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τ̄

τ̄ + λ1
Daτ̄

Dt
= 2µ(D(v) + λ2

DaD(v)

Dt
),

D(v) = 1
2 (∇v + (∇v)T ) v λ1 > 0 λ2 > 0

µ

Daτ̄

Dt
:= ∂tτ̄ + (v · ∇)τ̄ + ga(τ̄ ,∇v)

ga(τ̄ ,∇v) := τ̄W (v) − W (v)τ̄ − a(D(v)τ̄ + τ̄D(v)),

τ̄ W (v) := 1
2 (∇v − (∇v)T )

a ∈ [−1, 1] a = 1

O B(t) n(t)

D(t) = O\B(t)

O ∂O ν
Γ(t)

QD := {(t, x) ∈ R
4 : t ∈ R+, x ∈ D(t)}

QΓ

{

∂tv + (v · ∇)v = divT + f, QD,
div v = 0, QD,



T(τ̄ , q) = τ̄ − qIdR3 q f

τ̄ =: 2µ
λ2

λ1
D(v) + τ, α :=

λ2

λ1
,

Dµ,α(v) = 2µαD(v),























∂tv + (v · ∇)v − µα∆v + ∇q = div τ + f, QD,
div v = 0, QD,
v(0) = v0, D(0),

λ1(∂tτ + (v · ∇)τ + ga(τ,∇v)) + τ = Dµ,1−α(v), QD,
τ(0) = τ0, D(0).

v = 0 ∂O

v(t, x) = η(t) + θ(t) × (x − xc(t)), QΓ,

η θ
xc















mη′(t) +
∫

Γ(t)
T(τ̄ , q)(t, x)n(t, x) dΓ = f1(t), t ∈ R+,

(Jθ)′(t) +
∫

Γ(t)
(x − xc(t)) × T(τ̄ , q)(t, x)n(t, x) dΓ = f2(t), t ∈ R+,

η(0) = η0,
θ(0) = θ0,

m > 0
J f1 f2

f0 = g f1 = mg f2 = 0 g

τ = 0

L6/5 ∩ L2(R3) B
Lp

B




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













































∂tv + (v · ∇)v − µα∆v + ∇q = div τ + f0, QD,
div v = 0, QD,
v(0) = v0, D(0),
v|QΓ = η + θ × (x − xc), QΓ,
v|∂O = 0, ∂O,

mη′(t) +
∫

Γ(t)
T(τ̄ , q)(t, x)n(t, x) dΓ = f1(t), t ∈ R+,

(Jθ)′(t) +
∫

Γ(t)
(x − xc(t)) × T(τ̄ , q)(t, x)n(t, x) dΓ = f2(t), t ∈ R+,

η(0) = η0,
θ(0) = θ0,

λ1(∂tτ + (v · ∇)τ + ga(τ,∇v)) + τ = Dµ,1−α(v), QD,
τ(0) = τ0, D(0).

v, q, η, θ τ D(t)

∂O

1 ≤ s, r ≤ ∞ T > 0

Ls(0, T ;Lr(D(·))) := {f ∈ L1
loc((0, T ) ×D(·)) : ‖f‖Ls(0,T ;Lr(D(·))) < ∞},

‖f‖Ls(0,T ;Lr(D(·))) :=

(

∫ T

0

‖f(t)‖s
Lr(D(t)) dt

)1/s

.

D := D(0) JT := (0, T ) ⊂ R T > 0

D ⊂ R
d d ∈ N 1 ≤ r ≤ ∞ m ∈ N Wm,r(D)

Hβ,r(D) β ∈ R+ Cm

0 < β ≤ m

Hβ,r(D) := [Lr(D),Wm,r(D)] β
m

,

0 < β < m, 1 ≤
r < ∞, 1 ≤ s ≤ ∞

Bβ
r,s(D) := (Lr(D),Wm,r(D))β/m,s,

W β,r(D)

W β,r(D) :=

{

W β,r(D) β ∈ N,
Bβ

r,r(D) β /∈ N.

r = 2

R R
d

Ls(Lr) Ls(JT ;Lr(D)) R
d



1 < s < ∞ 3 < r < ∞ O B ⊂ O

C2,1 η0, θ0 R
3 v0 ∈ B

2−2/s
r,s (D)

τ0 ∈ W 1,r(D) f0 ∈ W β,s(R+;Lr(O)) β > 0 f1, f2 ∈ Ls(R+; R3)

dist(B(0), ∂O) > d d > 0,

[0, T∗)

v ∈ Ls(JT∗ ;W
2,r(D(·))) ∩ W 1,s(0, T∗;L

r(D(·))),

q ∈ Ls(JT∗ ;W
1,r(D(·))),

η ∈ W 1,s(JT∗ ; R
3),

θ ∈ W 1,s(JT∗ ; R
3),

τ ∈ C(JT∗ ;W
1,r(D(·))) ∩ W 1,s(JT∗ ;L

r(D(·))).

v0, η0 θ0 div v0 = 0

v0|Γ(x) = θ0 × x + η0,

v0|∂O = 0,

1
2r + 1

s < 1

v0|Γ(x) · n(0, x) = (θ0 × x + η0) · n(0, x),

v0|∂O · ν(x) = 0,

1
2r + 1

s > 1

Ds,r := (Lr
σ,W 2,r ∩ W 1,r

0 ∩ Lr
σ)1−1/s,s

f0 ∈ W β,s(R+;Lr(O)) f0 ∈ Ls(R+;Lr(O))
q

q
f0 D(·)

f0 ∈ Ls(R+;Lr
σ(D(·)))

