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Abstract

This paper presents a novel approach to reduce the complexity of simulation based
policy iteration methods for pricing American options. Typically, Monte Carlo construction
of an improved policy gives rise to a nested simulation algorithm for the price of the Amer-
ican product. In this respect our new approach uses the multilevel idea in the context of
the inner simulations required, where each level corresponds to a specific number of inner
simulations. A thorough analysis of the crucial convergence rates in the respective multi-
level policy improvement algorithm is presented. A detailed complexity analysis shows that
a significant reduction in computational effort can be achieved in comparison to standard
Monte Carlo based policy iteration.

1 Introduction

Pricing high-dimensional American options in an efficient way has been a challenge for decades.
For low or moderate dimensions, deterministic (PDE) based methods may be applicable, but for
higher dimensions Monte Carlo based methods are practically the only way out. Besides the
dimension independent convergence rates, Monte Carlo methods are also popular because
of their generic applicability. In the late nineties several regression methods for constructing
“good” exercise policies yielding price lower bounds were introduced in the literature (see Car-
riere (1996), Longstaff and Schwartz (2001), and Tsistsiklis and Van Roy (1999), for a de-
tailed description see also Glasserman (2003)). Among many other approaches we mention
that Broadie and Glasserman (2004) developed a stochastic mesh method, Bally and Pages
(2003) introduced quantization methods, and Kolodko and Schoenmakers (2006) considered a
class of policy iterations. In Bender et al. (2008) it is demonstrated that the latter approach can
be combined effectively with the Longstaff-Schwartz approach.

The methods mentioned above commonly provide a (generally suboptimal) exercise policy,
hence a lower price for an American product. They are therefore called primal methods. As
a next breakthrough in Monte Carlo simulation of American options, a dual approach was de-
veloped by Rogers (2002) and independently by Haugh and Kogan (2004), related to earlier
ideas in Davis and Karatzas (1994). Due to the dual formulation one considers “good” martin-
gales rather than “good” stopping times. In fact, based on a “good” martingale the price of an
American derivative can be bounded from above by a “look-back” option due to the difference
of the cash-flow and this martingale. Probably one of the most popular numerical methods for
computing dual upper bounds is the method of Andersen and Broadie (2004). However, this
method has a drawback, namely a high computational complexity due to the need of nested
Monte Carlo simulations. In a recent paper, Belomestny and Schoenmakers (2011) mend this
problem by considering a multilevel version of the Andersen and Broadie (2004) algorithm.



In this paper we consider a new multilevel primal approach due to Monte Carlo based policy
iteration. The basic concept of policy iteration goes back to Howard (1960) in fact (see also
Puterman (1994)). A detailed probabilistic treatment of a class of policy iterations (that includes
Howard’s one as a special case) as well as the description of corresponding Monte Carlo al-
gorithms is provided in Kolodko and Schoenmakers (2006). In the spirit of Belomestny and
Schoenmakers (2011) we here develop a multilevel estimator, where the multilevel concept is
applied to the number of inner Monte Carlo simulations needed for constructing a new policy,
rather than the discretization step size of a particular SDE as in Giles (2008). In this context
we give a detailed analysis of the bias rates and the related variance rates that are crucial for
the performance of the multilevel algorithm. For transparency we restrict ourself in this respect
to the case of Howard’s policy iteration, but, with no doubt the results carry over to the more
refined policy iteration procedure in Kolodko and Schoenmakers (2006) as well.

The contents of the paper is as follows. In Section 2 we recap the iterative construction of optimal
exercise policies in Kolodko and Schoenmakers (2006). A description of the Monte Carlo based
policy iteration algorithm, and a detailed convergence analysis is presented in Section 3. After
a concise assessment of the complexity of the standard Monte Carlo approach in Section 4, we
then introduce its multilevel version in Section 5 and provide a detailed analysis of the multilevel
complexity and the corresponding computational gain with respect to the standard approach.

