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Abstract

We consider a singularly perturbed parabolic periodic boundary value problem for a
reaction-advection-diffusion equation. We construct the interior layer type formal asymp-
totics and propose a modified procedure to get asymptotic lower and upper solutions. By
using sufficiently precise lower and upper solutions, we prove the existence of a periodic
solution with an interior layer and estimate the accuracy of its asymptotics. Moreover, we
are able to establish the asymptotic stability of this solution with interior layer.

1 Statement of the problem. Construction of formal asymp-
totics

We consider the singularly perturbed periodic boundary value problem

0?u  Ou ou
N (u) =« (@ - a) — A(u, z,t) e B(u,z,t) =0
for (w,t) € D:={(z,t) € R*: -1 <z <1,t€ R}, (1.1)

u(—1,t,e) =u (), wu(l,te)=uP(t) for teR,
u(z,t,e) =u(x,t+T,e) for teR, —-1<zx<1

fore € I, .= {0 < e < g}, 0 < g9 < 1. The functions A, B, u{~) and u(*) are sufficiently
smooth and T'-periodic in .

Our goal is to establish the existence of a T'-periodic solution of problem (1.1) with an interior
layer with respect to x, and to determine the stability of this solution. For this purpose we con-
struct sufficiently precise asymptotic lower and upper solutions and apply the results from [2]
where we developed an approach to investigate the asymptotic stability of periodic solutions
to singularly perturbed reaction-advection-diffusion equations by using the theorem of Krein-
Rutman. The construction of lower and upper solutions is based on the construction of a formal
asymptotic approximation of the solution to (1.1) and develops further the approach used in the
papers [3, 4, 7] .

1.1 Assumptions

We consider problem (1.1) under the following assumptions

(Ap). A, B, u'~) and u*) are sufficiently smooth and T-periodic in ¢.



If we put € = 0 in equation (1.1) we get the so-called degenerate equation
ou
A(u, x,t) . + B(u,z,t) =0, (1.2)
x

where ¢ has to be considered as a parameter. Equation (1.2) is a first order ordinary differential
equation and will be studied with one of the following initial conditions from problem (1.1)

u(—=1,t) =u(t) for teR, (1.3)

u(1,t) =u™(t) for te€R. (1.4)
Concerning these initial value problems we assume

(A1). The problems (1.2),(1.3) and (1.2),(1.4) have the solutions u = o (z,t) and u =
¢ ) (z, 1), respectively, which are defined for (-, ) € D, are T-periodic in ¢ and satisfy

(@, t) < P(x,t) for (x,t) €D,

Al (z,t),2,t) <0, Al (x,t),2,t) >0 for (z,t) €D.
To formulate the next assumptions we introduce the function I (z, t) by
Lp(+)($,t)
I(a,t) = / Alu, 2,1) du
() (zt)

and suppose

(Asz). The equation
I(z,t) =0 (1.5)

has a smooth solution x = x((t) which is T-periodic and obeys the conditions

—1<xo(t) <1 for tE€R,
/ A(u,xo(t),t)du >0 foranys € ((p(’)(:cg(t),t), o) (z0(t), t))andfort € R.
@) (zo(t),t)
(As3). The root z((t) of equation (1.5) satisfies the condition

ol
%(mo(t),t) <0 for teR,

that is, xo(t) is a simple root for all t € R.
Remark 1.1 Our goal is for sufficiently small € to establish a solution to problem (1.1) with
an interior layer near x((t) that stays near ¢\ =) (x,t) for v < xo(t) and near ) (z,t) for

x> xo(t).

Our main result is the following theorem.



Theorem 1.1 Let the assumptions (Ag)—(As) be satisfied. Then, for sufficiently small €, there
exists a solution u(x, t, €) of problem (1.1) such that for any small but fixed § we have the limit
relation

O (z,t)  for x€[0,m0(t) 0], t €R,
lir% u(z,t,e) =
- o (z,t)  for xz € [zo(t)+6,1], t € R.

We get a more precise description of the solution with an interior layer in Section 3.

1.2 Construction of a formal asymptotic solution

In this section we describe the construction of a formal asymptotic solution of the periodic bound-
ary value problem (1.1) with an interior layer near x((t), where x((t) is defined in assumption
(Az). Later on we will prove the existence of a solution to (1.1) near this formal asymptotic
approximation.

