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ABSTRACT. The paper discusses new cubature formulas for classical integral operators 
of mathematical physics based on the "approximate approximation" of the density with 
Gaussian and related functions. We derive formulas for the cubature of harmonic, 
elastic and diffraction potentials approximating with high order in some range relevant 
for numerical computations. We prove error estimates and provide numerical results for 
the Newton potential. 

1. INTRODUCTION 

The paper is devoted to the foundation of new ctibature formulas for certain integral 
operators of mathematical physics. It is well known that the numerical treatmen_t of 
potentials and other integral operators with singularities is an essential part of different 
methods for the solution of many practical problems. However, the cubature of such 
integrals is usually very time-consuming, especially in the multidimensional case, such 
that it is of great importance to derive effective approximations. In this paper we propose 
formulas which are very simple and provide in numerical computations very accurate ap-
proximations. They are based on "approximate approximations", recently proposed by 
the first author (see Maz'ya [4] and the survey paper Maz'ya [5]). This approximation 
procedure is mainly directed to the numerical solution of partial integro-differential equa-
tions. The method provides simple formulas for quasi-interpolants, which approximate 
functions up to a prescribed precision very accurately, but in general the approximants 
do not converge. The lack of convergence, which is not perceptible in numerical compu-
tations, is offset by a greater flexibility in the choice of approximating functions. So it is 
possible to construct multivariate approximation formulas, which are easy to implement 
and have additionally the property that pseudodifferential operations can be effectively 
performed. This allows to create effec~ive numerical algorithms for solving boundary 
value problems for differential and integral equations. 

Here we apply the approximation method to the cubature of harmonic, elastic and 
diffraction potentials, where the obtained cubature formulas result from the approximate 
approximation of the densities. Based on error estimates for the quasi-interpolation 
in Sobolev norms we can show that they keep a high approximation rate in a certain 
range relevant for numerical computations. And in addition, the smoothing properties of 
the potentials ensure that the cubature formulas converge. For example, the harmonic 
potential 

·- r(~ - 1) J u(y) 
.Cnu(x) .- 47r"n/2 Ix - Yln-2 dy ' n ~ 3 ' 

Rn 

can be approximated by the cubature formula 
.Cn,hu(x) := 

(1.1) 

2 ( lrml
2 

M-2 L(n/2-1)(1 12)) 
Vh "°' u(hm) 1 J tnf2-2e-t dt + e-lrml2 "°' j . rm 

4( 7r"TJ)n/2 L.J lrmln-2 ~ J + 1 '(1.2) 
mEZ"' o 3=0 

where'[) > 0 is a fixed parameter, M is an arbitrary integer 2::: 2, 

rm = X - hm and L(a)( ) = ~ Y -a (!:_)i ( -y i+a) vfvh J y j! e y dy e y 

are the generalized Laguerre polynomials. The following estimate of the cubature error 
holds. 
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Let 1 < p < n/2, q = np/(n - 2p) and suppose that u E w;M+2(Rn), M > n/2q. 
There exist positive constants not depending on u, h and 1J such that 

11£nu - Ln,hullLq(Rn)::; (ci(v'vh) 2
M + C2 h2 e-~'.D) llullw;M+2(Rn) · (1.3) 

Thus, in general Ln,h gives a second order approximation of Ln· But if the parameter 1J 
is appropriately chosen, then in view of exp( -11"2 ) = 0.51723 ... · 10-4 the cubature .Cn,h 
behaves in numerical computations like an approximation of the order 2M. 

Let us note that (1.2.) is a smooth approximation of .Cnu and that an estimate similar 
to (1.3) holds also for the gradient of .Cnu - .Cn,hu (see Thm. 3.2). 

The underlying idea in obtaining cubature formulas of the form (1.2) consists in the 
approximation of the density u by certain quasi-interpolants 

~ (x-hm) uh(x) := v-n/2 L; u(hm) 11 v'15 
mEZn 1Jh · 

(1.4) 

with fixed 1J > 0 and the generating function 71 is chosen such that the corresponding 
potential with density 71 can be effectively determined. Then the cubature formula for 
the integral operator is obtained by replacing the density u by its quasi-interpolant uh. 
The cubature error can be estimated by using mapping properties of the corresponding 
integral operator and error estimations of the quasi-interpolation (1.4). 

The outline of the paper is as follows. In Section 2 we estimate the approximation 
error u-uh of the density in Lp and in weaker norms for general 71 satisfying certain decay 
and moment conditions. In particular we derive the remarkable fact that approximate 
approximations, which in general do not converge in Lp, become converging in weaker 
norms. In Section 3 we describe in detail for the example of the of harmonic pot~ntials 
how to obtain the cubature formula (1.2) and to prove the estimate (1.3). The last section 
concerns high order explicit cubature formulas for elastic and· diff~action potentials. 

2. QUASI-INTERPOLATION ERROR IN Lp AND WEAK NORMS 

We consider the quasi-interpolant (1.4) with some generating function 71 satisfying the 
decay condition 

l11(t)I ::; A (1 + ltl)-K-n-d ' t E Rn' (2.1) 
for some natural number K and positive constants A and 8, and the moment conditions 

j 77(t)dt = 1, jt0 17(t)dt = 0, for all a, 1 ~!al< N < K. (2.2) 
an an 

Here and henceforth we use the notations: 
Let x = (x1, ... , xn) E Rn and a = (ai, ... ,an) E Z>o be a multiindex. We denote 
!al= al+ ... + Cln' xa = xr1 ••• x:n, a!= al! ... an!, -

al al 
aau(x) = 8a{'1 ... axan u(x) . 

1 n 

The usual scalar product in Rn is denoted by (x, y) and lxl 
abbreviation 

e>.(x) := e2ri(x,>.) 