T∗

T∗

t *→ ‖v(t)‖
B

2−2/s
r,s (D(t))

, t *→ |η(t)|, t *→ |θ(t)|, t *→ ‖τ(t)‖W 1,r(D(t))

[0, T∗)
T∗ dist(B(T∗), ∂O) < d

2
η, θ

JT ×D

W 1,s(JT ; R3)

v, q, η, θ, τ



R+ × D
xc(0) = 0 O R

3

xc(0)
X0 Y0 y ∈ R

4 X0(t, y) =
Q(t)y + xc(t) Q(t) SO(3)

{

∂tX0(t, y) = m(t)(X0(t, y) − xc(t)) + η(t), JT × R
3,

X0(0, y) = y, y ∈ R
3,

m(t) m(t)x = θ(t)×x
Q ∈ W 2,s(JT ; R3×3) η, θ ∈ W 1,s(JT ) Y0(t) X0(t)

Y0(t, x) = QT (t)(x − xc(t))

{

∂tY0(t, x) = −M(t)Y0(t, x) − ξ̄(t), JT × R
3,

Y0(0, x) = x, x ∈ R
3,

M(t) := QT (t)m(t)Q(t), ξ̄(t) := QT (t)η(t).

X0 Y0

D
∂O χ ∈ C∞(R3; [0, 1])

χ(x) :=

{

1, dist(x, ∂O) ≥ d,
0, dist(x, ∂O) ≤ d

2 ,

b : [0, T ] × R
3 → R

3

b(t, x) := χ(x − xc(t))[m(t)(x − xc(t)) + η(t)] − BK(∇xχ(· − xc(t))m(t)(· − xc(t)))(x).

BK : C∞
c (K; R) → C∞

c (K; R3) K
{x ∈ R

n : d ≤ dist(x, ∂O) ≤ d
2} div BKg = g

∫

K
g = 0

b(t) C∞(R3)
∫

B2\B1

(∇χ(y − xc(t)))m(t)(y − xc(t)) dy =

∫

B2\B1

χ(y − xc(t)) m(t) dy = 0,

b(t) = 0 t ∈ [0, T ] b ∈ W 1,s(JT ;C∞
c,σ(R3)) b

B 0 R
3\O

{

∂tX(t, y) = b(t, X(t, y)), JT × R
3,

X(0, y) = y, y ∈ R
3.

η, θ ∈ W 1,s(JT ; R3) X ∈ C1(JT ;C∞(R3)),
∂|β|+1X
∂t(∂yj)β , ∂|β|X

(∂yj)β β ∈ N
3
0

X(t, ·) Y (t, ·)
b = 0 X Y

JX(t, y)JY (t, X(t, y)) = Id det JX(t, y) = det JY (t, x) = 1,

(JX)ij(t.y) = ∂jXi(t, y) (JY )ij(t, x) = ∂jYi(t, x). X
Y

{

∂tY (t, x) = b(Y )(t, Y (t, x)), JT × R
3,

Y (0, x) = x, x ∈ R
3,

b(Y )(t, y) := −J−1
X (t, y)b(t, X(t, y)).

b(Y ) Y b X
B1 X, Y X0, Y0 K∪B1 ∂tX(t, y) = ∂tY (t, x) = 0



(t, y) ∈ [0, T ) × R
3

ū(t, y) := JY (t, X(t, y))v(t, X(t, y)),

p̄(t, y) := q(t, X(t, y)),

ω̄(t) := QT (t)θ(t),

ξ̄(t) := QT (t)η(t),

F0(t, y) := JY (t, X(t, y))f0(t, y),

Fi(t) := QT (t)fi(t), i ∈ {1, 2},

σ(t, y) := JY (t, X(t, y))τ(t, X(t, y))JT
Y (t, X(t, y)),

N(t, y) := QT (t)n(t, X(t, y)) Γ := Γ(0).

M(t)x = QT (t)m(t)Q(t)x = QT [θ(t) × Qx] = (QT (t)θ(t)) × x = ω̄(t) × x,

N(t, y) = N(y) Γ y ∈ Γ
I := QT (t)J(t)Q(t) a, b ∈ B1,

a · I · b =
|B|

m

∫

B(0)

(a × y) · (b × y).

∫

Γ(t)

T(τ̄ , q)n(t) dΓ = Q

∫

Γ

T(Dµ,α(ū) + σ, p̄)N dΓ

∫

Γ(t)

(x − xc(t)) × T(τ̄ , q)n(t) dΓ = Q

∫

Γ

y × T(Dµ,α(ū) + σ, p̄)N dΓ.


