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ABSTRACT. We consider parabolic equations with mixed boundary conditions and domain inho-
mogeneities supported on a lower dimensional hypersurface, enforcing a jump in the conormal
derivative. Only minimal regularity assumptions on the domain and the coefficients are im-
posed. It is shown that the corresponding linear operator enjoys maximal parabolic regularity in
a suitable LP-setting. The linear results suffice to treat also the corresponding nondegenerate
quasilinear problems.

1. INTRODUCTION

In this article we are interested in the linear parabolic initial-boundary value problem

(1.1) eu —V - uNVu = fq  in J x €,
(1.2) u=0 on J x (0Q\T),
(1.3) edu+v-puNVu+bu = fr on JxT,
(1.4) e+ vy - uVul = fx on J x X,
(1.5) u(0)=uy in QUL

and in its quasilinear variants. Here J = (0, 7)) is a bounded time interval, @ C R is a
bounded domain, I' C 0f) is a part of the boundary with outer normal v, and ¥ C Q is e.g.
a finite union of hypersurfaces, equipped with a normal field vs. By [vs, - ©Vu] we denote the
jump of 15, - uVu over 2. The case that [" or X is an empty set is not excluded. We treat a
nonsmooth geometry; e.g., it suffices that [" and . satisfy certain Lipschitz conditions. Nothing
is supposed on the Dirichlet part 92 \ I" of the boundary, and the boundary parts I and 0\ T’
are allowed to meet.

Also on the coefficients we impose only low regularity conditions. The (possibly nonsymmet-
ric) coefficient matrix @ is bounded and uniformly elliptic, € is positive, bounded and bounded
away from zero, and b only has to live in an LP-space. The (possibly nonautonomous) inhomo-
geneities fq, fr, fx and the initial value 1 are assumed to be given.

Parabolic problems with dynamical boundary conditions are considered by many authors, see
e.g. [AmE], [Esc], [Hin] [AQRB], [BBR] and [BC], but there always severe assumptions on the
data, as smoothness, are imposed (compare also [FGGR] and [VV], where the boundary condi-
tion on J x I' is understood as Wentzell's boundary condition). It is the aim of this work to show
that any smoothness assumption on the domain and the coefficient function p can be avoided.
In particular, the domain {2 does not need to be a Lipschitz domain. Moreover, we allow the
inhomogeneities not only to live in the volume of the domain, but to incorporate a part which is
supported on the set X of lower dimension d — 1. This largely extends the applicability of the
theory to real-world problems. The reader may think, e.g., of a heat source which is concen-
trated on an interface. Alternatively, one meets such constellations in electricity: surface charge
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densities induce a jump in the normal component of the dielectric displacement, see e.g. [Tam,
Chapter 1].

Our approach to (1.1)—(1.5) is essentially based on the theory of sesquilinear forms and the
suitable incorporation of the boundary conditions into an LP-space.

Let us consider the approach in more detail. The boundary part Tis Lipschitz regular, and the
interface > C Qis a (d — 1)-set in the sense of Jonsson—Wallin [JW] (cf. Assumptions 2.2 and
2.4). For the equations we first treat the case € = 1, and consider the sesquilinear form

tlu,v] = / uNu - Vo dr,
Q

which is defined on the space TW* of W12(Q)-functions vanishing on 99 \ T'. Note that this
reflects the Dirichlet conditions. For u € TV, we define the trace tru on I' U X in a suitable
sense (based on [JW]), and show that the map Ju = (u, tru) is continuous and has dense
range from W? into L2 := L2(Q) @ L*(I' U X; dHy4_1) (see Lemma 2.10). Here Hy_; is
the (d — 1)-dimensional Hausdorff measure. These properties of the trace are a consequence
of the regularity of I and X.. As the form { satisfies an ellipticity condition with respect to J, the
results in [AE] imply that t induces an operator A, on L2, and — A, generates a holomorphic
Cy-semigroup of contractions.

In Remark 2.15 we show that in a smooth situation, the operator A, consists of three parts,
corresponding to the spatial derivatives occurring in (1.1), (1.3) and (1.4), respectively: the op-
erator —V - 'V on €2, the conormal derivative v - ©V on I, and the jump [vs - pVu] of the
conormal derivative on .. Hence the dynamic equations on I" and > are modelled by the part
L*(T'U X; dHg_1) of the base space L2

The semigroup generated by — A, turns out to be submarkovian, and may thus be extended to
a semigroup of contractions on L? for all p € [1, oo]. Denoting the corresponding generators
by —A,, it turns out that for all p € (1, 00) the operator —5*1Ap generates a holomorphic
Cp-semigroup of contractions on a suitably renormed IL”-space. This has two important conse-
quences. First, applying an abstract result that is presented e.g. in [LX, Proposition 2.2], we ob-
tain a bounded holomorphic functional calculus for 5*1Ap with angle strictly smaller than 7, and
in particular the boundedness of the purely imaginary powers (see Theorem 2.23). Moreover,
the pioneering theorem of Lamberton [Lam] gives us maximal parabolic regularity for 8_1Ap in
Theorem 3.4, which we consider as the main result of this work. The introduction of temporal
weights as in [PS] further allows to reduce the regularity of the initial data almost up to the base
space IL?. This yields the solution of (1.1)—(1.5) in an adequate manner, see Theorem 3.10 and
again the considerations in Remark 2.15.

Based on these linear results we treat a nondegenerate quasilinear variant of (1.1)—(1.5), even
if the right hand side explicitly and discontinuously depends on time (Theorem 4.5). Here a
difficulty is that the domain of the realization of the operator —V - 41V on IL? is not independent
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of the coefficients 1. We therefore consider a problem which is obtained when applying the
Kirchhoff transform to the original one, and which involves only one fixed operator (see Definition
4.2). Maximal parabolic regularity then allows to apply a result of Priss [Pri] (see also [CIL])
to the transformed problem, giving local existence and uniqueness of solutions in a suitable
sense. Throughout it is essential that Dom(Ag) C L for large p and 6 sufficiently close to
1, which is a consequence of ultracontractivity estimates for the semigroup (see Lemma 2.20
and Proposition 3.5). The quasilinear problems may be of relevance for the applications: the
heat source on the hypersurface can depend on the solution itself, and, additionally, explicitly on
time.

Let us briefly compare the approach in this paper with those in [Gri2], [HaR1] and [HaR3] for
static Robin boundary conditions. There the Banach space under consideration is a negatively
indexed Sobolev space of type H ~%7 or a Sobolev—Morrey space. In contrast to that settings,
in I” one may form the dual pairing of the above parabolic equation with the indicator function
X of suitable subsets A C (2. Then one may, additionally, apply Gauss’ theorem to (—V -
uNVu, xp) = fA —V-uVu dx+fmE —V-uVudH,_1. This allows to recover the underlying
physical balance law for the parabolic equation, which is the starting point for the numerical
treatment of such problems. For more details we refer to Remark 3.13.

This paper is organized as follows. In Section 2 we introduce the spaces IL*, define an appropri-
ate realization of —V - 1V and show that it admits a bounded holomorphic functional calculus.
In Section 3 we show that in this setting (1.1)—(1.5) enjoys maximal parabolic regularity, and in
Section 4 we treat the quasilinear case.

2. ELLIPTIC OPERATORS ON ILP

2.1. Notation. Throughout this paper £(X; Y") denotes the space of bounded linear operators
from X to Y, where X and Y are Banach spaces. If X = Y/, then we abbreviate £(.X ). Note
that if X and Y are two Banach spaces spaces such that X C Y as vector spaces, and both
X and Y are continuously embedded in a Hausdorff locally convex space, then the inclusion
map from X into Y is continuous by the closed graph theorem.