2 
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the Fourier transform of an L1-function is defined by 

Frp(A) = j rp(x) e.x(-x) dx. 
Rn 

In the following we will use an expansion of the error u-uh, which follows immediately 
form the Taylor expansion of the function u, the Poisson summation formula (see Stein-
Weiss [10]) and the moment conditions (2.2). Let u be a sufficiently smooth function and 
denote 

1 

U,.(x,y) := lal j sl"'i-18"'u(sx + (1- s)y) ds. (2.3) 
0 

Lemma 2.1. Let 'f/ satisfy (2.1) and (2.2). Suppose that for given 'D > 0 the Fourier 
transform of 'f/ is such that 

{8aFTJ(v'V ·)} E l1(Zn), 0 ~ lal < N. (2.4) 
Then for any u E OQ° (Rn) and L ~ K there holds a. e. 

uh(x) - u(x) = ~ (Vf52'D~) 1"'1 B"'u~x) L 8"'F11(v'Vv) e,..(h-1x) 
7ri O'.. lal=O vezn\{O} 

~ (-v'Vh)lal aau(x) v-~/2 ~ (x - hm)a (x - hm) R ( ) + L.J a! L.J Vf5h 'f] V1)h + L,h X ' 
lal=N mezn 

where 

This expansion is obtained for continuous generating functions in [8], a more special 
result is also given in Beatson-Light [3]. Next we estimate the norm of RL,h(x) in the 
function space Lp = Lp(R n). 
Lemma 2.2. Suppose that the function u is such that aau E Lp for all multiindeces a 
with I a I = L, where 1 ~ p ~ oo and n / p < L ~ K. Then the function RL,h defined in 
(2.5) admits the estimate 

ll
R 

11
· < (v'Vh)L ~ ll8aul1Lp 

L,h Lp - C,., L._,; I a. lal=L 
with some constant c,., not depending on u, h and 'D. 

Proof. Let us define the functions 
ef;;(s) := maxs-n ~ (1 + ls-1m -xl)-i-n-S, 

xERn L...,; 
mezn 

which continuously depend on s E (0, oo) and for s -+ oo we have 

j ~ 0' 

. J -i-n-S - 27rn/2 r(n )r(j + 8) 
ef;,(s) -+ (1 + lxl) dx - r(n/2) r(n + j + 8) . 

Rn 

Hence for any t E (0, oo) there exist constants ~3(t) such that 

<Pi ( s) ~ ~ i ( t) ' if t ~ s < 00 . 

3 
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Further, the functions sn <Pi ( s) are increasing, thus 
</J;(s) ~ (t/st if!;(t), for 0 < s ~ t. (2.7) 

Note that the decay condition (2.1) implies in particular 

such that 

where l/p + l/p' = 1 and we used (2.8) with s = 1. We choose a number () satisfying 
0 ·< () < L - n/p and apply once more the Holder i~equality to get 

1 

jua(x,hm)[P = LP I j sL-18"'u(sx+ (1- s)hm)dslP 
0 

1 1 I I 

~ LP J s(L-l-l/p'-B)pl8"'u(sx+ (1- s)hm)IPds { J s-l+Bp'ds r p 
0 0 

1 

= LP f s(L-B)p-11aau(sx+ (1- s)hm)IPds. (Bp')Pf P' . 
0 

Hence it remains to estimate the expression 
1 

Jv-n12 L 1c-hm)"'11C-hm)I jscL-e)p-11aau(sx+ (1-s)hm)IPdsdx 
Ezn Vf)h Vf)h 

~ m 0 

1 

= J s(L-8)p-1j1o"'u(t)IP (Vvstn L w- hmr 11c- hm) ldt ds' 
o . Rn mEZ" Vf)hs Vf)hs 

where we changed several times the order of integrations and summation, which is justified 
since the integrands are nonnegative, and substituted t = sx + (1 - s)hm. We apply 
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(2.8) to obtain 
1 

J s<L-8)p-lf 1aau(t)IP (v'Dstn L ic- hmr'lc- hm) ldt ds 
Ezn -/f5 hs -/f5 hs 

0 ~ m 

1 

::; A <I>K-L(-/f5) j s<L-B)p-l-nds j 18au(t)IPdt = 1 if?x-)(-/f5) ll8aull1 , 
L-8 p-n P 

O Rn . 

leading to 

ll s lip < (A<I> - ( 'v))pfp' LP A<I>K-L(-/f5) 11aa. llp a.,h Lp - K L V v (8p,)P/P' (L-B)p - n u Lp 

for arbitrary 8 E (0, L - n/p). But 

therefore we obtain 

. 1 p 
0<8~i1!.n/p (8p1 ) 1/P' ((L-fJ)p - n)11P = Lp - n ' 

llSa,hllLp S A iJ!x-L( v'D) L Lp ll8aul1Lp · p-n 
Using (2.8) with s = 1 and the inequality IUa.(x, y)I ::; ll8aullL00 we obtain for p = oo 
that· 

If p = 1 then clearly 
1 

HSa.,hllL1 ::; L j sL-ij iaau(t)l(v'Dstn I: JC;;mr 'IC;;m) I dt ds 
· · ezn Vhs Vhs 0 an m . 

1 

S AL iJ? K-L ( v'D) j sL-l-n ds j l8au( t) I dt S AL ~K-=L~ -/f5) II 8aullL, . . . 
0 an 

Thus the assertion is proved for 1 ::; p ::; oo and we see that the constant ~ is bounded 
by 

.;;;::;. Lp 
~ ::; A <I>K-L( v v) L . p-n 

• 
For the following we introduce the semi-norm 

lulw; := I; ~!! 118aul1Lp , 
la.l=k 

l 

equip the Sobolev space w; = w;(Rn), l E N, with the norm llullwt =I: lulw; and 

denote 

c:1c(11, V) := ~~~ I: 1aa..r11(v'Dv)I 
I I- vEZn\{O} 

5 
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Due to (2.6) there holds ak(T/, V) ::; A ~K-k( v'15). Now Lemmas 2.1 and 2.2 lead to the 
following Lp-estimate of approximate approximations. 

Theorem 2.1. Suppose that T/ satisfies (2.1) and (2.2) and that for given V > 0 the 
relations (2.4) hold. Then for any h > 0 and any function u E Wf', 1 ~ p ~ oo, L 2:: N 
and n/p < L ~ K we have 

II - II < ~ (v'15h)k Ck(T/, V) I I 
Uh U Lp _ L.J 271" k! U w; 

k=O 

Now we are going to estimate the error of u - uh in negative norms. 

Lemma 2.3. Let u E w;r, 1 ~ p < oo, r EN, and {av} E li(Zn). Then there exists a 
constant c depending only on n, r and p such that 

II u L a,,e,,(h-1. )llw;'" S ch2r L (411"~1:112)" llullw;• . 
vEZ"\{O} vEZ"\{O} 

Proof. Obviously it suffices to estimate the norm of the multiplier 
ev(h-1.) : w:r-+ wp-2r . 