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


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































∂tū + Mū − 2µαLū − div σ + N (ū) + Gp̄ = F0, JT ×D,
div ū = 0, JT ×D,

ū(t, y) − ω̄(t) × y − ξ̄(t) = 0, JT × Γ,
ū|∂O = 0, JT × ∂O,
ū(0) = v0 D,

mξ̄′ + m(ω̄ × ξ̄) +
∫

Γ
T(Dµ,α(ū) + σ, p̄)N dΓ = F1, JT ,

Iω̄′ + ω̄ × (Iω̄) +
∫

Γ
y × T(Dµ,α(ū) + σ, p̄)N dΓ = F2, JT ,

ξ̄(0) = η0 ω̄(0) = θ0

JT × D L

(Lū)i := Σ3
j,k=1∂j(g

jk∂kūi) + 2Σ3
j,k,l=1g

klΓi
jk∂lūj

+Σ3
j,k,l=1

(

∂k(gklΓi
jl) + Σ3

m=1g
klΓm

jlΓ
i
km

)

ūj .

(N (ū))i := Σ3
j=1ūj∂j ūi + Σ3

j,k=1Γ
i
jkūj ūk.

(Mū)i := Σ3
j=1Ẏj∂j ūi + Σ3

j,k=1

(

Γi
jkẎk + (∂kYi)(∂jẊk)

)

ūj

(Gp̄)i := Σ3
j=1g

ij∂j p̄,

gij = Σ3
k=1(∂kYi)(∂kYj),

gij = Σ3
k=1(∂iXk)(∂jXk)



Γi
jk = Σ3

l=1g
jk(∂igjl + ∂jgik − ∂kgij) = Σ3

l=1(∂j∂kXl)∂lYi.

{

λ1(∂tσ + ((Ẏ + ū) · ∇)σ + C(ū, ξ̄, ω̄) : σ) + σ = E ū JT ×D,
σ(0) = τ0 D,

(E ū)ij := µ(1 − α)Σ3
k,l=1g

ik∂kūj + gjk∂kūi + (gikΓj
kl + gjkΓi

kl)ūl,

Σ3
k,l=1C(ū, ξ̄, ω̄)ijklσkl

:= Σ3
k,l,m,n,π=1

{

δjl(∂mYi)(∂kẊm) + δik(∂mYj)(∂lẊm) + (δjlΓ
i
km + δikΓj

lm)Ẏm

+
[1

2
(1 − a)∂n∂mXπ(δjlg

in∂kXπ + δikgjn∂lXπ) −
1

2
(a − 1)(δjlΓ

i
km + δikΓj

lm)
]

ūm

+
[1

2
(1 − a)(δljg

ingkm + δikgjnglm) −
1

2
(1 + a)(δjlδimδkn + δikδlnδjm)

]

∂nūm

}

σkl

Y Ẏ (t, y) *→ (Y ◦ X)(t, y))
(t, y) *→ ((∂tY ) ◦ X)(t, y)

(ū, p̄, ξ̄, ω̄, σ)
(v, q, η, θ, τ)

X, Y

τ X, Y

1 < s, r < ∞ Ar Lr
σ(D)

{

Aru := Pr,D∆u,

D(Ar) := W 2,r(D) ∩ W 1,r
0 (D) ∩ Lr

σ(D)),

Pr,D Lr(D)

XT
s,r,σ := W 1,s(JT ;Lr

σ(D)) ∩ Ls(JT ;D(Ar))

Y T
s,r,0 := {p ∈ Ls(JT ;W 1,r(D)) :

∫

D

p = 0}.

r /= s

D ⊂ R
n n ≥ 2 C2 1 < s, r < ∞

0 < T < T0, f ∈ Ls(JT ;Lr(Ω)) u0 ∈ Ds,r

u ∈ XT
s,r,σ p ∈ Y T

s,r,0














∂tu − ∆u + ∇p = f, JT ×D,
div u = 0, JT ×D,
u|∂D = 0, JT × Γ,
u(0) = u0,

KStokes
s,r > 0 T, u0 f

‖u‖XT
s,r,σ

+ ‖p‖Y T
s,r,0

≤ KStokes
s,r (‖f‖Ls(Lr) + ‖u0‖Ds,r

).



U(f, u0) := u ∈ XT
s,r,σ, P(f, u0) := p ∈ Y T

s,r,0

Ls(Lr)×Ds,r XT
s,r,σ×Y T

s,r,0

∇P(f, u0) = (IdLr − Pr,D)(∆U(f, u0) + f).

u, p

XT
s,r := W 1,s(JT ;Lr(D)) ∩ Ls(JT ;W 2,r(D))

Y T
s,r := Ls(JT ;W 1,r(D))

WT
s := W 1,s(JT ; R3).

XT
s,r

D ⊂ R
n C1,1 s, r ∈ (1,∞), β ∈ (0, 1)

T0 > 0

XT0
s,r →֒ Hβ,s(JT0 ;H

2(1−β),r(D)).

r̄, s̄ ∈ (1,∞) ∪ {∞} l ∈ {0, 1}

2 − l

2
+

n

2r̄
−

n

2r
≥

1

s
−

1

s̄
,

T ∈ JT0

XT
s,r →֒ Ls̄(JT ;W l,r̄(D)).

