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On the existence of transition layers of spike type'in
reaction—diffusion—convection equations

Klaus R. Schneider * Adelaida B. Vasil’eva
Weierstrass Institute for Applied Faculty of Physics
Analysis and Stochastics Department of Mathematics
Mohrenstrafle 39 Moscow State University
10117 Berlin 119899 Moscow

Abstract. We investigate steady state solutions to a class of systems of reaction-diffusion-
convection equations with small diffusion and small convection, and which depend on
one space variable. Our main concern is to prove the existence of a solution with an
interior layer of spike type for higher order systems without taking into consideration the
influence of boundary conditions. To this end we combine two methods of the theory of
singular perturbations: the method of integral manifolds and the method of boundary
layer functions.

Key words: Reaction-diffusion-convection equations, contrast structures of spike type,
singular perturbations, asymptotic expansions, boundary layer functions, integral mani-

folds.
AMS(MOS) subject classification: 35K55, 35B25, 34D15, 34E05

1 Introduction

The mathematical modeling of numerous nonlinear phenomena in biology, chemistry and
other fields leads to reaction—diffusion equations and reaction-diffusion—convection equa-
tions. A necessary first step in the study of the longtime behavior of such systems is the
investigation of stationary solutions. There are important phenomena where the influence
of diffusion and convection is small compared with the reaction process. In such cases the
investigation of stationary solutions leads to the study of differential equations with small
parameters at the highest derivatives, that is, we have to consider singularly perturbed
problems.

*e-mail: schneide@wias-berlin.de
te—mail: ABV@R11523.phys.msu.su



Important contributions to the theory of singular perturbation were published at the
beginning of the fifties [12, 13, 8, 14], a bibliography of asymptotic methods can be found
in [15, 16, 2]. In the sequel we shall study the existence of stationary solutions with
transition layers to the following class of reaction-diffusion—convection equations

ﬁt + /‘Lza’mz = f(ﬂ,, ll’&z) '5’ 5773-‘7 :B) | (11)
U+ €200 = g(t, piig, 0, €Uz, T)
where 4 € R,% € R* z € R u and ¢ are small parameters. Denoting differentiation with

respect to z by ' and setting pi' = 4, €0’ = ¥, we get that any stationary solution of
(1.1) satisfies

/‘“7';. = f(ﬂ': ﬁlyi})&l: :E)
-~/ ~
pu =t (1.2)
ety = §(4,4,9,0;,2)
5'5, = '51.

A solution of system (1.2) can have so-called transition layers as £ and p tend to zero.
Transition layers can be divided into two groups: boundary layers (the transition takes
place near the boundary of the interval where we consider the solution) and interior layers
(the transition takes place at interior points). Solutions with an interior layer are called
contrast structures. We distinguish interior layers of step type and of spike type. In this
paper we study the existence of contrast structures of spike type without taking into
consideration the influence of boundary conditions. Our approach consists in combining
two methods of the theory of singular perturbations: the method of integral manifolds
[17, 9, 11] and the method of boundary layer functions [15, 16, 3].

In section 2, for sufficiently small £ we reduce the given higher dimensional problem to a
two—dimensional one by means of an integral manifold. In section 3 we derive sufficient
conditions for the existence of a spike solution by using the method of boundary functions
for interior transition layers. The obtained conditions are of Melnikov integral type such
that the obtained results can be interpreted geometrically as transversality conditions for
the stable and unstable manifolds.

2 Assumptions. Reduction of the problem

System (1.2) is a special case of the system

' = f(u,w,v,z)
pu' = w (2.1)
ev' = g(u,w,v,z)

where u,w € R,v € R". Our basic idea is to consider system (2.1) as a singularly per-
turbed system with respect to the parameter £ and to reduce it to a two-dimensional
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system (second order equation) by means of an integral manifold. Then we derive con-
ditions ensuring the existence of a spike solution for the reduced problem. To be able to
do so we study system (2.1) under the following conditions.

(Hy). f: G — R, and g: G — R" are sufficiently smooth and uniformly bounded where
G:=RxRxR'xR.

(Hz). The equation
g(u,w,v,2) =0

has an isolated solution v = A%(u,w, z) defined on R x R x R, and with the same smooth-
ness as g.