In the sequel let 2 be a bounded domain in R? with d > 1 and I an open part of its boundary
052, which may be empty. If p € [1, 00), then LP(£2) is the space of complex-valued, Lebesgue
measurable, p-integrable functions on €2, and for all § € [0, 1] we denote by W7 () the usual
Sobolev—Slobodetskii spaces, see [Gri] or [Maz]. Moreover, L>°({2) is the space of Lebesgue
measurable, essentially bounded functions on €2. The (d — 1)-dimensional Hausdorff measure
on R% is denoted by H,4_1. We denote by B(x, ) the ball in R¢ centred at x with radius 7.

2.2. The function spaces. In this subsection we consider the function spaces on which (1.1)—
(1.5) will be posed.



Definition 2.1. For all ¢ € [1, o] we define W7 as the closure in W9(£2) of the set

def

Cr(Q) = {u]Q cu € C(RY), supp(u) N (0Q\T) = @}.

Throughout this paper we make the following assumption on I'.

Assumption 2.2. For all x € T there is an open neighbourhood V, of x and a bi-Lipschitz
mapping £, from V, onto the open unit cube E in RY, such that F,(x) = 0 and F,(2NV,)
is equal to the lower open half cube £ = (—1,1)4"1 x (—1,0) of E.

The reader should notice that the domain €2 does not need to be Lipschitzian. Moreover, nothing
is supposed on the boundary of I" within 0f2.

An important technical tool is an extension operator for the WI}’q-spaces.

Proposition 2.3. There is an extension operator &: L'(Q2) — L'(R?) such that the restriction
Q‘E|er,q maps er’q continuously into W'4(R?) for all ¢ € [1, oc], the restriction €|1q(q) maps
L%(Q) continuously into LY(R®) for all ¢ € [1,00] and supp €u C B(0,2R) for all u €
LY(Q), where R = sup{|z| : = € Q}.

Proof. The proof is given in [ER, Lemma 3.4] for the case ¢ = 2, but carries over to all ¢ €
[1, 00]. Moreover, the second assertion is also easily checked. The last statement follows by
multiplication with a suitable C'°(R¢)-function. O

It turns out that a classical condition from geometric measure theory is tailor made in order to
define a geometric assumption on a (d — 1)-dimensional shape > in €).

Assumption 2.4. Let ¥ C 2 be a (d — 1)-set in the sense of Jonsson-Wallin [JW, Subsec-
tion VII.1.1]. Precisely: the set X is Borel measurable and there exist ¢;, co > 0 such that

(2.1) erTV < Hy (B(x, r) N E) < eordt
forallz € ¥ andr € (0,1).

Remark 2.5. We emphasize that > does not have to be closed. Nevertheless has X finite
(d—1)-dimensional Hausdorff measure, according to (2.1). The prototype of X is the finite union
U]. >.; of Lipschitzian hypersurfaces. In that case the restriction of the Hausdorff measure H,4_;
to I' or to X, can be constructed explicitly in terms of the local bi-Lipschitz charts (compare
[EG, Section 3.3.4 C)). In particular, if X is a finite union of Lipschitz graphs, then (2.1) is easily
verified using this representation of H,_1. Moreover, Assumption 2.4 implies for general X that
>’ is of (d-dimensional) Lebesgue measure 0.

Throughout this paper we always presume Assumptions 2.2 and 2.4.

Definition 2.6. We denote by p the restriction of the Hausdorff measure H,_; to I' U 3.



fu € L (R?) and F' C R is a set, then define the function tr u as in [JW, Page 15] by

(rp)e) = ey [ Gy

for all x € F for which the limit exists. The domain Dom(trg u) of trp u is the set of all x € F’
for which this limit exists.

Lemma 2.7. Letq,r € [1,00) and 0 € [0, 1]. Let € be the extension operator as in Proposi-
tion 2.3.

o I % 120 < 1 then & maps Wy continuously into W7 (RY).

(i) l 126 < 1 then & maps Wy compactly into W% (R?).

(iii) /f9 € (% 1], then the trace map u — trrus u is continuous from W%4(R%) into L4(T'U
Y dp).

Proof. ‘(i)" and ‘(ii)’. This follows from Proposition 2.3, the support property of & and the usual
Sobolev embedding.

‘(iii)’. Since I" and X are disjoint, the natural map from the space L(I'U; dp) into L4(X; dH4 1) X
LY(T; dH4_1) is a linear, topological isomorphism. Therefore, it suffices to show that the trace
maps u +— trru and u +— trsu are continuous from W%4(R?) into L4(T";dH4_ ;) and
Lq(Z; de—l)-

It follows from [JW, Chapter VIII, Proposition 1] that property (2.1) inherits to the closure > of
Y. Then the trace operator u +— trs; u is bounded from W%4(R%) into L4(X; dHy 1) by [JW,
Chapter V, Theorem 1]. But the set difference b)) \ X is of Hy_1 measure 0 (see again [JW,
Chapter VIII, Proposition 1]). Consequently the spaces L?(X; dHy_1) and L(X; dHq_1) are
identical.

Next we consider the set I'. Using the notation as in Assumption 2.2, for every x € T the map
F, provides a bi-Lipschitz parametrization of 92 N V,,, where the parameters run through the
upper plate P := (—1,1)4"! x {0} of the half cube E_. Moreover, the Hausdorff measure
Ha—1 on 02NV, is the surface measure, and the latter is obtained from the Lebesgue measure

n(—1,1)%1 x {0} via the bi-Lipschitzian parametrization, see [EG, Section 3.3.4 C]. Define
W, = F,((—3,3)" x{0}). Then W, C 9. There existn € Nand 21, ..., z,, € I such
that W,,, ..., W, is a finite cover of I. Obviously, W, , ..., W, is also a finite cover of .
Moreover, it is not hard to see that Uj:1 ij is a (d — 1)-set in the sense of Jonsson-Wallin
(compare [HaR2, Lemma 3.2]). Hence by [JW, Chapter V, Theorem 1] there exists a continuous
trace operator from W%4(R?) into LI(U"_; W;,;dH4_1). Combining this operator with the
restriction operator to I, one obtains the desired trace operator into L9(I"; dH4—1). O

Forallu € L () define the function tr u as in [JW, Section VIII.1.1] by

1
Dom(tru) = {x celuX:lim——— u(y) dy exists}
( ) . |B(CL’ T) N Q’ B(z,r)NQ ( )



and

=i

for all z € Dom(tr u).

The above defined trace enjoys the following mapping properties.

Proposition 2.8. Letq, € (1, 00) and suppose that% < %. Thentru € L™ (I'UX; dp)
for allw € W, and the map u +— tr u is compact from W% into L™ (T' U X; dp).

Proof. Let & be the extension operator as in Proposition 2.3. Then it follows from Lemma 2.7
that u — trpyy, €u maps W¢ compactly into L (I' U X; dp). But if u € W%, then we claim
that

(2.2) (tru)(z) = (trrus €u)(x)

for Hy_1-a.e. © € T U X. Obviously, this identity holds for Hy_q1-a.e. x € X since X C ().
For H4_1-a.e. x € 1" we can argue as in the proof of [JW, Chapter VIII, Proposition 2], where
the case I' = 0 is considered. Indeed, the arguments given there are purely local. Since
Eu € WH4(R?) it follows that for Hy_;-a.e. z € I there exists a Borel set E C R such that
Ha_1(EN B(x,r)) = o(rt™!) and (Gu)(z) = y_)lirryléE(Gu)(y). Using these properties of

L/, the same arguments as in the last part of the proof given in [JW] establish (2.2). ([l

The space on which (1.1)—(1.5) will be realized is given as follows.

Definition 2.9. For all p € [1, 0o], denote by IL” the Lebesgue space LP(QUT; dx + dp). We
denote the space of all real valued functions in L” by Lf,.

