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Abstract

In this paper we formulate a boundary layer approximation for an Allen—Cahn-type equa-
tion involving a small parameter €. Here, < is related to the thickness of the boundary layer
and we are interested in the limit when ¢ tends to O in order to derive nontrivial bound-
ary conditions. The evolution of the system is written as an energy balance formulation of
the L2-gradient flow with the corresponding Allen—Cahn energy functional. By transform-
ing the boundary layer to a fixed domain we show the convergence of the solutions to a
solution of a limit system. This is done by using concepts related to I'- and Mosco conver-
gence. By considering different scalings in the boundary layer we obtain different boundary
conditions.

1 Introduction

In the recent years there has been a growing interest in the coupling of bulk and surface pro-
cesses. One important example is the theory of spinodal decomposition of binary mixtures
where dynamic boundary conditions are used to model the effective short-range interaction
between the two mixture components and the wall (i.e., the boundary), see e.g. [Kra95, PuF97]
and the references therein. Moreover, we refer to [KE*01, RaZ01, MiZ05, CFP06, FRG*086,
CGMO08, GGMO08, SpW10] for an (incomplete) list of articles related to the mathematical analy-
sis of dynamic boundary conditions for various evolutionary systems including the heat equation,
the iso- and non-isothermal Allen—Cahn equation, the Cahn—Hilliard equation and the Caginalp
system. In addition, we point out to the book [Tai09] for the connection to Feller semigroups and
Markov processes.

In this paper we discuss the question whether such dynamic boundary conditions can be ob-
tained as a limit of a family of bulk systems in the case of the Allen—Cahn equation. More pre-
cisely, for a domain € with C?-boundary I" we introduce a boundary layer of thickness € > 0,
denoted by .., that shrinks to I" as ¢ tends to 0 (see Figure 1). In the domains {2 and X, we
consider the following system of (bulk) Allen—Cahn-type equations

0 — ApAu. + Wi (u:) =0 inQ,
1

T.0ue — AcAu. + —Wi(u.) =0 in X,
€

subject to natural continuity and transmission conditions (see (2.1)) at the interface I'. Here, 1V,
and Wj are given, in general nonconvex, bulk and surface potentials.

In order to derive nontrivial boundary conditions when € goes to 0 we assume that the relaxation
time 7. and the diffusion coefficient A, depend on ¢ in the boundary layer >.. This amounts



to different length and time scales in the bulk and in the boundary layer. We then show that
the solutions of this system converge (up to subsequences) to a solution of a limit system
which describes the coupling of bulk and surface evolution. The specific form of the derived limit
system depends on the scalings of the coefficients 7. and A.. In particular, we will derive a
hierarchy of dynamic and static boundary conditions depending on the scalings.

This approach is quite common in the derivation of lower-dimensional models in static elasticity,
see e.g. [Cia00, FJMO06]. Furthermore, we refer to [ScT10] for the derivation of models for con-
ductive thin sheets using asymptotic expansion and to [CoR90] for the (non-rigorous) derivation
of boundary conditions for the heat equation.

Here, however, we give a rigorous convergence proof which is based on an energy balance
formulation of the underlying gradient flow structure of the Allen—Cahn equation. More precisely,
by defining the Allen—Cahn energy functionals &, the bulk equations can be written as L2-
gradient flow in form of a force balance between the dissipative forces and the potential restoring
forces given by the derivative of &£.. This force balance formulation is equivalent to a scalar
energy balance equation written in terms of the energy functionals and quadratic dissipation
potentials R, which in this case are given by the squares of the L2-norm (see also [AGS05,
Mie11])

E(uc(t)) + /0 Re(t:) + Ri(—DE (u.))ds = E-(u:(0)),

where R? denotes the dual dissipation potential, i.e., the Legendre transform of R.. In partic-
ular, it is sufficient that only a lower energy estimate holds since the converse estimate follows
from the properties of the Legendre transform and the chain rule for ¢ — &, (u.(t)).

The energy balance formulation opens the door for the application of notions of variational
convergence such as Mosco and I'-convergence [Att84, Dal93, Bra02]. Here we follow the
ideas in [SaS04] (see also [BFG06, KMMO06, Kur07]) where a method to prove the convergence
of gradient flows for I'-converging energy functionals was presented and applied to derive the
limiting dynamics of vortices for the heat flow of the Ginzburg—Landau energy. However, we
emphasize that the convergence of the gradient flow cannot follow from the I'-convergence of
the energy functionals only and extra conditions are required for the interplay of the convergence
of the energy and the dissipation potentials. These extra conditions amount to the construction
of mutual recovery curves for the energy and dissipation potentials.

Additionally, for A-convex energy functionals the evolution of the system can be equivalently
described by an evolution variational inequality

Ee(u(t)) + (Gt (t), uc(t)—u) < E(u) — Ac(u(t)—u) v,
where G. denotes the linear and self-adjoint operator associated with R, and A, corresponds

to the A-convexity of £..

We show that we can pass to the limit in the energy balance and the evolution variational in-
equality, respectively, in order to obtain corresponding limit formulations, written in terms of limit
functionals &, and R, which describe the coupling of bulk and surface evolution.

The paper is organized as follows: In Section 2 we introduce the underlying geometry of the
boundary layer approximation and present the system of Allen—Cahn-type equations along with



technical details such as growth conditions, etc. The bulk system will then be cast into the gradi-
ent flow framework, in particular in the energy balance formulation. Furthermore, we introduce
a change of coordinates in order to transform the system to a fixed domain (see Section 2.3).
In this change of coordinates we characterize a point in the boundary layer by its projection
and distance onto, resp., to I'. Therefore we can decompose directions in >, into tangential
and normal parts relative to I'. The normal direction is then rescaled in order to obtain a fixed
domain.