To characterize the location x.(t, €) of the interior layer of the formal asymptotic solution in the
(x,t)-plane we make the ansatz

zi(t,e) = xo(t) + e (t) + .o.ny (1.6)

where x(t), k = 1,2, ..., are T-periodic functions to be determined. By this way we decom-
pose the periodic boundary value problem (1.1) with an interior layer near x.(t, <) into two
boundary value problems with boundary layers near x = x,(t, ).
For the following we introduce the notation

=t e)

§i= ——,

€
D7 = {(e,t) e B : —1 <w < a.(t,), t € R},

D= {(z,t) € R*: 2.(t,e) <z <1,t € R}.

(=)

First we consider for small £ in D"’ the boundary value problem

?u  Ou ou
5 A ) —_ - )
€ (8:}62 @t) Au, z,t) pe B(u,z,t) =0 for (x,t) € D'/,

u(z,t,e) =u(x,t +T,e) for (x,t) € D,

(1.7)

where  is defined by
L,
(10(*%7 t) = 5 (()0( )(x>t) + (p(Jr)(xat)) )

the functions (™) and ¢(*) are introduced in assumption (Aq).
We look for a formal asymptotic solution U(_)(x, t,e) of this problem in the form

U t,2) =T (@, t,0) + Qg e) = Y& (U (0, + Q17 (€.0)) . (19

1=0



where U(_) and Q(*) denote the regular and the boundary layer parts, respectively, of the
formal asymptotic solution U (=) in the region D

Analogously, we consider in D

*u  Ou

the boundary value problem

ou

_ou) du _ _ ()

5 (8m2 0t> A(u,x,t) 5 B(u,z,t) =0 for (x,t) €D 7,
w(z,(t,e),t,e) = o(xs(t,€), 1), u(l,t,e) =u(t) for teR, (1.9)
u(z,t,e) =u(x,t +T,e) for (x,t) € D

and a formal asymptotic solution U (z, ¢, ¢)

U t,2) =T (@,t.6) + Qe 2) = 3¢ (U @) + Q7€ 1) . (1.10)
i=0

where UH) and Q(+) denote the regular and the boundary layer parts, respectively.

It follows from (1.7) and (1.9) that =) and U*) are matched continuously at © = . (¢, ¢).

In order to find the terms x;(¢) of the expansion (1.6) we use the C''—matching condition of the
1-th order in ¢ of the expression

- +

ag; )(x*(t,g),t,g) =¢ 8(8]; )

To determine the terms in the expansions (1.8) and (1.10) we use the standard procedure pro-

posed by Vasil'eva (see e.g. [6]): we represent the nonlinear functions A(u, z,t) and B(u, z, t)

in a form which is similar to (1.8) and (1.10). For example, A(u, x,t) has to be represented in

5&)
Au,z,t) = [A (U(i) (z,t,€) + QP& t,¢), x, t) — A(U(i)(a:,t, £), :E,t)}

39

(x4(t,e),t,e) for t € R. (1.11)

in the form

o= (t,e) +e€

FAT (@, t,), 2, 1).

We use a similar representation for B(u, x, t). We also represent the differential operator

0? 0
L.=e——¢ec—=
‘ ox? ot
when it acts on the boundary layer functions by using the stretched variable £ in the form:
1 02 0 0
L.=-— +a2.(t,e) = —e—.
° T g2 (te) o " ot

Substituting the representations for A, B and L. into equation (1.1), and equating separately
the parts depending on x and on & we get the relations, which serve to determine the terms of
the asymptotic expansions (1.8) and (1.10).

For the regular parts we have

2T U™ ) U ()
— — AU t — B(U t)=20
5( 0?2 ot ( 1) Oz (U7 ,1) (1.12)
for (z,t) € DF | u(£l,t,e) =uP(t), for te€R.




It is clear that for & = 0 we get from (1.12) the degenerate problems (1.2), (1.3) and (1.2), (1.4)
and therefore by hypothesis (A;) we have

T (@,t) = o®(2,t) for (z,t) € DD

We can use (1.12) to derive first order linear differential equations to determine U,(f) (x,t) for
k =1, 2, ... by means of the corresponding initial value problems:
77(E)
ou
Al (@,1), 7, ) 5= + (AP (w,1), 2,1

ox
() for (z.t) €

—(%)
ou, — (=)
S+ Bup @ a.t),2,0)) U =

PE, T(£1,4)=0 for teR.