C(T0) > 0 T ∈ JT0

‖u‖Ls̄(JT ;W l,r̄(D)) ≤ C(T0) ‖u‖XT
s,r

u ∈ XT
s,r,0 := {w ∈ XT

s,r : w|t=0 = 0}

‖f‖Ls ≤ T 1/s−1/s̄ ‖f‖Ls̄ f ∈ Ls̄(JT ), s̄ ≥ s

‖f‖L∞ ≤ T 1/s′

‖f‖W T
s

f ∈ WT
s , f(0) = 0,

1

s
+

1

s′
= 1,

X Y gij , g
ij ,Γi

jk,

T0 > 0 L > 0 ξ,ω ∈ C(JT0 ; R
3) ‖ξ‖C(JT0

)+‖ω‖C(JT0
) ≤ L

X, Y ∈ C1(JT0 ;C
∞(Rn))

∥

∥∂βX
∥

∥

C(JT ;C(D))
+

∥

∥∂βY
∥

∥

C(JT ;C(D))
≤ KL,

1 ≤ |β| ≤ 3 KL > 0 0 < T ≤ T0

T0 > 0 L > 0 ξ,ω ∈ C(JT0) ‖ξ‖∞ + ‖Ω‖∞ ≤ L

sup
t∈JT

‖∂βgij(t)‖C(D) + ‖∂βgij(t)‖C(D) + ‖∂βΓi
jk(t)‖C(D) ≤ KL

0 < T ≤ T0 0 ≤ |β| ≤ 1 KL > 0

sup
i,j

‖∂iYj − δij‖C(JT ;C(D)) ≤ KLT

sup
i,j

‖gij − δij‖C(JT ;C(D)) ≤ KLT,

gij , gij Γi
jk ξ,ω X, Y



σ

ZT
s,r := C(JT ;W 1,r(D)) ∩ W 1,s(JT ;Lr(D)).

1 < p < ∞ q > 3 T > 0 τ0 ∈ W 1,r(D)3×3 w ∈ Ls(JT ;D(Ar))
3

C ∈ Ls(JT ;W 1,r(D))3×3×3×3 E ∈ Ls(JT ;W 1,r(D))3×3 σ ∈ ZT
s,r

{

λ1[∂tσ + (w · ∇)σ + C : σ] + σ = E , (0, T ) ×D,
σ(0) = τ0, D,

‖σ‖L∞(W 1,r) ≤ (‖τ0‖W 1,r +
1

λ1Kr
) exp(C‖∇w‖L1(L∞) + ‖C‖L1(W 1,r) + ‖E‖L1(W 1,r)) =: Λ,

‖∂tσ‖Ls(Lr) ≤ KrΛ(‖w‖Ls(W 1,r) + ‖C‖Ls(Lr) + ‖E‖Ls(Lr) +
T 1/p

λ1Kr
)

Kr = K(r) > 0

σ ∈ ZT
s,r

|σ|r−2σ D

λ1

r

d

dt
‖σ‖r

Lr + ‖σ‖r
Lr ≤ Cλ1‖C‖L∞‖σ‖r

Lr + ‖E‖L∞‖σ‖r−1
Lr ,

Σ3
i,j,k=1(wk(∂kσij),σij |σ|

r−2)r,D = Σ3
k=1(wk, ∂k(|σ|r))r,D = 0

|∇σ|r−2∇σ

λ1

r

d

dt
‖∇σ‖r

Lr + ‖∇σ‖r
Lr ≤ Cλ1 (‖∇w‖L∞‖∇σ‖r

Lr + ‖C‖L∞‖∇σ‖r
Lr + ‖∇C‖Lr‖∇σ‖r

Lr )

+ ‖∇E‖Lr‖∇σ‖r−1
Lr

Σ3
i,j,k,l=1(wl(∂k∂lσij), ∂kσij |∇σ|r−2)r,D = 0

Σ3
i,j,k,l,m=1((∂mCklij)σkl, (∂mσij)|∇σ|r−2)r,D ≤ C‖∇C‖Lr‖σ‖L∞

(∫

D

(|∇σ|r−1)r′

)1/r′

≤ C‖∇C‖Lr‖σ‖W 1,r‖∇σ‖r−1
Lr

r′ = r
r−1 r > 3

1

r

d

dt
‖σ‖r

W 1,r + ‖σ‖r
W 1,r ≤ ‖E‖W 1,r‖σ‖r−1

W 1,r + λ1C (‖∇w‖L∞ + ‖C‖W 1,r ) ‖σ‖r
W 1,r .

λ1‖σ‖
r−1
W 1,r

d

dt

(

‖σ‖W 1,r +
1

λ1C

)

+
1

λ1
‖σ‖W 1,r ≤ C (‖∇w‖L∞ + ‖C‖W 1,r + ‖E‖W 1,r )

(

‖σ‖W 1,r +
1

λ1C

)

.

‖σ‖L∞(W 1,r) ≤

(

‖τ0‖W 1,r +
1

λ1Kr

)

exp(C‖∇w‖L1(L∞) + ‖C‖L1(W 1,r) + ‖E‖L1(W 1,r)) = Λ.



‖∂tσ‖Lr ≤
1

λ1
(‖E‖Lr + ‖σ‖Lr ) + C̃(‖w‖W 1,r + ‖C‖Lr )‖σ‖W 1,r

≤ C̃(‖σ‖W 1,,r +
1

λ1C̃
)(‖w‖W 1,r + ‖C‖Lr + ‖E‖Lr +

1

λ1C̃
)

≤ KrΛ(‖w‖W 1,r + ‖C‖Lr + ‖E‖Lr +
1

λ1Kr
),

C̃ = Kr

‖∂tσ‖Ls(Lr) ≤ KrΛ(‖w‖Ls(W 1,r) + ‖C‖Ls(Lr) + ‖E‖Ls(Lr) +
T 1/s

λ1Kr
).