In Section 3 we present the main result of the paper, i.e., the limit passage in the energy balance.
This is based on the results in [SaS04] which for the convenience of the reader will be refor-
mulated here. Applied to our specific problem the construction of the mutual recovery curves
is akin to the construction of the recovery sequences for the energy functionals in the sense of
I"-convergence.

In the final Section 4 the derived limit models will be discussed. In particular, depending on
the scaling of the relaxation time and the diffusion coefficient in the boundary layer we obtain
the usual Dirichlet- and Neumann boundary conditions as well as dynamic boundary conditions
and boundary conditions that are to our knowledge not addressed in the literature so far, e.g.,
coupling of the bulk equation to an elliptic equation for the trace on I' (see (4.4))

Notably, we also obtain the system recently considered in [SpW10] where it was studied re-
garding existence and uniqueness of global solutions, as well as asymptotic behavior and the
existence of a global attractor. The system consists of the following bulk equation and dynamic
boundary condition:

o — AyAu+Wi(u) =0 in€,
Ts0ur — AsArur + AyVu-v+ W/ (ur) =0  onT,
u=ur onl,

where Ar denotes the Laplace-Beltrami operator on I

Finally, we like to remark that the purpose of this paper is twofold: First, we want to identify
the relevant scalings in the boundary layer system for deriving nontrivial boundary conditions.
It would be interesting to apply these results to the related problem of deriving interface condi-
tions in reaction-diffusion systems. Interface conditions in semiconductor heterostructures and
biological systems are of great importance (see [Sch94, Gli11] and [EIS10]). Especially in or-
ganic photovoltaics interfaces are the fundamental building block, see [PoA06, Sect. 8].

Second, the paper contributes to the theory of application of I'-convergence methods to evo-
lutionary problems, especially to gradient flows. We refer to [MRS08], [Mie08] and [AM*11] for
the application of the principles of I'-convergence to rate-independent evolution, Hamiltonian
systems and Wasserstein gradient flows, respectively.



2 Setting of the model

2.1 Definitions and notations

We consider an open and bounded domain 2 C R%, d > 2, with a C2-boundary denoted by
I' := 0f). For a sufficiently small parameter ¢ > 0 we introduce the domain €. defined by

Q. = {x e R? : dist(z,Q) < 5},

where dist(z, Q) := inf,cq |z — y| denotes the distance to 2. We call the set . := Q. \ Q
the boundary layer (or e-neighborhood) of €2. Obviously, we have the convergence ). — ) for
e — (0 with respect to the Hausdorff distance.

Let 7" > 0 be a finite time horizon. In the domain {2. we consider the following system of
Allen—Cahn-type equations:

ToOue — ApAu. + Wi(ue) =0 in[0,T] x £,

1, _ (AC;)
O — AcAue + =W (u) =0 in[0,T] x X,
5

where 7y,, 7. > 0 denote the relaxation times, A}, A. the diffusion coefficients, and Wg, Wb’ are
the derivatives of potentials W), Wy € Cl(R) in the bulk and in the boundary layer, respec-
tively. The equations above are subjected to the following natural boundary and transmission
conditions at the interface I'

ANu.-v=0 on [0, 7] x OS2,
AyVu. -v=ANu.-v on[0,T] xT, (2.1)
[us] =0 on[0,7] x T,

where v denotes the outer unit normal on I" and JS). and | -] denotes the jump across the
interface T Finally, the system is completed by imposing the initial condition u.(0) = u? in Q..

We assume that in the boundary layer .. the coefficients satisfy the scalings
T, =& “74 and A, =ePA,

for given 7, A; > 0 and «, 3 € R. We will discuss explicit choices for the exponents v and 3
in the following sections.

The nonlinearities W}, and W satisfy the following growth conditions:

Wils) = cls|* =y, [W{(s)] < C(1+]s") s d=3.

d—2

Wi(s) > cls|*=v, [Wy(s)| < C(1+]s[?) . o d=2,
p € [1,g[withg =

(WGrow)
These are the same growth conditions imposed in [SpW10] for the bulk potential 1V}, while we

have a stronger growth condition for the boundary potential since we are in the full d-dimensional
domain Y. in contrast to the (d—1)-dimensional boundary I" in [SpW10].



A prominent example for the (nonconvex) potentials W}, and W is the double well potential
u — 1 (1—u?)?, which obviously satisfies the above growth conditions for d = 2, 3.

We show that solutions of the system above converge in a certain sense to a solution of a limit
system which consists of the bulk equation in €2 in (AC.) coupled to an equation posed on the
boundary I'. As we will see, the form of the latter equation will heavily depend on the choices
for the scaling exponents v and (3.

To put the above system in an abstract framework we introduce the function spaces V, :=
H(€.) and H. := L*().). Then, the weak formulation of the system (AC.) reads: Find u. €
HY(0,T; H.) NL2(0,T; V.) with u.(0) = u? such that for all p € V. and almost all ¢ € [0, T
we have

0= / [@a(x)atuggo + A (x)Vu. - Vo + W.(z, ug)go} duz, (Ww-AC,)
Qe

where we use the notation

in A, inQ Wy (- in Q2
ai= {7 00 = {P D w0 2
Te 1IN 2, e 1IN 2, AE n 2.

£

The existence of solutions of (AC.), resp. (w-AC,), follows from standard arguments, see e.g.
[Rou05, SpW10].

Theorem 2.1 (Existence of solutions). For fixede > 0 letug € V. be given. Moreover, assume
that the growth condition (W o) holds. Then, there exists a solutionu. € H*(0,T; L2(€2.))N
L>(0,T; H'(£2.)) of the system (AC.).

