Weierstraß-Institut

für Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 0946 – 8633

Direct and inverse elastic scattering problems for diffraction gratings

Johannes Elschner, Guanghui Hu

submitted: July 3, 2012

Weierstrass Institute Mohrenstr. 39 10117 Berlin Germany E-Mail: johannes.elschner@wias-berlin.de guanghui.hu@wias-berlin.de

No. 1719 Berlin 2012

2010 Mathematics Subject Classification. 74J20, 74J25, 74B05, 35B27, 35R30, 65J22, 65R20.

Key words and phrases. Diffraction gratings, elastic waves, variational formula tion, inverse elastic scattering, uniqueness, reconstruction method.

The second author gratefully acknowledges the support by th e German Research Foundation (DFG) under Grant No. EL 584/1-2.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Leibniz-Institut im Forschungsverbund Berlin e. V. Mohrenstraße 39 10117 Berlin Germany

Fax: +49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

This paper is concerned with the direct and inverse scatteri ng of time-harmonic plane elastic waves by unbounded periodic structures (diffraction grati ngs). We present a variational approach to the forward scattering problems with Lipschitz grating pro files and give a survey of recent uniqueness and existence results. We also report on recent global uniqu eness results within the class of piecewise linear grating profiles for the corresponding inverse e lastic scattering problems. Moreover, a discrete Galerkin method is presented to efficiently approxima te solutions of direct scattering problems via an integral equation approach. Finally, an optimizatio n method for solving the inverse problem of recovering a 2D periodic structure from scattered elasti c waves measured above the structure is discussed.

1 Introduction

Diffraction gratings are widely used in many areas of science a nd technology and have been investigated since more than one hundred years (see Lord Rayleigh’s origi nal work [62]). In recent years, the interest in them has grown immensely because of many industria l applications, e.g., in radar imaging, non-destructive testing, micro-optics or solar energy absorpt ion. In particular, the scattering of acoustic and electromagnetic waves in periodic structures has been stu died extensively concerning theoretical analysis and numerical approximation, using integral equat ion methods (e.g. [67, 32, 64, 68]) or variational methods (e.g. [54, 30, 21, 19, 42, 33, 70, 20]). We refer to the monographs [72] for a comprehensive mathematical study and to [15] for the details of the applica tions of electromagnetic diffraction gratings. However, there have been only a few papers studying the scatter ing of elastic waves by unbounded surfaces. The aim of this survey paper is to report on recent progress in the analysis and numerics of direct and inverse elastic scattering problems for diffraction grat ings.

The relevant phenomena for elastic waves have a wide field of ap plication, particularly in geophysics, seismology and nondestructive testing. For instance, the p roblem of elastic pulse transmission and reflection through the earth is fundamental to the investigatio n of earthquakes and the utility of seismic waves in search for oil and ore bodies (see [2, 48, 49, 71]). Moreove r, identifying parallel vertical fractures (which can be modeled as periodic structures) in sedimentary ro cks can have significant impact on the production of underground gas and liquids by employing controll ed explosions (see [65]). Inverse elastic scattering problems also arise from detecting cracks and flaws in concrete structures, such as bridges, buildings, dams, highways and so on; see [69, 73] for applica tions in nondestructive testing.

Compared to acoustic and electromagnetic scattering, the ela sticity problem is more complicated because of the coexistence of compressional and shear waves tha t propagate at different speeds. These two waves are coupled at interfaces where boundary conditions d epending on the elastic medium are imposed. The first attempt to rigorously prove solvability of direc t elastic scattering problems for unbounded surfaces is due to T. Arens; see [7], [8] for two-dimensional dif fraction gratings and [9], [10] for the more general case of rough surfaces. In [7], existence and uniquene ss of quasi-periodic solutions to the Dirichlet problem was established in the case that the grating profile is given by the graph of a smooth periodic function. The existence proof is based on the boundary integr al equation method where the solution is sought as the superposition of single and double layer poten tials. We also refer to [29] for earlier studies on the scattering of elastic waves in a locally perturbed isot ropic half space with a free boundary using the limiting absorption principle.

In this article we focus on the variational approach, which red uces the forward scattering problem to an equivalent variational formulation in a truncated periodi c cell involving a nonlocal boundary (Dirichletto-Neumann) operator ; see Section 3. We refer to [1, 54, 21] for the variational approach applied to electromagnetic diffraction gratings. This approach appears to be well adapted to the analytical and numerical treatment of rather general two-dimensional and three -dimensional periodic structures involving non-smooth interfaces and transmission conditions. The vari ational method can also be applied to elastic scattering by rough surfaces; see [40] for recent existence and uniqueness results in the case of the Dirichlet problem.

The inverse problem of recovering a grating profile from scattered e lastic fields is of great practical importance. In contrast to the widespread belief of the uniquen ess in bounded obstacle scattering problems with only one incident plane wave, we cannot expect the same g lobal uniqueness in wave diffraction by periodic structures (see e.g. [41] and [45]). This is mainly due to the Rayleigh Expansion Radiation Condition (RERC) imposed on the scattered field, which involves se veral propagating modes without decay

as x_2 → ∞ . In general it is difficult to characterize the exceptional g rating profiles that cannot be iden-

tified by one incident plane wave. However, if the grating profi les are piecewise linear, by the reflection principles for the Helmholtz and Maxwell equations, global uniqueness by finitely many incident waves can be proved for the inverse scattering of time-harmonic elect romagnetic waves, including TE and TM polarization; see [16], [17], [35]. In particular, one can c lassify and characterize all unidentifiable sets of grating profiles corresponding to one incident plane wave. In Se ction 4 we review corresponding global uniqueness results in elasticity within the class of polygon al grating profiles under the boundary conditions of the third and fourth kind, which are based on the reflection pri nciple for the Navier system developed in [47].

The numerical solution of the direct elastic scattering probl em under the Dirichlet boundary condition is addressed in Section 5.1 where we present a discrete Galerkin met hod for solving an equivalent first kind integral equation. From the numerical view point, the implem entation of this method is easier than the integral equation method with a second kind integral equati on that involves the computation of the stress operator on the profile.

The numerical treatment of the corresponding inverse problem is c hallenging since it is non-linear and severely ill-posed. There is already a vast literature on the recon struction of a perfectly conducting profile for the two-dimensional Helmholtz equation. Here we mention a conjugate gradient algorithm based on analytic continuation [53], an iterative regularization me thod [51], a factorization method [11, 12], and an optimization method [22, 23, 24] that follows an approach fi rst developed by Kirsch and Kress for acoustic obstacle scattering (see [27, Chapter 5] and the refe rences therein). In Section 5.2, the two-step algorithm of [22] for the reconstruction of one-dimensional e lectromagnetic grating profiles is extended to the more complicated case of elastic scattering. The first st ep of this method is to reconstruct the scattered field from near-field measurements by solving a first kind i ntegral equation. This step is the linear severely ill-posed part and requires Tikhonov regularization in volving the singular value decomposition of the integral operator. The second step is to approximate the g rating profile by solving a finite dimensional least squares problem, which is non-linear but well-posed.

2 Mathematical formulation of direct and inverse scattering problems

We assume that a periodic surface divides the three-dimensiona l space into two non-locally perturbed half-spaces filled with homogeneous and isotropic elastic med ia. Unless otherwise stated, this surface is always assumed to be invariant in the x_3-direction, and its cross-section in the (x_1, x_2)-plane is to be represented by a curve Λ which is 2π-periodic in x_1. We suppose further that all elastic waves propagate perpendicular to the x_3-axis, so that the problem can be treated as a problem of plane elas ticity.

Denote by Ω_Λ the region above the grating in R^2. Suppose that a time-harmonic plane elastic wave with the incident angle θ ∈ (− π/2, π/2) is incident on Λ from Ω_Λ . The incident wave is allowed to be either an incident pressure wave taking the form

u^{in} = u^{in}_p (x) = θ̂ exp(ik_px ·θ̂) with θ̂ := (sin θ,− cos θ)^⊤ , (1)

or an incident shear wave taking the form

u^{in} = u^{in}_s (x) = θ̂^⊥ exp(ik_s x ·θ̂) with θ̂^⊥ := (cos θ,sin θ)^⊤ , (2)

where

k_p := ω/ � 2μ + λ , k_s := ω/ √ μ are the compressional and shear wavenumbers respectively, λ and μ are the Lamé constants satisfying

μ > 0 and λ + μ > 0, ω > 0 denotes the angular frequency of the harmonic motion and the s ymbol (·)^⊤ indicates the transpose of a vector in R^2. For simplicity we assume the mass density of the elastic

medium is equal to one, so that the total displacement u(x_1, x_2), which can be decomposed as the sum of the incident field u^{in} and the scattered field u^{sc} , satisfies the Navier equation (or system):

(Δ^∗ + ω^2)u = 0 in Ω_Λ , Δ^∗ := μΔ + ( λ + μ) grad div . (3)

We first assume that the grating is impenetrable, and that one o f the following boundary conditions is imposed on Λ .

First kind boundary condition: u = 0 , (4) second kind boundary condition: T u = 0 , (5) third kind boundary conditions: n ·u = 0 , τ ·T u = 0 , (6) fourth kind boundary conditions: τ ·u = 0 , n ·T u = 0 , (7)

where T u stands for the stress vector or traction having the form

T u = 2 μ ∂_n u + λ n div u + μτ (∂_2u_1 − ∂_1u_2) , (8)

with the exterior unit normal n = ( n_1, n_2)^⊤ and the unit tangential vector τ = ( − n_2, n_1)^⊤ on Λ . Here and in the following the notation ∂_j v =^{∂v}_{∂xj} is used. Note that the boundary condition of the first (second) kind is also referred to as the Dirichlet (Neumann) bound ary condition, and that vanishing normal displacement and tangential stress (normal stress and tangent ial displacement) correspond to the third (fourth) kind boundary conditions. We refer to the monograph [ 57] for a comprehensive treatment of the boundary value problems of elasticity (including the boundar y conditions of the third and fourth kind).

The periodicity of the structure together with the form of the incident waves implies that the solution u must be α -quasiperiodic, i.e.,

u(x_1 + 2 π, x_2) = exp(2 iαπ ) u(x_1, x_2) , (x_1, x_2) ∈ Ω_Λ , (9)

where α := k_p sin θ for the incident pressure wave (1), and α := k_s sin θ for the incident shear wave (2). To ensure well-posedness of the boundary value problem (3)–(9), a ra diation condition must be imposed

as x_2 → + ∞ . Observing that the scattered field u^{sc} also satisfies the Navier equation (3), we can

decompose it into the compressional and shear parts,

u^{sc} = 1 i (grad φ + −−→ curl ψ ) with φ := − i k^2_p div u^{sc} , ψ := i k^2_s curl u^{sc} ,

where the two curl operators in R^2 are defined by

curl u := ∂_1u_2 − ∂_2u_1 , u = ( u_1, u_2)^⊤ and −−→ curl v := ( ∂_2v, − ∂_1v)^⊤ ,

and the scalar functions φ, ψ satisfy the homogeneous Helmholtz equations

(Δ + k^2_p ) φ = 0 and (Δ + k^2_s ) ψ = 0 in Ω_Λ .