!

τ0

τ(t) t ∈ JT∗ u, ξ, ω
C, E σT σ

τ

Gp

Φ
Φ























































∂tu
∗ − µα∆u∗ + ∇p∗ = f0, JT ×D,

div u∗ = 0, JT ×D,
u∗(0) = v0, D,

u∗ − ω∗ × y − ξ∗ = 0, JT × Γ,
u∗ = 0, JT × ∂O,

m(ξ∗)′ +
∫

Γ
T(Dµ,α(u∗), p∗)N dΓ = f1, JT ,

I(ω∗)′ +
∫

Γ
y × T(Dµ,α(u∗), p∗)N dΓ = f2, JT ,

ξ∗(0) = η0,
ω∗(0) = θ0.

u∗, p∗, ξ∗ω∗

‖u∗‖XT
s,r

+ ‖p∗‖Y T
s,r

+ ‖ξ∗‖W 1,s(JT ) + ‖ω∗‖W 1,s(JT )

≤ C
(

‖v0‖B
2−2/s
r,s (D)

+ |η0| + |θ0| + ‖f0‖Ls(Lr) + ‖f1‖Ls + ‖f2‖Ls

)

=: K∗.

û := ū − u∗,

ξ := ξ̄ − ξ∗,

ω := ω̄ − ω∗.

Gp̄(t) p̂ ∈ Y T
s,r,0

Gp̄ = (Id − Pr,D)Gp̄ + Pr,DGp̄ =: ∇p̂ + H(p̄),



H(p̄)(t) ∈ Lr
σ(D) p̂







∆p̂ = div(Gp̄), D,
∂p̂
∂N = ∂(Gp̄)

∂N = ∂p̄
∂N , Γ,

∂p̂
∂ν = ∂(Gp̄)

∂ν = ∂p̄
∂ν , ∂O.

û, p̂, ξ, ω























































∂tû − µα∆û + ∇(p̂ − p∗) = F0 + div σ, JT ×D,
div û = 0, JT ×D,
û(0) = 0, D,

û = ω × y + ξ, JT × Γ,
û = 0, JT × ∂O,

mξ′ +
∫

Γ
T(Dµ,α(û), p̄ − p∗)N dΓ = F1 −

∫

Γ
σN dΓ, JT ,

I(ω)′ +
∫

Γ
y × T(Dµ,α(û), p̄ − p∗)N dΓ = F2 −

∫

Γ
y × σN dΓ, JT ,

ξ(0) = 0,
ω(0) = 0,

F0 := F0 − f0 + µα(L − ∆)ū −H(p̄) −M(ū) −N (ū),

F1 := F1 − f1 +

∫

Γ

(p̂ − p̄)N dΓm − mω̄ × ξ̄,

F2 := F2 − f2 +

∫

Γ

y × [(p̂ − p̄)IdN ] dΓ − ω̄ × Iω̄.

Fi

Γ û|Γ ·N = 0
û p̂

e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1) a(i),α(i)











∆a(i) = 0, D,
∂a(i)

∂N |Γ = N · ei, Γ,
∂a(i)

∂ν |∂O = 0, ∂O,











∆α(i) = 0, D,
∂α(i)

∂N |Γ = N · (ei × y), Γ,
∂α(i)

∂ν |∂O = 0, ∂O.

a(i),α(i) ∈ W 3,r(D)

ξ,ω ∈ W 1,s
0 (JT )

Aξ,ω(t) := Σiωi(t)α
(i) + ξi(t)a

(i) t ∈ JT ,











∆Aξ,ω(t) = 0, D,
∂Aξ,ω(t)

∂N |Γ = (ω(t) × y + ξ(t)) · N, Γ,
∂Aξ,ω(t)

∂ν |∂O = 0, ∂O.

∇Aξ,ω(t) = (Id − Pr,D)(ξ(t) + ω(t) × ·) ∇Aξ,ω ∈ XT
s,r

‖∇Aξ,ω‖W 1,s(W 2,r) + ‖∂tAξ,ω‖Ls(W 1,r) ≤ C(‖ξ‖W 1,s + ‖ω‖W 1,s).

u := û −∇Aξ,ω,

p := p̂ − p∗ + ∂tAξ,ω,

























































∂tu − µα∆u + ∇p = F0 + div σ, JT ×D,
div u = 0, JT ×D,
u(0) = 0, D,

u|Γ − ω × y − ξ = −∇Aξ,ω|Γ, JT × Γ,
u|∂O = −∇Aξ,ω|∂O, JT × ∂O,

mξ′ +
∫

Γ
T(Dµ,α(u + ∇Aξ,ω), p + ∂tAξ,ω)N dΓ = F1 −

∫

Γ
σN dΓ, JT ,

Iω′ +
∫

Γ
y × T(Dµ,α(u + ∇Aξ,ω), p + ∂tAξ,ω)N dΓ = F2, −

∫

Γ
y × σN dΓ, JT ,

ξ(0) = 0,
ω(0) = 0,

u u ·N = 0 Γ u ·ν = 0 ∂O 0 < ε < 1− 1
r

J : W ε+1/r,r(D; R3×3) → R
6,M *→

( ∫

Γ
MN dΓ

∫

Γ
y × MN dΓ

)

.