(1.13)

The functions f,gi)(x, t) are determined by the functions U;i)(x, t) with 7 < k, in particular
we have @) @
- _
T, t) = T, t) — x,t).
1 ( ) ) axQ ( ) at ( )

The initial value problems (1.13) are linear and their solutions can be given explicitly.

For the boundary layer parts we have

c e ot ¢ ot

= [ATP @r,0) + 6, 1,) + QD 2 (1,) + 6,1) g( (&€ + &6, )

19%Q™) N Ox,(t, e) 0QW) EaQ(i)

+QE) = AT (@.(t,2) + 26, e), malt2) + 26, 1) aﬁ( (@ (te) + 2 1,2)|
+ [B (U(i)(:c*(t, ) +e&,t,e) + QW) x,(t,e) + &, t) (1.14)
B (U‘i) (2u(t,€) + €€, 1, €), 2u(t, €) + &€, t)] ,
QB0 t,e) + T (2,(t,2), 1, €) = (. (¢, €), 1),
For Qéi) (&, t) we use the additional condition at 4-00:
Q'F) (£o00,t) = 0.
From (1.14) we get the problems to determine the functions Q,(f) (&,t) in the asymptotic expan-

sions (1.8) and (1.10). For the zero-th order boundary layer functions Q((f) and Qéﬂ we obtain
the boundary value problems

82 (=) B a
a%; =A<90(’)($o(t)7t)+628 ! (), t ) 6822 for £€<0,t€R,  (1.15)

5



Q) (—o0,t) =0, Q5(0,1) = p(0(t),t) — ) (xo(t),t) for t€ R (1.16)

and
2°Q5" +) +) Q"
2 A(cp (xo(t), 1) + Qy ,wo(t),t> o for £ >0,t€ R, (1.17)

§(00,t) =0, Q5P(0,8) = p(xo(t), ) — @ (wo(t),t) for t€ R (1.18)

In order to investigate the problems (1.15)—(1.16) and (1.17)—(1.18) we introduce the function

e (xo(t), 1) + Q5 (E,1),  €<0,tER,
(€, m0) =4 p(o(t), 1), ¢=0,teR,
e (zo(t),t) + QST (E,1),  €>0,teR.

Now we can rewrite problems (1.15)—(1.16) and (1.17)—(1.18) in the form

2~ ~

Gt = Alwo().0)GE €cR1ER

), (—00,t) = ¢ (ao(t), 1), a(+00,t) = o (wo(t), ).
(1.19)

The differential equation in (1.19) is a second order autonomous ordinary differential equation

(t is a parameter) , which can be analyzed in the phase plain (i, @'), where we have

ﬂ(o, t) = @(mo(t)v t

du :/ A(u, xo(t), t) du. (1.20)
06 Jo) o))

From (1.20) and assumptions (A;) and (A5) we get that problem (1.19) has a unique solution
satisfying

@ (€, 1) — o (wo(t), 1)] < cexp(=rlé]) for €€ R, teR,

where x and c are some positive numbers.

Therefore, we get that the boundary value problems (1.15), (1.16) and (1.17), (1.18) have unique
solutions satisfying the estimate

QSE (¢, 1) < cexp(—kl¢]) for €€ R®, teR.

We also note that the zero-th order C''-matching condition (1.11) which implies

0y oy 09"
o (0,t) = o€ (0,t) for t€R (1.21)

is satisfied since we have

aQ(i) w(zo(t),t)
0 (0,1) = / Au, zo(t), 1) du,
23 o (o)1)




and therefore according to assumption (As)

2Qy”
o¢

0Q +) ) (o (t),t)
(0.0) = 20 (0.1) = / A, zo(#), £) du = 0.
3 ) @o(t).1)

Using (1.14) we get that the boundary layer functions Qgi) (&,t) can be determined from the
equations

20)(F)
’ a% - 8% A anl0). 1) + Q5 (6.0, 20(0). ) Q1

9Q5” (&,1)
73

= A, (1 (o(t), 1) + V(& 1), (1), ) 0,7 (xo(t) )