Applying the Rayleigh expansion for the scalar Helmholtz eq uation (see e.g. [54]) to φ and ϕ respectively, we finally obtain a corresponding expansion of u^{sc} into outgoing plane elastic waves,

u^{sc} (x) = � n ∈ Z

A_{p,n} (α_n , β_n )^⊤ exp(iα_n x_1 + iβ_n x_2) + � n ∈ Z

A_{s,n} (γ_n , − α_n )^⊤ exp(iα_n x_1 + iγ_n x_2) , (10)

for x_2 > Λ^+ := max_{(x 1 ,x 2 )∈ Λ} x_2, where the constants A_{p,n} , A_{s,n} ∈ C are called the Rayleigh coeffi-

cients and

α_n := α + n , β_n = β_n (θ) := � � k^2_p − α^2_n if |α_n | ≤ k_p, i � α^2_n − k^2_p if |α_n | > k_p .

(11)

The parameter γ_n := γ_n (θ) is defined analogously as β_n with k_p replaced by k_s . The expansion (10) is also called the Rayleigh Expansion Radiation Condition (R ERC) (see e.g. [6, 7, 8]). We refer to [54] for the RERC of the scalar Helmholtz equation and to [1, 15, 25 ] in the case of Maxwell’s equations in periodic structures.

Since β_n and γ_n in (10) are real for at most a finite number of indices n, only a finite number of plane waves in (10) propagate into the far field, with the remaining eva nescent waves (or surface waves) decaying exponentially as x_2 → + ∞ . The above expansion converges uniformly with all derivativ es in the half-plane { x ∈ R^2 : x_2 ≥ b} for any b > Λ^+ . Now, our direct diffraction problem can be formulated as the following boundary value problem.

(DP): Given a grating profile curve Λ ⊂ R^2 (which is 2π-periodic in x_1) and an incident field u^{in} of the form (1) or (2), find a vector function u = u(x; θ) = u^{in} + u^{sc} ∈ H^1_{loc} (Ω_Λ )^2 that satisfies the Navier equation (3), one of the boundary conditions in (4)-(7), t he quasiperiodicity (9) and the RERC (10).

Let u(x; θ_j ) denote solutions of (DP) corresponding to N incident pressure or shear waves u^{in} of the

form (1) or (2) with distinct incident angles θ_j ∈ (−^π_2 ,^π_2 ) (j = 1 , 2, · · ·, N ). The inverse problem which involves near-field measurements u(x_1, b) for some fixed b > Λ^+ can be formulated as follows.

(IP): Given N incident angles θ_j , determine the grating profile Λ from the knowledge of the near-field data u(x_1, b; θ_j ) for all x_1 ∈ (0, 2π), j = 1 , 2, · · ·, N.

As mentioned earlier, only a finite number of propagating mode s of the compressional and shear parts can be measured far away from the grating surface. From the practi cal point of view, it is quite natural to reconstruct the unknown grating profile from the far-field data u^∞_b (x_1) of u^{sc} (x) defined by

u^∞_b (x_1) = � n ∈U_p

A_{p,n} (α_n , β_n )^⊤ exp(iα_n x_1 + iβ_n b) + � n ∈U_s

A_{s,n} (γ_n , − α_n )^⊤ exp(iα_n x_1 + iγ_n b),

where the sets U_p and U_s are defined by

U_p = { n ∈ Z : |α_n | ≤ k_p}, U_s = { n ∈ Z : |α_n | ≤ k_s }.

Therefore we also consider the following inverse problem.

(IP^∗): Determine the grating profile from the far-field data u^∞_b (x_1; θ_j ), x_1 ∈ (0, 2π), for N incident pressure or shear waves u^{in} with distinct incident angles θ_j , j = 1 , 2, · · ·, N .

Of course, from these data one can only hope to reconstruct a finit e number of parameters of the profile; see Section 5.2.

3 Solvability results for direct scattering problems: variational method

3.1 An equivalent variational formulation and its Fredholm property

Following the approach of [54] in the case of the scalar Helmho ltz equation, we propose an equivalent variational formulation of the boundary value problem (DP), wh ich is posed in a bounded periodic cell in

R^2 and is enforcing the radiation condition. Introduce an artific ial boundary

Γ_b := { (x_1, b) : 0 ≤ x_1 ≤ 2π} , b > Λ^+ = max_{x∈ Λ} x_2 ,

and the bounded domain

Ω_b := { (x_1, x_2) ∈ Ω_Λ : 0 < x_1 < 2π, x_2 < b} ,

lying between the segment Γ_b and one period of the grating profile curve which is denoted by Λ again. We assume that Λ is a Lipschitz curve, so that Ω_b is a bounded Lipschitz domain.

Let H^1_α (Ω_b) denote the Sobolev space of scalar functions on Ω_b which are α -quasiperiodic with respect to x_1. Introduce the variational space

V_α = � u ∈ H^1_α (Ω_b)^2 :

u satisfies the corresponding essential boundary

condition of (4)-(7) on Λ �

equipped with the norm in the usual Sobolev space H^1(Ω_b)^2 of vector functions. By the first Betti formula, it follows that for u, φ ∈ V_α , − � Ω_b

(Δ^∗ + ω^2)u ·φ dx = � Ω_b

(a(u, φ ) − ω^2u ·φ ) dx − � Γ_b

φ ·T u ds, (12)

where the bar indicates the complex conjugate, and a(·, ·) is the symmetric bilinear form defined by

a(u, φ ) := (2 μ + λ) (∂_1u_1 ∂_1φ_1 + ∂_2u_2 ∂_2φ_2) + μ (∂_2u_1 ∂_2φ_1 + ∂_1u_2 ∂_1φ_2)

+ λ (∂_1u_1 ∂_2φ_2 + ∂_2u_2 ∂_1φ_1) + μ (∂_2u_1 ∂_1φ_2 + ∂_1u_2 ∂_2φ_1) . (13)

Let H^s_α (Γ_b) denote the Sobolev space of order s ∈ R of functions on Γ_b that are α -quasiperiodic. Now

we introduce the DtN map T on the artificial boundary Γ_b.

Definition 1. For any v ∈ H^{1/2}_α (Γ_b)^2, we define T v as the traction T u^{sc} on Γ_b where u^{sc} is the unique

α -quasiperiodic solution of the homogeneous Navier equation in { x_2 > b} which satisfies (10) and u^{sc} = v on Γ_b.

The next lemma is devoted to an explicit representation of T and its properties.

Lemma 1 ([34]). (i) For v = � n ∈ Z v̂n exp(iα n x1) ∈ H 1/2 α (Γ_b)^2, we have

T v = T (ω, α )v = − � n ∈ Z

W_nv̂_n exp(iα_n x_1), (14)

where W_n is the 2 × 2 matrix defined by

W_n = W_n (ω, α ) := 1 i � ω^2β_n /d_n 2μα_n − ω^2α_n /d_n − 2μα_n + ω^2α_n /d_n ω^2γ_n /d_n � (15)

with d_n := α^2_n + β_n γ_n .

(ii) T is a bounded linear map from H^{1/2}_α (Γ_b)^2 to H^{− 1/2}

α (Γ_b)^2.

(iii) For M_0 > 0 sufficiently large, we have the decomposition T = T_1 + T_2, with

T_1v := − � |n |>M_0

W_nv̂_n exp(iα_n x_1) satisfying Re � − � Γ_b

T_1v ·vds � ≥ 0,

and T_2v := − � |n |≤ M_0 Wnv̂n exp(iα n x1) for all v ∈ H 1/2 α (Γ_b)^2.

The first assertion of Lemma 1 can be deduced directly from the defi nition of T , whereas the second and third assertions follow from the explicit representation of T .

Next we introduce the sesquilinear form B (u, φ ) defined by

B (u, φ ) := � Ω_b � a(u, φ ) − ω^2u ·φ � dx − � Γ_b

φ · Tu ds , ∀ u, ϕ ∈ V_α , (16)

with T u := T (u|_{Γ b} ). Applying Betti’s identity (12) to a solution u = u^{sc} + u^{in} of (DP) and using the fact that

T u = T(u^{sc} + u^{in} ) = T u^{sc} + T u^{in} = T u + f_0 , with f_0 := T u^{in} − T u^{in} ,

we obtain the following variational formulation of (DP): Find u ∈ V_α such that

B (u, φ ) = � Γ_b

f_0 ·φ ds , ∀ φ ∈ V_α , (17)

where

f_0 = � 2iβ_0k_p(λ + 2 μ) d^{− 1}_0 exp(iαx_1 − iβ_0b) (− α, γ_0)^⊤ if u^{in} = u^{in}_p , − 2iγ_0k_s μ d^{− 1}_0 exp(iαx_1 − iγ_0b) (β_0, α )^⊤ if u^{in} = u^{in}_s .

(18)

The problems (DP) and (17) are equivalent in the following sense. If u ∈ H^1_{loc} (Ω_Λ )^2 is a solution of the boundary value problem (DP), then u|_{Ω b} satisfies the variational problem (17). Conversely, a solution

u ∈ V_α of (17) can be extended to a solution u = u^{in} + u^{sc} of the Navier equation (3) for x_2 ≥ b, where

the Rayleigh coefficients A_{p,n} and A_{s,n} of u^{sc} are uniquely determined by the Fourier coefficients û_n of

exp(− iαx_1) (u − u^{in} )(x_1, b) via the relation

û_n = � α_n γ_n β_n − α_n � � A_{p,n} exp(iβ_n b) A_{s,n} exp(iγ_n b) � . (19)

The sesquilinear form B obviously generates a continuous linear operator B : V_α → V^′_α such that

B (u, φ ) = ( Bu, φ )_{Ω b} ∀ u , φ ∈ V_α . (20)

Here V^′_α denotes the dual of the space V_α with respect to the duality (·, ·)_{Ω b} extending the scalar product

in L^2(Ω_b)^2.

Theorem 1 ([34]). Assume that the grating profile Λ is a Lipschitz curve. Then the sesquilinear form B defined in (16) is strongly elliptic over V_α . Moreover, the operator B defined by (20) is always a Fredholm operator with index zero.

Proof. Using the well-known Korn’s inequality (see [31, Chapter 3], [ 63, Chapter 10]), we obtain � Ω_b

a(u, u)dx ≥ C_1||u||^2_H 1_{(Ω b )}2 − C_2||u||^2_L 2_{(Ω b )}2 , ∀ u ∈ H^1(Ω_b)^2,

for some constants C_1, C_2 > 0 independent of u. On the other hand, it follows from Lemma 1 (iii) that

−T can be decomposed into the sum of the positive definite operat or −T_1 and the finite rank operator −T_2. Therefore, the sesquilinear form B is strongly elliptic and the operator B is a Fredholm operator

with index zero. �

In contrast to properties of the DtN map for the periodic scala r Helmholtz equation, the operator −T for the Navier equation is no longer positive definite (cf. Lemma 1 (iii) and [44]). Thanks to the periodicity of the domain, we can still justify the Fredholm property of B. Concerning the DtN map for the biperiodic Maxwell equations, we refer to [1, 19, 70].