Observe that there is a natural topological isomorphism between LL? and the direct sum L” (€)@
LP(T" U X; dp) and we will identify IL? with LP(2) @ LP(T" U 33; dp) through this natural map.

By Proposition 2.8 we can define the map J: W — 1.2 by
Ju = (u,tru) € L*(Q) @ L*(T' U X;dp) = 1.2
Note that one can choose p > 2 in Statement (ii) of the next lemma.

Lemma 2.10.

(1) The map J is continuous and has dense range.
(i) Ifp € [l,00) and(d—2)p < 2(d— 1), then JWp* C L».
(iii) The map J is compact.

Proof. ‘(i)’. The continuity follows from Proposition 2.8. Let f = (fq, f5) € L*(Q2) & L*(T' U
¥; dp) and suppose that (Ju, f)2@)er2rusidy) = 0 forallu € WF1’2. We show that f = 0.
Forallu € C°(Q\ X) one has 0 = (Ju, f) = [, u fodz. Since C*(2\ ) is dense in
L*(Q\X) = L*(2) one deduces that fo = 0. Therefore 0 = [, . tru fadpforallu € W



7

and in particular for all u € C°(Q). But {u|rus : u € C(Q)} is dense in L2(T" U X; dp).
So f@ = 0.

‘(ii)’. If € is the extension operator as in Proposition 2.3 then it follows from Lemma 2.7(i) that &
maps W2 continuously into LP(R%) for all p € [1, 00) with (d—2)p < 2d.So Wp> C LP(S).
Now the statement follows from Proposition 2.8.

‘(iii)’. It follows immediately from Lemma 2.7(ii) that the restriction €|, maps W§’2 compactly
into L?((2). So the embedding of WIE’Z into L*(€2) is compact. Also the map tr is compact from
WI}’Z into L2(I" U 3; dp) by Proposition 2.8. Therefore the map J is compact. O

We end this subsection with a truncation lemma.

Lemma 2.11. Letu € WI}’Q be real-valued. Thenu A 1 € er’2 and J(u A 1g) = (Ju) A

Taur.

Proof. The first statement is shown in the proof of [ER, Theorem 3.1]. The second statement is
obvious for real-valued u € C2°(£2). Since the maps u — J(u A 1g) and u — (Ju) A Lour
are continuous on the real version of WI}’Q, the identity carries over to the general case by
density. O

2.3. The operator on [L”. In this subsection we introduce a differential operator on L that

corresponds to the spatial derivatives in (1.1), (1.3) and (1.4).

Throughout the remaining of this paper we adopt the next assumption.

Assumption 2.12. Let i1 = {jue}, ;- @ — L(R% R?) be a measurable map from {2 into the
set of real d X d matrices. We assume that there are o, #* > 0 such that

d d
(@) || crarey < p° and Z fe () §: &1 > fle Zfi
k=1

k=1
forallz € Qand & = (&,...,&) € R
We emphasize that 11 does not have to be symmetric.

Definition 2.13. Define the sesquilinear form t: WFI’2 X WFI’2 — Cby
tlu, v] = / uNu - Vo dr.
Q

The form t is continuous and

2.3) Re t[u, u] + [ JullZz = (1o A Dullf12

for all u € WE’Q. Therefore by Lemma 2.10 and [AE, Theorem 2.1] there exists a unique
operator A in 1.2 such that for all ¢, 1) € IL? one has ¢ € Dom(A;) and Ayp = 7 if and



only if there exists a u € W} such that Ju = ¢ and
(2.4) tu, v] = (¢, Jv)rz
forallv € Wi,

Proposition 2.14. The operator A, is m-sectorial with vertex 0 and semi-angle arctan Z—.
Moreover, Ay has compact resolvent.

Proof. It follows from [AE, Theorem 2.1] that A, is m-sectorial. Let ¢ € Dom(As) and u €
W with Ju = . Then Re(As¢, ©)12 = Re t[u, u] > 0. Hence the vertex is 0. Further, one
has Re t[u, u] > po [, |V Reu|* + |V Imul? dz and

ITm t[u, u)| < 2,u°/ |[VReu||VImu|dr < pf/ IV Reu|? + |V Imu|* dz.
0 Q

Thus | arg(Asp, ¢)L2| < arctan Z—. if o # 0.

Since the map J is compact by Lemma 2.10(iii), the generator has compact resolvent by [AE,
Lemma 2.7]. [

Remark 2.15. Let us give a heuristics for the operator A,. For this purpose, let {2 be a domain
with Lipschitz boundary, and let 3 be part of a surface A which is piecewise C'! and decom-
poses () into two subdomains 2; and {2,. Assume that the outer normal v of {2; across A
equals vy, on 0 N X. Let p € Dom(Ay). For simplicity we identify u € er’2 with Ju € L2,
We have by definition

/QUZUF(Azw)E(derdP) :Z/QuVsD-V_@bdxz/

uVap-V_zbdx—k/ NV - Vip d
951

Q2

forall i € C°(2). Since 1 vanishes on 92\ I one can apply Gauss’ theorem in the following

manner:

(2.5)

/ Vo i — / (—V-1V) B dat / (1Y) B dHa 1+ / (i) T dHa 1.
Q1 (951 o1Nr ANQ

An equation, analogous to (2.5), can also be written for €2,. Then the unit normal 15 of )y
across A equals —1/; and one deduces

(2-6)/ (Asp) ¥ (dz + dp) = /(—V~qu)@dx+/(V~uVso)Ede1
QUXUl Q T

+ / [VE . ,U/VQD] Edefl,
ANQ

where [vs - uVo| = vs - (1V@|aa,ns — 1V ¢laq,ns) is the jump in the conormal derivative.
Note that [vs; - £V ] vanishes on A \ X since the measure p is supported in I' U 3. Thus,
varying ¢ suitably and comparing both sides of (2.6), one recognizes that A, has in fact three
‘components’, namely



1 the divergence of the vector field 11V, which takes L?(§2)-functions as values,
2 the conormal derivative on I, which takes L?(T"; dH4_ )-functions as values,
3 the jump in the conormal derivative on X, which takes L?(X; dH4_1 )-functions as values.

Remark 2.16. Heuristically there is another relation involving A»p, where again ¢ € Dom(As).
Let f = (fa,fs) € L% Then fo € L*(Q) C LY(Q) and f5 € L*(T U X,dp) C
LY (T U X, dp). Define the complex measure 7 on the Borel o-algebra B((2) of ) by

U(A):/Afﬂdl’-i- Amzfade/Af(d:U—i-dp)...

Note that 7 does not depend on the representatives of fq and fy. We emphasize that A is a
subset of 2, thus ANT" = (). Decomposing f as a linear combination of four positive functions,
the monotone convergence theorem implies that

/vdn:/vfgd$+/vfadp
Q Q )

for every bounded Borel-measurable v: 0 — C. Ifv € WFL2 N C.(Q) then (trv)y = v|g
pointwise. Therefore
Jvin= [ @) fasrd= [ @o)fldo+dp) = (1.0
Q > QUIUE

forallv € Wi? N Cu(Q).
Now let ¢ € Dom(As) and choose f = Asp. If v € C'°(2) then

/vdn = (AQSov\Nj,U)]LQ = / [LVU ’ Wd:ﬁa
Q Q

where we used (2.4) in the last step and u € WI}’Q is such that Ju = (. Therefore the distribu-
tional divergence of the vector field 1V u is equal to the complex measure —), as distributions
on € (see also [CTZ2, Definition 2.18]). Next let A € {2 be a measurable set with finite perime-
ter. Although the complex measure 1) is not absolutely continuous with respect to the Lebesgue
measure, one can apply (under certain further assumptions on 1V u and/or A) the generalized
Gauss—Green theorems of e.g. [CTZ1], [Fug] and [Zie] to obtain

/dn:/ v-uNVudHg_q,
A oA

where v - uVu € L'(OA; dH4 1) is ‘the generalized normal component of the corresponding
flux’, see ibidem. For instance, the application of [Zie, Theorem 5.2] requires the boundedness
of uVu (what is not true in general), whilst in [Fug] the admissibility of A depends on uVu
itself. Then

@) [ ()t dp) =08 = [ v nVudras
A OA

We emphasize that the above discussion is heuristic. The formula (2.7) can be used to obtain
the original local flux balances for (1.1)—(1.5) from the abstract equation v’ + A,u = f, see
Remark 3.13.
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We continue with the analysis of the operator A,. By Proposition 2.14 the operator A, is m-
sectorial with vertex 0 and semi-angle arctan u& Hence by [Kat, Theorem 1X.1.24] the operator
— A, generates a holomorphic semigroup, denoted by S, which is holomorphic and contractive
on the sector with semi-angle arctan Z—:

Proposition 2.17. The semigroup S leaves IL,% invariant, it is submarkovian and positive.