2.2 Different formulations of gradient flows

It is well know that equation (AC,) is the L2-gradient flow of the Allen—-Cahn functional &, :
V. — R defined by

A (z
E-(u) :/ [ 62( )|Vu|2 + W.(z,u)| dz.
More precisely, by defining the symmetric and positive metric tensor G. : H. — H} via
(G, 0) = fﬂs Ge(z)00 dx the equation in (w-AC.) can then be written in the form

gsus (t) = _Dge (us (t))a (fbs)

with D& (u) denoting the Gateaux derivative of £, which is well-defined due to (W0 ). Note
that we (notationally) distinguish between H, and H since the former is the space of velocities
1, while the latter is the space of forces & = DE.(u). Thus, G. maps velocities to forces. The
equation above can be seen as a force balance formulation of the gradient flow, where G. 1,
and D&, (u.) are the dissipative and potential restoring forces, respectively. Defining the inverse
operator ngzggl:H;HHE, mapping forces to velocities, we can write the force balance (fb,)
as rate equation in H,

Ue(t) = —KDE(ue(t)) = —Vg.L(u(t)), (ree)

€



where Vg € denotes the gradient of &£, with respect to the metric tensor G.. Note that we
have (£, KC.n) fQ )~1¢n dx. The operator G. defines the quadratic dissipation po-
tential R.(u) = 3(G.u, u> whose Legendre transform is given by K, i.e., we have R’ (&) =
%(5 ,KC:€), where £ denotes the “dual variable” (also called chemical potential or thermody-
namically conjugated driving force, see [Mie11]). Furthermore, by using the chain rule we have
that

£.(0e(0) — &) = [ (G} s
-/ (DE(u), K.DE. (1)) ds
_ /0 t {Rg(%) + RZ(—DEE(us))] ds.

Hence, we see that the force balance (fb.) and the rate equation (re.) are equivalent to the
energy balance

E.(ua(t)) + /O "Ru(i) + R (—DE.(u.)) ds = £.(u.(0)). (eb.)

This formulation (whose solutions are also called curves of maximal slope see [AGS05, Sect.
1.3]) is indeed equivalent due to the Legendre Fenchel equivalences for convex potentials, i.e.,
j=DR.(v) < v=DRI()) <= Re(v) + Ri(p) = (v, p).

We also used the chain rule L& (u) = (DE.(u), ).
In fact, in (eb.) we only need the lower estimate“<”, the reverse estimate follows from the

definition of the Legendre transform. The advantage of (eb,) is that it is a scalar equation in R
in contrast to the equations (fb.) and (re.) in H} and ., respectively.

Let us remark here that 2R (1) and 2R’ (—DE&.(u)) are nothing but the squares of the so
called metric derivative of u and the metric slope of £, calculated with respect to the metric

induced by G., see [AGS05].
If the potentials 17}, and W are Ay-convex, resp. As-convex, (s — Wi s(s) — %MQ is
convex) the energy functional satisfies the convexity estimate

E(u) = E(u) + (DE(u), u—u) + A:(u—u)  Vuel

where A.(w) = [, 2 |w|>dz+ Js. 52lw]? dz. Note, that Ay, and ), do not have to be positive
and therefore Wb and Wy are in general nonconvex. The double well potential u +— —(1 u?)?
is A\-convex with A = —2. Moreover, every W € C1(R) is A-convex.

Using the force balance formulation (fb.) we arrive at the equivalent formulation as evolution
variational inequality (see [AGS05, DaS10])

Eclua(t)) + (Gt (), ue(t)—T0) < E(T) — Ac(ue(t)—7) YT E V..  (eviv)

Note that this formulation is written only in terms of the functional £, and the operator G., and
is therefore derivative free.

We study the behavior of the solutions u. when ¢ — 0. In this case the boundary layer 3.
shrinks to I and we show that the “limit” of the sequence .|y, describes the evolution on I



2.3 Transformation of the problem

In order to provide a notion of convergence of the solutions u. we transform the variable domain
(). to a fixed domain.

For this, note that due to the smoothness of the boundary I' and for sufficiently small € a point
x € Y. can be characterized in the following way: there exist unique y € T" and ¥ €]0, £[ such
that z = y+Uv(y) (see e.g. [WIo87, Chap. 2]), where v denotes the unit outer normal on I’
(see Figure 1). Hence, we introduce the change of coordinates in >,

Xe(y,0) ==y +ebv(y), (y,0) € I'x]0, 1],
Yo(z) = (ys(x),ﬁs(x)) = (Pg(x),dg(x)/e), x € Q,,
where P, and d. denote the projection from .. on I" and the distance to I, respectively.

With this change of coordinates we define 3 := I'x|0, 1] and for a function u : 3. — R we set
U=uwuoX,:Y — R. Since the boundary I is of class C? we have that the outer unit normal
satisfies v € CY(T'; R?). Therefore, if u € H'(3.) we have U € H!(X). More precisely, it
holds

iU\ _ (P(y)—e6S(y) _ ‘1 VrU
(89U> - ( 8V(y)T Vu: and vu - @a(x) gy(Pf-:(CC)) 89U )
where VU € T (I') denotes the tangential gradient of U on T, P(y) is the projection onto the

tangential space at y € I', S = —0vr//Jy is the so-called shape operator (see e.g. [dCa76])
and Q. is such that Q. (P—¢6S) = P.

The tangential gradient VU on I' can be characterized in the following way (see [SaV97,
dCa76]): For V : I' — R denote by VV a smooth extension of V to R%, then VrV(y) =
P(y)[VV]. Itis easy to check that this definition is well-defined and independent of the exten-
sion ‘7 moreover, we have that P = [—vr ® v. Similarly, the divergence on I" for vector fields
V can be defined as

divpV = divV — V(V - v)v,

where V is again a smooth extension of V. In this framework the Laplace—Beltrami operator
Ar has the simple form ArU = divy(VrU). For a vector field V € L2(T'; 7(T')) such that
divpV € L3(T') and U € HY(T") we have Green’s formula

—/VFU-VdF—/UdiVFVdF.
r r

In contrast to X, we leave the bulk domain €2 untransformed. Hence, we introduce the spaces
for the bulk variable u : {2 — R and the surface variable U : ¥ — R

Vi={(u,U) e H(Q)xH' (D) : ulr =Ulg=oy}, H:=L*(Q) x L*(D).