Because of Iv I =/= 0 we get 

Since 

llev(h-1 ·) ullw;2,. == sup I j ev(h-1x) u(x) v(x) dxl 
ll11llw2,.=l 

p 1 Rn . . . 

== sup 1(4 ~
2

rl 2)r J(-~rev(h-1x)u(x)v(x)dxl 
llvll 2,.=l 7r V wp, an 

S (4 ~
2

rl 2 )' sup j l~r(u(x)v(x))I dx. 
7r V llvll 2,.=l wp, an 

.6.r(uv) = L r!, a2a(uv) = L r!, L I (2a~ I a'3ua2a-f3v 
a. a. f3. (2a /3). 

lal=r lal=r {3'5_2a 

it is clear that there exists a constant depending only on n, rand p such that 

j j.6.'(u(x)v(x))I dx Sc llullw;• llvllw:; · 

We note that in the special case r == 1 this constant is bounded by 
< (2 l/p) - . ( ') c _ max ,n , p == m1n p,p . 

11111 

By simple interpolation arguments Lemma 2.3 can be generalized for arbitrary negative 
norms in Besov and Bessel potential spaces. This leads to the following error estimation 
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for the quasi-interpolation formula (1.4), which we formulate for the example of the 
Bessel potential space H; = H; (Rn) equipped with the norm 

llullH; = llJ:--l (1 + 47r2 I · l)s/2 FullLp = II (I - ~ )812ul1Lp · 
Theorem 2.2. Suppose that 'f/ satisfies (2.1), (2.2) and for given V > 0 the relations 
(2.4) hold. Then for any u E H;, 1 < p < oo, L ~ N with n/p < L ::; K and positive 
s ::; L there exist constants c,, and cs,p not depending on u and h such that 

llu - uhllH;' ::; C,, ( v'Vh)N llullH; 

follows from Lemma 2.1 and Theorem 2.1, where we denote 

1aa.rT/( ./15v) I 
(27rlvl)s 

ea(x) = L aa .r,,,( v'Vv) e,.,(x) . 
vEZn\{O} 

Obviously the first two summands can be bounded by c ( ./15h)N !lull.ff; with some con-
stant not depending on u, h and V. To estimate the last sum we use for I a I + s ::; L the 
interpolated result of Lemma 2.3 to get 

l8a FT/( ./15v) I 
ll8au ea(h-1 ·) llH;' ::; cs,p h" 118aullH; L (27rlvl)" 

vezn\{O} 

If I a I + s > L we use Lemma 2.3 for u E H;-lal and obtain 

llaa (h-1 ) II hL-lal II II " 1aa.r11(v'Vv)I 
U ea . H;' ::; C£-lal,p U Ht' L_; (27rlvl)L-lal ' 

vEZn\{O} 

showing that 
N-1 /;n I 
L (vVh) al 1 a 1 ( J;:n N I I -- - 1118 uea(h- ·) llH-' ::; c vVh) I u IHL. 27r O'.. p p 

lal>L-s 
II 

llvllw2 

Since llullH;' :S B,1 IJullw;• with the constant B,1 = v~~' ll(I _ .6.)~llL; we obtain for 
p 

the special case s = 2 

Proposition 2.1. Suppose that 17 satisfies (2.1), (2.2) and for given V > 0 the relations 
(2.4) hold. Then for any u E w;, L ~ N ~ 2 with n/p < L::; K there exists a constant 
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c not depending on u, h and V such that 

llu - uhllH;2 ~ c ( vfvh)N llullwf 

+c,,h2 y: (~ht11a";~1w; L 
lal=O vezn\{O} 

l8°F17( vfvv )I 
47r2lvl2 

. ~ N 2 ~ (vfvh)k ek(1], V) ~ ::; c ( v vh) llullw; + C,, h ~ (27r )k+2 kl 2o lulw;+1 ' 

where Cp = BP' max (2, n 11P) and ek( 17, V) are defined in (2.9). 

3. HARMONIC POTENTIALS 

Here we justify the cubature formula (1.2) for the harmonic potential Cn. It is well-
known that Cn = (-D..t1 and that for n 2:: 3, 1 < p < n/2 and q = np/(n - 2p) 
the operator Cn is a bounded mapping from Lp into Lq ( cf. Stein [9]). The norm of 
Cn : Lp ---+ Lq we denote by Ap,q 

Let us define 

(3.1) 

·where uh is given by (1.4). Hence for any x E Rn we obtain the discrete formula 

L'.n,nu(x) ;,,, ~:_1 L u(hm) L'.n7J (x :;;;m) . 
mezn Vh 

(3.2) 

The cubature error can be estimated by the following 

Theorem 3.1. Let 1 < p < n/2, q = np/(n - 2p) and suppose that 77 satisfies (2.1), 
(2.2) and for given V > 0 the relations (2.4) hold. Then for any function u E w;, where 
L ~ N + 2 with n / p < L ~ K, there exists a constant c,, not depending on u, h and V 
such that 

11.Cnu - Cn,hullLq ~ C,, (vfvh)Nllullwf 

2 ~ ( vfvh)k ek(17, V) ~ + h ~ ( 271" )k+2 k! 2o ( A,,,q C,, Jui w;+1 + cq lu I w;+1
) • 

Proof. The assertion follows immediately from Proposition 2.1 and the mapping proper-
ties of the operator Cn. Since Cnu - Cn,hU = Cn( u - uh) we obtain 

11.Cnu - Cn,hullLq = ll(-D..t1(J - D.)(! - D-t1(u - uh)llLq 

~ ll(-D..t1 (J - D-t1(u - uh)llLq + ll(J - D-t1(u - uh)llLq 
~ Ap,q llu - uhllH;2 + llu - uhllHq-2 • 

Using the continuous embedding W; C W ;-2 we have only to apply the estimate of 
Proposition 2.1. 11 
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Let us mention an interesting feature of the cubature formulas based on the approxi-
mate approximation of the density. As an example we consider the approximation of the 
gradient V (£nu) ( x) by the discrete formula 

\7(.C,.,hu)(x) = '[)(n~l)/2 L u(hm) V(.C,.77) C :;;m) . 
mEZn 1Jh 

Theorem 3.2. Let 1 < p < n, q = np/(n - p) and suppose that T/ satisfies (2.1), (2.2) 
and for given 1J > 0 the relations (2.4) hold. Then for any function u E W,f, where 
L 2:: N + 1 with n / p < L ~ K, there exist constants c,., and Cp not depending on u, h and 
1J such that 

Proof. It is well-known that llVullLq ~ ll(-!l)1f 2ul!Lq· Acting as in the proof of the 
previous theorem we get 

ll(-!l) 112(£nu - £n,hu)llLq ~ Bp,q llu - uhllH;1 + llu - uhllH;1 ' 

where Bp,q denotes the norm of the bounded mappi:qg (-!l)-112 : Lp--+ Lq ( cf. Stein [9]). 
Hence by Theorem 2.2 the· assertion follows immediately. 1111 

The previous theorems show, that if the generating function T/ and the parameter 1J are 
chosen such that the values ck(T/, V) are sufficiently small, then both the cubature £n,hU 
and its gradient \7(£n,hu) approximate with the order hN up to the prescribed accuracy. 