Proof. Clearly the set L2 is closed and convex in IL2. Moreover, ¢ — Re ¢ is the projection
from IL2 onto IL2 and Re t(u, u — Rewu) = 0 for all u € W2, Since the form t is accretive,
the set L]% is invariant under the semigroup by [AE, Proposition 2.9(ii)]

Next, let C = {u € L? : uisrealvaluedandu < 1}. Then C'is closed and convex. Let
P: IL* — C denote the orthogonal projection. Then Pu = (Reu) A Tqur. Letu € WF1’2. By
Lemma 2.11 one has (Reu) A 1o € W* and PJu = J((Rew) A 1q). Moreover, an easy
calculation gives
Ret[(Reu) A 1g,u — (Reu) A 1g] = 0.

Observing that the form t is accretive, it follows from [AE, Proposition 2.9(ii)] that C' is invariant
under the semigroup .S. Now let ¢ € .2 N 1L>° and ¢t > 0. There exists an o € R such that
1SipllLe = || Re(e'Syp) ||lL<. But Re(e’*Syp) = S; Re(e'®p). Therefore

1Seplliee = [1S¢ Re(e @)L~ < [|Re(e @)L < [lollLes
and S is submarkovian.

Finally, if o € L2 and ¢ < 0, then np € C foralln € N. So Si(ny) < 1 forallt > 0 and
n € N. Therefore S;p < 0 and S is positive. OJ

Corollary 2.18. For all p € [1,00] the semigroup S extends consistently to a contraction
semigroup S) onILP. The semigroup S?) s strongly continuous for all p € [1,00).

Proof. Observe that if the coefficient matrix p satisfies the conditions of Assumption 2.12, then
its transpose satisfies these as well. Thus the dual semigroup S* shares the same properties
as S. Now the assertion follows from Proposition 2.17 and standard interpolation and duality
arguments, see e.g. [Ouh2, page 56]. [

We denote the generator of S(P) by —A,. Then — A, is dissipative by the Lumer—Phillips theo-
rem. If no confusion is possible we write S = S®).

Remark 2.19. It is possible to prove the dissipativity of —A,, also by showing that the form —t
is p-dissipative, cf. [CM].

Lemma 2.20.

) The semigroup S is ultracontractive. Moreover, for all 3 > d — 1 and w > 0 there exists

ac > 0 such that
1 1
ISepllLs < et P d e |



forallt > 0, p € L? andp,q € [1,00] withp < q.

(i) 1 <p<gq<ooandj € N aresuchthat ©=* (> — 1) < 1, then the operator
(A, + 1)~7 maps L? continuously into IL4.

(iii)  The operator A, has compact resolvent for all p € (1, 00).

(iv)  If the matrix of coefficients 1 is symmetric, then the operator A, is self-adjoint and posi-
tive.

Proof. ‘(i)’. Letr € (2, 00) be such that (d—2)r < 2(d—1). Then it follows from Lemma 2.10(ii)
that 3WF1’2 C L™, and the inclusion is continuous by the closed graph theorem. Let ¢ € L2
and t > 0. Since S;p € Dom(Ay), thereisau € W§’2 such that Sy = Ju. For given w > 0
one has

1Sk

b= 113ullt- < Cllullfas < Clue A1)~ (Retlu, u] + [[Jull?,)
= C(pe A1) (Re(A2Sup, i)z + ||SielE2)
<Ol g2,

for suitable C, C" > 0, using (2.3), the definition of A,, the Cauchy—Schwarz inequality and
the holomorphy and contractivity of S;. Therefore the semigroup S' is ultracontractive, and by
[Ouh2, Lemma 6.1] there exists a ¢ > 0 such that

le™" SepllLe < ct™2072 |||
forallt > 0 and ¢ € IL2. Now duality and interpolation give Statement (i).
Y

Statement (ii) follows from (i) and the well-known formula
. 1 >
(A, +1)7 = —/ t'le7ts, dt.
g =)o
Statement (iii) is a consequence of Proposition 2.14 and interpolation. The last statement of the
lemma is easy to verify. O

2.4. Multipliers acting on Lebesgue spaces. In order to solve (1.1)—(1.5), we divide (1.1) (at
first formally) by €. Obviously, one is then confronted with the necessity to investigate the func-
tional analytic properties of operators of the type ¢A,, where ¢ is a bounded strictly positive
measurable function. Concerning the generator property of an analytic semigroup in a space
LP(€2) this was carried out in [GKR] and concerning maximal parabolic regularity on LP(£2) in
[HiR]. In the latter case the decisive instrument was the insight from [DQO] that a suitable multi-
plicative perturbation does not destroy upper Gaussian estimates, which in turn imply maximal
parabolic regularity on LP(£2). Unfortunately, we cannot apply this here, since our Lebesgue
space does not only live ‘on the volume’. But a surprisingly simple trick allows us to overcome
the problem in the present context.

The next proposition is of independent interest.
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Proposition 2.21. Let (X, B, \) be a measure space and letT: X — (0, c0) be a measurable
function such that both T and 7! are bounded. Let p € [1,00) and let T' be an operator in
LP(X, dN).

(i) I T is dissipative on LP(X,d\), then 7T is dissipative on LP(X, 77 1d\).

(ii)  If T generates a strongly continuous contraction semigroup on LP(X,d\), then 7T
generates a strongly continuous contraction semigroup on L (X, 77 d)\).

(i) Ifp = 2,0 € (0,5] and T generates a holomorphic semigroup in L*(X, d\) which is
contractive in the sector with semi-angle 0, then 71" generates a holomorphic semigroup
in L*(X, 7=Yd\) which is contractive in the sector with semi-angle 6.

Now suppose that p = 2 and T' generates a strongly continuous contraction semigroup S on
L?(X,d)\). Denote the semigroup generated by 7T on L*(X, 77 1d\) by S™.

(iv) If S leaves the real valued functions invariant, then S™ also leaves the real valued func-
tions invariant.

(v)  If S is positive, then S™ is also positive.

(vi)  Suppose S is submarkovian. Then S™ is also submarkovian. Hence for all ¢ € [2,0)
the semigroups S and S™ extend consistently to a strongly continuous semigroup S (a)
and S0 on L(X,d)\) and LY(X,771d)\), respectively. Let T, and T}, denote the
generators. Then T, , = 71, forall q € [2,00).

Proof. ‘(i)’. The operator T is dissipative on L?( X, d)) if and only if
Re [ (@nIrtTar<o
{f#0}

forall f € D(T). This implies the dissipativity of 77" on LP(X, 77 1d\).