(Hs). The spectrum o of the matrix g,(u, w, h°(u, w, z), z) satisfies

Reo {g%(u,w,ho(u,w,é), a:)} #0

for all (u,w,z) € R x R x R.

By means of the scaling z = p €, € = u? we get from (2.1)

dw

T = f(u,w,v,z)

du _

@€ ~ v «

E - |
dv
;1,22 = g(u,w,v,z).

For small u, system (2.2) is a singularly perturbed system. According to the theory of
integral manifolds for singularly perturbed differential systems [11], for sufficiently small
L, hypotheses (H;) — (H3) imply the existence of an integral manifold M, to system (2.2)
of the form

M, = {(u,v,w,z) € R"" : v = h(u,w,z,p)} (2:3)

possessing the asymptotic representation with respect to u

v= ho(u) w, z) + #hl(uw w, m) + p'zhz(u) w, .’1:) +-- (2‘4)

Let us recall the algorithm for the computation of the functions &' in (2.4). By substituting
(2.4) into the last equation of (2.2) we get



?iod_u 8_]zpd_w+_a_}£d_m + u? ahlé’li_l_ahl@_l_ahl‘_if
#\ou d¢ + Ow d¢ Oz df Ou d¢ 0w d¢ Oz d¢
= g(u,w,h® + ph! +---,z).

(2.5)

Taking into account the first three equations of (2.2) and using the expansion (e is a
placeholder for f and g)

e(u,w,h’ + ph' +...,2) = e(u,w, h° z) + p e, + p? (e,,oh2 + /J,Ze,,,,ohlhl) + .-

where here and in what follows the lower index zero indicates that v is replaced by
h°(u,w, z), then we get from (2.5)

6_h° +6_h°f b 6h°+6h1 6h1f+6h
H# Buw ow”’° H Oz Buw+3wo 0

1
= go+ 4 Guoh! + 42 {guoh2 + —gwohlhl} 4o

0
.

w

2

By equating the coefficients with the same power of u we get for the u®-terms
0 = go := g(u, w, h°(uv, w, z), z).

This relation holds identically according to hypothesis (H;). Concerning the coefficients
multiplied by g we obtain ‘

OR®  BRY . B 3
Sow+ 5fo= a—g(u,w,ho,a:) h' =: guohl. (2.6)

By hypothesis (Hj3), the function h' can be determined uniquely from (2.6)

: - _,|oA° on°
R (u,w, 2, 1) = gy [%w + —a—"fo} (2.7)
Analogously we obtain by equating the coefficients belonging to u?
Oh®  Oh! oh! on® . 2 1 111
B + 5u w + dw fo + Ow Juoh™ = guoh® + Egvvoh h*.
From this it follows
or®  Oh! oh! ah° 1
2 _ -1 11 1p1

4



where

%%i = [(gv—ol)u + (gu_ol)vhz] (hgw + h?ufo) +

+ i [l + By fo + S (fou + fouh)]

1
(Ziw = [(65)w + (950 )0h%) (ASw + B, fo)

+ g (A w + RS + By fo + S (fo, + fo, )]

(2.9)

In the same way we may determine higher order terms. After substituting (2.7) — (2.9)
into (2.4) we get an asymptotic expansion of the integral manifold M, with respect to
the parameter u:

v = h(u,w,z,p) = h°+pgy (hgw + hy, fo) +

19 {12 [(9:0)u + (g0 Johl] (ASw + B foYw +

gt [PSw + B fo + hS,(fou + fouh] w +

(5w + (g5 Yohd | (hw + B fo) fo + (2.10)
g [P + B2+ By fo + (fou + fouhl)RS] fo +

oo b2 foo(RSw + R, fo) —

- Q,Tolgwo [h?;w + hg,fo]z } NI

+ + 4+ + +

2

On the integral manifold M, system (2.2) reads as follows
dw

_JE— = f(u,w, h(u;w) m,u),w)

3_12 — W (2.11)
dz

d_f = H

which is equivalent to the second order equation

d*u du du
27 - — hated -
b Flu, o=y hlu, p==, 2, 1), 2). (2.12)

In the next section we investigate the existence of contrast structures of spike type to
equation (2.12).