γ : W ε/2+1/r,r(D) → Lr(∂D)

|J (M)| ≤ C‖M‖W ε+1/r,r(D), M ∈ W ε+1/r,r(D).

I :=

(

mId3 0
0 I

)

M B

aij , bij , cij , dij

aij =

∫

Γ

a(i)Nj dΓ, bij =

∫

Γ

α(i)(ej × y) · N dΓ, cij =

∫

Γ

a(i)(ej × y) · N dΓ, dij =

∫

Γ

α(i)Nj dΓ

M :=

















a11 a12 a13 c11 c12 c13

a21 a22 a23 c21 c22 c23

a31 a32 a33 c31 c32 c33

d11 d12 d13 b11 b12 b13

d21 d22 d23 b21 b22 b23

d31 d32 d33 b31 b32 b33

















,

J (∂tAξ,ω) = M

(

ξ′

ω′

)

.

M

(I + M) u

Γ

bA(t, y) := −∇Aξ,ω(t, y) + χ(y)[ξ(t) + ω(t) × y] − BK [(∇χ)ξ(t) + ω(t) × ·](y).

bA ∈ W 1,s(JT ;C2(D) ∩ Lr
σ(D))

‖bA‖XT
s,r

≤ C(‖ω‖W T
s

+ ‖ξ‖W T
s

).

u = U(ξ,ω) + bA + U(F0 + div σ),

p = P(ξ,ω) + P(F0 + div σ),

U(ξ,ω) = U(−∂tbA + µα∆bA)

P(ξ,ω) = P(−∂tbA + µα∆bA).



R(ξ,ω) =

(

F1

F2

)

−J (σ)−J (T(Dµ,α(U(F0+div σ)),P(F0+div σ))),

ξ(0) = 0,
ω(0) = 0,

u−bA(ξ,ω)−U(ξ,ω) = U(F0+div σ),
p−P(ξ,ω) = P(F0+div σ),

u(0) = 0.

R : WT
s × WT

s → Ls(JT ) × Ls(JT )

R(ξ,ω) := (I + M)
d

dt
(ξ,ω) + J (T(Dµ,α(U(ξ,ω)),P(ξ,ω))).

J (Dµ,α(û)) = J (Dµ,α(U(ξ,ω) + bA + U(F0 + Kσ) + ∇Aξ,ω))

= J (Dµ,α(U(ξ,ω) + U(F0 + Kσ))),

Γ D(bA) = −D(∇Aξ,ω)
ξ,ω Ls(JT ; R6)

R
∥

∥

∥

∥

(

ξ

ω

)∥

∥

∥

∥

W T
s ×W T

s

:= ‖R−1(f)‖W T
s ×W T

s
≤ ‖f‖Ls(JT ;R6)

f ∈ Ls(JT ; R6)

R1 = J (s(U(ξ,ω))) WT
s × WT

s Hβ,s(JT )
c
→֒ Ls(JT ) β(s, r) > 0

J (IdR3P(ξ, ω)) R1 !

u ∈ XT∗
s,r,

p ∈ Y T∗
s,r ,

ξ ∈ WT∗
s ,

ω ∈ WT∗
s ,

σ ∈ ZT∗
s,r.

V := V
T
R1,R2,R3,R4

:= {(U,P,Ξ,Ω,Σ) ∈ X
T,R1

s,r,0 × Y T,R1
s,r × W

T,R2

s,0 × W
T,R2

s,0 × ZT,R3,R4
s,r },

X
T,R1

s,r,0 := {U ∈ XT
s,r,0 : U |∂O = 0, ‖U‖XT

s,r
≤ R1},

Y T,R1
s,r := {P ∈ Y T

s,r : ‖P‖Y T
s,r

≤ R1},

W
T,R2

s,0 := {Ξ ∈ W 1,s(JT ; R3) : Ξ|t=0 = 0, ‖Ξ‖W 1,s(JT ) ≤ R2}

ZT,R3,R4
s,r := {Σ ∈ ZT

s,r : ‖Σ‖C(JT );W 1,r(D) ≤ R3, ‖Σt‖Ls(JT ;Lr(D)) ≤ R4}.

W := Ls(JT ;Lr
σ ∩ W 1,r(D)) × Ls(JT ;Lr(D)) × C(JT ; R3) × C(JT ; R3) × C(JT ;Lr(D)).



R1, R2, R3, R4, T > 0

Φ : V → V,












U
P
Ξ
Ω
Σ













*→













Φu

Φp

Φξ

Φω

Φσ













Φ Φ(V)
W Φ W

F0,F1 F2 (U,P,Ξ,Ω)
Ū = U +u∗ +∇AΞ,Ω Ξ̄ = Ξ+ξ∗ Ω̄ = Ω+ω∗

‖Ū‖XT
s,r

≤ R1 + K∗ + CR2

‖Ξ̄‖W T
s

≤ R2 + K∗,

‖Ω̄‖W T
s

≤ R2 + K∗,

K∗ P̄

P̂ = P + p∗ − ∂tAΞ,Ω











div(GP̄ ) = ∆P̂ , D,
∂P̄
∂N = ∂P̂

∂N , Γ,
∂P̄
∂ν = ∂P̂

∂ν , ∂O,

P̄ ∈ W 1,r(D) g Ξ,Ω ∈ WT,R2
s gij =

(JT
Y JY )ij λi > 0

g, Πiλi = 1 Σiλi = Σigii = tr g 0 < g ≤ CR2

inf λi ≥
1

(max λi)2
≥ 1

(trg)2 > 1
C2R2

2
Ξ,Ω

‖∇P̄‖Lr ≤ C‖∇P̂‖Lr .