The measure on ¥ is given by du = dI'® d\!, i.e., the product of the surface measure on I'
and the one-dimensional Lebesgue measure on |0, 1[. The space H' () is defined in the usual
way, i.e., the closure of C'(X) with respect to the norm || - ||y1(s:), where

U sy = /z [|UP? + |VrU* + |0,U 7] dye.

7
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Figure 1: Transformation of the boundary layer.

0=1/e

Now, substituting the above transformations in £ we arrive at the transformed energy functional
E.: V — [0, 00], for u = (u, U) defined by

EE(u):/Q [%]VU!QjLWb(u)] dz

A, 1
+/LEme&mmwv+g@wﬁ+mﬂﬂmew>
b

where B, = QZ@E and J. describes the change of volume due to the transformation. Addi-
tionally, the transformed dissipation potential R. : H — [0, o[ reads

o T . Te s
Re@) = [ Blif o+ [ FIOPI(.0)dp

We denote by G. : H — H* the associated operator, i.e., R.(@) = 3(G.%, ). The inverse
operator K. = G_! : H* — 'H gives the dual dissipation potential R*, more precisely, for a
dual variable £ = (£, Z) it reads

7_—1 7_71
R:¢) = [ 2-|¢Pd — |2 dp.
‘(&) L 2“'x+é§&wﬁﬂ' "

Note that although we have that £.(u) = E.(u) and R.(@) = R.(%) it holds that R’ () #
R(&). This is due to the fact that the Legendre transform R is calculated in the space H
whose norm and scalar product is not inherited from H.. For the same reasons we have that
DE.(u) # DE.(u). However, it holds that R.(—DE.(u)) = R.(—DE.(w)). In particular, the
energy balance (eb,) is equivalent to

E.(u.(t)) + /0 [Re(ﬂg) + R:(—DEa(ue))] ds = E.(u.(0)). (EB.)

Moreover, in the A-convex case the evolution of the transformed system is equivalently de-
scribed by the following evolution variational inequality which corresponds to (evi.)

E.(uo(t)) + (Gou(t), u.(t)—u) < E.(u) — A (u(t)—u), (EVI.)



where A.(u) = [, 2|ul?

We will use both formulations, (EB,) and (EVIE), for the convergence analysis. Note that (EB,)
contains the derivative of the energy functional E. while (EVI.) does not. Conversely, (EVI.)
contains the derivative of the dissipation potential R. while (EB,) is free of it.

The following lemma is concerned with the convergences of the geometrical quantities B, and
Je.

Lemma 2.2. It holds that B. — 1 uniformly in 32, with I denoting the identity in the tangent
bundle of T, and J. /e — 1 uniformly in ¥.

Proof. The easiest (although not most elegant) way to see that the convergence is indeed
as stated, is to switch to local coordinates and calculate B, and J. explicitly in terms of the
covariant and contravariant basis vectors (see [Cia00] for a related problem in the theory of
elastic shells). O

3 Convergence of the system

Our result is formulated abstractly in terms of Mosco convergence of E. towards a limit Eq and
of R, towards R,. For functionals F,,, defined on a Banach space Q, the definition of Mosco
convergence is as follows:

(i) Liminf estimate for weakly converging sequences:
. —~q — F(g,) <liminfF,(q),

F. —F & ¢ . . : .
(i) Existence of strongly converging recovery sequences:

Vg e Q3 (qn)n: G, — qand F(q) > limsupF,(q,).

n—oo

Hence, Mosco convergence is nothing but I'-convergence in the weak and in the strong topol-
ogy.

Since it is essential to choose the right topology for computing the I'- or Mosco limits, the first
step in our convergence proof is to derive a priori estimates for the solutions (u., U.). This is
addressed in the following lemma.

Lemma 3.1 (A priori estimate). Let E.(u.(0)) < C < oo. Then, there exist constants
Ch,Cy, C5,Cy > 0, independent of ¢, such that

e 1F2 0. 7x0) + €' Ul 20,1755y < Chs

1
||DuEs(ua>Hi2(0T}xQ) + __HDUEE(U’&)”?ﬁ ([0,T]x ) < Oy,

V) oy + IOy + = (LDl < o
lte (g + U0 22wy < Ci

(3.1)

forallt € [0, 7).



Proof. The estimates in (3.1) are a direct consequence of the energy balance (EB.). We remind
that the relaxation time and the diffusion coefficient are given by 7. = 7.e~*, A, = A",
The energy functional satisfies the estimate

Ec(ue) > C(HVUsHi%Q) + ||U5Hi2(9) + ||Us’|i2(9)
+ 51_6||VFU6||52(2) + 5_(6+1)H3‘9Ue‘|i2(2)) -

where we have used the quadratic growth of the nonlinearities W}, and W as well as Lemma
2.2. The dissipation potential satisfies

R() 2 O(|fie |22yt~ U IE2(s))-
RZ(&:) = CIIDuE: (we) £y e I DUE- (ue) [z (s))-

By assumption the lefthand-side in the energy balance (EB.) is bounded, thus we arrive at
(3.1). O

Remark 3.2. The a priori estimates show that the critical scaling for the relaxation time 7. =
e~ %1y is a=1. For a<1 we expect the time derivatives in 3. to blow up while the thermodynam-
ically conjugated driving forces tend to 0 in the limit. This means that we have a much faster
timescale in the boundary layer, such that in the limit the system is always in equilibrium on
the boundary. Conversely, a>1 amounts to a slower timescale in the boundary layer with no
evolution. In contrast to these degenerate cases a=1 results in a nontrivial dynamic boundary
condition as in [SpW10].