3.2 Uniqueness and existence for direct scattering problem s

We rewrite problem (17) in the form

Bu = F_0 , F_0 ∈ V^′_α , (21)

where F_0 is given by the right hand side of (17). We have the following solvability results for (DP).

Theorem 2 ([34]). (i) If the grating profile Λ is a Lipschitz curve, then there always exists a solution of (DP) under the boundary conditions of the first, second, third and fourth kind. Moreover, uniqueness holds for small frequencies, and for all frequencies excl uding a discrete set with the only accumulation point at infinity.

(ii) IfΛ is the graph of a Lipschitz function, then for any frequency ω > 0 there exists a unique solution of (DP) under the Dirichlet boundary condition.

Proof. (i) By the Fredholm alternative and Theorem 1, equation (21) is so lvable if the right hand side F_0 is orthogonal to all solutions v of the homogeneous adjoint equation B^∗v = 0 . Note that such v can always be extended to a solution of (3) in the unbounded domain Ω_Λ by setting

v(x) = � n ∈ Z

A_{p,n} (α_n , − β_n )^⊤ exp(i α_n x_1 − iβ_n x_2) + � n ∈ Z

A_{s,n} (− γ_n , − α_n )^⊤ exp(i α_n x_1 − i γ_n x_2) ,

for x_2 ≥ b, where the Rayleigh coefficients A_{p,n} , A_{s,n} are determined by the n-th Fourier coefficient v̂_n of e^{− iαx 1} v|_{Γ b} via an analogous relation to (19) with β_n , γ_n replaced by β_n ,γ_n respectively. On the other

hand, it can be derived from

0 = ( B^∗v, ψ )_{Ω b} = ( v, Bψ )_{Ω b} = B (ψ, v ), ∀ ψ ∈ V_α

that v has vanishing Rayleigh coefficients of the incoming modes (se e [34]):

A_{p,n} = 0 for |α_n | < k_p and A_{s,n} = 0 for |α_n | < k_s . (22)

Using (22), we arrive at

(F_0, v)_{Ω b} = � Γ_b

f_0 ·vds = 0 ,

with f_0 given in (18). Applying the Fredholm alternative yields the exi stence of a solution to (DP).

We next prove uniqueness for small frequencies. If B (u, u) = 0 for some u ∈ V_α , then it follows from [34, Lemma 4] that the Rayleigh coefficient of order zero of u vanishes. This together with the asymptotic behavior of the matrix W_n (see [34, Lemma 2]) as ω → 0^+ leads to the estimate

Re{− � Γ_b

u · Tuds } ≥ C ||u||^2_{H 1/2α (Γ b )2} ,

for some constant C > 0 independent of u and ω . Then, one can prove the coercivity of the sesquilinear form B via the estimate (cf. [34, Remark 2])

B (u, u) ≥ � Ω_b

a(u, u)dx + C ||u||^2_{H 1/2α (Γ b )2} − ω^2||u||^2_L 2_{(Ω b )}2 ≥ C_1||u||^2_H 1_{α (Ω b )}2 ,

which implies that u = 0 if ω is sufficiently small. In view of the analytic Fredholm theory (see e.g. [27, Theorem 8.26] or [50, Theorem I. 5. 1]), we obtain uniquenes s and existence for all frequencies

ω ∈ R^+ \D, where D is a discrete set including the Rayleigh frequencies. Moreover , we conclude from

the arguments in [34, Theorem 6] or [42, Theorem 3.3] that D cannot have a finite accumulation point.

(ii) IfΛ is the graph of a smooth function f and u = 0 on Λ , by a periodic Rellich identity we have (see [34])

0 = − 2Re � Ω_b

(Δ^∗ + ω )u ·∂_2u dx = � � Λ + � Γ_b � � 2Re(T u ·∂_2u) − a(u, u)n_2 + ω^2|u|^2n_2 � ds (23) = � Λ � μ |∂_n u|^2 + ( λ + μ) |div u|^2 � n_2 ds.

Since n_2 = − 1/ � 1 + |f^′|^2 < 0, there holds ∂_n u = u = 0 on Λ . Applying Holmgren’s theorem leads

to uniqueness at arbitrary frequency. By Theorem 1, existence f ollows directly from uniqueness via the Fredholm alternative. Note that the integral in (23) over Λ does not make sense for Lipschitz graphs. To deal with the Lipschitz boundary, one can adapt Ne čas’ method [66, Chap. 5] of approximating the grating profile by smooth graphs. For the details we refer to [44] and [34 ]. �

Theorem 2 (ii) generalizes the results of [54, 44] for the scalar quasiperiodic Helmholtz equation to the case of the Navier equation. More general Rellich identities for the Navier equation (on bounded domains) can be found in [28]. The well-posedness for the bounda ry value problem with mixed Dirichlet and impedance boundary conditions can also be established f or all frequencies, provided Λ is a Lipschitz curve [34]. The uniqueness to (DP) under the second, third and f ourth kind boundary conditions is not true in general. Non-uniqueness examples can be constructed for a flat grating in the resonance case (see [38]).

3.3 Uniqueness and existence for transmission gratings

Suppose the whole (x_1, x_2)-plane is filled with elastic materials which are homogeneous a bove and below a certain interface Λ of period 2π. Let Ω^± be the unbounded domains above and below Λ respectively. We assume that the Lamé coefficients μ^± , λ^± in Ω^± are constants satisfying μ^± > 0 , λ^± +

μ^± > 0, and that the mass densities ρ^± are positive constants in these subdomains. Let k^±_p := ω � ρ^± /(2μ^± + λ^± ), k^±_s := ω � ρ^± /μ^± be the corresponding compressional and shear wavenum-

bers respectively. As in Section 3 we assume that a time-harmoni c plane elastic wave u^{in} with incident angle θ is incident on Λ from Ω^+ , which is either an incident pressure wave of the form (1), or an in - cident shear wave of the form (2), with k_p, k_s replaced by k^+_p , k^+_s . Then we are looking for the total displacement field u,

u = u^{in} + u^+ in Ω^+ , u = u^− in Ω^− , (24)

where the scattered fields u^± satisfy the corresponding Navier equations

(Δ^∗ + ω^2ρ^± )u^± = 0 in Ω^± , (25)

with the α -quasiperiodicity condition

u^± (x_1 + 2 π, x_2) = exp(2 iαπ ) u^± (x_1, x_2) . (26)

On the interface the continuity of the displacement and the st ress lead to the transmission conditions

u^{in} + u^+ = u^− , T^+ (u^{in} + u^+ ) = T^− u^− on Λ , (27)

where the corresponding stress operators are defined as in (8), with μ, λ replaced by μ^± , λ^± . Finally, we need to impose appropriate radiation conditions on the sca ttered fields u^± as x_2 → ±∞ . Introduce the notation

Λ^+ := max

(x_1 ,x_2 )∈ Λ

x_2 , Λ^− := min

(x_1 ,x_2 )∈ Λ

x_2 ,

and define β^±_n and γ^±_n as in (11) with k_p, k_s replaced by k^±_p , k^±_s . Then we insist that the scattered fields

u^± admit the following Rayleigh expansions (cf. (10)), for x_2 ≷ Λ^± :

u^± (x) = � n ∈ Z � A^±_{p,n} (α_n , ± β^±_n )^⊤ exp(iα_n x_1 ± iβ^±_n x_2)

+ A^±_{s,n} (± γ^±_n , − α_n )^⊤ exp(iα_n x_1 ± iγ^±_n x_2) � . (28)

Transmission problem (TP): Given a grating profile curve Λ ⊂ R^2 (which is 2π-periodic in x_1) and an incident plane pressure or shear wave u^{in} , find a vector function u ∈ H^1_{loc} (R^2)^2 that satisfies (24)–(28).

Introduce artificial boundaries

Γ^± := { (x_1, b^± ) : 0 ≤ x_1 ≤ 2π} , b^+ > Λ^+ , b^− < Λ^−

and the bounded domains

Ω_b := (0 , 2π) × (b^− , b^+ ) , Ω^±_b := Ω^± ∩ Ω_b .

The DtN maps T^± on the artificial boundaries Γ^± have the Fourier series representations (cf. Lemma 1 (i))

T^± u^± := − � n ∈ Z

W^±_n û^±_n exp(iα_n x_1), u^± = � n ∈ Z

û^±_n exp(iα_n x_1) ∈ H^{1/2}_α (Γ^± )^2,

where the matrices W^±_n = W^±_n (ω, α ) take the form (cf. (15))

W^±_n := 1 i � ω^2ρ^± β^±_n /d^±_n 2μ^± α_n − ω^2ρ^± α_n /d^±_n − 2μ^± α_n + ω^2ρ^± α_n /d^±_n ω^2ρ^± γ^±_n /d^±_n � , with d^±_n := α^2_n + β^±_n γ^±_n . Applying the first Betti formula on each subdomain Ω^± to a solution of (TP), and using the transmission conditions (27), we obtain the foll owing variational formulation of (TP) on the bounded domain Ω : Find u ∈ H^1_α (Ω)^2 such that

B (u, φ ) := � Ω_b � a(u, φ ) − ω^2ρ u ·φ � dx − � Γ^+

φ · T^+ u ds − � Γ^−

φ · T^− u ds = � Γ^+

f_0 ·φ ds , ∀ φ ∈ H^1_α (Ω)^2 . (29)

Here the domain integral is understood as the sum of the integra ls � Ω^±_b � a^± (u, φ ) − ω^2ρ^± u ·φ � dx where the bilinear forms a^± are defined as in (13), with μ, λ replaced by μ^± , λ^± , and the function f_0 on the right hand side is defined analogously as in (18), with β_0, γ_0, k_p, k_s , λ, μ replaced by β^+_0 ,γ^+_0 ,

k^+_p ,k^+_s ,λ^+ ,μ^+ respectively. As in (20), the sesquilinear form B defined in (29) generates a continuous

linear operator B from H^1_α (Ω_b)^2 into its dual (H^1_α (Ω_b)^2)^′, with respect to the pairing (u, φ )_{Ω b} = � Ω_b u·φ̄ , via B (u, φ ) = ( Bu, φ )_{Ω b} , ∀ u , φ ∈ H^1_α (Ω_b)^2 . (30)

The following result extends Theorems 1 and 2 (i) to problem (TP).

Theorem 3 ([34]). (i) The sesquilinear form B defined by (29) is strongly elliptic over H^1_α (Ω)^2, and the operator B defined in (30) is Fredholm with index zero.

(ii) For an incident plane pressure or shear wave, there always ex ists a solution to the variational problem (29) and hence to problem (TP).

(iii) Assume that u^{in} is an incident pressure wave of the form (1) (with k_p = k^+_p ). Then, there exists a sufficiently small frequency ω_0 > 0 such that the variational problem (29) admits a unique solutio n

u ∈ H^1_α (Ω_b)^2 for all incident angles and for all frequencies ω ∈ (0, ω_0]. Moreover, for all but

a sequence of countable frequencies ω_j → ∞ , the variational problem (29) admits a unique solution.