3 Existence of an interior layer of spike type

As mentioned in the introduction, we denote a solution of system (1.2) exhibiting an
interior layer as a contrast structure. In what follows we investigate the existence of a
spike solution u(z,u) of (2.12), that is, the existence of a contrast structure of the form
as indicated in Fig. 1 (a definition is given below).

I
z.(p)

Fig. 1

In the case ¢ = p?, and under the assumptions (H;)-(H;) the problem of existence of
a contrast structure to the higher dimensional system (1.1) has been reduced in section
2 to the same problem for the second order equation (2.12) which is equivalent to the
system

© -:i—:; = f(u7wah(uaw‘7m,/‘)’m) = f(u’w’w’”') ,
iz (3.1)
K E‘; = w.

If we replace z by p £ in the left-hand side of (3.1), fix z and put g = 0 in the right-hand
side then we get the so-called associated system

%}g = f(u,w,z,0)
du (3.2)
d_f = w.



Definition 3.1 Let f' be sufficiently smooth. Let there be an interval I C R such that
Vz € I the equation f(u,0,z,0) = 0 has a root u = p(z) such that p is a smooth function,
and fu(p(z),0,z,0) > 0, that is, (0,p(z)) is a saddle point of (3.2). If there are numbers
zo; € I and po; with p(zoz) # pos, @ = 1, , k, then we call a solution u(z,u) of (3.1)

satisfying
{p(m) for z # zo;

fimu(e,n) = poi forz = zo;

p—0

a spike-type solution.

Before we study equation (2.12) we consider the simpler case that f does not depend on
du/dz. This case arises when (1.1) has no convection terms and leads to an equation of
the form

d?u =
/-‘22'; = f(u,a:,,u,). (33)

Let f(u,z,0) := f(u, ). The associated system to (3.3) reads

dw -

i f(u,z) :

du _ _ (3.4)
d_f = w.

The following hypothesis implies that (3.4) has a family of homoclinic orbits parametrized
by z. : ’

(H). Let f be sufficiently smooth and obey the following properties:

(i) For all z € R the equation f('u,,:c) = 0 has two roots u = p(z) and u = x(z) such
that

fulp(z),2) > 0, fulx(z), ) < 0.
(ii) There ezists a function (z) such thatV z € R
Y¥(z) .
/ flu,z)du = 0. (3.5)
()
Without loss of generality we may assume ¢(z) < x(z) < ¥(z).
Hypothesis (H) implies that for fixed z, the graph of f(u,z) has the form as represented

in Fig. 2. According to the definition of 1(z) the dashed regions in Fig. 2 have the same
area. ‘



Fig. 2 Fig. 3

From hypothesis (H) it follows that system (3.4) has a homoclinic orbit (see Fig. 3) the
graph of which can be obtained by a simple quadrature for all z € R

w(u,z) =+ (2 _/:(‘m) f(a,:z:)da>% , o(z) <u < YP(z). (3.6)

To verify this we note that w(p(z),z) = 0 holds, and that according to (3.5) we have
w(y¢(z),z) = 0. From

dw f(u, )
e +

) (2 Jol=) f(a,w)do)v

(X]E

and from hypbthesis (H) we get

d_w
du

= i\/fu(g(m),m).

u—p(z)

Taking (3.5) into account we obtain

that is, at u = ¥(z) we have a vertical slope.

In what follows we construct a spike solution u(z, ) of (3.1), that is, a solution satisfying
. _[e(z) forall z#xo
}‘%u(w,y) o {z,b(:z:o) for z = z,.

Here, zg is the leading term in the asymptotic representation of the point z.(u),

To(p) = zo + pzy + - (3.7)



- where u(z, u) takes its maximum. By applying the method of boundary layer functions
the following equation has been derived in [1] to determine the first coefficient g

P(z) ru F
@(m):/w(m) /M (u, ) ( o =
= 1l)(m)]’gz(u,,nc)/u ( o) f(r, :z:)d'r) 2ds du = 0,

() ¥(z)

(3.8)

at the same time the existence of a spike solution has been proved. Especially the following
result is contained in [1].