2 Policy iteration for optimal stopping

In this section we review the (probabilistic) policy iteration method for the optimal stopping prob-
lem in discrete time, hence pricing of Bermudan derivatives. We will work in a stylized setup
where (2, IF,P) is a filtered probability space with discrete filtration ' = (F;),—o. . 1 for
T € N,. A Bermudan derivative on a nonnegative adapted cash-flow process (Zj)jzo en-
titles the holder to exercise or receive cash Z; at an exercise time j € {0, ..., T} that he may
choose once. It is assumed that Z; is expressed in units of some specific pricing numeraire N
with Ny := 1 (w.l.o.g. we may take N = 1). Then the value of the Bermudan option at time
j €40, ..., T} (in units of the numeraire) is given by the optimal stopping problem

Y = esssup Er[Z;], (1)
TET .-, T

provided that the option is not exercised before j. In (1), T [, ..., T] is the set of F-stopping

times taking values in {j, ..., 7'} and the process (Yj*)j>0 is called the Snell envelope. It is
well known that Y * is a supermartingale satisfying the Bellman principle

Vi =max (Z;,Ex[Y}]), 0<j<T, Yi=2Zr.

An exercise policy is a family of stopping times (Tj)jzo _psuchthat7; € Tj,...,T].

Definition 1 An exercise policy (7;)._, ., is said to be consistent if

3=0,..

Tj>j:>7-j:7—j+1> OS]<T, and Tr="1T.



Definition 2 (standard) policy iteration

Given a consistent stopping family (7;)._, . we consider a new family (7;)._, . defined by

j=0 j=0,.

=inf{k:j<k<T Zy>Ex[Z, )} AT, j=0,..T 2)
with A\ denoting the minimum operator and inf @ := +oo. The new family (7;) is termed a
policy iteration of (7;) .

The basic idea behind (2) goes back to Howard (1960) (see also Puterman (1994)). The key
issue is that (2) is actually a policy improvement by the following theorem.

Theorem 3 [t holds (i):

Y7 > V) = Ex 2] > Br[Z,] =V, j=0,..T,
and moreover (ii): lij(O) =Ty, T;m—H) = ?](m), Yj(o) =Y, Yj(m) =Ez[Z m],j=0,..,T,
J

m=20,1,2, ..., then,

Theorem 3 is in fact a corollary of Th. 3.1 and Prop. 4.3 in Kolodko and Schoenmakers (2006),
where a detailed convergence analysis is provided for a whole class of policy iterations of which
(2) is a special case. See also Bender and Schoenmakers (2006) for a further analysis regarding
stability issues, and extensions to policy iteration methods for multiple stopping. Due to Theorem
3, one may iterate any consistent policy in finitely many steps to an optimal one. Moreover, the
respective (lower) approximations to the Snell envelope converge in a nondecreasing manner.

3 Simulation based policy iteration

In order to apply the policy iteration method in practice, we henceforth assume that the cash-
flow Z; is of the form (while slightly abusing of notation) Z; = Z;(.X;) for some underlying
(possibly high-dimensional) Markovian process X. As a consequence, the Snell envelope then
has the form Y} = Yj*(Xj), j =0,...,T, also. Furthermore, it is assumed that a consistent
stopping family (Tj) depends on w only through the path X in the following way: For each j the
event {7; = j} is measurable w.r.t. X;, and 7; is measurable w.rt. (Xy),; o, i-e.

Ti(w) = hij(X;(w), ..., X7 (w)) (3)
for some Borel measurable function ;. A typical example of such a stopping family is
m=inf{k:j<k<T, Zy(Xp) > fulXe)}

for a set of real valued functions fi(z). The next issue is the estimation of the conditional
expectations in (2). A canonical approach is the use of sub simulations. In this respect we



consider an enlarged probability space (2, ', IP), where F' = (F7});=o,..r and F; C F; for
each j. By assumption, ]-']’ specified as

Fi=FVo{X"¥, i <j} with Fj = 0 {X;, i < j},

where for a generic (w,wi,) € Q, XX 1= X “)(w;,), k > i denotes a sub trajectory
starting at time i in the state X;(w) = X/ ~*®)