(iv) For an incident shear wave of the form (2), the results of the t hird assertion remain valid under one of the following additional assumptions

(1) k^+_p > k^+_s sin θ, or equivalently, μ^+ /(2μ^+ + λ^+ ) > sin^2 θ, (2) k^−_p > k^+_s , or equivalently, ρ^− /(2μ^− + λ^− ) > ρ^+ /μ^+ .

Remark 1. Assume that the elastic material is homogeneous above some p eriodic Lipschitz interface and below another periodic Lipschitz interface, whereas the e lastic medium between the two interfaces may be inhomogeneous with piecewise constant Lamé paramete rs λ, μ and density ρ having jumps at certain (finitely many) disjoint periodic Lipschitz interfac es. Then Theorem 3 can be easily extended to these more general periodic diffractive structures.

In general, the uniqueness result of Theorem 2 (ii) does not hold for the transmission problem (TP). Even in the special case of two half-planes with certain elastic pa rameters λ^± , μ^± , ρ^± and the transmission conditions (27) on the line { x_2 = 0 }, there may exist non-trivial solutions of the homogeneous prob lem (Rayleigh surface waves) that decay exponentially as x_2 → ±∞ ; see [3]. Hence additional conditions must be imposed on the elastic parameters to guarantee the uni queness. As an example, we present a new uniqueness result for (TP) at any frequency of the incident w ave.

Theorem 4. Assume that the interface Λ is given by the graph of a 2π-periodic Lipschitz function x_2 =

f (x_1). Suppose further that ρ^+ ≠ ρ^− and that the Lamé constants λ^± , μ^± in Ω^±_b satisfy λ^+ = λ^− , μ^+ = μ^− . Then there exists a unique solution u to problem (TP).

Proof. By Theorem 3 (i), we only need to prove u = 0 provided that u^{in} = 0 . Suppose first that the grating profile is given by a C^∞ -smooth function f . Applying the Rellich identity (23) to u^± in Ω^±_b yields (cf. (23))

0 = − 2Re � Ω^±_b

(Δ^∗ + ω )u^± ·∂_2u^± dx = � ± � Λ + � Γ^± � 2Re(T^± u^± ·∂_2u^± ) − a^± (u^± ,u^± )n_2 + ω^2ρ^± |u^± |^2n_2 ds, = ± � Λ 2Re(T^± u^± ·∂_2u^± ) − a^± (u^± ,u^± )n_2 + ω^2ρ^± |u^± |^2n_2 ds, (31)

Note that the normal to Λ is directed into Ω^− . Making use of the transmission conditions (27) with u^{in} =

0, λ^+ = λ^− , μ^+ = μ^− , we deduce that ∇ u^+ = ∇ u^− on Λ , leading to

T^+ u^+ ·∂_2u^+ = T^− u^− ·∂_2u^− , a^+ (u^+ ,u^+ ) = a^− (u^− ,u^− ) on Λ .

Thus, from (31) we see that

0 = ω^2(ρ^+ − ρ^− ) � Λ |u^+ |^2n_2 ds.

This relation combined with n_2 = − 1/ � 1 + |f^′|^2 < 0 and the transmission condition (27) gives u^+ = u^− = 0 on Λ . By the uniqueness to the forward scattering problem with the Di richlet boundary condition

(see Theorem 2 (ii)), we conclude that u^± = 0 in Ω^±_b . Thus u = 0 in Ω_b. In the general case we proceed analogously to Theorem 2 (ii) by using Ne čas’ method [66, Chap. 5] of approximating the Lipschitz grat ing profile by smooth graphs. �

Remark 2. The solvability results in Theorems 2, 3 and 4 can be generalize d to biperiodic diffraction gratings in R^3. However, to prove an analogue of Lemma 1 for the DtN map, a more s ophisticated analysis than for plane elasticity is needed. Note that the 2 × 2 matrix W_n in (14) must be replaced by a 3 × 3 matrix in the biperiodic case. For further details we refer to [38].

4 Uniqueness for inverse scattering problems

In this section, we will review recent uniqueness results for in verse elastic scattering by periodic structures. Suppose that the two gratings Λ_1, Λ_2 generate the total fields u_j (x; θ_m ) (j = 1 , 2) for the incident plane wave of the form (1) or (2) with the incident angle θ = θ_m . We are interested in the following uniqueness questions about the inverse problem (IP). Does the rel ation

u_1(x_1, b; θ_m ) = u_2(x_1, b; θ_m ), ∀ x_1 ∈ (0, 2π), for m = 1 , 2, · · ·M,

with some sufficiently large b imply Λ_1 = Λ_2? If yes, what is the minimal number of incident elastic waves needed to assure uniqueness? Moreover, can we describe the exc eptional classes of grating profiles that generate the same near field data on x_2 = b? A first answer related to these questions is given in [6] for the Dirichlet boundary condition with several incident freq uencies.

Investigating the eigenvalues and quasiperiodic eigenfun ctions of the Lamé operator in a periodic layer, it is proved in [6] that a Dirichlet C^2-smooth surface can be uniquely determined from the scattered fields corresponding to incident pressure waves for one incident angle and an interval of wavenumbers. Moreover, a finite number of wavenumbers is enough if some a prio ri information about the height of the grating is available. In particular, uniqueness with on e incident pressure wave holds if the height is sufficiently small. This extends the paper by Hettlich and Ki rsch on the periodic analogue of Schiffer’s theorem (see [52]) to the case of elastic scattering. We furthe r refer to [6, Theorem 5] for the minimal number of compressional wavenumbers needed to guarantee uniq ueness. See also [14], [55], [5] and [18] for other uniqueness results within smooth periodic profi les in inverse scattering of acoustic and electromagnetic waves.

As already mentioned in the introduction, there are recent unique ness results on inverse acoustic and electromagnetic scattering by polygonal and polyhedral obs tacles and diffraction gratings; see e.g. [4], [16], [17], [26], [35], [41], [45], [46] and [59]-[61]. These results are essentially based on reflection principles for the Helmholtz and Maxwell equations. In this sect ion we present corresponding uniqueness theorems for polygonal elastic diffraction gratings under t he third and fourth boundary conditions, where a reflection principle is available.

Let A be our admissible class of periodic structures defined by

A := � � � Λ : Λ = ( x_1, f (x_1)), where f is a continuous piecewise linear

function of period 2π satisfying max_{x 1 ∈ R}{ f (x_1)} < b , and the graph of f restricted to [0, 2π] consists of finitely many line segments and is not a straight line parallel to the x_1-axis

� � � .

Note that flat gratings are excluded from our admissible class A, because such gratings cannot be uniquely determined by a fixed number of incident pressure or sh ear waves; see [36, Section 4].

4.1 Inverse scattering of incident pressure waves

In this subsection we make the following assumptions.

(A1) u^{in} = u^{in}_p := θ̂ exp (ik_px ·θ̂) with some fixed incident angle θ ∈ (−^π_2 ,^π_2 ).

(A2) Without loss of generality, one of the profiles Λ_1, Λ_2 ∈ A has a corner point at the origin O =

(0, 0).

(A3) The corresponding total fields u_1 and u_2 both satisfy the third (or fourth) kind boundary conditions

on Λ_1 and Λ_2, and they coincide on Γ_b:

u_1(x_1, b; θ) = u_2(x_1, b; θ), x_1 ∈ (0, 2π). (32)

Introduce the (exceptional) class of polygonal grating profile s D_2(θ, k_p) by

D_2(θ, k_p) := � � � Λ ∈ A :

each line segment of Λ lies on a straight line defined by x_2 = x_1 tan φ +^{2π}_{kp cos θ} n for some n ∈ Z with φ ∈ {^θ_2 +^π_4 ,^θ_2 −^π_4 }

� � � if k_p(1 ± sin θ) ∈ Z, and by D_2(θ, k_p) := ∅ otherwise. See Figure 1 for two different grating profiles

from the class D_2(θ, k_p) with θ = −^π_6 , k_p = 2 . In fact, the set D_2(θ, k_p) contains grating profiles which

-4*pi -2*pi 0 2*pi 4*pi

-10

-5

0

5

10

Figure 1: D_2(θ, k_p) with θ = −^π_6 , k_p = 2 .

only depend on the incident pressure wave. One can prove that D_2(θ, k_p) ≠ ∅ for all k_p and θ satisfying

k_p(1 ± sin θ) ∈ Z; see [36, Lemma 11].

Given a fixed incident angle θ, define

π_p := { n ∈ Z : β_n (θ) = 0 }, π_s := { n ∈ Z : γ_n (θ) = 0 }.

We say that a Rayleigh frequency occurs if either π_p ≠ ∅ or π_s ≠ ∅ , and that Rayleigh frequencies of the compressional (shear) part are excluded if π_p = ∅ (π_s = ∅ ). Let us now give the main theorem for the fourth kind boundary conditions.

Theorem 5 ([36]). Assume the boundary conditions of the fourth kind (7) are impos ed on Λ_1 and Λ_2. Then the relation (32) implies that one of the following cases m ust occur:

(i) Λ_1 = Λ_2.

(ii) Λ_1, Λ_2 ∈ D_2(θ, k_p), π_p = ∅ , and the total field takes the form

u = θ̂ exp(ik_px ·θ̂) − θ̂ exp(− ik_px ·θ̂) − e_1 exp(ik_px_1) + e_1 exp(− ik_px_1)

with u = u_j (j = 1 , 2), e_1 = (1 , 0)^⊤ .

It follows from Theorem 5 (ii) that the class D_2(θ, k_p) contains the exceptional grating profiles which generate the same total field, with a finite number of propagating m odes only involved in the compressional part of the scattered field. Non-uniqueness examples to (IP) wit h one incident pressure wave can be easily constructed from the set D_2(θ, k_p) (see e.g. [36, Section 6.2]).

The following reflection principle for the Navier equation is the main tool for proving Theorem 5 and the other theorems below. We denote by R_l the reflection with respect to a line l in R^2, and by R^′_l the reflection with respect to the line l^′ that passes through the origin O and is parallel to l.

Lemma 2 ([36]). (Reflection principle for the Navier equation) Let Ω be a symmetric domain with respect to a line l, and let l̃ ⊂ Ω be a subset of another line such that R_l(l̃) ⊂ Ω . Assume u ∈ H^1(Ω)^2 satisfies the Navier equation △^∗u + ω^2u = 0 in Ω .

(i) Ifu satisfies the boundary conditions of the fourth kind (7) on l ∩ Ω , then

u(x) + R^′_l(u(R_l(x))) = 0 in Ω . (33)

(ii) Ifu satisfies the boundary conditions of the third kind (6) on l ∩ Ω , then

u(x) − R^′_l(u(R_l(x))) = 0 in Ω . (34)

(iii) In particular, if u satisfies the fourth respectively third kind boundary conditi ons on both l and l̃ in

Ω , then the same boundary conditions hold on R_l(l̃).