· Moreover, due to the smoothing p~operties of the integral operators. the corresponding 
approximations converge with the rate h2 and h, respectively, as h tends to zero. This 
property holds, in general, also for other pseudodifferential operators of negative order, 
whereas for singular integral operators the corresponding cubatures approximate in some 
range of h with the order N, but do not converge. 

After having estimated the cubature error we choose now a generating function T/ 
such that the assumptions of Theorem 3.1 are satisfied, the values ck( TJ, V) can be made 
arbitrarily small by a proper choice of 1J and the integral £n'T/(x) can be determined 
effectively. 

An example of multivariate functions providing the desired properties is given by 

T/2M(x) := 7r-n/2 Lt~l(lxl 2 ) e-lxl
2 

, M = 1, 2, ... , (3.3) 
having the Fourier transform 

.1"1)2M(~) = e-,.>l.>.I' ~ (7r2l~l2); . 
j=O J. 

(3.4) 

(see [5], [7]). Obviously the function TJ2M satisfies (2.1) and (2.4) for any K > 0 and 
the moment conditions (2.2) with N = 2M. It will be shown that the cubature formula 
(1.2) is based on this function. Consequently, to prove the validity of the estimate (1.3) 
it remains to bound the error 

2M -3 ( . /;;:;. )k ( ) 2 ~ v1Jh ek'f/2M,1J~ 
~ ( 27r )k+2 kl £o' ( Ap,q C,, lu I w;+i + Cq lu I w;+•) · 
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- In view of (3.4) we have 

aa F1]2M(>..) = P2M-2+lal (>..) e--n-21Al
2 

with some polynomial of total degree 2M - 2 + I a I. Due to the rapid decay of the 
Gaussian function there exist constants /k such that say for all V 2:'.: 1 we have 

£k(T/2M, V) = 1!1~~ :E l8aFT/2M(v'vv)I 5:. !k e--n-2v, 
I I- vezn\{o} 

implying 
2~3 

( v'vh)k Ck(T/2M, V) ~ -,r21) 
~ (27r )k+2 kl f;:,(Ap,q c,, [uiw;+• + cq [uiw;+') :::; c2 e- llullw;M+1 

for any fixed V 2:'.: 1 and all h 5:. v-1!2 • Now Theorem 3.1 yields the estimate of the 
cubature error 

(3.5) 

(3.6) 

Remark: The estimate (3.5) indicates that asymptotically the optimal cubature error 
can be obtained if the parameter V is coupled to the gridsize h such that ( ../Vh) 2M = 
h2 exp(-7r2V). A similar coupling of V and h, depending of course <;:m the generating 
function 77, converts the quasi-interpolation (1.4) into a converging process. For example, 
if for given 17 we choose V = V(h) such that 

max (../Vh)k ek(1/, 'D) = (v'vh)N' 
O~k<N 27r k! 

then Theorem 2.1 implies the convergence of the corresponding quasi-interpolant in the 
norm of Lp with the rate (h.../D(h))N. Some special results in this direction are obtained 
in Beatson-Light [3]. But we prefer to consider the case of fixed V which is advantageous 
in numerical applications of the approximations (1.4) we are interested in. First of all 
one can fix V such that any prescribed accuracy can be reached with the approximation 
rate hN. Further, the cubature of convolution operators A requires similar to (3.2) the 
evaluation of A11((x- hm)/../Vh). On the grid points hk, k E zn, one has to determine 
the values A17((k - m)/../15), which can be used for any gridsize h. Therefore it is very 
efficient to precompute and store these values if the cubature is a part of some iterative or 
multiscale algorithm. D 

In order to derive an analytic expression for ..Cn7]2M(x) we use the representation 
M-1 · 

Lt'!]([x[2) e-lxl' = :E ( ~ ~1 
f>.ie-lxl' , x E Rn , (3. 7) 

j=O J. 

(see [7]), which together with the summation formula 

L}a-l)(y) = L}a)(y) - LJ~1(Y) (3.8) 
(Abramowitz-Stegun [1], 22.7.30) leads to the equality 

L(n/2-1)(1 12) -lxl2 = (-l)i f:1i -lxl2 
' x e ·1 Ai e ' 1· 'T' 

(3.9) 

10 



Now we are in the position to determine the integral 

r(n 1) J L(n/2)(1 12) -IYl2 £ (L(n/2)(1 · 12) e-l · 12) (x) = 2 - M-1 y e d 
n M-1 47rn/2 Ix_ yln-2 Y' 

Rn 

Since £nb.. = -I the representations (3. 7) and (3.9) lead to 

.Cn(L1f'!f([ · [2) e+l2 )(x) = .Cn(e+l')(x)-~ (~~;L}.i-le-lxl2 
j=l J· 

M-1 ( ) · 1 = £ (e-l · 12) (x) + '°' 1 -1 3- b,.i-1 e-lxl2 
n ~ 4 . ( · - 1) ! 41-l 3=1 J J 

M-2 L(n/2-1)(1 12) 
= .Cn(e+l')(x) + e-lxl' L i (" ~ . 

j=O 4 J + 1 

Thus it remains to determine £n(e-l·l2)(x). We use that 

( -I· l2 _ rrn - 1) J e-IYl
2 

_ n/2 J e--n2l>.l2 
Ln e ) (x) - 47rn/2 Ix - yjn-2 dy - 7r 47r21,.\j2 e;>.(x) d,.\ 

Rn Rn 

co lxl2 

27rn/2+1 J e--n2r2 1 J - --J, (2 I I) n/2d _ n/2-2 --r d - lxln/2-1 47r2r2 n/2-1 7rr x r r - 4lxln-2 r e r ' 
0 0 