; of the outer trajectory X (w). In particular, the
random variables XX and X' ¥ are by assumption independent, conditionally {X;, X},

for i # 4’. On the enlarged space we consider J; measurable estimations C; 5 of C; :=

Ez [ZTHJ as being standard Monte Carlo estimates based on M sub simulations. More
precisely, if
C;(X;) :==Ex, [Z;,,,], then consider
M
Civ :i=— Z (m X]’ 7), where the 4
M M Z J(+1> J(Tl) )

7 = by (ij%’(m) L XPOh o< <

(cf. () are evaluated on M sub trajectories all starting at time j in X ;. Obviously, C; s is
an unbiased estimator for C'; with respect to E r, [-] . We thus end up with a simulation based
version of (2),

Tim=inf{k:j <k <T, Z; >Crm} AT, while (2) reads
ﬂzlnf{kj§k<T, Zk>0k}/\T, 7=0,...,T.

Let us define

Yj = E]:y[Z;—\y], Cj :E]'—j[Z?i-H]’ ]:O,,T
Lemma 4 In a model with time horizon T’ + 1 it holds
T
’E}—T (1?M:T+l T T+1 Z ‘ ( Z7('J)+1>M> —1 (Z] S Eij?j+1) .
=0

Proof. It holds

Err (Iay=rs1 = bi=r1) = E7; <1ZOS<Z;3>M RGP

(22, M
—1Zogu<:foz?1 T 1ZT_1SEfT,1Z?T1ZT§1EITZ?T+1)
T
o E]:T H 1Z < Z() o H 1ZiSIEFiZﬂ‘+1
=0 1=0



and

< =0
T-1 T-1
+Ez, H 1 0 - H 1z,<kr 2z o
<7 [ F; 47, <
i=0 Ll I i=0 e A

TT+1

T—1 T-1
e (H 1Zz'§< ;’LJM o H 1Zi§EfiZﬂ‘+1> Err (ZT = <Z;;F)+1>M>
¢ i=0

1=0

T-1
- H 1Zi§Efz‘Zﬂ'+1 E}—T (1ZT<(Z£‘) ‘Mo 1ZTSEfTZ?T+1)
=0

where the independence of inner simulations for different time steps is used.

Hence

T
’E}—T (1?1u=T+l - 1?=T+1)| S Z ‘]P)]:J <Zj S <Zq’%)+1>M> - 1 (Zj S ]Eij?jJrl) .
7=0

Let us define
T]J([IJ) = 9j$ — log qb(e]), 9]' = 9]($)
where 0; solves the equation:

¢5(0;)/0;(0;) = x

with )
¢j(9j) = Eexp [6’]- <Z?j+1 (X%ff) - E-FJ'Z:T_\]'-FI))]
and gb”(@ ) P
o (z)* = W@J) -2t = 02 In(¢(6;)).

Theorem 5 Suppose there exists a constant By such that | Z;| < By . Let p; be the conditional
density of the rv. x = Zz (leff) — Ex, Zz ., given that Z;(X;) — Er, Zz,, > 0 and

Tj+1 7—
p; the conditional density of the same r.v. given Z;(X;) — Er, Zz ., < 0. Assume that all
the functions 1; () are nonegative, attain their minimum at x = 0 and n;(0) > 0. Moreover

suppose

M = mﬁj_lfj(éﬂ), S (O7a)

M = iE’Bj_lfj(x)’ Uj(w)ej(x)

a;j()f;(x)



for some a > 0, where functions f; and f] are smooth at 0. Then it holds
o = To| <By- (102
for some o« > 0 where B only depends on o, B;.