The original version of the reflection principle for the Navier equation can be found in [47], where it was proved in the three-dimensional case when the domain Ω is symmetric with respect to the (x_1, x_2)-plane. The proof readily carries over to a two dimensional domain Ω in the above lemma. Note that the relations (33) and (34) are similar to those given in [60, 61] for the Maxwel l equations. There seems to be no reflection principle for the Navier equation under the physic ally more relevant boundary conditions of the first (Dirichlet) or second (Neumann) kind. Thus it is still a cha llenging problem to study uniqueness in the inverse problem under these boundary conditions.

Proof of Theorem 5. From the assumption (32) and the unique continuation of soluti ons to the Navier equation, it follows that u_1(x) = u_2(x) for all x lying above the profiles Λ_1 and Λ_2. Relying on the analyticity of u_j and the reflection principle in Lemma 2, one can always find an ’e xit’ ray l extending to infinity in x_2 > b such that u_j (j = 1 , 2) satisfies the fourth kind boundary conditions on l. Applying properties of almost periodic functions to u_j |_l gives the vanishing Rayleigh coefficients A_{p,n} = 0 for

|α_n | > k_p and A_{s,n} = 0 for |α_n | > k_s . Therefore, both of the total fields u_j = u^{in} + u^{sc}_j , j = 1 , 2, can

be reduced to a finite sum of propagating waves, i.e.,

u_1 = u_2 = u^{in} + � |α_n |≤ k_p

A_{p,n} (α_n , β_n )^⊤ e^{i(α n x 1 + β n x 2 )} + � |α_n |≤ k_s

A_{s,n} (γ_n , − α_n )^⊤ e^{i(α n x 1 + γn x 2 )}

for x_2 > b , which can be analytically extended to the whole plane. Furt her, it can be derived from the

reflection relation (33) that the solution u and its finite number of propagating directions exhibit some rotational and reflection invariance (see [36, Lemmas 6 and 7]) a round the origin. This symmetry implies further that A_{s,n} = 0 for all |α_n | ≤ k_s , due to the incident pressure wave u^{in}_p and the assumption that Λ_j (j = 1 , 2) is the graph of a function; see [36, Lemma 8]. Therefore, the to tal field only consists of the compressional part with a finite number of propagating di rections lying on the circle |x| = k_p. Among these directions, only the incident wave of direction (α, − β)^⊤ is propagating downwards, whereas the other waves of directions (α_n , β_n )^⊤ are propagating upwards when β_n > 0 or along the x_1-axis when β_n = 0 . From the reflectional and rotational invariance of these direct ions, one can describe each propagating direction of the compressional part and its correspo nding Rayleigh coefficient in terms of the incident compressional wavenumber k_p and the incident angle θ. This implies the representation of the total field in Theorem 5 (ii) and leads to the definition of the uni dentifiable set D_2(θ, k_p) (see [36]). �

The following results can be obtained directly from Theorem 5.

Remark 3. (i) Let θ ∈ (−^π_2 ,^π_2 ). If D_2(θ, k_p) = ∅ or Λ /∈ D_2(θ, k_p), then one incident pressure wave with the incident angle θ uniquely determines Λ ∈ A . Since D_2(θ, k_p) = ∅ if π_p = ∅ , we have uniqueness with one incident pressure wave provided the Rayleigh frequencies of the compressional part are excluded.

(ii) Two incident pressure waves are always sufficient to uniquel y determine Λ ∈ A since

D_2(θ_1, k_p) ∩ D_2(θ_2, k_p) = ∅ , θ_1 ≠ θ_2.

Before stating the main theorem for the third kind boundary cond itions, we introduce the following three (exceptional) classes of polygonal periodic structures.

For 2k_p sin θ ∈ Z, let

N_2(θ, k_p) := � � � Λ ∈ A :

each line segment of Λ lies on a straight line defined

by x_2 = x_1 tan θ +^π_{kp cos θ} n for some n ∈ Z, or x_2 = x_1 tan( θ +^π_2 ) + c for some c ∈ R

� � � ,

and if 2k_p sin θ /∈ Z, set N_2(θ, k_p) := ∅ . Moreover,

N_3(θ, k_p) := � � � Λ ∈ A :

each line segment of Λ lies on a straight line defined

by x_2 = x_1 tan φ +^{2π}_{kp}^√_{3 cos φ} n for some n ∈ Z, with φ ∈ { θ +^{5π}_6 , θ +^π_6 , θ −^π_2 }

� � � if θ ∈ [−^π_6 ,^π_6 ] and k_p √ 3 sin(^π_6 ± θ) ∈ Z, and N_3(θ, k_p) := ∅ otherwise. Finally,

N_4(0, k_p) := � � � Λ ∈ A :

each line segment of Λ lies on a straight line defined

by x_2 = ± x_1 +^{2π}_{kp} n for some n ∈ Z, or x_2 =^π_{kp} m for some m ∈ Z

� � � if θ = 0 and k_p ∈ Z, and N_4(0, k_p) := ∅ otherwise. See Figure 2 for examples of the triangular grids on

which the profiles of N_3(θ, k_p) and N_4(0, k_p) are located.

-2*pi 0 2*pi -6

-4

-2

0

2

4

6

-2*pi 0 2*pi -6

-4

-2

0

2

4

6

Figure 2: Left: N_3(θ, k_p) with θ = −^π_6 , k_p = 2 . Right: N_4(0, k_p) with k_p = 4 .

Theorem 6 ([36]). Assume the third kind boundary conditions (6) are imposed on Λ_1 and Λ_2. Then the relation (32) implies one of the following cases:

(i) Λ_1 = Λ_2.

(ii) (a) Λ_1, Λ_2 ∈ N_2(θ, k_p), π_p = ∅ , and the total field takes the form

u(x) = θ̂ exp(ik_px ·θ̂) − θ̂ exp(− ik_px ·θ̂).

(b) Λ_1, Λ_2 ∈ D_2(θ, k_p), π_p ≠ ∅ , and the total field can be written as

u(x) = θ̂ exp(ik_px ·θ̂) − θ̂ exp(− ik_px ·θ̂) + e_1 exp(ik_px_1) − e_1 exp(− ik_px_1).

(iii) Λ_1, Λ_2 ∈ N_3(θ, k_p) with θ ∈ [−^π_6 ,^π_6 ]. In this case, π_p ≠ ∅ if θ =^π_6 or θ = −^π_6 , and the total field takes the form

u(x) = θ̂ exp(ik_px ·θ̂) + Rot 2π_3 (θ̂) exp( ik_px ·Rot 2π_3 (θ̂)) + Rot 4π_3 (θ̂) exp( ik_px ·Rot 4π_3 (θ̂)),

where Rot_φ denotes the rotation around the origin O by the angle φ .

(iv) Λ_1, Λ_2 ∈ N_4(0, k_p), θ = 0 , π_p ≠ ∅ , and the total field can be written as

u(x) = − e_2 exp(− ik_px_2) + e_2 exp(ik_px_2) + e_1 exp(ik_px_1) − e_1 exp(− ik_px_1).

Here u = u_j (j = 1 , 2), e_1 = (1 , 0)^⊤ and e_2 = (0 , 1)^⊤ .

Corollary 7. Suppose that the assumptions of Theorem 6 are satisfied. If (32) h olds for four incident pressure waves with distinct incident angles, then Λ_1 and Λ_2 must be identical, while three incident waves are always enough to imply Λ_1 = Λ_2 if the Rayleigh frequencies of the compressional part for each incident angle are excluded.

We refer to [35, Corollary 5] for additional conditions on the i ncident angles and the compressional wavenumber k_p guaranteeing that each grating profile Λ ∈ A can be uniquely determined by three incident pressure waves under the third kind boundary conditio ns.

4.2 Inverse scattering of incident shear waves

In this subsection we assume that the profiles Λ_1, Λ_2 ∈ A satisfy the conditions (A2) and (A3) again, whereas u^{in} in (A1) has to be replaced by the incident shear wave u^{in}_s (x) = θ̂^⊥ exp(ik_s x ·θ̂). Then the uniqueness results of [36] for incident plane shear waves may be stated as follows.

Theorem 8. Assume the boundary conditions of the third kind (6) are imposed on Λ_1 and Λ_2. Then the relation (32) implies one of the following cases:

(i) Λ_1 = Λ_2.

(ii) Λ_1, Λ_2 ∈ D_2(θ, k_s ), π_s = ∅ , and the total field takes the form

u(x) = θ̂^⊥ exp(ik_s x ·θ̂) − θ̂^⊥ exp(− ik_s x ·θ̂) + e_2 exp(ik_s x_1) − e_2 exp(− ik_s x_1)

with u = u_j (j = 1 , 2), e_2 = (0 , 1)^⊤ .

Theorem 9. Let the fourth kind boundary conditions (7) be satisfied on Λ_1 and Λ_2, and assume that (32) holds. Then one of the following cases must occur:

(i) Λ_1 = Λ_2.

(ii) (a) Λ_1, Λ_2 ∈ N_2(θ, k_s ), π_s = ∅ , and the total field takes the form

u(x) = θ̂^⊥ exp(ik_s x ·θ̂) − θ̂^⊥ exp(− ik_s x ·θ̂).

(b) Λ_1, Λ_2 ∈ D_2(θ, k_s ), π_s ≠ ∅ , and the total field takes can be written as

u = θ̂^⊥ exp(ik_s x ·θ̂) − θ̂^⊥ exp(− ik_s x ·θ̂) − e_2 exp(ik_s x_1) + e_2 exp(− ik_s x_1).

(iii) Λ_1, Λ_2 ∈ N_3(θ, k_s ) with θ ∈ [−^π_6 ,^π_6 ]. In this case, π_s ≠ ∅ if θ =^π_6 or θ = −^π_6 , and the total field takes the form

u(x) = θ̂^⊥ exp(ik_s x ·θ̂) + ( Rot 2π_3 (θ̂))^⊥ exp(ik_s x ·Rot 2π_3 (θ̂)) +( Rot 4π_3 (θ̂))^⊥ exp(ik_s x ·Rot 4π_3 (θ̂)).

(iv) Λ_1, Λ_2 ∈ N_4(0, k_s ), θ = 0 , π_s ≠ ∅ , and the total field can be written as

u(x) = e_1 exp(− ik_s x_2) − e_1 exp(ik_s x_2) + e_2 exp(ik_s x_1) − e_2 exp(− ik_px_1).

As the counterpart of Remark 3 and Corollary 7, we have the foll owing uniqueness results with the minimal number of incident shear waves.

Corollary 10. Two (four) incident shear waves with distinct incidence angle s are sufficient to uniquely determine a grating profile Λ ∈ A under the boundary conditions of the third (fourth) kind. If th e Rayleigh frequencies of the shear part are excluded, then the minimal nu mber is one (three).

Remark 4. The uniqueness results in Section 4 generalize those for acou stic and electromagnetic gratings (see [35]) to the elastic case. As one would expect, the de rivation of the unidentifiable classes in 3D is more complicated than in 2D, since we must take into accou nt biperiodic structures which vary in both x_1 and x_2 and where the incident wave is not perpendicular to the x_3-axis. In general, there exist five (two) classes of unidentifiable polyhedral grating profile s in the case of plane shear (pressure) wave incidence under the boundary conditions of the third (fourth) kind; see [39].