Theorem 3.2 Assume the hypothesis (H) is valid. If there ezists a simple zero zq of the
function ® defined in (3.8), that is,

®(z0) =0, ®(20) #0, (3.9)

then system (3.3) has a spike solution for sufficiently small p.

Following an idea in [10] we give a geometric intefpretation of these conditions. By as-
sumption (H) system (3.4) has a family of homoclinic orbits y(z) to the saddle point
(0, (p(m)) We denote by A(z) the area bounded by «(z). Then we have

. Theorem 3.3 Assume hypothesis (H) to be valid. If zo 1s a simple zero of ® then A
takes an extremal value at z = xo.

Proof. By (3.6) we have

¥(=)
A(;) = ‘[p(z) w(u, z)du.
Using w(¢(z), z) = w(p(z),z) = 0 it follows

3AG) = [ walu, o)t w(p(e), (o) — wlp(e), (o)

bl
= /(;(z) wz(u, z)du.
From (3.6) we get
1 1
wa(we) = oo [ o folo,2)do — F(e(a), )¢ (=)
1

= fz(Uv )do

’lU(U ) o(z)



By means of changing the order of integration we obtain

¥(=) d(z) e 1
wz(u,z)du = / fe(o,2)———do du
/q;(z) (v,2) w(z) Jo(z) ( )w(U,w)
o(z)

o 1
= (0, 2)———du do = —&(z),
(=) /¢(=)f( )w(u,w) (=)

q.e.d.

Ny
In what follows we use Theorem 3.2 to prove the existence of a spike solution of (1.1) under
the assumptions that ¢ = p? and that no convection term arises. Then any stationary
solution of (1.1) obeys the system .

#211’" = f('u,,'u,:n) (3 10)
a,n .

p" = g(u,v,z)
where u € R, v € R™. Let us assume that f and g satisfy hypotheses (H;)—(Hj). Then
there is an integral manifold v = h(u, z, 1) on which system (3.10) reduces to the singu-
larly perturbed second order equation (3.3). Hence, we have the following result

Theorem 3.4 Let us assume that system (1.1) has no convection term and that the
corresponding stationary system (3.10) is such that the hypotheses (H,) - (Hz) are satisfied.
Further we suppose that the corresponding reduced equation (3.3) fulfils hypothesis (H) and
is such that the associated function ® has a simple zero zo. Then system (1.1) has a spike
solution for sufficiently small p.

As an example we consider the well-known Belousov-Zhabotinskii reaction ([7], 179 ff.)
which describes the catalyzed oxidation of citric acid by bromate. We use the Oregonator
model and take into account the effect of small diffusion. If we look for a stationary solu-
tion of the corresponding reaction-diffusion equation we arrive at the system of ordinary
differential equations

pu = qut Cu—2py = f(u,(,9,2),

SZC” = —qu+(u+ C(C - 1) = gl(u: C;¢1m)a (3'11)

e = ¢p—(= g9,z
where / means the differentiation with respect to the spatial variable z. u,(, % are nor-
malized concentrations of HBrQO,, Br~, and Ce**, respectively, € and u are small positive
parameters characterizing the diffusivities. g,p are usually considered as positive con-

stants. In what follows we suppose 0 < g << 1 and consider p as a smooth positive
function of z satisfying for all z

0 < 2p(z) < 1. (3.12)

Under these conditions it is our aim to prove the existence of spike solutions to (3.11).
System (3.11) can be rewritten in the form (2.1). Hypothesis (H;) is satisfied if we
appropriately modify the right hand side of (3.11) outside some compact region.

10



For € = 0 we get from (3.11) the solution

(== o) = L (3.13)

which is positive for g > 0.

If we compute g;¢ and gay along this solution we obtain from (3.11)

%i(l = u+2c_1=\/(1—u)2+4qu>0,
oo (3.14)
% = 1>0,

that is, the hypotheses (H;) and (Hj3) are valid. Thus, for € = u? in some compact region
of the phase space there is an integral manifold of (3.11) of the form

¢ = hlup)=h"(u)+p b))+
Y = h(u,u):ho(u)+pl—zl(u)+...

where A%(u) is defined in (3.13). On this integral manifold system (3.11) can be repre-
sented in the form

piu" = qu+ (u ~ 2p)R°(u) + pfi(u, 2, ). (3.15)

Now we consider the limit case ¢ = 0 in equation (3.15) which leads to the system

dw

p—o— = (1=u)(u—2p(2)) +pfily, 2, p)
w (3.16)

The corresponding associated system reads

dw F

= (- u)(u-2(e) = fu2)

3 (3.17)
d—E' = w.