Proof. Define T); := 7o v, T := Tp, and use induction to the number of exercise dates 7. We
will show the induction basis at the end of the proof cause it requires similar calculations as the
induction step. Suppose it is shown that

E (Zz, — Z7) = O(5;)
for T' exercise dates. Now consider the cashflow process Zj, ..., Zr11. Then

\E (Zz, — Z#)| = |E (Zz,,1sy,<r + Zri1lsy=r41 — Zzlscr — Zrpale—ri)|

= |]E (ZTM Ly <r — Z?l?ST) +E (ZT-H (1?M:T+1 - 1?:T+1))|
< O(M) +E (Zrs1 |[Ex, (1 =r+1 — Le=r41)|) (5)

by applying the induction hypothesis. Applying Lemma 4 we have
E [Zr1 Bz, (12 =141 — La=r41)|]

T
Zr . [Br (2, < (28 ) = 1(2; <ExZs,.)
=0

<E

<B

)|| 2 < EBr 2

Tj+1}

M=

E HPFJ- (Zj < (7Y >M> —1(Z; <Ex 25,

Tj+1

Il
=)

J
+EHIP;] (2 < (29 w) =1(% < Bz Zs,,

T+1

)| % > B, 22,

-BY. E[(l—[?;( < (70 ) ))‘Z<]E;Zw}

k}

+E[ (Z < (ZY Y )‘Zj—ﬂ-z]rjz?m>0}=51+S2

T+1

It holds (see, e.g., Lee and Glynn (2003))

. M ix exp( Mﬁg(fy))
P, (MZ{ZZ‘TE(X )~ Effzﬂ“]*”o) V2m; )0V

1
m=1 J+

where 5] = ZJ(X]) — E]:J.ZA

7,41~ Under our assumptions we have

exp(—Mmn);
Ao




Then the Laplace method yields

* exp(~ M ()
0 V2mo,(x)6;(x)

pj(x)de S M Pl

as M — oo. Hence
S2 < B2M7(1+min(ao,...aT))/2.

Analogously, under similar assumptions on the conditional density p;, we get
Sl < BlM—(l—l—min(ao,...aT))/Q‘
For the induction basis 7' = 0 we have with Zz,, 17, <0 — Zz17<9 = 0

|E (Z?M - Z?)| = |]E (Z?AJ 17A'M§T + ZT+117A'M:T+1 - Z?l?ST - ZT+11?:T+1)|
= |E (Zz, 15,<r — Z#ls<r) + E (Zry1 (L5 =141 — Lr=r41))]
<E (Zry1 Bz, (1ay=r+1 — La=r11)])

()

where the last equality follows with the arguments from above. =

Theorem 5 controls the bias of the estimator ?O,M for the lower approximation }A/O to the Snell
envelope due to the improved policy (7;) . Concerning the improvement we infer from Kolodko
and Schoenmakers (2006), Lemma 4.5, that

To—1
0<Yo =Yy <EY [ExYin — Yil.
k=79

Hence, for a bounded cash-flow process with | Z;| < Bjwe get
0<Yy—Yy <TBP(1; #7;) < TBiP(r; # 77),
as 7; = 7; implies 7; = T, = 7;. The following proposition, is important in the context of

multilevel Monte Carlo estimation of }A/O, introduced in the next section.

Proposition 6 Suppose that there are constants By and B,, such that | Z;| < By and
2 ,
Varz, [ZTJ.H] = IEF].[(ZTJ.+1 — Cj) |< By, 7=0,....,T—1 as (6)

Let us further assume that there exist constants EOJ >0,7=0,...,7—1,anda > 0, such
thatforanyd >0andj =0,...,T — 1,

P(|C; — Z;| < 8) < By ;0% (7)
It then holds,

T-1
2 —a - -
E[(Zz . — Z7,) ) < M~°?2B}B § By, (8)
j=0



Proof. We have
2 2 ~ ~
E[(Zay — Za) 1 = Bl(Zass — Za)" Lz, pmt) < BEP (For # 70) - 9)

Let us write {To s # To} = {To.r > To} U {To.mr < To} - It then holds (see definitions (4))

T—1
{Fon >} C | J G < Z <Cutn {7 =4}
=0

T-1
= JA¥ n{m =),
j=0

and similarly,
T-1
P <ntc UG =2 >cun{m =14}
j=0
-1
= UA;W_ N {?071\/[ = j} .
j=0
So we have

~
L

P(Fou #70) < > P (AN UAN).