(see Stein-Weiss [10], Th.IV.3.3, Bateman-Erdelyi [2], 8.6.11). 
In particular, 

.c.(e+l')(x) = 4~2 J 1:~Y;[2 dy = 4[~[2 (1 - e_;_lxl') 
R4 

and 
lxl 

I 12 l J e-IYl
2 

1 J 2 ~ 
£3(e-. )(x) = 47r Ix -yl dy 7 2lxl e--r dr = 4lxl erf (lxl) 

Ra o 

with the error function erf. 
Noting the relation to Hermite polynomials 

(1/2) - (-l)i . _.2 ( d )j _.2 L (y) H ( r,;;\y H3·(y) := (-l)i eY dy e-y , i - "I 22i+l. /:Ji 23+1 V YJ ' J. vY 
from (3.11) we obtain in the special case n = 3 

· . _ 1 ( '- -lxl2 ~ (-l)i H2;+1(lxl)) 
.Ca7/2M(x)- 47r3/2[x[ y7rerf([x[)+e kn (j+1)!22i+i . 

(3.10) 

(~.11) 

(3.12) 

(3.13) 

The described and related cubature formulas were tested in a large number of exam-
ples and partly included in numerical algorithms for solving partial integro-differential 
equations (see [6]). Let us provide the results of two tests with the three-dimensional 
cubature formula (3.6), (3.13). In Fig. 1 we have plotted the relative cubature error for 
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different generating functions 'f/2M and sufficiently smooth densities. The corresponding 
values of the approximation rate 

(log l.C3u(O) - L312hu(O) I - log l.C3u(O) - L3,hu(O) I)/ log 2 
are contained in Table 1. It shows that pointwise the approximation rate can even be 
higher than theoretically predicted. For example, in all numerical tests we obtained 
an approximation rate near 6 for the density (1 - lxl 2)t having discontinuous fourth 
derivatives. 

0.01 

le-06 

le-10 

Error of L3(~((l - I · 1 2 )~))(0) 

M=l -e-

M=2 ·0 • • 

M=3 •G•. 

M=4.--
M=5 ·0·-

0.1 

G G 

·o 

0.01 
meshwidth h 

le-06 

le-10 

le-12 

G 
'I) 

G 

b 
G 

0 

M:::::::1 -e- G 

M=2 ·0 •• 

M=3 ·•· • 'a 
M=4--
M=5 ·0 · -

0.1 0.01 
meshwidth h 

FIGURE 1. Cubature error for the Newton potential using different gener-
ating functions 'f/2M and the fixed parameter V = 3. 

h-1 

8 
16 
32 
64 
128 

£3(~((1 - I · 1 2 )~)) L3( (1 - I . 1
2)!) 

Ml 1 2 3 4 5 1 2 3 4 5 
0.975 2.117 3.383 4.780 6.338 1.525 3.088 4.817 6.830 9.227 
1.619 3.354 5.176 7.087 9.098 1.857 3.750 5.722 7.764 8.282 
1.893 3.826 5.787 7.775 9.810 1.963 3.937 5.933 7.819 6.344 
1.973 3.956 5.947 7.946 9.033 1.991 3.984 5.983 7.639 7.024 
1.993 3.989 5.986 7.851 2.124 1.998 3.996 6.009 3.727 0.715 

TABLE 1. Approximation rate of the cubature at the point x = 0 for the 
densities ~((1 - lxl 2)~) and (1 - lxl 2)t, resp., using different functions 
1'/2M and 'D = 3. 

In the case n = 2 we have 

1 J 1 .C2u(x) = - log I · I u(y) dy, 27r x -y 
(3.14) 

R2 
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and one easily obtains 
lxl2 

.C2(e+l')(x) = -~ Ei(lxl2)- ~loglxl = K1- j l -re--r dr), 
0 (3.15) 

where E 1 is the exponential integral and 'Y is the Euler constant 'Y = 0.577215 .... Thus 
from formula (3.11) we derive the analytic expression 

1 1 2 M-
2 L ·(lxl2 ) 

L21/2M(x) = 47r (2log ~ - Ei(lxl2) + e-lxl ~ (j + l) ) (3.16) 

with the Laguerre polynomials L; = L;0\ leading to the cubature formula 

2 '""' ( (x - hm) log V15h) £ 2,hu(x) = h L.J
2 

u(hm) .C2'f/2M V1)h - 27r · 
mEZ 

4. ELASTIC AND DIFFRACTION POTENTIALS 

In this section we derive analytic formulas of elastic and diffraction potentials applied 
to the generating functions 'f/2M defined in (3.3). It is clear that analogously to the 
preceding section these formulas can be used to construct high order cubature formulas for 
the corresponding potentials. Based on the mapping properties of the integral operators 
estimates of the cubature error can be obtained similar to those of Theorems 3.1 and 3.2. 

4.1. 2d-elastic potential. A solution of the two-dimensional Lame system 
µflu+(.:\+µ) V divu = f 

is given by 

uk(x) = J rkl(x,y)fi(Y) dy, 
R2 

where fork, l = 1, 2 
.A + µ ( .:\ + 3µ 1 ( x1c - Y1c)( xz - Yz)) 

rkz(x, y) = - 47rµ(.A + 2µ) 8kl A+µ log Ix - YI + ' Ix - yj2 ' 
is the Boussinesq fundamental matrix. In the following we determine 

J rkl(x, y)L~_1(IYl 2 ) e-IYl2 
dy . 

R2 

Note that 
8 kl 1 .A + µ a2 

( 2 ( 1 1 ) ) 
I'1cz(x, y) = - 27rµ log Ix - YI + 87rµ(.:\ + 2µ) 8x1c8x1 Ix - YI log Ix - YI + 2 · 

13 



From (3.14) and (3.16) it is clear that it remains to determine the integrals 

h1 :=a a~ f Jx-yJ2(log I 1 I+ _21) L~_1(IYl2) e-IYl2 dy Xk Xz X-y 
R2 

= Ix - yl 2(1og + -) e-IYI dy a2 f 1 1 2 

8xk8xz Ix - YI 2 a2 
M-l (-l)i 82 f 1 1 · 2 + ~ -.-. lx-yl2(log +-) ~'e-IYI dy. 
~ J! 43 8xk8xz Ix - YI 2 1=1 a2 