(#)
+ 1 (t) Au(so&)(xo(t),t)+Qé*><s,t>,xo<t>,t)a*g—;m(t),t)
4 4, (¢S anlt), ) + Q) (€.1), o), )] DD )= 1)
(1.22)
and the additional conditions
Q(0.0) = T 0= (02 (an(t).0) = p7 (€0, Q7 (o0 ) = 0.t € R
- (1.23)
(900,0) = T3 o(0). a0 22 (o0, 0) = 97, 1), @ (00, 1) = 0, L € B,
(1.24)
where
(£)
#(6.1) = [A(69 o0 0) + Q€ 1), 20(0).1) 22wl 1
(&)
4, (9 an(t). ) + Q€. 0)0),1) | T (), )¢
(£)
AP o0, 1) + @5, 0(0).1) = A(e aol0), 1,200, 1) 22 (o (0) 1)
(&) 2 0Q5
B wol0), 1) +QF7 (1)) = Bt (o(t), 1) 70(t). 1) + (1) =5

The problems (1.22), (1.23) and (1.22), (1.24) are linear inhomogeneous problems with expo-
nentially decaying inhomogeneous terms. The solutions of these problems can be given explic-

itly
£ +oo
QY€1) = 2(61) {p%)(t) - / Zm{ 5 [ / Q§i)(x,t)d><] dn}, (1.25)

n




where

(6= S (g—gm,w) .

From the representation for qfﬁ) (&,t) it follows that |q§i) (&,t)] < cexp(—k|E]), therefore from
(1.25) we get that the functions Qgi) satisfy the exponential estimate

Q7 (£,8)] < ceap(—kl€]) for €€ R¥ teR,

where ¢ and k are some positive numbers.

The first order C''—matching condition reads

oQ” 9 QY D)
o€ (0,t)+—ax (zo(t),t) = o€ (0,t) + o (2o(),1). (1.26)
0Q\*)

Using the expressions for (0,t) in (1.25) we can show that x1(¢) is uniquely determined

by the equation

o€

I(zo(t),t) z1(t) = Py1(2), (1.27)

where &4 (t) is the known smooth periodic function:

- D) D)
Oy (t) := o (xo(t),t) — o xo(t),t
(+) (-) (+) (=)
a0 2ot 0) ~ 227 an(0).0) + 2L (01, 1) - PB ) )
A (@o(0), 1), 30(8), ) T (wo(0),£) + A9 (@o(0), ), molt), ) Ty (wo (), )
+ [ nds+ [ e nde

From assumption (Aj3) it follows that (1.27) can be solved uniquely for 1 (¢). The higher order
terms Q,(Ci) can be determined by problems, which have the same structure as (1.22) (index
1 has to be replaced by index k and q,(f) is a known function). The k-th order C''-matching

condition leads to an equation similar to (1.27):

L (xo(t), 1) w3 (t) = Pp(t), (1.28)

where @ () is a known smooth periodic function.

Since A, B,u(i) are sufficiently smooth, the formal asymptotics can be constructed to any
order n. From these constructions it follows that the corresponding approximations satisfy (1.1)
up to order ™.



2 Existence results

2.1 Main theorem

Let Dq(f) and D,(f) be the domains

n+1
D) i={(z,t) e R : =1 <z <Y wi(t)e’, t € R},
=0
n+1
D = {(x,t) € R*: Y xi(t)e' <w <1, tE€R},
=0

and let U,(Li) be the partial sums of order n of the expansions (1.8) and (1.10), respectively,
where ¢ is replaced by <a: — st xi(t)gi) /€.
We introduce the notation

Un(z,t,e) = {

Uyg_)(m,t,g) for (z,t) € DS,
U (x,t,e) for (z,t) € DLV,

Then we have the following existence theorem:

Theorem 2.1 Suppose the assumptions (Ay) — (As) to be valid. Then, for sufficiently small €,
there exists a solution u(x,t, €) of (1.1) which has an interior layer near x(t), i.e.

{ O (x,t) for —1 <z <m(t), t €R,

limu(z,t,e) =

E—

and satisfies L
lu(z,t,e) — Up(z,t,e)| < cpe™ for (z,t) €D,

where the positive constant c,, does not depend on €.

2.2 Construction of upper and lower solutions

The proof of this theorem is based on the technique of lower and upper solutions. For the
convenience of the reader we recall the definition of these functions.

Definition 2.1 We say the functions o, (3 : D x 1., — R have the smoothness property S,
if they are continuous, twice continuously differentiable in x, continuously differentiable int and
T -periodic in t. The functios o and [3 are called ordered lower and upper solutions of (1.1) for
e € I, if they have the smoothness property S and satisfy fore € I, the following conditions:

1° a(x,te) < B(x,t,e) for (x,t) €D, (2.1)
2° N.(a) > 0> N.(B) for(z,t) € D, (2.2)
3° a(—1te) <u(t) < B(—1,t,0), (2.3)

a(l,t,e) <uP(t) < B(1,t,¢) fort € R.