5 Numerical solution of direct and inverse scattering problems

5.1 A discrete Galerkin method for (DP)

In this subsection we discuss the numerical treatment of the d irect scattering problem for the Dirichlet boundary condition. The approach is based on the discrete Gale rkin method proposed by Atkinson [13] for solving an equivalent integral equation of first kind. A simil ar method is used in [56] for solving the forward problem of elastic scattering from an open arc in R^2. As mentioned in the introduction, the implementation of this method is easier than the integral equation method wi th a second kind integral equation. This approach also leads to the unique solvability of the forward sca ttering problem for the Dirichlet boundary condition (see [37, Lemma 4.1]). In the sequel, we assume that t he incident wave is an incident pressure wave, and that Λ is the graph of some C^2-smooth periodic function f . For piecewise linear gratings where the scattered field may be singular at corner points, one c an adopt a mesh grading transformation to parameterize the grating profile (see [43, 37]). In this secti on, it is supposed that π_p = π_s = ∅ , that is, the Rayleigh frequencies are excluded.

We first recall the free space fundamental solution Φ_k (x, y) to the Helmholtz equation (Δ + k^2)u = 0 given by

Φ_k (x, y) = i 4 H^{(1)}_0 (k|x − y|), x ≠ y, x = ( x_1, x_2), y = ( y_1, y_2) ∈ R^2,

with H^{(1)}_0 (t) being the first kind Hankel function of order zero, and then recall the α -quasiperiodic fundamental solution to the Helmholtz equation defined by (see e.g. [58])

G_k (x, y) = � n ∈ Z

exp(− iα 2πn ) Φ_k (x + n(2π, 0), y) = i 4π � n ∈ Z 1 β_n exp(iα_n (x_1 − y_1) + iβ_n |x_2 − y_2|), (35)

for x − y ≠ n(2π, 0), n ∈ Z, where β_n are defined as in (11) with k_p replaced by k. The free space

fundamental solution to the Navier equation (3) is given by (se e [56])

Γ( x, y) = 1 μ Φ_{ks} (x, y) I + 1 ω^2 grad_x grad^T_x � Φ_{ks} (x, y) − Φ_{kp} (x, y) � , where I stands for the 2× 2 unit matrix. Then, the α -quasiperiodic fundamental solution (Green’s tensor) to the Navier equation (3) takes the form

Π( x, y) := � n ∈ Z

exp(− iα 2πn ) Γ( x + n(2π, 0), y)

for x − y ≠ n(2π, 0), n ∈ Z. The convergence of the above series for Π( x, y) is discussed in [7, Section

6]. Define � P^{(n )}_{11} P^{(n )}_{12} P^{(n )}_{21} P^{(n )}_{22} � = i 4πω^2β_n � α^2_n α_n β_n α_n β_n β^2_n � =: P^{(n )} , (36) � S^{(n )}_{11} S^{(n )}_{12} S^{(n )}_{21} S^{(n )}_{22} � = i 4πμγ_n I − i 4πω^2γ_n � α^2_n α_n γ_n α_n γ_n γ^2_n � =: S^{(n )} . (37)

We can derive from (35) that Π( x, y) takes the form

Π( x, y) = � n ∈ Z

P^{(n )} exp(i[α_n (x_1 − y_1) + β_n |x_2 − y_2| ]) + � n ∈ Z

S^{(n )} exp(i[α_n (x_1 − y_1) + γ_n |x_2 − y_2| ]). (38)

Our approach is based on the following decomposition of the α -quasiperiodic fundamental solution

Π( x, y) and the periodicity of the grating surface.

Lemma 3 ([37]). On the profile Λ , the α -quasiperiodic Green’s tensor Π( x, y) has a logarithmic singularity of the form

Π( x, y) = − η_1 1 π ln(|x − y|) I + Π^∗(x, y), η_1 = 1 ω^2

(k^2_s + k^2_p ), (39)

where Π^∗(x, y) is a continuously differentiable matrix in the variables x, y ∈ Λ .

To solve problem (DP) under the boundary condition (4), we make th e ansatz for the scattered field u^{sc} in the form

u^{sc} (x) = � Λ Π( x, y) ϕ(y)ds(y), x ∈ Ω_Λ

with some unknown α -quasiperiodic function ϕ(y) ∈ L^2(Λ)^2. Then we only need to solve the linear first kind integral equation � Λ Π( x, y) ϕ(y)ds(y) = − u^{in} (x), x ∈ Λ . (40) Set x = ( t, f (t)), y = ( s, f (s)), g(t) := − u^{in} (t, f (t)) exp( − iαt ), ρ(s) := ϕ(s, f (s)) exp( − iαs ) � 1 + f^′(s)^2, K (t, s ) := Π( t, f (t); s, f (s)) exp( iα (s − t)).

Multiplying (40) by exp(− iαt ) gives the equivalent form

�_{2π} 0 K (t, s )ρ(s)ds = g(t), 0 ≤ t ≤ 2π. (41)

Note that ρ(t), g(t) are both 2π-periodic with respect to t. It follows from the decomposition in (39) that

K (t, s ) = − η_1 1 π ln |2e^{− 1/2} sin( t − s 2 )| I + H (t, s ),

where H (t, s ) is a continuously differentiable function on R × R. Define the integral operators

Aρ(t) := − η_1 1 π �_{2π} 0 ln |2e^{− 1/2} sin( t − s 2 )| Iρ(s)ds,

Bρ(t) :=

�_{2π} 0 H (t, s ) ρ(s)ds.

Let H^1_p (0, 2π) denote the Sobolev space of 2π-periodic functions on (0, 2π). Then, solving the first kind

integral equation (41) can be transformed into:

Given g ∈ H^1_p (0, 2π)^2, find ρ(t) ∈ L^2(0, 2π)^2 such that Aρ + Bρ = g. (42)

Let further J_n denote the (2n + 1) -dimensional space of trigonometric polynomials of degree no t greater than n, with the basis given by { φ_m (t) := e^{imt} , − n ≤ m ≤ n}. Then the orthogonal projection P_n of

L^2(0, 2π)^2 onto J^2_n takes the form

(P_n ρ)(t) = 1 √ 2π n� m = − n

ρ_m e^{imt} , ρ_m = 1 √ 2π �_{2π} 0 ρ(s)e^{− ims} ds ∈ C^2,

and the corresponding Galerkin method for (42) consists of solv ing the projection equation

(A + P_n B )ρ_n = P_n g, for ρ_n = n� j = − n

c_j φ_j (t) ∈ J^2_n , c_j ∈ C^2. (43)

Let C_p[0, 2π] denote the continuous complex-valued 2π-periodic functions in t. The basic idea of the

discrete Galerkin method proposed in [13] is to replace the orth ogonal projection P_n by the interpolatory projection Q_n : C_p[0, 2π]^2 → J^2_n at the equidistant grid points t_j = jh, h = 2 π/(2n + 1) , and to approximate (43) by

(A + Q_n B_n )ρ_n = Q_n g, ρ_n ∈ J^2_n , (44)

where the integral operator B is approximated by a finite dimensional operator using the tra pezoidal rule,

B_n ρ_n (t) = h 2n� j =0

H (t, t_j )ρ_n (t_j ). (45)

To avoid the computation of H (t, s ) for t = s (i.e. the diagonal terms), we introduce the collocation points s_k = kh + h/2, k = 0 , 1, · · ·, 2n, which is a shift of the equidistant grid points t_j . Then, problem (44)-(45) is equivalent to n� j = − n � η_1φ_j (s_k ) max{ 1, |j |}

I + B_n φ_j (s_k ) � c_j = g(s_k ), k = 0 , 1, · · ·, 2n.

Using (45) and the orthogonality of φ_m , the previous finite linear system becomes (see also [43, secti on 3]) 2n� j =0

[η_1σ_{kj} + hH (s_k , t_j )] ρ_n (t_j ) = g(s_k ), k = 0 , 1, · · ·, 2n, (46)

in terms of the unknown density ρ, where

σ_{kj} = 1 2π h n� m = − n

φ_m (s_k )φ_j (t_m )/max{ 1, |m|}.

Note that s_k ≠ t_j for all k, j = 0 , 1, · · ·, 2n, and that the σ_{kj} can be readily computed employing the fast Fourier transform. Solving the linear system (46) in the unknowns ρ_n (t_j ) then gives an approximate solution ρ_n ∈ J_n of the integral equation (40). We refer to [13] for a convergence a nalysis of this approximation method.

5.2 A two-step algorithm for (IP)

In this subsection we present a numerical method for the profile reconstruction problem (IP) in the case that the Dirichlet condition is imposed on the unknown profile Λ . We assume that Λ is the graph of a sufficiently smooth 2π-periodic function f , and suppose that we have the a priori information that Λ lies between the horizontal lines { x_2 = 0 } and { x_2 = b} for some b > 0. For simplicity we restrict ourselves to the case of one incident wave with incidence angle θ. We can rewrite the corresponding near-field data

u^{sc}_b (x_1) = u^{sc} (x_1, b) and far-field data u^∞_b (x_1) as

u^{sc}_b (x_1) = � n ∈ Z

A_n (θ) exp( iα_n x_1), u^∞_b (x_1) = � n ∈U_s

A^∞_n (θ) exp( iα_n x_1), (47)

where

A_n (θ) = A_{p,n} (α_n , β_n )^T e^{iβ n b} + A_{s,n} (− γ_n , α_n )^T e^{iγ n b},

A^∞_n (θ) = � A_n (θ), if n ∈ U_p,

A_{p,n} (α_n , β_n )^T e^{iβ n b}, if n ∈ U_s \U_p.

We consider the following inverse problem, which is a slightly more general version of problem (IP^∗) formulated at the end of Section 2 (in the case of a single incid ence angle).

(IP’): Given a finite number of Rayleigh coefficients A_n (θ), |n| < K , for some K ∈ N, determine the unknown grating profile Λ .

Note that the far-field data A^∞_n (θ), n ∈ U_s , are covered if K is sufficiently large. Since (IP’) is non-linear and severely ill-posed, it is quite natural to apply regulariza tion and optimization techniques. Introduce the Hilbert space X = L^2(0, 2π)^2 with the scalar product

(u(t), v(t)) := 1 2π �_{2π} 0 u(t) ·v(t)dt,

and the norm ||u|| := � (u, u). Define the linear operators J, S_f : X → X by

Jφ (x_1) := 1 2π �_{2π} 0 Π( x_1, b; t, 0)φ (t)dt,

S_f φ (x_1) := 1 2π �_{2π} 0 Π( x_1, f (x_1); t, 0)φ (t)dt.

The Kirsch-Kress method adapted to our diffraction problem cons ists of solving the optimization problem

||T φ − u_b||^2 + γ||φ ||^2 + η||u^{in} ∘ f + S_f φ ||^2 → inf

f ∈M ,φ ∈ X

(48)

where γ > 0 denotes the regularization parameter, η > 0 is a coupling parameter and M is an admissible set of profile functions with uniformly bounded C^{0,1}-norm. The convergence analysis for problem (48) is presented in [44] in the case of the quasiperiodic Helmholt z equation, which we think can carry over to the quasiperiodic Navier equation. Since the combined op timization scheme (48) requires the determination of two unknown functions f and φ , to reduce the computational effort, we extend the two-step inversion algorithm proposed in [22] for electromagnetic grat ings to the inverse elastic scattering problem (IP’).