First we remark that 

~ f Ix - Yl2(log 1 + ~) e-IYl2 dy 
8xz Ix -yl 2 

a2 

= (2xz + ~)flog 1 
e-IYl

2 
dy , 

8xz lx-yl 
a2 

such that for the case M = 1 we derive 

2
hz = 28kz.C2(e-l·l2 )(x) + (2xzaa +a a~ ).C2(e+l')(x), 

7r Xk Xk Xz 
leading together with (3.15) to the formula 

f rkl(x, y) 112(Y) dy = '\~ 3µ ) 8k1 ( E1(JxJ2) + 2 log Jxl) 
81rµ + 2µ 

R2 

. A+µ ((XkXl bkz) 1 - e-lxl
2 

XkXl) 
+ 47rµ(.A + 2µ) . lxl2 - 2 · lxl2 · - lxl2 · 

For the case M ~ 2 we use the relation 
1 1 1 

~Ix - yl 2(log I I + -) = 4log I I - 2 x-y 2 x-y 
and Green's second formula to get 

/kl= 82 (f lx-yj2(1og 1 + ~) e-IYl2 dy -flog 1 e-IYl2 dy) 
8xk8xz Ix - YI 2 · Ix - YI 

R2 a2 
82 M-1 ( l)i f 1 + ~ ~ (4log - 2) .b._i-1e-IYl2 dy 

8xk8xz ~ J!4' lx-yl 
1-2 R2 

= a2 (f Ix -yl2(1og 1 + ~) e-1y12 dy -f 1og i e-1y12 dy) 
8xk8xl Ix - YI 2 Ix - YI a2 a2 

a2 ~1 (-1)i f i ;-1 -1y12 + a a ~ ., 4i-1 log I I D.. e dy . Xk Xz . J. X -y 
1=2 R2 

14 
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Now relation (4.1) helps to simplify 

a2 (J jx-yj2(log 1 + ~) e-IYl2 dy-jlog 1 e-IYl2 dy) 
8xk8xi Ix - YI 2 Ix - YI 

R2 R2 

= 2~xz j log 
1 

e-IYl
2 dy = 2 (8kl + xz~) j log 1 e-IYl2 dy . 

8xk Ix - YI 8xk Ix - YI 
R2 R2 

Since for j ~ 2 there holds 

J log 1 ..6_i-le-IYl2 dy = -271" ..6_i-2e-lxl2 
lx-yj ' 

a2 
we derive by using (3.9) - ~ J 1 -IYl2 - a2 M-3 L;o)(jxj2)e-lxl2 

1kz-2(8kz+xz 8 ) log
1 1

e dy 1fa a L c )(" , Xk X - Y Xk Xz . 2 J + 1 J + 2) a2 a=O 
where of course the sum disappears if M = 2. Thus 

J rk1(x,y)L~_1 (JyJ2) e-IYl2 
dy = - ~1 .C2(L~_1 (J • J2) e+l2 )(x) 

R2 

A+µ ( a -1·12 M-3 a2 L)O)(lxl2)e-lxl2) 
+ 2µ(>. + 2µ) (0kl + X! aaJ £ 2 (e )(x) - ~ axk8x1 B(j + l)(j + 2) . 

Now we use that 

(_!:_)m (L(_a)(y) e-y) = (-l)m L(_a+m)(y) e-y' 
. dy J . . J ' 

(4.3) 

which follows from the formula 
00 

(1 - zta-le-yf(l-z) = L LJa)(y)e-y zi ([1], 22.9.15) , 
j=O 

to derive 

a2 £(o)(lxl2)e-lxl2 = -28kzL(1)(lxl2)e-lxl2 + 4xkxzL(2)(lxl2)e-lxl2 ' 
8xk8xz 3 3 1 

which leads to the equality 

j rk!(x, y )L~_1 (Jyl2) e-IYl2 
dy = Ok! ( - f;.c2 (L~_1 (I · J2) e-l · 12 ) (x) 

R2 

A+ ( M-3 £(l)(lxl2)e-lxl2 )) 
+ 2µ(>.+';µ) .C2(e+1•)(x) + ~ 4(j + l)(j + 2) 

A+µ a -1·12 M-3 L)2)(1xl2)e-lxl2 
+ 2 (.A+ 2 ) ( :i:1 Bx £2(e )(x) - XkXl,?: 2(" + l)C + 2)) . µ µ k . 1=0 J J 

Next we simplify the expressions enclosed in the brackets. Using (3.8) one easily 
transforms 

(4.4) 
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such that from (3.11) we get 
M-3 £(1)(jxj2) -lxl2 

£ ( -I· 12) ( ) ""' J e 2 e x + .c?-- 4( . + 1) ( . + 2) 
J=O J J 

M-2 L(O)(I 12) L(l) (I 12) = I" ( -1·12)( ) + -lxl2""' j X _ M-2 X -lxl2 
J..,2 e x e ~ 4(j + 1) 4(M - 1) e . 

= I" (L(l) (I . 12) -I· 12) ( ) - L~_2(1xl2) -lxl2 
J..,2 M-1 e x 4( M - 1) e . ' 

implying for the first term 
.A M-3 L(l)(I j2) -lxl2 

- ~£2(L(1) (I· 12) e-l·l2)(x) + + µ (£2(e-l·l2)(x) + L i. x ~ ) 
µ M-1 2µ(.:\ + 2µ) i=O 4(J + l)(J + 2) 

= .A+ 3µ £ (L(l) (I . 12) e-l · 12) (x) - >. + µ L~-2(lxl2) e-lx[2 . 
2µ(.A + 2µ) 2 M-l 2µ(.A + 2µ) 4(M - 1) 

Now we consider the second expression. From the relation 

L}a+i)(y) = ~ (U +a+ l)L}al(y)-(j + l)L}~1(Y)) (4.5) 

(see Abramowitz-Stegun [1], 22.7.31) we get 

L}2l(lxl 2
) = 

1
: 12 ((j + 2)L}1l([x[2) - (j + l)L}21 (lxl 2

)) , 

and therefore 
M-3 .L)2\lxl2) . XkXl M-3 (j + 2)L)1)(lxl2) - (j + l)L)~1 (lxl2) 

XkXl ~ 2(j + l)(j + 2) = lxl2 ~ 2(j + l)(j + 2) 

= XkXz ~ (L)1\lxl2) _ L)~1 (lxl 2)) = XkXl (l - L~_2 (lxl 2)) . 
lxl2 i=O 2(j + 1) 2(j + 2) 2lxl2 M - 1 

Furthermore, (3.15) shows that 
lxl2 

Xl~£2(e-l·l2)(x) = Xl ~(1- J 1- e_.,. dr) = XkXl (e-lxl2 -1)' 
8xk 4 8xk t 2lxl2 

0 

hence we derive 

~£ ( -l·l2)( ) _ ~ L}
2
)(lxl2)e-lxl

2 
_ XkXl (L~_2(lxl 2 ) -lxl2 _ l) 

xz 8xk 2 e x XkXl ~ 2(j + l)(j + 2) - 2lxl2 M - 1 e . 