In case that there exists in D some smooth curve x = Z(t),t € R, periodic int and deviding
D into two subregions D and D~ such that « and 3 have the smoothness property S only in
D+ and D, then «v and 3 are called ordered lower and upper solutions of (1.1) fore € I, if
they satisfy the relations (2.1) and (2.2) in D+ and D™, the relation (2.3) and the inequalities

gz( ()+0t5)>g—i(ag()—0,t,5), (2.4)
0 (1) +0,1,2) < 2 (a(t) ~0,1,6) (&9)

Remark 1. /t is known (see, e.g., [1]) that the existence of ordered lower and upper solutions
implies the existence of a unique solution u(x, t, ) of (1.1) satisfying

a(z,te) <u(z,t,e) < Bz, t,e) for (x,t) €D and e € I,.

In what follows we describe a method to construct upper and lower solutions by some modifica-
tion of the formal asymptotic expansion of the solution to (1.1). For this purpose we introduce
T'-periodic functions x5 and z,, as the (n + 1)-th partial sums of the asymptotic expansion of
x.(t, €) with a small shift in the last term

z5(t,€) = zo(t) + ex1(t) + ... + " (@1 (t) — 0),
To(t,€) = mo(t) +exy(t) + ... + " N wpy1(t) +6),
where § > 0 is a small number independent of €. The curves © = x5(t,¢) and & = ,(t, )

divide the domain D into two subdomains 52_), 1_)(5 ) and D), DM

a a

where

D) = {(zt) e B*: —1 <z < ap(t.c), tE R},

()
Dy :={(x,t) € R? :ap(t,e) <z <1, te R}
The domains 55? are defined similarly.

Now we can define an upper solution 3(x,t,e) = (,(z,t, <) and a lower solution a(z, t, &) =
an(x,t,€) fore € I, in D by the expressions

Ba(m,t,6) = B (@, t,e) = U (2, 8) + €U (2, 8) + oo+ 1T (2, 1)
+ Q67 (€, 1) +2Q1 (Ea 1) + .. +€™QL) ) (€5, 1)

(2.6)
+ (08 (@) + g57(65,1)) + 72U, (60 t)
= U (. t,8) + " 2Q0 ) 5(€s. 1)
and
an(z,t,e) = o (,t,e) = U (a,t) + U (2,) + ... + " T, (2, 1)
+ Q5 (Eart) + QP (s t) oo + e"“QEnH ()
(2.7)

+ 6n+1< (i)(fa,t) _ v(i)(x)> n+2Q ) e (Eart, )
Un—l—l a(m’ t7 6) + 6n+2QEi+2),a(£OM t? 6)'

10



Here, v*)(z) := €™ with m > 0 sufficiently large and independent of ¢, {5 = (x —
z5(t,€))/e, &= (z—malt,€))/e

The functions Qgi)(fﬁ, t) and Qgi)(ga, t),i =0,...,n + 1 are defined by replacing £ by &g
and & by &, in the terms of the asymptotics Qgi)(f, t).

The functions ¢, (&4, t) and gs (&g, t) are introduced into the interior layer part to compensate
the changes which are produced by the modification of the (n + 1)-th order term of the reg-
ular part of the asymptotic expansion and the interior layer curve expansion. The functions
qéi) (£s,t) are determined by the problems

O (et ) )]

OpF)

+ 8| Au( ) ao(0), ) + Q7€ 1), o(t), £) “—(an(®), 1 28)

()
+ Ay () (@olt). 1) + Qgi><g,t),x0(t),t))] 86208_5(57& for €€ R* teR

and the additional conditions

ago(_)
ox

D)
ox
Problems (2.8),(2.9) and (2.8),(2.10) can be investigated analogously as the problems (1.22),(1.23)

and (1.22),(1.24) and have a unique exponentially decaying solution for all real .
The differential equations to determine the functions Q&}&) 3 and Qgi)ﬂ) ,, are slightly different

g5 (0,8) + v (2o (t)) + 6 (2o(t),t) =0, ¢\ (—00,t) =0 for t€ R, (2.9)