‘(ii)’. Since T generates a contraction semigroup on LP(X, d\), it follows that 7" is dissipa-
tive. Therefore 77 is dissipative on L?(X, 77 1d)) by Statement (i). So by the Lumer—Phillips
theorem it remains to show that the operator 71" — 1 is surjective on LP(X, 77 1d\).

Let & > 0 be such that 7= — & > 0. Then the multiplication operator — (7! — §) is dissipative
on LP(X, d)\) and has a relative bound equal to zero with respect to T'. Therefore T'— (771 —§)
generates a strongly continuous contraction semigroup on L?( X, d)\) by the perturbation result
[Dav, Theorem 3.7]. Hence T' — 7~ ! is surjective on L”(X, d)\) by the Lumer—Phillips theorem.
But this implies that 77" — 1 is surjective on LP(X, 77 d)).

‘(iii)’. For all « € (—0, 6) the above applies to the operator e T Therefore e’“7T generates a
strongly continuous contraction semigroup on LQ(X7 Tfld)\). Hence by [Kat, Theorem IX.1.23]
the operator 71" generates a holomorphic semigroup in L?(X, 77*d\) which is contractive on
the sector with semi-angle 6.
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Now suppose p = 2 and 1 generates a strongly continuous contraction semigroup S on
L*(X,d)). Let C be a closed convex subset of L*(X,d)). Then C'is also closed and convex
in L2(X, 771d)). Since T is m-dissipative it follows from [Ouh1, Theorem 2.2] that C' is invari-
antunder S'ifandonly if Re(T'f, f =P f)r2(x,any < Oforall f € D(T'), where P is the orthog-
onal projectionin L2(X, d)\) onto C. Similarly, since 71 is m-dissipative on L?(X, 77 1d\), the
set C'is invariant under S7 ifand only if Re(7T'f, f — P" f) 12(x -—1ax) < Oforall f € D(7T),
where PT is the orthogonal projection in L?(X, 77 *d)) onto C. But D(7T) = D(T). Hence
if P = PT7, then C'is invariant under .S if and only if C' is invariant under S7.

Then for the proof of Statement (iv) choose C' = {f € L*(X,d)) : f is real valued} and note
that the projection is Pf = Re f = P7 f. For the proof of Statement (v) choose C' = {f €
L*(X,d)) : fisrealvaluedand f > 0} and note that the projection is Pf = (Re f)* =
PT f. For the submarkovian part in the proof of Statement (vi) choose C' = {f € L*(X,d\) :
|f| < 1a.e.} and note that the projectionis Pf = (|f| A1)sgn f = P7f.

It remains to prove the second part of Statement (vi). Let ¢ € [2,00). Let u € D(T,,) N
D(T;5). Write v = Ty ou. Then u € L*(X,d\) N LY(X,d)\) and T} yu = T, ou = v. So
v € LYX,d)\) and 77'v € LY(X,d)) since 7! is bounded. Moreover, T2 = 7715, so
u € D(Ty) and Tou = 7~ 'v. Therefore

t’l(St(q)u —u) = t’l(St(z)u —u)=t"" /t SO Tyuds =t /t STy ds
0 0
fort > 0. Ast | 0, the latter term converges to Tou in L(X, d\) by the strong continuity of
S@ . Hence u € D(T,) and Tyu = Tou = 7~ v. Then 7T,u = v = T} ;u. We proved that
D(T.,) N D(T,2) C D(7T,) N D(7T3)
and T ,u = tTyuforallu € D(T,) N D(T% ). Similarly the converse inclusion is valid, so
D(T;,) N D(T;2) = D(7T,) N D(71) = D(T},) N D(T3).

We claim that D(7,) N D(1%) is dense in D(1,) = D(71,). Consider the set
t
D= {tl/ Sy ds:u e LYX,d\) N LA X,d\),t € (0,00)}.
0

Then D C D(T,). Since S@ and S are consistent, also D C D(T3). So D C D(T,) N
D(T3). Moreover, limy ot~ |, Sy ds = win LY(X, d\) forallu € LU(X, dANL2(X, d))
and L1(X,d)\) N L*(X,d)\) is dense in LY(X,d\). Therefore D is dense in LI(X,d)\).
Clearly D is invariant under 5@ Hence D is a core for T, by [EN, Proposition 11.1.7]. This
implies that D(7},) N D(T3) is dense in D(T}). The same arguments show that D (7. ,) N
D(T; ) is dense in D(T’,). Hence T , = 71,. O

Letc: QUT — (0, 00) be a measurable function such that ¢, s € IL°°. We write

LP = LP(QUT;s ! (dx + dp)).



Proposition 2.21 allows to transfer the conclusion of Corollary 2.18 to the operators ¢ A,,.

Theorem 2.22. Forallp € [1, 00) the operator —g A,, generates a strongly continuous positive
semigroup S (s:) of contractions on the space ILL. The semigroups are consistent. Moreover,
S(2) js holomorphic and contractive in the sector with semi-angle arctan Z—:

Proof. Forp > 2 all follows from Propositions 2.14, 2.17 and 2.21. The dual of the operator ¢ A,
on IL,? is given by A%, where A7 is the operator obtained with coefficient matrix equal to the
transpose of the matrix x. Hence by Proposition 2.21 the dual semigroup (5(92))* is submarko-
vian and extends consistently to a strongly continuous semigroup on IL? for all p € [2,00). Then
by duality the semigroup S(©2) extends consistently to a strongly continuous semigroup on IL?
forallp € [1,2]. O

2.5. Consequences for the operators ¢ A, on L”. We have the following abstract properties
for ¢A,.

Theorem 2.23. Letp € (1, 00). Then one has the following.

(1) The operator ¢ A,, admits a bounded holomorphic functional calculus on IL?, with angle
strictly smaller than g In particular, it admits bounded imaginary powers.
(i) Forall® € (0,1) one has

o e
(cA, +1)0 = 2T / 1A, + 14 t) " dt.
0

™

(iii) 16 € (0,1], then Dom((sAp)?) = [L?, Dom(cA,)]y = Dom(A?), where [-, ]y
denotes complex interpolation.

Proof. ‘(i)’. For all p € [1,00) denote by S(©P) the contraction semigroup on IL? generated
by —¢A,. Then the semigroups SP) with p € [1,00) are consistent. Moreover, S2) is
holomorphic and bounded on a sector. Let p € (1, 00). Then it follows from [Ouh2, Proposition
3.12] and duality that S(P) s holomorphic and bounded in a sector (which depends on p). Also

,p)

SEr) is a positive contraction semigroup. Hence the operator St( is contractively regular

for all ¢ > 0. So by [LX, Proposition 2.2] the operator ¢A, admits a bounded holomorphic
functional calculus on IL?, with angle strictly smaller than g This is then also the case on IL?,
since IL” = IL? as vector spaces, with equivalent norms.

‘(ii)’. For the integral representation see [Lun, (4.41)].

‘(iii). Since ¢ A,, admits bounded imaginary powers, it follows from [Lun, Theorem 4.17] that
Dom((sA,)?) = [L?, Dom(sA,)lp.

Since Dom(sA,) = Dom(A4,), one has Dom((s4,)?) = [L?, Dom(A4,)], and the result
follows. 0



3. LINEAR PARABOLIC EQUATIONS

In this section we will draw conclusions for linear parabolic equations, which, in particular, allow
to give (1.1)—(1.5) a precise meaning and afterwards to solve it.

In the following, J = (0,7") denotes a bounded interval and X a Banach space. Throughout
we fix the numbers ]

l<s< oo and - <a<l
s

We introduce the weighted space
Lo(J: X) ={u: J = X ¢ [t "u(t)] € L*(J; X))},
and the corresponding weighted Sobolev space
W (X)) = {u € L3(J; X) s v’ € Ly(J; X))},

where here and below the time derivative is understood in the sense of X -valued distributions
(see [Ama, Subsection Ill.1.1]). These are Banach spaces when equipped with their canonical
norm, respectively. Note that &« = 1 corresponds to the unweighted case, i.e., L{ = L°. By
[PS, Lemma 2.1] one has W1*(.J; X) c W11(J; X), which implies that each element of
Whs(J; X) has a well-defined trace at ¢ = 0.