Consequently, the integration of the generating function T}2M results in 

J .A+ 3µ 
rkz(x, y) T/2M(Y) dy = - 2µ(.A + 2µ) 5kl L2T/2M(x) 

R2 

+ A+µ ((XkXl _ §kl) T/2M-2(X) _ XkXl ) . 
4µ(.A + 2µ) lxl2 2 M -1 7r lxl2 

(4.6) 
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We note that by simple differentiation of the expressions ( 4.2) and ( 4.6) it is possible 
to obtain effective approximations of the stress tensor 

( 8u1 8u2) auk ( 8u1 8u2 
O"k = .A -a + -a + 2µ-a ) r1,2 = µ -a + -a ) . 

X1 X2 Xk X2 X1 

4.2. 3d-elastic potential. A solution of the Lame system 
µflu+ (.A+µ)'\/ divu = f 

can be obtained from 

uk(x) = J rk1(x, y)fz(y) dy, 
as 

where the elements of the Kelvin-Somigliana fundamental matrix {rkzH,Z=l are given by 

r ( ) .A+µ (>. + 3µ 8k1 +· (xk - Y!c)(xz - Yz)) 
kl x, y = ( ) I I I , 87rµ .A+ 2µ .A+µ x - y x - yl3 

The integrals 

J rkz(x, Y) 1/2M(Y) dy = 7"-
3

/
2 J rkl(x, y)Li7'~l (IYl2

) e-IYI' dy 
as as 

can be determined quite similar to the precedi~g subs~ction. First we note that 

1 8kz .x + µ a2 I rkz(x,y) = + x -yl 
47rµ Ix - YI 87rµ(.X + 2µ) 8x1i:Bxz . · 

Hence it remains to determine.the integrals 

fo: {) {)~ j Ix -ylL~~l(IYl 2)·e-IYl2 dy 
XTc Xz 

as 

17 
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implying for M = 1 the expression 

J A+ 3µ erf (Ix!) 
rkz(x, y) 112(Y) dy = - 27rµ(A + 2µ) 4lxl tSkz 

R3 

A+µ 2 a 82 erf (Ix!) 
+ 47rµ(A + 2µ) ( Xz axk + axkax) 4lxl 

= (A+µ) XkXl ((3 - 2lxl2) erf (lxl) _ 6 e-lxl2) 
l67rµ(A + 2µ) lxl5 ft lxl4 

(4.8) 

+ tSkz ((A+µ) ( 2 e-lxl
2 

_ erf (lxl)) _ 2(A + 3µ) erf (Ix!)) . 
l67rµ(A + 2µ) ft lxl2 lxl3 Ix! 

If M ;::: 2 then ( 4. 7) yields 

a J e-IYl2 a2 M-3 L;112\lxl2)e-lxl2 
!kl= (ski+ Xl axJ Ix -yl dy - S?r 8xk8x1 ~ 16(j + l)(j + 2) , 

Ra 1-0 

such that 

J rk1(x, y)Lg..'~/(IYl 2 ) e-IYI' dy = - ; £3(Lg..'~/(I · 12 ) e+ I') (x) 
R3 

A+µ ( a -1·12 M.-3 a2 L}l/2\lxl2)e-lxl2) 
+ 2µ(>. + 2µ) (Skt+ Xt 8xJ£3 (e )(x) - ~ 8xk8x1 8(j + l)(j + 2) . 

From ( 4.3) we see that 

a2 L (_1/2\ lxl2)e-lxl2 = -25kl£(3/2) ( lxl2)e-lxl2 + 4xkx1L(_s/2) ( lxl2)e-lxl2 
8xk8xz 3 1 1 

which leads to 

J rk1(x,y)Lg..'~/(lyi2) e-IYI' dy =Ski( - ~£3(Lg..'~/(1 · l2) e+l')(x) 
Rs 

A+µ ( M-3 £(3/2)(lxl2)e-lxl2 )) 
+ 2µ(>. + 2µ) £ 3 (e+l')(x) + ~ 41

(j + l)(j + 2) 

A+µ a -1·12 M-3 L)5/2)(1xl2)e-lxl2 
+ 2µ(). + 2µ) ( Xt ax/3(e )(x) - XkXl ~ 2(j + l)(j + 2)) · 

Again we consider the separate terms. Similar to ( 4.4) we derive 

M-3 L)3/2)(lxl2) M-2 L)1/2)(lxl2) L~~~(lxl2) 

~ 4(j + l)(j + 2) = ~ 4(j+ 1) - 4(M -1) ' (4.9) 
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such that from (3.11) we have 
M-3 L(3/2)(1 12) -lxl2 

( 
I 12) """ ; x e £3 e- . (x) + ~ 4(j + l)(j + 2) 

M-2 L(l/2)(1 12) . L(3/2)(1 12) = £ ( e-l · 12) (x) + e-lxl2 """ j x - M-2 x -lxl2 3 ~ 4(j + 1) 4( M - 1) e 

= £ (L(3/2)(l · l2) e-l·l2)(x) - L~~~(lxl2) -lxl2 
3 M-1 4(M - 1) e ' 

which implies 
1 A M-3 L(3/2)(1 12) -lxl2 

--£ (L(3/2)(1·12)e-1·12)(x)+ +µ (£ (e-l·l2)(x)+""" i x e ) 
µ 3 M-l 2µ(,X + 2µ) 3 ~ 4(j + l)(j + 2) 

-X+3 -X+ L(3/2)(I 12) -lxl2 
=- µ £ (L(3/2)(1·12)e-l·l2)(x)- µ M-2 x e 

2µ(-X+2µ) 3 M-l 2µ(-X+2µ) 4(M-l) 
To handle the second term we use ( 4.5) to write 

L)5l 2l(lxl 2
) = l~l 2 ( (j + ~)L)3l2l(lxl 2) -: (j + l)L)~;l(lxl 2)) , 

hence w~ get 
M-3 L}s/2)(lxl2) 

XkXl ~ 2(j + l)(j + 2) 

.xkxz . M-3 L}3/2)(lxl2) L}~:)(lxl2) . M-3. L}3/2)(l~l2) 
=w(~( 2u+1) - 2u+2) )+~4(j+l)(j+2)) 

xkxz 1 L)Y~~(lxl 2 ) M-
3 L~3/2)(1xl 2 ) 

= lxl 2 (2 - 2(M - 1) + ~ 4(j + l)(j + 2)) . 