J

I
o

By the conditional version of the Bernstein inequality we have,

M
1 X,
]P)]:T (A;w-i_) = ]P)Xj (0 < Zj — Cj < M E (ZT(m) (Xj;ﬁﬂ)) — C])>

m=1 ak s

[e.9]
< 1{|Zj—0j|§M71/2} + E ]-{2k—1M71/2<‘Zj_Cj|§2kM71/2}'
k=1

M
1 X,
Py, (2’“11\4—”2 <37 (ZT;Q (X)) - cy))

o T+l
o0
< 1{|Z]-—Cj|§M*1/2} + E :1{2’“*1M*1/2<\Zj—C]-|§2kM*1/2}.
k=1

22k73M
N
MBQ+B12k_1M1/2/3

[o@)
< l{IZj—CjISM*I/Q} + Z 1{|Zj—0j|§2kM71/2}'
k=1

22k—2
exp |:—_ — :| .
BQ + Bl2k71/3



So by assumption (7),

- B o o) B B 22k—2
M+ Af—a/2 ) ak \r—a/2 _
P (A}'™*) < Bo;M~%? + By, ;2 M exp { By + Bi2F1M-1723

< BBy, M

for B depending on El, B, and a. After obtaining a similar estimate for P (A;W’) , we finally
conclude that

T-1
P (Fon # 7o) < M~?2B> "By,
j=0

and then (8) follows from (9). m

4 Standard Monte Carlo approach

Within a Markovian setup as introduced in Section 3, we consider for some fixed natural num-
bers N and M, the estimator

N
-~ 1
= — ZA n 1
YN N Z ) (10)
n=1
for }A/M = ?QM with Ty = 7A'0,M7 based on a set of samples

{ZAW, n=1, N}
™

of the cash-flow Zz,,. Let us investigate the complexity, i.e. the required computational costs,
in order to compute Y = 170 with a prescribed (root-mean-square) accuracy €, by using the
estimator (10). Under the assumptions of Theorem 5 we have with v := (1 + «)/2 > 1/2, for
the squared accuracy,

~ ~72 ~ ~ —~ 12
E [vaM - Y} < N~'Var [YM} + ‘Y - YM‘ (11)
S N_lazo + ,LLOOM_2,Y7 M 2 MOa

for some constants ji, and ago 1= Sup s>, Var [YM} , where M denotes some fixed min-

imum number of sub trajectories used for computing the stopping time 7,,. In order to bound

(11) by €2, we set
W — (ZIUOO)UQ7 _ 202,
) {—/ =

with [z] denoting the smallest integer bigger or equal than z. For notational simplicity we will
henceforth disregard the Entier brackets and carry out calculations with generally non-integer
valued M, N. This will neither affect complexity rates nor asymptotic proportionality constants.
Thus the computational complexity for reaching accuracy € when € | 0 is given by

. 2020 (QMw)1/27

N,M .
Cstan (6) = NM €2+1/'Y )

(12)



where, again for simplicity, it is assumed that both the cost of one outer trajectory and one sub
trajectory is equal to one unit. In virtually all applications the random variable C; — Z; has a
positive but non-exploding density in zero, therefore we have o« = v = 1. Hence the complexity
of the standard Monte Carlo method is of order O(e ™).

5 Multilevel Monte Carlo approach

For a fixed natural number L and a set of natural numbers m : = (my, ..., mz,) satisfying
1 <my < ... < my, we consider in the spirit of Giles (2008) the telescoping sum,

L
+) (le - YmH) : (13)
=1

Next we take a set of natural numbers n : = (ny, ..., ny) satisfying ng > ... > ny > 1, and
simulate an initial set of cash-flows

{Z?mo j:1,...,n0},

,(7)

due to an initial set of trajectories X" , 3 =1,...,n9, where

) ._ 0.2,(4)
Z?mo =2 (X))
0,mq 701m0

Next we simulate independently for each level [ = 1, ..., L, a set of pairs

{Z@,ZQ) , jzl,...,nl}

due to a set of trajectories x=0 =1,

Vom 1= Z ZWZ(Z(J -z9 ) (14)

., n; to obtain a multilevel estimator

as an approximation to Y. (cf. Belomestny and Schoenmakers (2011)). Henceforth we always
take m to be a geometric sequence m; = mgk', for some mg, Kk € N, k > 2.