(zo(t),t) =0, ¢\ (c0,t) =0 for t€ R. (2.10)

g5 (0,1) + v (xo(t)) + 0 5

from the equation for Qﬁ)l. One can check that the functions U,,41 g(x, t,€)

Ups1(x,te) =

U 5w t,e) for (x,t) € DS,
U(i)m(x,t,s) for (x,t) e DM

and Up41.4(2,t,€)

AR x,t,e) for (x,t ED,(L_),
Un+1,a (ZE, t, 8) { n+1,a( ) ( )

U,Si)m(x, t,e) for (x,t) € D)
are discontinuous at the curves z3(t,¢) and z,(t, €), respectively. Particularly, we get from
(2.7), (2.6), (2.8) - (2.10)

D)
ox

U, s(@s(t,e),t,0)—US), 5wt ) t,e) = e g5 (0, )40 (2o (1)) +6

n—+ n

(zo(t), )

do-)
-) - ®
—(qy (0,1) + v (xo(t)) + 0 o

(zo(t), 1)) + O(e)] = O(e™*?).

11



The functions Q( 19)8 in (2.6) are introduced to get upper solutions which are continuous also
at the curve l‘g(t 5) and to satisfy the differential equation (1.14) up to the terms of order
(n + 1) at the interior layer. They are defined as the solutions of the problems

()
PQuuras _ 0

+ +
a6 = g [A(FP .0+ Q€0 10 1)Q | it B
with the additional conditions
QE;-)t-Q),,@(O;t> = O, QE;‘)'F2),[3(_OO7t> =0 for te R’ (212)

Qi) 2)5(0.) = = (U2 slwa(t. ), t,2) = UL slwslts ). 1,2) ),

QE:}rQ)ﬁ(—oo,t,a) =0 for teR,

(2.13)

where { = g, the term q(% g has the same structure as q,(i)Q in the corresponding problems

forQE:J)rQ) with the replacements on (1) by Q' n+1 ~|—q U (wo(t), ) by (TS, (0 (t), 1)
+ 0 (20(t))), 241 (t) by (2npa(t) — 0, $n+2( ) by 0.

Corresponding results hold for «,. It is clear that the functions Q
influence the estimates of the lower and upper solutions.

(#)

and Q(n-t—?),a

n+2 will not

To verify that the introduced functions «,, and (3,, are upper and lower solutions we substitute
the expressions for «v,, and 3, into the operator N.(u) defined in (1.1). We get

o) (z) or®
— n+l (£) (+) 0
N.(Bu(a,t,2)) = &A@ D (@, 1), 0, ) Z 5 + (Ao (@, 1), 2,6
+ Bu(@(i)(%t),l’,t)>v(i)($)] +0(e"?) for (2,t) € DD,

(2.14)

It can be easily verified that by choosing &) (x) = et™® where m is sufficiently large, we get
that the coefficient of "1 in (2.14) is negative and therefore we have for sufficiently small

N(Bu(z,t,€)) < =7
where -y is a positive number. Similarly we obtain
Ne(on(,t,€)) > "

In order to prove that ozn(x_,t, e) and (3, (z,t, ) are ordered we use the approach proposed in
[3]. We divide the domain D into three parts:

Dy :={(x,t) € R?: -1 <z < x4(t,e), t € R},
Dy = {(x,t) € R? 1 25(t,e) < 1 < x4(t,e), t € R},

Ds = {(x,t) € R? 1 2,(t,e) <2 <1, t € R}.

12



In E we obtain from (2.7),(2.6)

0Qo
S

Using 5 990 (O t) > 0 we get for sufficiently small

Bu(z,t,e) — an(z,t,e) = "2 (0,t) + O(e"™™!) for t € R.

Bn(x,t,e) — an(x,t,e) >0 for (x,t) € Ds.

In the domain D; we apply the mean value theorem and get

Bn(z,t,e) — an(x( t,e) = 8”2(58% (C1,1)
e 26287 (o 1) + 25 (G 1)) + 200 )] + O ),

where (1, (> and (3 are some values in the interval [(IB —x5(t,€)) /e, (x — xo(t,€)) /|-

Using the known estimates

()
%(g, t) > Crexp(ri)
and (=) (=)
0Q\ 945
T (600) + o (6.0)] < Caexplung),

where C, Cs, 11 and v, are some positive numbers, one can easily calculate that

Bu(z,t ) — an(z,t,e) >0 for (z,t) € Dy.