Step 1: Reconstruct the scattered field from the near-field data u^{sc}_b (x_1).

We try to represent the scattered field u^{sc} as the single layer potential

u^{sc} (x) = 1 2π �_{2π} 0 Π( x_1, x_2; t, 0)φ (t)dt, x ∈ Ω_Λ

with some unknown α -quasiperiodic function φ (t) ∈ X . Then we only need to solve the first kind integral equation

Jφ (x_1) = u^{sc}_b (x_1), x_1 ∈ (0, 2π). (49)

Expand φ (t) ∈ X into the Fourier series

φ (t) = � n ∈ Z

φ_n exp(iα_n t), φ_n := ( φ^{(1)}_n , φ^{(2)}_n ) ∈ C^2.

Then, it follows from (36)-(38) that the operator J takes the form

Jφ (x_1) = � n ∈ Z

M^{(n )} φ_n exp(iα_n x_1), M^{(n )} := � P^{(n )} exp(iβ_n b) + S^{(n )} exp(iγ_n b) � . Since the operator J is compact on X , we consider the Tikhonov regularized version γφ + J^∗Jφ =

J^∗u^{sc}_b of equation (49) with the regularization parameter γ > 0, where J^∗ denotes the adjoint operator of J . Let the singular value decomposition of M^{(n )} be given by M^{(n )} = U^{(n )} Σ^{(n )} (V^{(n )} )^∗, where

U^{(n )} = ( U^{(n )}_1 , U^{(n )}_2 ), V^{(n )} = ( V^{(n )}_1 , V^{(n )}_2 ), Σ^{(n )} = diag (σ^{(n )}_1 , σ^{(n )}_2 ).

with U^{(n )}_j , V^{(n )}_j ∈ C^2 being column vectors and σ^{(n )}_j ∈ R^+ for n ∈ Z, j = 1 , 2. Then, the regularized solution φ_γ is given by (see [27, Chapter 4])

φ_γ = � n ∈ Z 2� j =1

σ^{(n )}_j (σ^{(n )}_j )^2 + γ � u^{sc}_b , U^{(n )}_j exp(iα_n t) � V^{(n )}_j exp(iα_n t)

≈ � |n |≤ K 2� j =1

σ^{(n )}_j (σ^{(n )}_j )^2 + γ

(A_n ·U^{(n )}_j ) V^{(n )}_j exp(iα_n t)

in the case that near-field data are given, where A_n ∈ C^2 are defined in (47). Now we can represent φ_γ as φ_γ = � |n |≤ K

φ^{(n )}_γ exp(iα_n t), φ^{(n )}_γ := 2� j =1

σ^{(n )}_j (σ^{(n )}_j )^2 + γ

(A_n ·U^{(n )}_j ) V^{(n )}_j . (50)

When far-field data are given, we only need to replace u^{sc}_b , A_n by u^{sc}_∞ , A^∞_n respectively.

Step 2: Determine the grating profile function f by minimizing the defect

||u^{in} ∘ f + S_f φ || → inf_{f ∈M} (51)

over some admissible set M of profile functions.

Having computed φ_γ from the first step, we may consider S_f (φ_γ ) as an approximation of the scattered field on the grating profile. We now turn to investigating the no nlinear least squares minimization problem (51). Using (36)-(38) and (50), we see that the integral operator S_f takes the form

S_f φ_γ (x_1) = � |n |≤ K

P^{(n )} φ^{(n )}_γ e^{iα n x 1 + iβ n f (x 1 )} + S^{(n )} φ^{(n )}_γ e^{iα n x 1 + iγ n f (x 1 )} .

Hence, problem (51) is equivalent to

||θ̂e^{− iβf (t)} + � |n |≤ K � P^{(n )} φ^{(n )}_γ e^{iβ n f (t)} + S^{(n )} φ^{(n )}_γ e^{iγ n f (t)} � e^{int} ||^2 → inf_{f ∈M} , (52)

where, for C^2-smooth grating profiles, an admissible set M is given by M = � f (t) = a_0 + M� m =1

a_m cos(mt ) + a_{M + m} sin(mt ) � , (53)

with some fixed number M ∈ N and bounded Fourier coefficients a_j . We discretize the objective functional in (52) by the trapezoidal rule and then solve the result ing minimization problem in a finite dimensional space.

Here we present two numerical examples using the two-step algor ithm. Take k_s = 4 .45, ω = 5 , and probe the unknown grating profile by a single incident pressure wa ve with θ = 0 and k_p = 4 .2. With these settings we have U_p = U_s = { n ∈ Z : |n| ≤ 4}. In the following Examples 1 and 2, unless otherwise stated we always set K = 7 in (50) and (52) . This implies that all propagating modes of the compressional and shear parts corresponding to |n| ≤ 4 are used, while six additional evanescent modes corresponding to 5 ≤ | n| ≤ 7 are also taken into account.

Example 1. (Fourier gratings) Suppose that the grating profile function is given by the finite Fourier series

f (t) = 2 + ζ(cos(t) + cos(2 t) + cos(3 t)), ζ = 0 .05π,

where ζ characterizes the steepness of the profile. We used exact near-fi eld data to reconstruct this profile function, which has the form (53) with M = 3 . To generate the synthetic data, the discrete trigonometric Galerkin method of subsection 5.1 was employed. Figure 3 illu strates the sensitivity of the method to the parameter K , from which we see that the propagating modes corresponding to K = 4 (i.e., only far-field data are used) lead to satisfactory results. The reconst ruction from noisy data even with noise level δ = 10 % can still produce good results in the case K = 7 . However, the results are not acceptable if we increase the steepness to 0.1π.

Example 2. (General smooth gratings) Suppose that Λ is the graph given by the function

f (t) = 1 .5 + 0 .2 exp(sin(3 t)) + 0 .3 exp(sin(3 t)),

which can be approximated by the truncated Fourier series

f^∗(t) = 2 .133 − 0.0543 cos(6t) − 0.0814 cos(8t) + 0 .22606 sin(3t) + 0 .339 sin(4t).

with four interior local minima. In this case we chose M = 8 in (53), with a total of 17 parameters to be determined. The computational results are presented in Figu res 4 and 5. Since the steepness of Λ is relatively large, the downward convex part of the grating surfac e is not well-reconstructed. One can see from Figure 4 that data with 10% noise lead to a larger deviation i n contrast to the profile reconstructed from data corresponding to a noise of 5%.

Our experiments have shown that the reconstruction with K < 7 also leads to a large deviation and that the one with K ≥ 8 only slightly improves the computational results in Figure 4. Figure 5 demonstrates the computational results from different initial guesses usin g unperturbed propagating modes.

0 1 2 3 4 5 6 1.4

1.6

1.8

2

2.2

2.4

2.6

K=1

computed target initial

0 1 2 3 4 5 6 1.7

1.8

1.9

2

2.1

2.2

2.3

2.4

2.5 K=2 computed target initial

0 1 2 3 4 5 6 1.7

1.8

1.9

2

2.1

2.2

2.3

2.4

2.5 K=3 computed target initial

0 1 2 3 4 5 6 1.7

1.8

1.9

2

2.1

2.2

2.3

2.4

2.5 K=4 computed target initial

0 1 2 3 4 5 6 1.7

1.8

1.9

2

2.1

2.2

2.3

2.4

2.5 K=5 computed target initial

0 1 2 3 4 5 6 1.7

1.8

1.9

2

2.1

2.2

2.3

2.4

2.5 K=6 computed target initial

Figure 3: Sensitivity of the method to the parameter K in Example 1.

The two-step algorithm is easily implemented, and satisfact ory reconstructions can be obtained with a low computational effort for suitable initial values of gr ating parameters. This is mainly because the singular value decomposition of the derived first kind integr al equation can be readily achieved, and only the unknown grating profile function needs to be determined in the second step. Moreover, no direct scattering problems need to be solved in the process of the inve rsion algorithm. As our experience has shown in [22, 23, 24], the two step algorithm is in general fas ter and more accurate than the minimization of the combined cost functional. The reconstruction scheme c an also be applied to piecewise linear grating profiles with a finite number of corners (see [37]), and it c an be readily adapted to the case of several incident angles or a finite number of incident frequen cies. However, the convergence of the twostep algorithm is still open.

0 1 2 3 4 5 6 1.6

1.8

2

2.2

2.4

2.6

2.8

3 computed (δ=0) target initial

0 1 2 3 4 5 6 1.6

1.8

2

2.2

2.4

2.6

2.8

3 computed (δ=0.05) computed (δ=0.1) target initial

Figure 4: Example 2. K=7, M=8.

0 1 2 3 4 5 6 1.6 1.8 2 2.2 2.4 2.6 2.8 3 K=4,M=8

computed target initial

0 1 2 3 4 5 6 1.6 1.8 2 2.2 2.4 2.6 2.8 3 3.2

K=4,M=8

computed target initial

Figure 5: Example 2. K=4, M=8, δ = 0 .

References

[1] T. Abboud, Formulation variationnelle des équations de Maxwell dans un réseau bipériodique de R^3, C.R. Acad. Sci. Paris 317 (1993), 245–248.

[2] I. Abubakar, Scattering of plane elastic waves at rough su rface I, Proc. Cambridge Philos. Soc. 58 (1962), 136–157.

[3] J. D. Achenbach, Wave propagation in elastic solids In: North-Holland series in Applied mathematics and mechanics Vol. 16 eds. H. A. Lauwerier and W. T. Koiter (Ams terdam: North Holland) (1973), 165–201.

[4] G. Alessandrini and L. Rondi, 2005 Determining a sound-so ft polyhedral scatterer by a single far-field measurement, Proc. Amer. Math. Soc. 133 (2005), 1685–1691 (Corrigendum: http://arxiv.org/abs/math.AP/0601406).

[5] H. Ammari, Uniqueness theorems for an inverse problem in a do ubly periodic structure, Inverse Problems 11 (1995), 823–833.

[6] C. Antonios, G. Drossos and K. Kiriakie, On the uniqueness of the inverse elastic scattering problem for periodic structures, Inverse Problems 17 (2001), 1923–1935.

[7] T. Arens, The scattering of plane elastic waves by a one-dim ensional periodic surface, Math. Meth.

Appl. Sci. 22 (1999), 55–72.

[8] T. Arens, A new integral equation formulation for the scat tering of plane elastic waves by diffraction gratings, J. Integral Equations Appl. 11 (1999), 275–297.

[9] T. Arens, Uniqueness for elastic wave scattering by rough s urfaces, SIAM J. Math. Anal. 33 (2001), 461–471.

[10] T. Arens, Existence of solution in elastic wave scatteri ng by unbounded rough surfaces Math. Meth.

Appl. Sci. 25 (2002), 507–528.