In addition, we find the characteristic values 3 € {—1,-+1} for the scalings of the diffusion
coefficient A, = ¢ =P A in the boundary layer. For 3>1 all derivatives have to vanish such that
U is constant (in every connected component of 22). However, it is not fixed and may evolve in
time, we refer to this as the fast diffusion case. Conversely, for <1 we expect the tangential
derivatives to blow up in the boundary layer (no diffusion case). For =1 we expect genuine
surface diffusion.

The crucial point is that in all of the cases above the derivative with respect to 6 has to vanish.
Hence, in the limit the surface variable U is given only by its trace on I' which allows for the
reduction to surface evolution, see Section 4 for the final discussion.

Lemma 3.1 shows that we can extract a (not relabeled) subsequence u. = (us, UE) such that
for the bulk variable u. we have the convergence

Ue = u in L>°(0,7; H'(Q2)),
Ue = 0 in L2([0, T|x ), (3.2)
DEb(UE) — DEb(u) in Lg([O,T]XQ),

while additionally for U, we have

U.2U  inL>®(0,T;L*Q)),

U. — 0 inL®(0,T;L3(%)). (3.3)

10



Depending on the choice for 3 we find a subsequence such that the tangential gradients of U,
satisfy
VrU. = ViU for 3 =1
VrU. — 0 for 3> 1

Furthermore, we can assume that the following convergences take place

} in L>(0, T; L*(%)). (3.4)

U.—~U and DE(U.)—~Z fora=1

-
U.—0 and DE(U:) =0 fora<l } in L([0, T]x %), (3.5)

where E. is such that E.(u, U) = E(u) + Es.(U) and Z € L2(]0, T|xX) is to be deter-
mined.

Obviously, the energy functionals E. blow up if the derivative with respect to 6 does not vanish
(for B > 1 the same holds for the tangential derivatives). Thus, we expect the limit problems
to be defined on the subspace of functions that are constant in normal direction (and tangential
direction for 3 > 1).

Let us consider the case § > 1 first: We define the reduced spaces Viangs Veonst and their
closures in H via

Viang = {(w,U) € V : U =0a.e.in X}, Hiang = VtangH,

Vconst = {(U, U) E V . U - CODSt a.e. |n E} , Hconst - VconstH

In the following theorem we prove the Mosco convergence of the energy functionals E. for
G>1inV.

Theorem 3.3 (Mosco convergence, Part |). For =1 the energy functionals E. converge in the
sense of Mosco to the limit functional E;,yg : V — R given by

JEs(u) + [y [2IVRUP 4+ We(U)] dp ifte € Viang,
Etang('“') =

+o0 otherwise.

For 3 > 1 the Mosco limit of E., denoted E..:, is given by

() = Ev(u) + [ Wo(U)dp ifu € Veonst,
const +o0 otherwise.

Proof. Here we only consider the case 3 = 1. The result for the other case follows analogously.

Liminf estimate for weak convergence. For all sequences u.=(u., U.) — u=(u,U) in V we
have to show Egane () < liminf. o E.(w.). First, let & & Viang. Since the norm on V is
weakly lower semicontinuous, we find lim inf._.q [|0pU.||12(x) > 0. Using the coercivity of E.
we conclude

C
Ec(uc) > ?HaﬁUe”i?(E) — ¢ — 00 = Eang(u).
Hence, we can assume that u € Viang and supg.. ., Ec(u.) < oo, for a sufficiently small

gg > 0.
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The compact embedding V CC L4(Q)xL4(X), where ¢ € [1,00[ for d = 2 and ¢ <
2d/(d—2) otherwise, yields the strong convergence (u.,U.) — (u,U) in LY(Q)xLI(X).
Thus, using the growth conditions for 11}, and W we conclude that

/QWb(ue)dmﬁ/QWb(u)dx and /EWS(Ue)dMH/EWS(U)du.

As before, we denote the bulk and surface energy parts of E. by E;, and Eg., such that
E.(u.) = Ep(u:) + Es(Ue). It holds that
Je(y,0)

Ay
|:7VFU8 . Bg(y7 Q)VFUS + Ws(Ug)] Tdﬂ,

Ea(ue) Z Eb(ua) +/

b
Hence, by the uniform convergence of B, and J. /¢ we obtain the lim inf estimate.

Limsup estimate for strongly converging recovery sequences. The construction of recovery se-
quences . such that 4. — w and E.(u#.) — Ejang(u) is straightforward: For w ¢ Vi, the
result is trivial since Etang(u) = oo and we may take 4. = u and argue as in the first step.

For u € Viang We can choose the constant sequence U, = wu since the derivative with respect
to 6 does not appear in E. and we can conclude

A Je(y, 0
E.(u) = Ey(u) +/ {TVFU B (y,0)VrU + Wi(U) %du — Ejang(ut),
b
where we used Lemma 2.2 again. O

The remaining case 3 €]—1, 1] is more complicated since we lose the uniform coercivity of the
energy functionals on V. Hence, we have to work in the coarser topology of the bigger space
W defined by

W = {(u,U) € H(Q)xL*(X) : 9U € L*(%), ulr=U|o0} } -

Let us point out here that the existence of the derivative with respect to 6 in L?(3) suffices for
the well-definedness of the trace on I" since for arbitrary U € C*°(X) it holds that

1U 100y [lL2ry < C([|U]I2(s) + 106U [|12(s3)) -

As before we introduce a reduced space of functions which are constant in normal direction
Wodit := {(u,U) € W : 9yU =0 a.e.inX}.

Since the convergence of the surface variable U, is in general only weak in L*(X) and the
nonlinearity WW; is allowed to be nonconvex we have to replace Wj in the limit by its convex
envelope, denoted W;* in the following (see e.g. [Bra02, Dal93]).

Theorem 3.4 (Mosco convergence, Part Il). Let —1 < (3 < 1. The energy functionals E.
I"-converge on WV to the limit functional E,oqiz : VW — R given by

Ev(u) + [ W2 (U)dp  ifu € Whoais,
+00 otherwise.