Definition 3.1. Let A be a closed linear operator on X with dense domain Dom(A). We say
that A has maximal parabolic L? (J; X )-regularity, if for all f € L (.J; X) there is a unique
solution u € W1(J; X) N L:(J; Dom(A)) of

u+Au=f,  u(0)=0.

We write MR? (.J; X)) for the class of all operators on X with this property.

We proceed with some comments concerning maximal parabolic regularity.

1 ltis shown in [PS, Theorem 2.4] that A € MR3(.J; X)ifandonlyif A € MR? (J; X) for
alla € (%, 1], i.e., maximal parabolic L? -regularity is independent of the weight. (In fact,
in [PS] only the case J = (0, 00) is treated, but the arguments given there also apply to
bounded J.) In this sense it is natural to consider the temporal weights in the context of
parabolic problems.

2 If A € MR{*(Jo; X) for aninterval Jo = (0,Ty), where Ty € (0, 00) and sy € (1, 00),
then A € MR:(J; X)forall T € (0,00), s € (1,00) and a € (2, 1]. This is shown
in [Dor, Corollary 5.4 and Theorem 7.1]. In this spirit, we then simply say that A satisfies
maximal parabolic regularity on X.

3 The notion ‘maximal parabolic regularity’ does not depend on the concrete norm of the
Banach space. In other words: an operator A, satisfying maximal parabolic regularity on
X, remains to satisfy maximal parabolic regularity if X is equipped with an equivalent
norm.
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4 If A satisfies maximal parabolic regularity on X, then —A generates an analytic Cy-
semigroup (cf. [Dor, Corollary 4.4]). If X is a Hilbert space, then the converse is also true,
cf. [DeS].

For the case of nontrivial initial values, the following has been proved in [PS, Theorem 3.2]. We
denote by (-, -)g, s the real interpolation functor, cf. [Tri, Sections 1.3 and 1.6].

Proposition 3.2. Suppose that A satisfies maximal parabolic regularity on X. Then for all
f e Li(J;X)anduy € (X,Dom(A)), 1 , the Cauchy problem

W+ Au=f,  u(0) = uo,
has a unique solutionu € W'*(J; X) N L:,(J; Dom(A)), and the estimate

@.1) |l I

15, (7:x) [l g (pom(a)) < e(lluoll(x,pom(a)) 15,(7:X))

1
a—3,

is valid for some constant c, independent of f and uy.
By working in temporally weighted spaces one can thus reduce the regularity of the initial values
g almost up to the base space X.

We have the following embeddings for the weighted maximal regularity class. The space of
~-Holder continuous functions is denoted by C7.

Proposition 3.3. /f A satisfies maximal parabolic regularity on X, then
W2*(J: X)NL; (J; Dom(4)) © BUC(T: (X, Dom(A),_s JNC(J (X, Dom(4)), s ,).
Moreover, for every 6 € [0, — 1) thereis a~y € (0,1) such that

WA*(J; X) N L3(J: Dom(A)) € C7(J: [X, Dom(A)]y).

Proof. The firstinclusion is shown in [PS, Proposition 3.1]. The second one can be proved along
the lines of [DMRT, Lemma 1]. [l

We apply a classical result of Lamberton [Lam] to the operators ¢A,,.

Theorem 3.4. Letc: QUT — (0, 00) be a measurable function such thats, s~ € IL>°. Then
forallp € (1, 00) the operator ¢ A, satisfies maximal parabolic regularity on L.

Proof. Theorem 2.22 states that the semigroup generated by —¢As on ]L? is bounded and
analytic, and that it extents consistently to a contractive semigroup on IL? for all ¢ € 1, o0.
Now the result is a consequence of [Lam, Corollary. 1.1]. [l

In order to include lower order terms into the boundary and interface conditions we need some
preparation.

Proposition 3.5. Letp € (1,00) and 6 € (0,1) be such thatd — 1 < 6 p. Then one has
Dom((s4,)?)c L.
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Proof. Since Dom((gAp)e): Dom((Ap+1)9) by Theorem 2.23(iii) and [Lun, Lemma 4.1.11],
it suffices to show that (A4, + 1)~ maps IL? into IL°°. In [Paz, Section 2.6] it is shown that
1 o0
A+ 1) =—— [ et S dt.
e+ )7 = 55 t
Now the assertion follows from the estimate of Lemma 2.20(i). 0]

Corollary 3.6. Suppose p € (sj ,00). Then (IL?, Dom(cA,)),, 1 , continuously embeds

into IL*°. )

Proof. Fix 0 € (%, o — 1). Then Proposition 3.5 yields Dom ((c4,)?) C L*. But
(L2, Dom(sAp))_1.. € (L”, Dom(s 4y))es € [L7, Dom(sA,)]o

s

by [Lun, Propositions 1.1.3, 1.3.2 and Corollary 2.1.8], and the latter interpolation space equals
Dom((A,)?) by Theorem 2.23(iii). O

Definition 3.7. Fix b € L”(I" U X; dp). Define the operator B: L.>° — LL” by

B(fa, fa) = (0,b fs)
forall f = (fa, fs) € LP(2) & LP(I' U X;dp) = LP.

Note that b is allowed to be complex valued.

Theorem 3.8. Letp € (d — 1,00). Then the operator (A, + B) satisfies maximal parabolic
regularity on L.

Proof. One deduces from Corollary 3.6 that the operator ¢ B acts continuously on an interpola-
tion space between Dom(cA,,) and L”. Then the result follows from the perturbation theorem
[Dor, Theorem 6.2]. ]

Remark 3.9. In a somewhat more general concept B may also depend explicitly on time, see
[ACFP].

Now we are in the position to solve the parabolic equation (1.1)—(1.5) from the introduction of
the paper, see also Remark 2.15.

Theorem 3.10. Let T € (0,00) and set J = (0,T). Letp € (d — 1,00), s € (1,00)
and a € (%, 1]. Let Q2 be a bounded domain in R? with d > 1, let T' be an open part of its
boundary 0S) and 3> C ). Adopt the Assumptions 2.2,2.4 and2.12. Letc € IL*° be a positive
function with a positive essential lower bound and let b as in Definition 3.7. Then the initial
value problem (1.1)<(1.5) admits a solution in the following sense: for all f € L (J;1LP) and
up € (L?,Dom(A,)),_1 , there is a unique function u € Wo*(.J;1LP) N LE,(J; Dom(A,))
satisfying ’

07

(3.2) eu' + Ayju+ Bu=f,  u(0)=u.



Proof. One reformulates (3.2) as

u +e ' Au+e tBu=¢e1f,  u(0) = up.

Obviously, e ! f satisfies the same assumptions as f. Moreover, one has Dom(A4,,) = Dom(e ™ A,)

Dom(e~*(A, + B)), with equivalent norms. This implies that
(L2, Dom(A,))o_1 ., = (L7, Dom(c" (4, + B))),_s

a—=,s"
S

The assertion then follows from Proposition 3.2 and Theorem 3.8. 0

Remark 3.11. In the situation of the theorem, the solution depends continuously on the data,
due to (3.1). Proposition 3.3 gives further regularity properties of a solution. Moreover, again by
(3.1), it is straightforward to see that the solution depends continuously on the function e, with
respect to the IL°°-norm.