Complexity analysis

Let us now consider the complexity of the multilevel estimator (14) under the assumption that
the conditions of Theorem 5 and Proposition 6 are fulfilled. For the bias we have due to Theorem
5withy = (1 +«)/2>1/2,

~

‘E [yn,m] - Y‘ — |E[Z,, — Z]| < poemy”,

10



and for the variance it holds

No

L
~ 1 1
Var [))n,m] = —Var Z?mo + Z n—lV [ Py Z:’—\ml—l ,
I=1
where due to Proposition 6, the terms with [ > 0 may be estimated by
2
Var [Z? — Z } <E {(Z?m Zs ) }
-1 l -1
9 2
< 9E [(Z?ml A } 49K <Z;ml Z?>
<C(m "+ m) < Vo,
with 5 := @/2, and suitable constants C, V... In most applications, also C; — Z; in (7) has
a positive but non-exploding density in zero which implies @ = 1, hence 5 = 1/2. This rate is
confirmed by numerical experiments.

Theorem 7 Let us assume ) < 5 < 1 and~y > % and m; = mok' for some fixed k and

suitably fixed mq. Fix some 0 < € < 1. Let L be (the integer part of)

\/_uoo]

m0

L=L(e)=v"In""x [

and

Then the computational complexity of the estimator (14) is bounded by

L
i (€) == momo + Z g (my 4 my_1)
=1
1\ (1-8)/2
(Vopoo) ™
—T —1
B QVwﬁlfﬁm(l)_B (1 + /{*1) moe o2 mg
B €2 k(1=-8)/2 — 1 V (1=B)/2
1\ (1-8)/2
(V2o
—T —1
moe”Y 1
(1-8)/2 _ 1 + ROP2(1+r1) | (15)

Proof. of Theorem 7

11



First we have
L
Ca™ (€) = ngmg + Z nor~{1+A)/2 (mok' +mor'")
=1

LLO-B)/2 _ 1
_ - (1—,3)/2 —1
- oo (1 R Gl >) | (19)
In view of ) )
E |Jom— V] =Var [Jom| + (E [Iom| - 7)
we set
Hoo €
mor /2
2 L(1— 2 2
0% Yoo KR -1 (1 gy _ €
No nomﬁ Ii(l_ﬂ)/2 1 2

This yields, respectively

(17)

mge€
and -
(‘/ENOO)T 1
2 _ 1-8
ng = 20'200 21}0/08 mél 6)/26 2y 5(1_5)/2 (18)
€ €2m0 k(1-8)/2 _ 1

We then obtain from (16), (17), and (18) the desired result after a little algebra. =

Remark 8 Note that for 3 1" 1, Theorem 7 reads
!

n; = ngk ~ Wwith
202 2V
ng=ng(€) = ——+ ——0L
0 0( ) 2 €2m0 ’

where the computational complexity of the estimator (14) is bounded by

1 (ﬁ“‘x;)%
m 2V, (1+ K71 moe” o2 my
wi (€)= €2 Ink * Voo
n [—W““;)”]
moeY 1

Y

Ink +1+/£—1

=0(e%In%e), €l0, B=1.

(cf. the situation in Belomestny and Schoenmakers (2011)).

12



Complexity comparison of multilevel versus standard MC

Let us consider the ratio of the multilevel costs over the standard MC costs. From (15) and (12)

we obtain for § < 1,
(1-8)/2
(VEise)?
A -1
g

BT () Vel (1467 ( moc”

2m6
+ o070
Caan” (€) 02 (200) % RA-R)2 1 Vr(1-P)2
1\ (1-8)/2
(V2us)?
e —1
moe?Y 1
(1-5)/2 a5 -
K —1 RO=BIZ (14 7 1)

= 0("1), el0,

andfor f =1,
L | ()
nm O _ Ve Otn ) o [ L ] ot
CM(6) o2 (2pm0)? Inx Voo
1
moeY ]_
Ink 14+ k1
= O("In?¢), €] 0
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