Enodiﬂ(u) = {

12



Proof. Liminf estimate for weak convergence. Let u.=(u., U.) — u=(u, U) in ). By arguing
as in Theorem 3.3 we can assume that u € W,oqi and sup0<5<EO Ec(u.) < oo. We have
the estimate
J:(y,0)
€

E.fu) > En(u) + [ W) =2 d

Applying lim inf. 4 to both sides of the estimate and using the uniform convergence of J. /&
and the weak lower semicontinuity of U +— [, W**(U) du on L*(X) we conclude that
lim inf«€—>0 Ee(ua) Z Enodiff(u)-

Limsup estimate for recovery sequences. Let u € W, oqiz be such that Enodiﬁ(u) < o0. By
the density of Viang in Whoait We can find a sequence (U:).>0 C Viang such that u. — u
(strongly) in W and 7| VrU|fzsy — 0, where o = 1-3 €]0,2[. Since 4. = (4., Ue)

converges strongly in V) we can extract a (not relabeled) sequence such that (7 (y,0) —
U(y,0) a.e.in X.. Using Fatou’s lemma we obtain

73 c(y, 0
limsup E.(u.) < limsup{Eb(ﬂE) _|_/ [050|VFU5|2 +Ws(Ug)i| J (Z )d,u}

e—0 e—0

The left-hand side, also known as F-hmes superior (or upper I'-limit), is weakly lower semicon-
tinuous on WV (see [Dal93, Bra02]). Hence, by taking the lower semicontinuous envelope on
both sides we arrive at lim sup,_, E-(u.) < Ejoqinr(w). O

Let us emphasize here that in last case, also for convex W, the energy functional E,,qir is
in general not Gateaux differentiable on W, .qix. Thus, we restrict ourselves to the case of a
quadratic potential, such that W(U) = “:|U|* with ws > 0. In this much simpler case the
(strongly converging) recovery sequences are given by . in the proof of Theorem 3.4. Hence,
E. Mosco converges to E, qqig in W.

The limits for the dissipation potential R. and the dual dissipation potentials R for the cases
a=1, a>1 and a<1 are easily computed. Note that for the last two cases the uniform coercivity
of RY and R. on H* and 'H, respectively, is lost.

For the nondegenerate case =1 we have the convergence
o, . Ts\
R. 2% Ryyn  with Ry (@) = / 2l dx + / 2|0 dg
o 2 n 2
while for the other two cases (the slow and the fast evolution cases, see Remark 3.2) it holds

D |g|2dz ifU =0,

. : Jo®
o> 1: R(1t) — Ryow (@) with Ry (i, U) { else,

a<1: R(t) — Regt (@) with  Res (1, U fﬂ g2 dz.
The Legendre transforms are easily computed as

else.

2
dow(§E) = fQ . £]?dz and Ri(€,2) :{ f T|§| dex if=
o0
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We see that the limits for R, correspond to the observations made in Remark 3.2. For a>1 we
obtain the static condition U = 0, i.e., fixed (boundary-)evolution. While for a<<1 the condition
= = ( for the thermodynamically conjugated driving force means that the (boundary-)system is
in equilibrium.

3.1 Passing to the limit in the energy balance (EB.)

In this subsection we focus on the energy balance formulation (EB.) and show that the limit u =
(u,U) in (3.2)—(3.5) is a solution of the limit system (Eq, Ry) with Eq = Etang, Econst, Enodaift
and Ry = Rgiow, Rayn. In particular, we do not treat the case Ry = Rias; since in this limit case
the chain rule is not available and the obtained limit energy balance is a too weak formulation.
However, we show in the following subsection that for A-convex energies the EVI-formulation
can be used instead.

In particular, we show in this subsection that

gt {E.Gu(0)+ [ [Ru(a) + Re(-DE.(u))) s

e—0

> Eo(ult) + / [Ro(it) + Ry(—DEy(w))] ds.

Here and subsequently we use the the notation V, = Vtang, Veonst and Woogig When we
refer to the domains of the corresponding limit energy functionals Eq = Etang, etc. Note that the
situation for E¢,,s and Eqong is quite different than that for E,,.qis due to the worse compactness
properties of the underlying space.

Remark 3.5. In order to pass to the limit we use the pointwise (in time) weak convergence
of the solutions in the space V (resp. W), i.e., u.(t) — wu(t) inV (resp. W). Indeed, let
Vweak denote the space )V endowed with the weak topology then the continuous embedding
L>°(0,7;V) N HY0,T;H) C C([0, T]; Vieak) (see e.g. [Rou05, Sect. 8.3]) implies that the
weak* convergence u. — w in L>°(0,7;V) N H*(0,T;H) implies u.(t) — wu(t) in V
(the same holds for V replaced by VV). This can be seen by means of a simple contradiction
argument.

Following the ideas in [SaS04] we define for a given curve u. : [0, 7] — V with u.(t) — u(t)
in )V (resp. in W) the energy excess D : [0, T] — [0, 0o] by
D.(t) = E.(u.(t)) — Eou(t)),  D(t) = limsupD.(t) > 0.

e—0
We call u. well-prepared initially it D(0) = 0.

The additional conditions for the convergence of the gradient flow given in [SaS04] can be
directly translated in our case to

1 (Lower Bound) There exists f € L!(0,T') such that for every ¢ € [0, T]]

liminf/ot R.(t.)ds 2/0 [Ro(w) — f(s)D(s)] ds. (3.6)

e—0
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2 (Construction) There exists a locally bounded function g on [0, T'| such that for any ¢, €
10, T'[ and any smooth curve u :|tg—d, to+0[ — V, satisfying w(to)=u(t,) there exists
au. :|toy—9,ty+d[— V such that u.(to)=u.(to) and

lim S(?P R. (ﬁe(tO)) <Ry (ﬁ(to)) + g(to)D(to), (3.7a)
lim inf —-CEL (@) |i—, > — - Eo (@)1, — g(to)D (o) (3.70)
m i q s \Uellt=to = T gy 0 t=to — g\lo 0)- .