Remark 3.12. Since the coefficient function 4 is real valued, the resolvent of ¢A,, commutes
with complex conjugation on the spaces IL”. The latter is also true for the semigroup operators
e~%4» Thus, the restriction of ¢ A, to real spaces L}, also satisfies maximal parabolic regularity.
If B is induced by a real valued function, then the same is true for the operator g(Ap + B).

Remark 3.13. At the end of this section, let us give more detailed, partly heuristic arguments
what the real advantage is of the treatment of our parabolic equations in the spaces L”.

When considering the solution u of a parabolic equation u’' + Au = f on a Banach space X
one can form the dual pairing with any ¢ € X* to obtain

ee o)+ (A, ) = {1, )

E.g., if X = W~12(Q), then one can choose for ¢ as any element of TW,*(€), but not an
indicator function of a subset of {). In our setting, the situation is different: if X = ILP, then
the dual pairing with the indicator function x, of a measurable set A C (2 is admissible. Now
suppose that p = 2. Then (3.3) with A = A, gives

u (dz +dp) + /A(Agu) (dx +dp) = /Af (dx + dp).

(3.4) 7 /.,

Note that
/(Agu) (dx + dp) = / v pNudHg—
A oA

by the heuristic argument in (2.7). Substituting (2.7) in (3.4) gives the desired balance law, as
is classical when V - Vu is an L?()-function; compare [Som, Chapter 21] and [ChalL]. This
shows that the concept of IL”-spaces is in principal correspondence with the wish to recover the
physical local balance law — modulo technical difficulties which should be overcome.

As already mentioned in the introduction, this is the basis for local flux balances, which are
crucial for the foundation of Finite Volume methods for the numerical solution of such problems,
compare [BRF], [FL] and [Gé&r].



4. QUASILINEAR PARABOLIC EQUATIONS

In this section we treat a nondegenerate, quasilinear variant of (1.1)—(1.5), including nonlinear
terms in the dynamic equations on I' and ., i.e.,

(4.1) e0b(u) — V- pa(u)Vu = Fo(t,u) in J xQ,

(4.2) u=0 on J x (0Q\ 1),
(4.3) eob(u) +v- pa(u)Vu = Fr(t,u)  on J x T,

(4.4) edb(u) + [vg - pa(u)Vu] = Fy(t,u)  on J x X,

(4.5) uw(Ty) = wo in QUT,

where J = (1y, 7)) is a bounded interval. Interesting examples for the nonlinearities on the
left-hand side are e.g. when b and a are an exponential, or the Fermi—Dirac distribution function
Fi /2, which is given by

fl/Z \/—/ 1+€St

Further, in phase separation problems a rigorous formulation as a minimal problem for the free
energy reveals that a = b’ is appropriate. This topic has been thoroughly investigated in [Qual],
[QRV], [GL1], and [GL2], see also [GS] and [Gri1].

We consider from now on the real part IL% of the spaces L” and the operators A,,. For simplicity
we write L? for Li;. As in the linear case we give the quasilinear equation a suitable functional
analytic formulation, and within this framework the problem will then be solved (see Definition
4.2 and Theorem 4.5 below). Again throughout this section we fix the numbers

1
l<s<oo and -<a<l.
S

We impose the following conditions on the coefficients on the left-hand side of (4.1)—(4.5).

Assumption 4.1. The coefficient matrix 1 is real-valued, b € W2 (R) is such that b’ is
positive, and a € W, (R) is positive and satisfies [~ a(¢)d¢ = oo = [°_a

loc

Note that we do not require monotonicity for a. In particular, terms of the form a(u) = 7+ |u|™
with 7 > 0 and m > 1 can be treated, that arise e.g. as a regularization of the porous media
equation.

It is in general not to expect that the domain of the realization of —V - pa(v)V on L? as in
Section 2.3 is independent of v € L*°(£2). Consider, e.g., the case of a smooth geometry
with pia(v) equal to a constant on the one hand and a nonsmooth pia(v) on the other hand.
This observation motivates our definition of a solution of (4.1)—(4.5), which we describe in the
following. We put

JEa(¢)de, it >0,

R(&) =
© — ff a(¢)dc¢, if € < 0.
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Then the assumptions on a imply that
R: R — Risbijective, & &' WL®R), & =a, and K((0)=0=8"1(0).
In the sequel we identify the functions b, &, &~ with the Nemytzkii operators they induce.
The reformulation of (4.1)—(4.5) is based on the so-called Kirchhoff transform w = R(u). This
(formally) gives a(u)Vu = Vw and 0,(b(u)) = £ (&7 (w))d,w. Since K(0) = 0, the
problem (4.1)—(4.5) thus transforms into
Ow — n(w)V - uVw = n(w)Fo(t, & H(w)) in J x Q,
w =10 on J x (0Q\ 1),
Ow + n(w)v - uVw = n(w)Fr(t, R H(w))  on J x T,
Ow + p(w)[vs - pVw] = n(w) F(t, 87 (w))  on J x £,
w(Ty) = R(uo) in QUT,
where we have set
n(w) :=¢e! %ﬁ_l(w).
For allt € J, let us further define the operator
n(wle) Fa(t, & (wla)) on Q\ %,
(4.6) R(t,w) := ¢ n(w|r)Fr(t, & (w|r)) on T,
n(wls) Fs(t, & (wls)) on X,
acting on real-valued functions defined on Q U T".

Definition 4.2. Let p € (;lj ,00), and let A, be the realization of —V - 1V on L? as in

Section 2.3. We say that u € C([Ty, T;); L™) is a solution of (4.1)~(4.5) on J if

R(u) € W (J;17) N L;,(J; Dom(4,)),

and if w = R(u) satisfies

(4.7) w4+ n(w)A,w = R(-,w) onlJ,  w(Tp) = K(uy).

If R(u) is as above, then u € C([Ty, T1];IL>°) is already a consequence of Proposition 3.3,
Corollary 3.6 and the regularity of &. Proposition 3.3 shows that in fact u € C"([Ty, T} ]; L>°)
for some v > 0. For specific choices of K additional regularity may carry over from £(u) to u.
In any case one has u(t, -) — ug as t — Tp in the L>°-norm.

Observe further that in the definition it is necessary that R(ug) € (L7, Dom(Ay)), 1 ,. It

would be interesting to find another description for this condition for a class of nonlinearities a. If
a is constant, then a solution in the above sense can be defined for all vy € (L?, Dom(A4,)),_1

O(—E,S'

If @ = b’, then (4.7) is in fact a semilinear problem. This is in particular the case for the phase
separation problems from above.
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To solve (4.7) we intend to use the following abstract existence and uniqueness result, which
is proved in [Pri] for the temporally unweighted case o = 1. The proof in [Pr(] literally carries
over to the weighted case o < 1.

Proposition 4.3. Let 1 < s < oo and let A be a closed operator on a Banach space X
with dense domain D = Dom(A), satisfying maximal parabolic regularity. Suppose wy €
(X;D), 1, and that A: (X, D), 1, — L(D,X) is such that A = A(wy) and for all

a—=,8
S

M > 0 there is a constant C'y; > 0 with

[A(w1) = A(w2) [ 2p,x) < Cu [[wr — wellx,p),

508

forallwl,wg S (X7D>a—l,s with ||w1||(X:D)a_l . S M and||w2||(X,D)a_l . S M. SUppOSG
further that R: J x (X, D), 1, — X is such that R(-,wy) is measurable for all wy €

a—=<,8
S

(X,D),_ 1, thatR(-,0) € L;(J; X), and that for all M > 0 there is anry; € L}(J) with
IR, w1) = Rt wa)l|x < 7ar(t) [lwr —wollxpy, ,,  foraete ],

for all wy, wy € (X, D)1 with |wi|(x,p) _, < M and||ws||(x,p) , < M. Then for

allwy € (X, D), 1 there are T* € (Ty, Th| and a unique maximal solution w of
w + Aw =R(-,w) on(Ty, T*),  w(Tp) = wo,

such thatw € WX*(Ty, T; X) N LE(Ty, T; D) forall T € (Ty, T*).