GP̄ − ∇P̂ = H(P̄ ) ∇P̂ = (IdLr − Pr,D)GP̄ H(P̄ ) =
Pr,D(GP̄ ) supi,j ‖g

ij−δij‖∞,∞ ≤ KR2+K∗T

KR2+K∗
KR2+K∗

‖H(P̄ )‖Ls(Lr) = Pr,D(GP̄ −∇P̄ )

≤ KR2+K∗T‖∇P̄‖Ls(Lr)

≤ KR2+K∗T (R1 + K∗ + R2).

L,M,N KR2+K∗

F0,F1 F2 Ū , P̄ , Ξ̄ Ω̄

XT
s,r,0 →֒ H1/2,s(W 1,r) →֒ Ls̄(W 1,r)

s̄ = 2s
2−s

‖U + ∇AΞ,Ω‖Ls(W 1,r) ≤ CT 1/2‖U + ∇AΞ,Ω‖Ls̄(W 1,r) ≤ CT 1/2(R1 + R2)



C > 0 0 < T < T0

‖F0‖Ls(Lr) ≤ ‖F0 − f0‖Ls(Lr) + µα‖(L − ∆)Ū‖Ls(Lr)

+ ‖M(Ū)‖Ls(Lr) + ‖N (Ū)‖Ls(Lr) + ‖H(P̄ )‖Ls(Lr)

≤ sup
i,j

‖∂iYj − δij‖L∞(L∞)‖f0‖Ls(Lr)

+ αµ sup
i,j

‖gij − δij‖L∞(L∞)‖∆Ū‖Ls(Lr) + CR2+K∗‖Ū‖Ls(W 1,r)

+ ‖Ū‖L∞(Lr)‖∇Ū‖Ls(L∞) + CR2+K∗(R1 + R2 + K∗)

≤ KR2+K∗ [TK∗ + T (R1 + R2) + T δ(R1 + R2)] + R2
1

=: KR2+K∗C
T
R1,R2

‖F1‖Ls + ‖F2‖Ls ≤ ‖F1 − f1‖Ls + ‖F2 − f2‖Ls + m‖Ω̄ × Ξ̄‖Ls + |I|‖Ω̄‖2,

≤ KR2+K∗T (K∗ + R2) + C(K∗ + R2)
2

=: KR2+K∗L
T
R1,R2

,

‖div Σ‖Ls(Lr) ≤ T 1/sR3.

J (T(Dµ,α(U(F0 + div Σ)),P(F0 + div Σ)))

‖J (T(Dµ,α(U(F0 + div Σ)),P(F0 + div Σ)))‖Ls ≤ KStokes
s,r KR2+K∗(C

T
R1,R2

+ T 1/sR3),

‖J (Σ)‖Ls ≤ KR2+K∗T
1/sR3.

R
(

Φξ

Φω

)

:= R−1

((

F1

F2

)

− J (Σ) − J (T(Dµ,α(U(F0+div Σ)),P(F0+div Σ)))

)

,

‖Φξ‖W T
s

+ ‖Φω‖W T
s

≤ KR2+K∗(K
Stokes
s,r CT

R1,R2
+ LT

R1,R2
+ T 1/sR3)

=: MT
R1,R2,R3

.

Φu,Φp

Φu := bA(Φξ,Φω) + U(Φξ,Φω) + U(F0 + div Σ),

Φp := P(Φξ,Φω) + P(F0 + div Σ),

‖Φu‖XT
s,r

≤ ‖U(Φξ,Φω)‖XT
s,r

+ ‖U(F0 + div Σ)‖XT
s,r

+ ‖bA(Φξ,Φω)‖XT
s,r

≤ CKStokes
s,r MT

R1,R2,R3
,

‖Φp‖Y T
s,r

≤ ‖P(Φξ,Φω)‖Y T
s,r

+ ‖P(F0 + div Σ)‖Y T
s,r

≤ CKStokes
s,r MT

R1,R2,R3
.

{

λ1(∂tΦσ + ((Ẏ + Ū) · ∇)Φσ + C(Ū , Ξ̄, Ω̄) : Φσ) + Φσ = E(Ū) JT ×D,
Φσ(0) = τ0 D.