A similar approach can be used in the region Ds.

We summarize the results of our construction of upper and lower solutions in the following
lemma.

Lemma 2.1. The functions (3,,(x,t,e) and a,,(x,t,e) defined by the expressions (2.6) and
(2.7), respectively, satisfy the Definition 2.1, and therefore they are upper and lower solutions of
problem (1.1). Moreover, they obey the following relations:

Bn(x,t,e) — an(x,t,e) = O(") for x€[0,1], t € R, (2.15)
Bn(x,t,e) — Uy(z,t,e) = O(") for z€]0,1], t €R, (2.16)

aOén . (9Un n—1 aﬁn o aUn n—1
o = B +0(E"), o = (e"™") for xz€]0,1], t€ R, (217)
N.(Bp(z,t,)) < =™t No(ap(x,t,€)) > et (2.18)

Therefore, we get that problem (1.1) has a solution which satisfies (see Remark 1)

an(z,t,e) <u(z,t,e) < By(z,t,e) for (x,t) €D and €€ I,.

13



The statements of Theorem 2.1 follow from the estimates (2.15), (2.16) of Lemma 2.1.
In our approach to investigate the stability (see Sect. 3) we need the following relations.

Lemma 2.2. The functions (3, (,t,¢) and o, (,t, ) satisfy for (x,t) € D the following rela-
tions:
Jda,, Ou

_ n—1
or  Ox +O(E"),

06, Ou 1
= — n 2.19
or  Ox + 0", (&-19)

whereu = u(x, t, €) is the periodic interior layer solution of problem (1.1), stated in Theorem 2.1.

Proof. The proof of Lemma 2.2 is based on the estimate for the difference z,(x,t,e) =
u(z,t,e) — Uy (x,1,¢); estimate (2.19) then trivially follows from estimate (2.17).

The function z,(x, t, ) satisfies the equation

0%z, 0z, ou ou,,
<3x2 a E) [A(u “) o or AUn:,t) O ]
— [B(u,x,t) — B(Uy,,x,t)] = "t p(x,t,e) for (x,t) €D

(2.20)

with zero boundary conditions, where | (z, ¢, )| < ¢; . From Theorem 2.1 we get
zn(x,t ) = u(x,t,e) — Uy, t,e) < ce™, (2.21)
and therefore
|r1] :==|B(u, x,t) — B(Up, x,t)| < ce”.
The second term of equation (2.20) can be represented in the form

ou ou, 0

Alu, z,t) — e — A(U,, z,t) e EM/U A(s,x,t)ds—/ Ay (s, x,t)ds.

From (2.21) it follows
|r2|—|/ «(8,x,t)ds| < ce™.

We can rewrite equation (2.20) in the following form

0%z, Oz,
8x2_ﬁ_kzn— kzn—i-g%/flsxt

1
+ = |:’f’1(3§',t,€) - 7“2([17,1?,5) + gn—i_lw(ajat?g)] for ([Eat) €D.
9

(2.22)

Now we can define
1
r(z,t,e) = — [rl(x,t,e) —ro(x,te) + €n+1¢<l‘,t,€)]
€
From the estimates above we obtain

Ir(z,t,e)] <ee" '
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Using the Green function for the parabolic operator of the left hand side of (2.22) we get the
following representation for z,, (see, for example, [5]).

1 t 1
Zn, :/1 G(xatagatO)Zn(gatO)dg_/to dT/l G(flf,t,g,T)

19 (&)
<—kzn(§, )+ 71T, €)+_8_£ - (S,f,r)ds) d€.

Using integration by parts and the boundary conditions for G one can transform the last term in
(2.23) as follows

10 u(&,1,€)

65’§ e A(s, &, T)dsdg =

/dT G(z,t, &, 1)-
¢ 1

° - ere) (2.24)
/ dT/ Ge(x,t,&,7) / A(s, &, T)dsdE.
Un(&,1,€)
Using (2.24) we get from (2.23) the following representation for the derivative 882”'
8zn
/G’a:tfto)znftodé /dT/Gxth
u(§,7.€)
(—kzn(5,7)+r(£,7,5))d§+/ dT/ ng(x,t,ﬁ,T)—/ A(s, &, 7)dsd€.
to -1 € JU(&me)
(2.25)

The validity of the representation (2.25) follows from the estimates

‘/ xt§t0d§’<0’/d7/6‘xtf, d§‘<C

We get that the first and second terms of the representation (2.25) have the estimates O(¢")
and O("™!), respectively. From the estimates for G, (z,t, &, 7) it also follows that the last
term in the representation (2.25) can be estimated by

u(&,1,€)
‘/ A(s, €7 dsdrf‘

n g T 5)
Using these estimates, finally we get from (2.25)
0z,
ox

This completes the proof of Lemma 2.2.