The energy excess D should be interpreted as a small perturbation. It is shown in [SaS04] that
D = 0 holds. While the first condition in (3.6) asks for a liminf estimate for the (integrated)
dissipation potential R, the second condition in (3.7) can be interpreted as a liminf estimate
for the dual dissipation potential along the derivative of the energy functionals. Indeed, adding
(3.7a) to (3.7b) we arrive at the following

lim inf R*(~DE. (w.)) > lim inf [—<DEE(u5), Gi.) — R (ﬁs)}

e—0 e—0

> —(DEg(u), ) — Ry(@) — 2¢D.

Taking the supremum over all % yields the limit dual dissipation potential Rayn(—DEp(u)) at
the lefthand side.

Let us point out that the limit system considered in [SaS04] is finite dimensional. Therefore,
we have to adapt the results for our purpose. In particular, we have to show that the Gateaux
derivative of the limit energy functional is well-defined in H.

The main result for Eg = E¢ang, Econst and Enogir and Ry = Ryyy reads as follows:

Theorem 3.6 (Convergence of the gradient flow, Part I). Let w. be a family of solutions of the
energy balance (EB.) converging as in (3.2)<3.5) to a limit w. If D(0) = 0, i.e., u. is well
prepared initially, then D = 0 on [0, T| and w is the solution of the gradient flow for Ey and
Rayn, i.e., it holds that

Eo(us())+ | R (i) + Ry (~DEs (1)) ds < Eo(u(0). 8)

Proof. The weak convergence DE.(u.) — & = (DE,(u),Z) in L?(0,T; H*) implies that
DEg(u) € L%(0,T;H;), where Hy = Vo' Indeed, multiplying with a fixed @ € L2(0,T; VoN
V) leads to the convergence
T T T
/ (DE.(w.), @) dt — / (DEo(w), ) dt — / €. 7) dt.
0 0 0

Here we used the continuity properties of the associated Nemytskii operators u — W/ (u) and
U — W/(U), respectively (see [Rou05]). The density of Vy NV in Hy yields now DEg(u) €
L2(0,T; Hp).
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We see that u € L2((), T;Vy N'V) satisfies the conditions (3.7a) and (3.7b): We easily check
that f(f R.(u)ds — f(f Rayn (@) ds holds and conclude that

t t
lim inf / R!(~DE.(u.))ds > liminf / [ (DE.(u.), @) — R.(@)] ds
E—> 0

e—0 0
t
_ / [ (DEo(w), @) — Rapn(@)] ds.
0
Taking the supremum over all @ € L2(0,T; Hy) we arrive at the liminf estimate for the dual

dissipation along DE. (u.).

The Mosco convergence of the energy functionals and Remark 3.5 lead together with the liminf
estimate for R. to the lower energy estimate

Eolu(t)) + / Ragn (i) + Rign (—DE (1)) ds < Eofus(0)),

which is actually an equality due to the chain rule for t — Eq(w(t)) and the characterization of
the Legendre transform. O
The derivation of the corresponding energy balance for Ry = Ry, is remarkably easier.

Theorem 3.7 (Convergence of gradient flow, Part Il). Let u. be a family of solutions of the
energy balance (EB.) converging as in (3.2)<3.5) to a limit w. If D(0) = 0 then D = 0 on
[0, T'] and w is the solution of the gradient flow for Ey and Ryoy, i.€., it holds that

Ey(u(t)) + / Ry (i) + R (—DEy (1)) ds = Ey(u(0),

where E,, and Ry, denote the bulk part of the limit energy and dissipation potential, such that
E0<u) = Eb70(u) + ES70(U) and R510W<’l:l,) = Rb(u)

Proof. The prove is analogous to the proof of Theorem 3.6 with u = 0. O

Remark 3.8. The well preparedness of the initial conditions u..(0) can be translated into asking
that E.(u.(0)) — Eo(u(0)), i.e., the initial energies converge.

3.2 Passing to the limit in the variational inequality (EVI.)

In order to derive limit systems for the case Ry = Ryt We turn to the evolution variational

inequality (EVI.) which is an equivalent formulation in case of A\-convex energy functionals. It
reads (integrated over time)

T T
/ Ex (1) + (Gette, ue—)] dt < / E(@) - Afu—@)]dt  (39)
0 0
forall w € L2(0,T; V). Note that we consider here the time-integrated version of (EVI.). This
is due to the fact that we have no estimates for the time derivative of the surface variable U.

Hence, we cannot argue with pointwise in time convergence of the solution.
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However, working with the integrated inequality bears problems since the I'-convergence of the
time-integrated functionals is in general not trivial. We refer to [Ste08, Sal84] for the following
result.

Proposition 3.9. Let F. denote a sequence of weakly lower semicontinuous functionals on a
reflexive and separable Banach space X satisfying the liminf estimate for the weak convergence
in X. Moreover, let w. — w (weakly-* if p = 00) in LP(0,T'; X'). Then, it holds that

/ CE(w(t) dt < liminf / U (w0 di.

The main result for the case Ry = Ry, reads as follows

Theorem 3.10 (Convergence of the gradient flow, Part lll). Let u. be a family of solutions of the
evolution variational inequality (3.9) converging as in (3.2)—<3.5) to the limit w. Then, u is the
solution of the following evolution variational inequality for Ey and Rt

/oT Eo(u)dt + /OT /Q myi(u—11) dardt < /OT [Eo(t) — A(w—a)]dt  (310)

forallw € L2(0,T; Vy), where A(u) = [, 2|ul>dx + [, 2

dp.