The equation f(u,z) = 0 has the roots
u = p(z) = 2p(z) and u = x(z) = 1.

Under the condition (3.12) the derivative of f(u,z) with respect to u at these roots
satisfies

11



fulwz)| _ =1-2p(2)>0,  fulwaz)| _  =2p(z)-1<0,

u=¢p(z) u=x(z)
that is, (0,2p(z)) is a saddle point, and (0, 1) is a center of system (3.17).

Let ¢ (z) := 3/2 — p(z). By (3.12) we have ¢(z) > 1 = x(z). The following relation can
be verified

¥(z)
L o (1= w)(u = 2p(z))du =0,

Thus, hypothesis (H) is fulfilled for system (3.17). From (3.8) we get

&(z) = —p'(2) / Sy [ ( /2 =) - 2p(a:))d’r) ™ s

2p(x) 3/2—p(z) p(z)

If ®(z) has a simple zero at zo then by Theorem 3.4 system (3.16), and consequently
(3.11) too, has a spike solution. Thus we have the result:

Theorem 3.5 Let zo be a simple zero of p'(z) and such that

f:/z—p(%)(l —u) f: ( /2 (1—7)(r— 2p(mo))dr) o ds du # 0.

p(zo) /2=p(z0) p(zo)

Then system (3.11) has a spike solution.

Let us return now to the general case (3.1). Under our smoothness assumptions we can
rewrite system (3.1) in the form '

d
pi—v— = Fo(u,w,z) + p Fi(u,w,z) +---
z
o (3.18)
Hiz = Y

where Fo(u,w,z) = f(u,w,h°(u,w,z),z).
In what follows we assume

(Hy) Fo(u,w,z) = F(u,w? z). (3.19)
Then the associated system to (3.1) reads

dw

— = F(u,v%z)

dr L

o (3.20)
‘c—l;_- = w
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and is equivalent to the differential equation
1 d(w?)

_ 2
5 dw = F(u,w®, z). _ (3.21)

In order to get the same qualitative behavior of system (3.20) as in case of system (3.4)
we replace hypothesis (H) by the following assumption.

(H). Let F(u,w? z) be sufficiently smooth and let there be an interval Iy such that for
z € Iy system (3.20) has the properties:

(i) There are differentiable functions ¢ : R — R and x : R — R such that (0, ¢(z)) is a
saddle point and (0, x(z)) is a center point of (3.20). Without loss of generality we may
assume ¢(z) < x(z).

(ii) System (3.20) has a homoclinic orbit to the saddle point (0, ¢(z)).

The following examples show that the set of systems (3.20) satisfying hypothesis (H) is
not empty.

Example 3.1. Let us assume that equation (3.21) has the form (w? = 2)

dz
= —u(u + z) + uz. (3.22)

In this case we have ¢(z) = —z, x(z) = 0, and the integration of equation (3.22) yields

2 fU 2
2(u) = —e’z"/ v(v+z)e” 7 dv.
It holds z(—z) = w?(—z) = 0. For —z < u < 0 the integrand v(v + z) is negative and we
have ‘ : :

2 fu »2 ‘
—e"‘f/ v(v+z)e"7dv > 0.

-

Thus, z(0) is positive and z(u) stays positive for 0 < u < 9(z) where %(z) is defined by

¥(z) _2
/ viv+z)erdv = 0. (3.23)
At u = ¢(x) we have
2 |umy(z) =0, (3.24)
. dz dw
dz = —9(2)(W(z) +2) < 0, Zl s w 3.25
T hemste) ¥(e)($(z) + ) 7 st (3.25)

In this wé,y, we get the picture as in Fig. 3.