From (3.12) we have 
lxl lxl 

_!___ ( -I· 12) _ _!___ _1_ J _.,.2 __ XkXl J _.,.2 XkXl -lxl2 
Xz 8Xk £3 e (x) - Xz 8Xk 2lxl e dr - 2lxl3 e dr + 2lxl2 e ' 

0 0 
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- therefore the second term transforms to 

a M-3 L(5/2)(1 12) -lxl2 
( -I· l2) ~ i x e 

xz Bxk La e (x) - XkXl ~ 2(j + l)(j + 2) 

lxl 
__ XkXl J -7"2 d XkXl -lxl2 
- 2lxl3 e T + 2lxl2 e 

0 

_ XkXl (~ _ L~~~(lxl 2 ) ~ L}312)(lxl2) ) -lxl2 
Ix I 2 2 2( M - 1) + ~ 4(j + 1) (j + 2) e 

lxl M-2 L(l/2)(1 12) (3/2)(1 12) = - XkXl (-l-j e-7"2 dr + e-lxl2 ~ j x - 3 LM-2 X e-lxl2) 
lxl2 2lxl ~ 4(j + 1) 4(M - 1) 

0 J-0 

3L(3/ 2)(1 12) . = XkXl ( M-2 X -lxl2 _ £, (L(3/2)(1·12) -1·12)( )) lxl2 4(M - 1) e 3 M-1 e x ' 
where we have used (3.11 ), (3.12) and ( 4.9). So we come finally to the expression 

J A+µ ( XkXl ) 1]2M-2(x) 
I'kz(x, y) 1]2M(Y) dy = 8µ(). + 2µ) ~ lxl 2 - dkz M _ l 

RS (4.lQ) 

( 
..\+3µ A+µ XJcXl) 

- 2µ(,\ + 2µ) 8kl + 2µ(,\ + 2µ) lxl2 £,31]2M(.x) ' 

which is valid for M 2::: 2 and even simpler than the corresponding formula ( 4.8} for the 
. cubature of second order. · 

4.3. Diffraction potential. Consider the potential 
1 J eiklx-yl 

Su(x) = 47r Ix_ YI u(y) dy, Im k 2::: O, x E R3 
, 

RS 

providing the solution of the Helmholtz equation 

-(.6.v + k2v) = u, 
which satisfies Sommerfeld's radiation condition 

( l:I '\lv(x)) - ikv(x) = o( l~I) , lxl -+co . 
From the equality 

j-1 

(.6. + k2tl .6_i = (-l)jk2j(.6. + k2tl + L(-ltk2r .6_i-1-r 
r=O 

20 
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we derive 

S(L~~i(l · 12) e-l·l2)(x) = -(.6. + k2tl (f ( ~~i ~je-lxl') 
J=O J 

2 M-1 1 k2 j M-1 (-l)i j-1 
=S(e+I )(x) L j!h-) _ L 14T D-l)"k2r~j-1-re-lxl' 

i=O j=l J r=O 

= S( e+l')(x) ~ _k2j. +e-lxl' ~ 1 ~ r! (k2)j-r £(1/2)(lxl2) 
~ J!223 ~ 4(j + 1)! D 4 r 
J=O J=O r=O 

2 M-1 k2i 
=S(e-1·1 )(x) "'"""-

~ j!22j 
J=O 

M-2 M-2-j 
-lxl2 "'"""( l);H2;+i(lxl) "'""" k2

r 
+ e kc - 2lxl ~ (j + r + 1)! 22(i+r+l) · 

Let Im k > 0. Using the Fourier transform 
1 J eiklxl 1 

47r ~ e>.(-x) dx = 47r21.Al2 - k2 
Rs 

the convolution equals to 

_ -IYl2 _ 3/2 1 J eiklx-yl J e--n-21>.12 
47r Ix - YI e dy - 7r 47r2 l.Al2 - k2 e>.(x) d.A 

R8 RS 
00 . 

. 27r3/2 J pe--n-2 P2 . 
= -

1
-

1 2 2 k2 Slil (27rpjxl) dp x 47r p -
0 

= Vif e-k2 /4 (eiklxlerfc ( - lxl - ik) - e-iklxlerfc (lxl - ik)) 
8lxl 2 2 ' 

( 4.12) 

(Bateman-Erdelyi [2], 2.4.26), where the complementary error function is defined as 
erfc (z) = 1 - erf (z). Thus we obtain 

1 J iklx-yl -k2 /4 ( "k ) --. e e-IYl2 dy = _e - i sin(klxl) + Re(eiklxlerf (lxl + :__ )) . 
47rs/2 Ix - YI 47rlxl 2 

Rs 

For k > 0 the Fourier transform of the fundamental solution is the distribution 
1 i7r k 

47r2l.Al2 - k2 + 2k a(l-AI - 27r) 

Hence the convolution (4.12) is the sum of the principal value integral 

J --n-21.:\12 -k2/4 "k 
e e27fi{x,.:\)d,A = _e -Re(eiklxlerf (lxl + :__ )) 

47r2 l.Al2 - k2 47rlxl 2 , 
Rs 

where one has to apply the Sochotzkij-Plemelj formula, and of 

i7r (a(l · 1-~ ), e--n-21·12 e27fi(x,·)) = i_ sin(kjxl) e-k2/4. 
2k 27r 47r lxl 
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Hence we derive also fork> 0 

7r-3/2s( e-l·l2)(x) == _l_e-k2/4(isin(klxl) + Re(eiklxlerf (lxl + ik))) . 
47rlxl 2 

Summing up we get the analytic formula 

-k2 /4 ( . .k ) M-1 (k2 /4)j 
S172M(x) = ~7rfx[ isin(kfxl) + Re(e•klxlerf (fx[ + i 2 )) ~ j! 

e-lxl2 M-2 (-l)j H2j+i(lxl) M-2-j (k2 /4Y 
+ 1!"3/2 ~ 223+3 fxf f,; (j + r + 1)! 
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