
+ 3r2 / h(r. cos p) sin® o dip # 0.
0

For the following we assume

(As). The equation

2 2
r? (3 / h3(r cos @) sin®  cos® o dyp + 2 / h3(r cos @) sin? ¢ dgp)
0 0

™

2m
= 5<§ + c/ h3(r cos ) sin® godgp)
0

has a positive root r, satisfying
3r 3¢ [*
- = — h3(r, cos ) d
3r2

i

2m 2
/ R (r. cos @) cos® pdp + 3r? / h(r, cos @) sin® @ dip # 0.
0 0

Taking into account Theorem 5.2 and Theorem 6.1 we have the global result

Theorem 6.2 Suppose the assumptions (A1) — (As) to be valid. Then for sufficiently small
|| # 0 system (34) has a unique limit cycle ', which is hyperbolic and tends to the circle
centered at the origin with radius r. as p tends to zero.

Remark 6.3 The stability of the limit cycle I, can be determined by means of Theorem 2.7 if
the expression kU ® |pu is negative (positive), then I, is orbitally stable (unstable). From (9)
we get k < 0, from (5) and from the fact that VV,, is located in the region bounded by I',, we
obtain W > 0 atT',. Finally we get from Lemma 5.1 ® |p, < 0(> 0) for p > 0 (u < 0).
Therefore, I, is orbitally stable (unstable) for j1 < 0 (p > 0).

Remark 6.4 By Theorem 2.9, the limit cycle I',, contains the ellipse VV,, defined in (7) in its
interior. If we ask for the behavior of I',, as i tends to &=2p we can conclude from (7) that the
diameter of the ellipse VV,, tends to oo as ji tends to £2p, therefore the amplitude of the limit
cycle I, tends also to oo as ji tends to £=2p.
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6.2 Existence of a unique limit cycle in the class of systems (1) consid-
ered in subsection 5.2

In subsection 5.2 we studied the system

dx
- =Y
dy _ 2 2 2 |3
— =—z+pu((pr” — )y + (pr” —c+ 2p)y” ),
dt 3
where c and p are positive numbers.
The function ¢(, y) belonging to that system reads
2 2 2\ 3
q(@,y) = (p2” — )y + (pr” — ¢+ 5p)y”. (41)
Using this relation, equation (35) reads
2 P 3
/ q(r cos p, rsin ) sin pdp = T‘7T<§T‘4 + Z(p —c)r? — c) = 0. (42)
0

This equation has the unique positive solution r, = 4/ w, where D =

is easy to check that this root satisfies the inequality

9(p—c)?+8pc It
16 '

/27r 0q(r, cos p, ry sin ) J
0

% (43)

2w
/ (prf cos? ¢ — ¢ + (3pr? cos® p + 2p — 3¢)r? sin’ gp) dp # 0.
0
Thus, we have the result
Theorem 6.5 Let ¢ and p be any positive numbers. For sufficiently small |j1| # 0, system

(40) has a unique limit cycle I',, in the phase plane which is hyperbolic and tends to the circle
centered at the origin with radius r. as p tends to zero.

6.3 Existence of a unique limit cycle in a class of systems (1)

In subsection 5.3 we considered the system

& Y
g; .2 (44)
= = —a+p(hole,m)(@® = 1) + (@ = Dy + hale. g + Tv')
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depending on the continuous function hy by means of the function ¥ (x,y) = %+ y2 —1.In
that case we have

2

xXr
@4(.%‘,3/) = _:u’gu (I)Z(xvy) = (I)()(l’,y> = —,LL(.CL’2 - 1)27

that is condition (Hy), (7) is fulfilled for 4 < 0 and p > 0, and we have by Theorem 4.4 the
result

Theorem 6.6 Suppose hy : R x R — R is continuous. Then system (44) has for any 1 # 0
and for any positive ¢ and p at most one limit cycle.

In what follows we derive conditions on the function hy guaranteeing the existence of a limit
cycle in system (44) by means of Theorem 6.1. To this end we suppose

(Ag). The function hy can be written in the form
ha(x, ) = hS(x) + pha(z, 1) for (z,p) € R?,

where hs is continuous.

Furthermore, we introduce the function

2

q(z,y) = (2® = Dha(p, ) + (2% = 1)y + ha(ep, p)y* + %y?’, (45)

and suppose

(A7). There exists a unique root r, > 1 of the equation

2m
/ q(rcosp,rsinp)sinpdp =
0

2 4 2 (46)
2 0 . 7" 7,.
(r —1)/ h2(rcos<p)smg0dap—|—7rr<—+——1):0
; Y
satisfying
/27r 0q(r, cos p, T, sin @) g
0 dy (47)

2m
r2 cos® p — 1) 4+ 2hY(r, cos p)r, sin ¢ + r# cos? psin® p dp # 0.
; 2

By Theorem 6.1 and Theorem 6.6 we have the result
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Theorem 6.7 Suppose the assumptions (Ag) and (A7) to be valid. Then for sufficiently small
|| # 0 system (44) has a unique limit cycle I',, which is hyperbolic and tends to the circle
centered at the origin with radius r. as p tends to zero.

In case that hg is an even function, equation (46) reads

rt 2

— 4+l _1=0
243 ’

which has a unique root r = r, satisfying 1 < 72 < 3. Inequality (47) takes the form
m

E(8 —72) > 0.

Thus, we have

Corollary 6.8 Suppose the assumption (H,) is valid, and h9 is an even function. Then for
sufficiently small | 11| # 0 system (44) has a unique limit cycle I’ u which is hyperbolic and tends
to the circle centered at the origin with radius r, as p tends to zero.
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