Example 3.2. Suppose that F' has the form F(u,w? z) = %[u.'z:e“’2 — u?] such that we
get from (3.21)

% = uze® — u’. (3.26)

13



In this case we have ¢(z) = 0, x(z) = z. The solution of equation (3.26) with 2(0) = 0
reads

1— [rv2e v Rdy

1 — [§zve=*3dy’

z=1In

In order to determine a positive function ¥(z) such that 2(¢(z)) vanishes we get the
equation

(z) | “
_/0 (:z:'u—vz)e'”a/sdv = 0. (3.27)

This situation is analogous to Example 3.1: For v > z the integrand is negative, and
there is some ¥(z) > z satisfying equation (3.27). For 0 < u < 1(z) the argument of the
logarithm is greater than 1. Thus, z is positive and w exists. For u > 1(z) the function 2
is negative and w does not exist. For u < 0 the function w also exists since z is positive.

In the sequel we shall derive a condition sufficient for the existence of a spike solution for
systems (3.18) satisfying (3.19). To this end we first construct an asymptotic expansion
of a solution of (3.18). A crucial point in this construction is to find the first coefficient
Zo in the asymptotic expansion (3.7) of z.(u) where the spike takes its maximum, that
is,

w(z.(n), p) = 0. (3.28)

By an asymptotic expansion of a spike-type solution (u(z,u), w(z,s)) of (3.18) we mean
a representation of u(z, ) and w(z, ) in the form

za(®, 1) = Ra(z, p) +T2(¢, p) (3.29)

where z is a placeholder for v and w respect1vely, Rz(z,p) is the regular part of the
asymptotics, that is,

Rz(z,p) =Y p'Riz(z), (3.30)
=0
and IIz(§, 1) is the boundary layer correction near z = z,(p),
Mz(¢, p) = Y wTLa(§) (3.31)
1=0
where £ is the stretched variable ¢ = (z — z,(u))/p.

Let H be some function defined on RF x R x R. By means of the representa.tmn (3.29)
we may rewrite H(z,(z, ), , ) in the form

Hza(o,1),2m) = H(Re(z, m),2, ) + H(za(E + (), 1), 5+ 2(1), )

—H(Ra(fp + 2u(n), 1), € + za(), p) =t RH + TIH (3.32)

14



where

RH := H(Rz(z,p),z, ),

(3.33)
IH = H(za(p + u(p), 1), Ep + u(p), p) — H(R2(Ep + zo(p1), ), Ep + (1), 1)

In order to compute the coefficients R;z(z) and II;2(§) we substitute (3.29) — (3.31) into
(3.18) and use the representation (3.32), (3.33) where H is a placeholder for Fy, Fy, ... By
equating expressions with the same power of u (separately for z and £) and taking into
account Definition 3.1 and Hypothesis (H) we obtain equations which let us determine
the unknown coeflicients of the asymptotic expansion. This way we get

Ruo(z) = ¢(e) R =0, (3.34)
Ruj(o) = —F{E2328,  Ruy=¢/(a),... :

The functions IIou and Ilyw satisfy the differential system

d
d—gno’w = F((p(:lio) + Iou, (How)z’ 3:0)

; (3.35)
EEHOU = How

and obey the boundary conditions

Hou(f)‘|i°° = 0, ) HQ'LU(O) =0 (336)
where the last condition follows from (3.28).

The coefficient z¢ is not defined by these equations. The equations for the next approxi-
mation read as follows

%le = Fu(f)ﬂlu + 2szHowH1w + Gl(f)
d (3.37)
—(Eﬂlu = le,
s |1t = O, Tw(0) = —¢'(0) (3.38)
where

Fu(¢) = Fu(p(zo) + Mou(§), (ow(é))?, zo),
F2(§) = Fua(p(zo) + Mou(€), (ow())?, zo),
Gi(€) = [Fu(®)¢'(z0) + Fa(&))(z1 +€) +
+  Fu(é)a(z0) + Fi((zo) + Iou(€), Mow(€), o).
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The homogeneous system to (3.37) obviously has the nontrivial solution (Ilou)’, (IIow)'.
This can be verified by differentiating (3.35) with respect to £&. To get a solution of the
inhomogeneous system (3.37) we need that the orthogonality condition must be satisfied.
This condition yields the equation defining zo. This equation is more complicated than
the corresponding formula (15) in [1] since the differential operator

a2
Zgﬂlu = F (E)Hlu + 2Fw2 (f) gl'[lu
is not selfadjoint.
Let us introduce the notation
d
pi(§) = ZF"”(E)EEH"“(E) (3.39)

and rewrite system (3.37) in the selfadjoint form
7 ( - ”1(")"";£Hlu> = F(§)e b nO# Iy 4 Gy (¢)e o ml@), (3.40)
Then the orthogonality condition (the determining equation for zo) has the form