[11] T. Arens and N. Grinberg, A complete factorization method for scattering by periodic surface, Computing 75 (2005), 111–132.

[12] T. Arens and A. Kirsch, The factorization method in inverse scattering from periodic structures, Inverse Problems 19 (2003), 1195–1211.

[13] K. E. Atkinson, A discrete Galerkin method for first kind in tegral equations with a logarithmic kernel, J. Integral Equations and Applications 1 (1988), 343–363.

[14] G. Bao, A uniqueness theorem for an inverse problem in perio dic diffractive optics, Inverse Problems 10 (1994), 335–340.

[15] G. Bao, L. Cowsar and W. Masters, eds. Mathematical Modeling in Optical Science (Philadelphia:

SIAM) (2001).

[16] G. Bao, H. Zhang and J. Zou, Unique determination of peri odic polyhedral structures by scattered electromagnetic fields, Trans. Amer. Math. Soc. 363 (2011), 4527–4551.

[17] G. Bao, H. Zhang and J. Zou, Unique determination of peri odic polyhedral structures by scattered electromagnetic fields II : the resonance case, to appear in: Trans. Amer. Math. Soc.

[18] G. Bao and Z. Zhou, An inverse problem for scattering by a do ubly periodic structure, Trans. Amer.

Math. Soc. 350 (1998), 4089–4103.

[19] G. Bao, Finite element approximation of time harmonic wa ves in periodic structures, SIAM J. Numer.

Anal. 32 (1995), 1155–1169.

[20] G. Bao, Z. Chen and H. Wu, Adaptive finite-element method f or diffraction gratings, J. Opt. Soc.

Amer. A 22 (2005), 1106–1114.

[21] A. S. Bonnet-Bendhia and F. Starling, Guided waves by ele ctromagnetic gratings and nonuniqueness examples for the diffraction problem, Math. Meth. Appl. Sci. 17 (1994), 305–338.

[22] G. Bruckner and J. Elschner, A two-step algorithm for the reconstruction of perfectly reflecting periodic profiles, Inverse Problems 19 (2003), 315–329.

[23] G. Bruckner and J. Elschner, The numerical solution of a n inverse periodic transmission problem, Math. Meth. Appl. Sci. 28 (2005), 757–778.

[24] G. Bruckner, J. Elschner and M. Yamamoto, An optimizati on method for profile reconstruction, In:

Progress in Analysis, Proceed. 3rd ISAAC congress (Singapore: World Scientific) (2003), 1391–1404.

[25] X. Chen and A. Friedman, Maxwell’s equations in a period ic structure, Trans. Amer. Math. Soc. 323 (1991), 465–507.

[26] J. Cheng and M. Yamamoto, Uniqueness in an inverse scatte ring problem with non-trapping polygonal obstacles with at most two incoming waves, Inverse Problems 19 (2003), 1361–1384 (Corrigendum: Inverse Problems 21, 1193).

[27] D. Colton, and R. Kress, Inverse Acoustic and Electromagnetic Scattering Theory (Berlin: Springer) (1998).

[28] P. Cummings and X. Feng, Sharp regularity coefficient est imates for complex-valued acoustic and elastic Helmholtz equations, Mathematical Models and Methods in Applied Sciences 16 (2006), 139– 160.

[29] Y. Dermenjian, J. C. Guillot, Scattering of elastic wav es in a perturbed isotropic half space with a free boundary. The limiting absorption principle, Math. Meth. Appl. Sci. 10 (1988), 87–124.

[30] D. C. Dobson, A variational method for electromagnetic d iffraction in biperiodic structures, Model.

Math. Anal. Numer. 28 (1994), 419–439.

[31] G. Duvaut, and J. L. Lions Inequalities in Mechanics and Physics (Berlin: Springer) (1976).

[32] D. Dobson and A. Friedman, The time-harmonic Maxwell equ ations in a doubly periodic structure, J. Math. Anal. Appl. 166 (1992), 507–528.

[33] J. Elschner, R. Hinder, F. Penzel and G. Schmidt, Existe nce, uniqueness and regularity for solutions of the conical diffraction problem, Mathematical Models and Methods in Applied Sciences 10 (2000), 317–341.

[34] J. Elschner and G. Hu, Variational approach to scatterin g of plane elastic waves by diffraction gratings, Math. Meth. Appl. Sci. 33 (2010), 1924–1941.

[35] J. Elschner and G. Hu, Global uniqueness in determining polygonal periodic structures with a minimal number of incident plane waves, Inverse Problems 26 (2010), 115002.

[36] J. Elschner and G. Hu, Inverse scattering of elastic wave s by periodic structures: Uniqueness under the third or fourth kind boundary conditions, Methods and Applications of Analysis 18 (2011), 215– 244.

[37] J. Elschner and G. Hu, An optimization method in inverse e lastic scattering for one-dimensional grating profiles, WIAS Preprint No. 1622 (2011), to appear in: Communications in Computational Physics.

[38] J. Elschner and G. Hu, Scattering of plane elastic waves by three-dimensional diffraction gratings, Mathematical Models and Methods in Applied Sciences 22 (2012), 1150019.

[39] J. Elschner and G. Hu, Uniqueness in inverse scattering o f elastic waves by three-dimensional polyhedral diffraction gratings, Inverse Problems and Ill-posed Problems 19 (2011), 717–768.

[40] J. Elschner and G. Hu, Elastic scattering by unbounded ro ugh surfaces, WIAS Preprint 1677 (2012).

[41] J. Elschner, G. Schmidt and M. Yamamoto, An inverse proble m in periodic diffractive optics: global uniqueness with a single wavenumber, Inverse Problems 19 (2003), 779–787.

[42] J. Elschner and G. Schmidt, Diffraction in periodic str uctures and optimal design of binary gratings I. Direct problems and gradient formulas, Math. Meth. Appl. Sci. 21 (1998), 1297–1342.

[43] J. Elschner and E. P. Stephan, A discrete collocation met hod for Symm’s integral equation on curves with corners, Journal of Computational and Applied Mathematics 75 (1996), 131–146.

[44] J. Elschner and M. Yamamoto, An inverse problem in periodi c diffractive optics: reconstruction of Lipschitz grating profiles, Applicable Analysis 81 (2002), 1307–1328.

[45] J. Elschner and M. Yamamoto, Uniqueness in determining polygonal periodic structures, Z. Anal.

Anwend. 26 (2007), 165–177.

[46] J. Elschner and M. Yamamoto, Uniqueness in determining polyhedral sound-hard obstacles with a single incoming wave, Inverse Problems 24 (2008), 035004.

[47] J. Elschner and M. Yamamoto, Uniqueness in inverse elast ic scattering with finitely many incident waves, Inverse Problems 26 (2010), 045005.

[48] J. T. Fokkema, Reflection and transmission of elastic wa ves by the spatially periodic interface between two solids (theory of the integral-equation method), Wave Motion 2 (1980), 375–393.

[49] J. T. Fokkema and P. M. van den Berg, Elastodynamic diffra ction by a periodic rough surface (stressfree boundary), J. Acoust. Soc. Am. 62 (1977), 1095–1101.

[50] I. C. Gohberg and M. G. Krein, Introduction to the Theory of Linear Nonselfadjoint Operato rs in Hilbert Space , Translations of Mathematical Monographs Vol.18 (Providenc e: AMS) (1969).

[51] F. Hettlich, Iterative regularization schemes in invers e scattering by periodic structures, Inverse Problems 18 (2002),701–714.

[52] F. Hettlich and A. Kirsch, Schiffer’s theorem in inverse sca ttering for periodic structures, Inverse Problems 13 (1997), 351–361.

[53] K. Ito and F. Reitich, A high-order perturbation approach to profile reconstruction: I. Perfectly conducting grating, Inverse Problems 15 (1999), 1067–1085.

[54] A. Kirsch, Diffraction by periodic structures In: Proc. Lapland Conf. Inverse Problems eds.

L. Päivärinta et al (Berlin: Springer) (1993), 87–102. [55] A. Kirsch, Uniqueness theorems in inverse scattering theo ry for periodic structures, Inverse Problems 10 (1994), 145–152.

[56] R. Kress, Inverse elastic scattering from a crack, Inverse Problems 12 (1996), 667–684. [57] V. D. Kupradze et al Three-dimensional Problems of the Mathematical Theory of Elas ticity and Thermoelasticity (Amsterdam: North-Holland) (1979).

[58] C. M. Linton, The Green’s function for the two-dimensiona l Helmholtz equation in periodic domains, Journal of Engineering Mathematics 33 (1998), 377–401.

[59] H. Liu and J. Zou, Uniqueness in an inverse acoustic obsta cle scattering problem for both soundhard and sound-soft polyhedral scatterers, Inverse Problems 23 (2006), 515–524.

[60] H. Liu, M. Yamamoto and J. Zou, Reflection principle for t he Maxwell equations and its application to inverse electromagnetic scattering, Inverse Problems 23 (2007), 2357–2366.

[61] H. Liu, M. Yamamoto and J. Zou, New reflection principles f or Maxwell’s equations and their applications, Numer. Math. Theory Methods Appl. 2 (2009), 1–17.

[62] J. W. S. Lord Rayleigh, On the dynamical theory of grating s, Proc. Roy. Soc. Lon. A. 79 (1907), 399–416.

[63] W. McLean, Strongly Elliptic Systems and Boundary Integral Equations (Cambridge: Cambridge University Press) (2000).

[64] A. Meier, T. Arens, S. N. Chandler-Wilde and A. Kirsch, A Nyst röm method for a class of integral equations on the real line with applications to scattering by diffraction gratings and rough surfaces, J. Integral Equations Appl. 12 (2000), 281–321.

[65] S. Nakagawa, K. T. Nihei, L. R. Myer and E. L. Majer, Three-d imensional elastic wave scattering by a layer containing vertical periodic fractures, J. Acoust. Soc. Am. 113 (2003), 3012–3023.

[66] J. Ne čas, Les Méthodes Directes en Théorie des Équations Elliptiques (Paris: Masson) (1967). [67] J. C. Nedelec and F. Starling, Integral equation method s in a quasi-periodic diffraction problem for the time-harmonic Maxwell equation, SIAM J. Math. Anal. 22 (1991), 1679–1701.

[68] A. Rathsfeld, G. Schmidt and B. H. Kleemann, On a fast int egral equation method for diffraction gratings, Communications in Computational Physics 1 (2006), 984–1009.

[69] J. H. Rose, Elastic wave inverse scattering in nondestru ctive evaluation, Pure and Applied Geophysics 131 (1989), 715–739.

[70] G. Schmidt, On the diffraction by biperiodic anisotropi c structures, Applicable Analysis 82 (2003), 75–92.

[71] J. W. C. Sherwood, Elastic wave propagation in a semi-infini te solid medium, Proc. Phys. Soc. 71 (1958), 207–219.

[72] C. H. Wilcox, Scattering theory for diffraction gratings (New York: Springer) (1984). [73] T. T. Wu and P. L. Liu, Advancement on the nondestructive evaluation of concrete using transient elastic waves, Ultrasonics 36 (1998), 197–204.