(z,t,e) = O@E™) for (z,t) € D. (2.26)

3 Stability results

In this section we investigate the stability (in the sense of Lyapunov) of the periodic solution
u(z, t, £) with the interior layer established in Theorem 2.1 by applying Theorem 4.4. from [2].
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Recall that we denote the lower and upper solutions «(x,t, ) and (3(x,t, <) as asymptotic
lower and upper solutions of problem (1.1) of order ¢ if they satisfy the corresponding differential
inequality with the residual term of order 9.

For convenience we restate the mentioned theorem which we apply to establish the asymptotic
stability of our periodic solution from Theorem 2.1 as the following lemma.

Lemma 3.1 Let a(x, t,¢) and B(x,t, €) be lower and upper solutions of order ¢ > 0 to (1.1),
letu(x,t, ) be the corresponding periodic solution to (1.1). Suppose that for sufficiently small
€, and allt and x it holds

lu(z, t,e)| + |a(z, t, )| + |B(z, t,e)| < K1,

1B(x,t,€) — u(z, t,e)| + oz, t, ) — ulz, t,e)| < roe™>

where k1, ko andp > q are constants. Then, for sufficiently small e > 0, the solution u(z,t,€)
to (1.1) is asymptotically stable in the sense of Lyapunov (see the definition, for example, in [1]).

In our case, it follows from Lemma 2.1 and Lemma 2.2 that ¢ = n + 1, and ’%1 = n, and
therefore p = 2n — 1. The condition of Lemma 3.1 p > ¢ leads to the condition for the order of
our lower and upper solution. We get

n > 2.

Therefore applying Lemma 3.1 we can state the following theorem on the stability of the periodic
solution

Theorem 3.1 Suppose the assumptions (Aq) — (As3) to be satisfied. Then for sufficiently small
€ the periodic solution of problem (2.1) with interior layer is asymptotically stable with the domain
of attraction az(x,t,e) < u < (3(x,t,¢€).

4 Example

We consider problem (1.1) in the special case
Alu,z,t) = —u, Bu,z,t) =u, vl (t) = =4 + ksint, u7(t) = 3,
where k satisfies
-1<k<l
Thus, the boundary value problem (1.1) reads

Gu_Ouy_  Ou_
¢ oxr? Ot b v

for (z,t) €D :={(x,t) € R*: -1 <x < 1,t € R}, (4.1)
u(—1,t,e) = =4+ ksint, wu(l,t,e)=3 for t€ R,
u(z,t,e) =u(z,t+2me) for te R —1<zx<1
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and the assumption (Ay) is fulfilled. The corresponding degenerate equation (1.2) can be writ-
ten as
ou

The solutions u = () (z,t) and u = @) (x, t) of this equation satisfying the initial values
u(—1,t) = -4+ ksint, wu(l,t)=3
can be given explicitly
u=@Nz,t) =2 -3+ ksint, u=oP(x,t)=2+2
Thus, we have
e (z,t) <0 < P (z,t) for (x,t) € D,
A(SOH_)(Z‘? t),.%‘, t) - _90(+)<‘T7t) <0< _W(_)(%t) - A(QO(J'_)(.Z‘, t),l‘, t) for (l‘,t) eD.
Hence, assumption (A ) is satisfied. Furthermore, we have

T+2 1
I(:mt):/ —udu:—5(5—ksint)(23:—1—l—krsint):0.

—3+ksint

Thus, the equation /(z,t) = 0 has the smooth solution z = w(t) = 1=E32L which 27-
periodic. Finally, it holds
ol

%(wo(t),t) = —(5—ksint) <0 for te€R.

Therefore, all assumptions (A3) of Theorem 3.1 are satisfied and we have the result

Theorem 4.1 The boundary value problem (4.1) has for sufficiently salle and —1 < k < 1 a
solution u(x, t) with the properties

(i) u(x, t) has an interior boundary layer near zo(t) = (1 — ksint)/2.

(i) u(z, t) is asymptotically stable.
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