[ gy e nguag = o (3.41)

—00

Let us rewrite equation (3.41). From (3.35), (3.36) it follows that IIou(¢) is an even func-
tion and How(f) is an odd function of ¢. Thus (Ilow)? and F(p(zo) + ou, (Ilow)?, zo) =:
F(¢), F._,( ), Fuz(€), and F,(£) are even function of ¢ . According to (3.39) the function
p1(€) is odd, hence J& py(0)do is even. Therefore, in equation (3.41) only the odd part
G4(€) of the function Gy(€) plays a role,

G, = [Fu'(zo) + Fe)€ + Fl((p(:co) + Mou, ow, zo), (3.42)
and equation (3.41) can be written in the form
&(zo) =0
where & is defined by

8(c) = [ {[Fu(&)'(2) + Fu()lE + Filp(o) + Tow, Tlow, 2) } e~ P Mot (3.43)

If Fo and F in (3.18) do not depend on w then p;(£) vanishes and it can be shown that
&(z) and &(z) coincide.

Now we are able to formulate the following result.
Theorem 3.6 Suppose the function § in (3.1) to be sufficiently smooth. Further we as-

sume that the function Fo in (3.18) satisfies hypothesis (Hq) and is such that hypothesis
(H) is fulfilled. Finally, we assume that the function & defined in (3.43) has a szmple zero

zo. Then system (3.1) has a spike solution for sufficiently small .
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Proof. The proof is similar to the corresponding one in [1]. So we recall only the main
idea. Let z¥(u) be the following asymptotic approximation of z,(u) where the spike
solution u(z, u) takes its maximum

) (1) ==$0+N$1+j“+#N$N-

Let § be a sufficiently small positive number such that there is a small positive u* with
the property that there are numbers z and T such that for 0 < p < u*

e <zl (u) - 6" <al(u)+ou" <=

Now we look for solutions of (3.18) satisfying the boundary conditions

u(z, p) = p(z), (= (u)—ou",p) =0,
w(Z,p) = ¢(z), () (u)—ou¥,u) =0,
u(z, p) = o(z), vz (u)+op¥,p) =
u(@, p) = (), u'(z)(p)+ 8", u)=

To each of these boundary value problems there is a unique solution u_g(z, 1), %—s(z, p),
g+5(a:,p,),'12+5(m,u) for sufficiently small p. In general, we have u_s(z¥ (u) — 6p, u) #
u;( N(u) — 8uM, p), that is, from U_g and U we do not get a spike solution. The same
is va.hd for u, s and Tys. Let u !and @ u 1 be asymptotic expansions of order N +1 to
these solutions, that is,

uzs(z,p) = uli(s, #)+0( N+,
Uzs(e,p) = T (e, p) + OV T?).
Let
Asy = (2N (u) — 6", ) — w5 (N (u) — 6u”, ),

Ay = Tzl (u) + 66, p) — o (@l (u) + 6, ).

It can be verified that A_;, and A+5“ have different sign for given d and for sufﬁciently
small p. Therefore, there exists a unique z,(u) located between z(u) —6u® and =¥ (u) +
Su¥ such that the solutions u(z, u) and u(z, p) of the boundary value problems

u(z,p) = p(z), v'(z(p),p)=0,
w(@,p) = ¢(T), u'(z.(p),p) =0

satisfy u(z,(u), ) = U(z.(u), u). Consequently, there exists a spike solution u,(z,u) of
(3.18) with the first order asymptotic approximation

wlo) = ola) + T (222) 4 o)

Iow (m——:—*(@) +0(n),

w,(z, u)
g.e.d.
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