We apply this result to (4.7). Let p € (4=%, 00), choose X = IL? and A = A,,. Then

o

(4.8) (L”, Dom(Ap))q_1 , C L™

by Corollary 3.6. Suppose b and a satisfy Assumption 4.1. For all wy € (IL?, Dom(A4,)),_1

a—1s
we put A(wg) = n(wo)A,. If HwOH(LP,Dom(Ap))a_l . < M for a given number M, then
it follows from (4.8) that the image of 2 U I" under 181}0 is almost everywhere contained in a
compact interval that only depends on M. In particular, this gives 1(wg),n(we) ™! € L,
and the operator A(wy) satisfies maximal parabolic regularity by Theorem 3.4. Recall that

Dom(A(wp)) = Dom(A,).

The function 7 is locally Lipschitz continuous on R. Therefore

IAwr) = A(w2) || cwom(a) ey < [1(wi) = n(ws)[ue

< Onllwr — wallpe < ||lwr — w2l we Dom(a,))

afé,s

for all wy,wy € (ILP, Dom(A4,)), 1, with |[w;|(Lr Dom(a,)) < M forall j € {1,2}.

a—%,s

This verifies the conditions of the proposition for A.

We next present sufficient conditions for the functions [, F1 and Fy; such that the operator R,
defined in (4.6), satisfies the conditions for 2 in Proposition 4.3.
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Assumption 4.4. For all {¢ € R the mappings Fo(-,&): J — R, Fr(-,€): J — R and
Fs(-,&): J — R are measurable. For all M > 0 there is an r; € L (J) such that

‘Fﬂ<t7£1) - FQ(t7 52)’ < T.M(t) |€1 - 52‘

fora.e.t € Jand &, & € Rwith |&], |£3] < M; and analogous conditions for F1 and F¥..

Under the above assumption, (4.8) implies that R(-,wg): J — LP is measurable for all
wy € (L?,Dom(A,)),_1, and that R(-,0) € LZ(J). We verify the Lipschitz property

for Fo. If M > 0, wl,wgs € (L?,Dom(A,)), 1 , with [[w1]|(wr Dom(4,)) < M and

1
a—g,s

||w2||(JLP,D0m(Ap))a_; < M, thenfora.e.t € J we have

(4.9)
[n(wi]o) Fo(t, &7 (wila)) — n(wsla) Fo(t, & (wala))[| 2o @)
< [In(wila) = n(wala)llz@lIn(wilo) Fa(t, & (wila)) | r @)
+ In(walo) | o=@y | Fa(t, R (wila)) — Falt, 8 (wila)) | o)
< Cu(lwile — walol ) + Tar ()[R (wilo) — & (walo)| o))

< Cu (1 +7(t)) lwr — wal Lr pom(a,))

a—%,s’

for a suitable 7y, € L2 (J). The same arguments apply to the components F1- and F%;, and
thus R is as desired to apply the proposition.

We have proven the main result of this section.

Theorem 4.5. Letp € (;‘fj ,00), and suppose that 2, I', 33, and ¢ are as in Theorem 3.10,
that 11, b and a are as in Assumption 4.1, and that f, g and h are as in Assumption 4.4. Then
for all ug € 1P with R(up) € (P, Dom(A4,)), 1 , there are T* = T*(ug) € (1p,T1] and
a unique maximal solution u € C([Tp, T*);1L*°) of (4.1)~(4.5) in the sense of Definition 4.2.
This means that for all Ty < T' < T™ we have

A(u) € WE(Ty, T; LP) N L (Ty, T; Dom(A4,)),
and R(u) is the unique solution of

(4.10) Ow + n(w)A,w = R(-,w) on (T, T), w(lpy) = R(uo).

Instead of F, FT and F¥; one can easily find also non-local maps such that the corresponding
operator R satisfies the condition of Proposition 4.3. One can take for example (linear or non-
linear) integral operators with suitable kernel properties. Moreover, in our example, F maps
L>(Q) into itself, while Fr maps L>°(I") itself, and correspondingly also for F%;, i.e., the map-
ping R has no crossing terms. This is also not necessary in general.

The nonlinearity in the elliptic operator may also be a nonlocal operator. This case arises e.g. in
models for the diffusion of bacteria; see [CC], [ChilL] and references therein.
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We end this section with some comments on the case when (4.1)—(4.5) is semilinear, i.e., when
b = K = id, such that u itself solves the realization (4.10) of the problem.

The following is a useful criterion for the global existence of solutions.

Proposition 4.6. Adopt the assumptions of Theorem 4.5. Suppose in addition thatb = K = id,
andletu € C([To, T*); IL>) be the maximal solution of (4.10). If

lim sup [, )| o) < o0,
t—1T™*

then u is a global solution of (4.10), i.e., T* =Ty andu € WL5(J; LP) N LE(J; Dom(A,)).

Proof. By Proposition 3.2, for all 7' < T the solution u satisfies
(4.11)
]

L (To,T;Lp) T+ ”uHLg(To,T;Dom(Ap)) < C(HUOH(X,Dom(Ap)) s |R(-, U)HLg(TO,T;Lp)),

a—x,

where ¢ is uniform in T. Observe that [|u(t, -)||Le < [|u(t, -)||z~(q) for almost every t by the
definition of the trace (see Section 2.2). Hence M = ||u|| Lo (13, 7+;1) < 00. Estimates as in
(4.9) yield

IR(, u)|| s cro,remey < |RC0)| s cro,reiey + Crr (L4 7ael| s (1v,1)) -

Therefore the terms on the left-hand side of (4.11) are bounded uniformly in 7". By [Pr(, Corol-
lary 3.2], this implies 1™ = T7. [

We finally comment on the asymptotics of solutions.

Remark 4.7. Under the assumptions of Theorem 4.5, in the autonomous semilinear case the
solutions form a local semiflow in the phase space Dom(Ag), where 6 is sufficiently close to
1. Since the resolvent of A,, is compact by Lemma 2.20(iii), the solution semiflow is compact,
and bounded orbits are relatively compact. This property is very useful in studying the long-time
behaviour of solutions.

5. CONCLUDING REMARKS

Remark 5.1. The realization of (1.1)—(1.5) in Section 3 still enjoys maximal regularity if one
adds a term bu in the dynamic equation on J X X and imposes suitable conditions on b.

Remark 5.2. Everything can be done also for systems which couple in the reactions.

Remark 5.3. The fundamental result of Priiss (Proposition 4.3) allows to treat the quasilinear
problem (4.1)—(4.5) also in the case where the nonlinearities b and a depend explicitly on time.
We did not carry out this here for the sake of technical simplicity.
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Remark 5.4. If one requires §2 to be a Lipschitz domain and, additionally, imposes a certain
compatibility condition between I and its complement in the boundary (see [Gr&], [HMRS])),
then (—V - uV + 1)~ maps W, "%, i.e., the anti-dual space of W, into a Holder space, if
q > d. If sin Theorem 3.10/Theorem 4.5 is chosen sufficiently large, then the corresponding
solutions are even Hélder continuous in space and time, compare [DMRT].

Remark 5.5. What cannot be treated within this framework is the case where > moves in €2 in
time. If one wants to include this, the concept of [HaR1] should be adequate, see also [HaR3].

Remark 5.6. What also cannot be treated within this framework is the case where the function
€ is not away from 0, in particular, if it is O on a subset of positive boundary measure. This
would e.g. affect the case of inhomogeneous Neumann boundary conditions. It is known that the
resulting problem is of very different functional analytic quality and requires different methods,
see [Nit].
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