Proof. Letti=(u, U) € L2(0,T; VoNV). ltis easy to check that fOT E.(w)dt — fo Eo(w)dt.
Moreover, from the estimates in Lemma 3.1 we infer that . — @ in L*([0, T]xQ) and
el=U. — 0in L2([0, T] xX). Hence, we have that

T
/ (Gt uo—t) dt =
0

T T . . J
/ /Tbug(ug—ﬁ)dxdt—i—/ /Ts€l_aU5(UE—U>—Edudt
0o Ja 0 Jx
—>/ /Tbuu w) dxdt.

Thus, applying liminf to (3.9) and using Proposition 3.9 we obtain (3.10). O

4 Discussion of the limit models

In this final section we show that the limit models obtained in Section 3 can be reduced to a
real bulk/surface evolutionary system in €. The main observation is that for a pair (u, U) in
Viang, Veonst OF Whodit We can characterize U by a function defined only on the boundary
I' = O%). More precisely, these spaces are isomorph to the spaces Viang, Veonst and Wioaisr
given by

Viang == { (v, ur) € H(Q)xH'T) : ulp =ur},

Veonst := { (u,ur) € H'(Q)xR™ : w|p, = up, i=1,...,Np},

Waodait := { (u,ur) € HH(Q)xL*(T) & ulr = ur}
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where Nr € N is the number of connected components I'; C I'. We denote by Hiang, Hconst
and H,.qif the closures of the spaces above with respect to the L2-norm, such that

Hiang = Hpoair = L?(Q) x L*(T)  and  Heonse = L*(Q) x RT.

With these characterizations the energy functionals Etang and E,.qi can be reduced by inte-
gration over the variable 6 €]0, 1] while for E..,s; We integrate over y as well. The reduced
energy functionals, denoted & ang, Econst and Endirr are then given by

Erang (U, ur) 1= &y (u) —|—/

r

A
|:7‘VFUF’2 + WS(UF) dF,

Nr
Sconst(u7 uF) = gb(u) + ‘F’ Z WS<U%>7
=1
Wsg 2
Enodift (u, ur) == &y (u) + ?HU’FHLQ(F)?

where in each case &,(u) = [,,[42|Vu|? + Wi, (u)] dz denotes the bulk energy.

Starting with the case @ = 1 we see that the limit energy balance in (3.8) can be written in
terms of & € {Eiang, Econst Enodit } @nd the dissipation potential R4yy. Here, in slight abuse
of notation, Ry is for each of the energy functionals Eiang, Econst aNd Enodisr defined on the
spaces Hiang, Heonst and Hyoqir and obtained as before via integration with respect to the
variable 6 or (y, 0), respectively. Thus, the reduced energy balance reads

Eo(u(t), UF(t)) + /0 Rdyn(ﬂ, UF) + Rflyn(—D&)(u, UF)) ds = So(u(O), UF(O))

To highlight the structure of the limit systems we now write down the corresponding force
balance equation written in terms of the reduced energy and dissipation functional. It consists
of two equations for the bulk and the surface variable u and ur = u|r, respectively. Using the
chain rule and the Fenchel equivalences we obtain

( - Dugo(u,ur))> — 0.

Tsuf + DquO (U, ur

For each of the energy functionals the first equation is formally equivalent to the well-known
Allen—Cahn equation in [0, 77 x €2

0 — ApAu + Wi (u) = 0. (ACpu)

This equation is coupled to the boundary evolution of u|r = ur, which for the energy functional
Etang 1s described by

Ts0ur — AsArur + AyVu - v+ W (ur) = 0. (4.1)

Hence, we obtain the surface Allen—Cahn equation with a contribution given by the conormal
derivative of the bulk variable u. The system (ACyuk) & (4.1) was studied in [SpW10].

18



Figure 2: Numerical examples for Allen—Cahn equation (ACy,x) in circular domain with dynamic
boundary condition (4.1) (left) and homogeneous Neumann boundary condition (right) for dou-
ble well potential T4, (u) = Wy(u) = (1 — u?)? and Ay, = 1000 - A, and 73, = 7.
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For the energy functional &, We obtain a simpler boundary condition, which consists of a sys-
tem of ordinary differential equations for each of the connected components I'; of the boundary
I', namely

0l + Ap[Vu - v]; + W (uh) = 0, (4.2)

where [g]; := ﬁ fFi gdI" denotes the mean value of g : I'; — Rover['; C I'.

Finally, for & = E,oqir the boundary condition reads
TsOur + ApyVu - v + wgur = 0. (4.3)

This boundary condition can be found as a special case in [Pet04].

In the case @ < 1 (Ry = Rgow) We obtain the bulk Allen—Cahn equation (ACy,) and have
no evolution on the boundary, i.e. ur = 0. Which means that the boundary values are fixed
by the initial conditions. Since we assumed in the convergence analysis that the initial energies
converge, the initial values (u(0), ur(0)) have to lie in Viang, Veonst @and Viodisr, respectively.
In particular, in the first case we have u|r = u|r(0) € H'(T'), while in the second case the
boundary values are constant (on each connected component) and in the last case we have
ulp = u(0)|r € Hz (D).

At last we discuss the fast evolution case o > 1 (Ry = Ryast). Choosing w = u—hw, h > 0
in the limit evolution variational inequality (3.10) and letting » — 0 we obtain the system

i + DyEo(u,ur)) 0
Durg[)(ua UF) e

Hence, for & = &iang the bulk equation (ACy,k) is coupled to the nonlinear elliptic surface
equation
—ASAF’U,F + Aqu -V + W;(uF) =0. (4.4)

While for &y = E.onst We have the following nonlinear equation for each connected component
of the boundary I' ‘
Ap[Vu - v); + Wl (up) = 0. (4.5)

In the last case &y = Enoqir We obtain the usual Robin boundary condition

AVu - v + wsur = 0. (4.6)
See Figure 2 for a numerical comparison of dynamic boundary condition and classical Neumann
boundary condition in case of a circular domain.
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