X Y Ξ̄, Ω̄

‖C(Ū , Ξ̄, Ω̄)‖Ls(W 1,r) ≤ KR2+K∗

(

‖Ū‖Ls(W 2,r) + ‖J̇X‖Ls(W 1,r) + ‖Ẏ ‖Ls(W 1,r)

)

≤ KR2+K∗ (R1 + TR2 + K∗) ,

‖C(Ū , Ξ̄, Ω̄)‖Ls(Lr) ≤ KR2+K∗

(

‖Ū‖Ls(W 1,r) + ‖J̇X‖Ls(Lr) + ‖Ẏ ‖Ls(Lr)

)

≤ KR2+K∗

(

T 1/2R1 + TR2 + K∗

)



‖E(Ū)‖Ls(W 1,r) ≤ KR2+K∗R1,

‖E(Ū)‖Ls(Lr) ≤ KR2+K∗T
1/2R1.

w := Ẏ + U + u∗ + ∇AΞ,Ω

w ∈ Ls(JT ;D(Ar)) w|Γ = w|∂O = 0

div Ẏ = 0 det JY = 1

0 = ∂mdet JY = Σ3
k,l=1(JX)lk∂l(JY )km, m ∈ {1, 2, 3}.

Σ3
k=1∂k[Ẏ (t, X(t, y)]k = −Σ3

k,m=1∂k[(J−1
X )km(t, y)bm(t, X(t, y))]

= −Σ3
k,l,m=1∂l(JY )km(JX)lkbm − (J−1

X )km(JX)lk∂lbm

= −div b = 0.

‖w‖XT
s,r

≤ CR2 + R1 + K∗.

‖Φσ‖L∞(W 1,r) ≤ (‖τ0‖W 1,r +
1

λ1Kr
) exp(C‖∇w‖L1(L∞) + ‖C‖L1(W 1,r) + ‖F3‖L1(W 1,r))

≤ (‖τ0‖W 1,r +
1

λ1Kr
) exp(C1(1 + KR2+K∗

)T 1/s [R1 + R2 + K∗])

=: Λ1

C1 > 0

‖∂tΦσ‖Ls(Lr) ≤ C∗Λ1(‖w‖Ls(W 1,r) + ‖C‖Ls(Lr) + ‖F3‖Ls(Lr) +
T 1/s

λ1C
)

≤ C∗Λ1

(

C2T
δ(R2 + R1 + K∗) +

T 1/s

λ1C

)

C2 > 0 T Ci
T→0
→

C∗ > 0 C∗ > 0

Φ

Φ Φ(V) ⊂ V R1, R2, R3, R4 > 0 T > 0

R1, R2, T < 1 T
K∗ ≤ 1

R3 = Λ1 = C0 exp(3C1(1 + K2))

R3 R1, R2, T

‖Φu‖XT
s,r

+ ‖Φp‖Y T
s,r,0

≤ CMT
R1,R2,R3

=: C1R + C1(R
2
1 + R2

2)

≤ R1,

‖Φξ‖W T
s

+ ‖Φω‖W T
s

≤ CMT
R1,R2,R3

=: C2R + C2(R
2
1 + R2

2)

≤ R2,



R = C[T (R1 + R2 + R3 + K∗) + K∗(K∗ + R2)].

R2 ≥ R1 C1 = C2 R1, R2, R3 T
C1R < R1 R2 2C1R

2
2 ≤ R1 − C1R C1(R

1
2 + R2

2) ≤ R1 − C1R ≤ R2 − C1R

R4 = C∗R3

(

C2T
δ(R2 + R1 + K∗) + T 1/s

λ1C

)

!

Ls(Lr) Ls(JT ;Lr(D))

Φ(V) W

XT
s,r

c
→֒ Ls(Lr

σ ∩ W 1,r),

ZT
s,r

c
→֒ C(Lr),

WT
s

c
→֒ C(JT ; R3),

{Φp} := {Φp ∈ Y T,R1
s,r : (Φu,Φp,Φξ,Φω,Φσ) = Φ(U,P,Ξ,Ω,Σ) (U,P,Ξ,Ω,Σ) ∈ V}

Φ {Φp} L1
loc(JT ;X)

X
c
→֒ Lr(D)

‖dδΦp‖Ls(Lr) → 0

{Φp} δ → 0

dδf(t) := f(t + δ) − f(t).

Φp Φp(t) ∈ Lr
0(D) := {f ∈ Lr(D) :

∫

D
f =

0} Lr
0 Lr′

0 ψ ∈ Lr′

0 ϕ ∈ W 2,r(D)
{

∆ϕ = ψ D,
∂ϕ
∂N = 0 ∂O ∪ Γ.

Φp = P(Φξ,Φω) + P(F0 + div Σ) P(Φξ,Φω) ∂tbA(t) − ∆bA(t) ∈ Lr
σ

(P(Φξ,Φω)(t), ψ)r,D = (P(Φξ,Φω)(t),∆ϕ)r,D = −(∇P(Φξ,Φω)(t),∇ϕ)r,D

= ((Id − Pr,D)∆U(Φξ,Φω)(t),∇ϕ)r,D

= −(∇U(Φξ,Φω)(t), D2ϕ)r,D + (∇U(Φξ,Φω)(t)N,∇ϕ)r,Γ

+ (∇U(Φξ,Φω)(t)N,∇ϕ)r,∂O

≤ ‖U(Φξ,Φω)(t)‖W 1+1/r+ε,r‖ψ‖Lr′ .

‖dδP(Φξ,Φω)‖Ls(Lr) ≤ ‖dδU(Φξ,Φω)‖Ls(W 1+1/r+ε,r)

ε > 0 U(Φξ,Φω) ∈ Wα,s(W 1+1/r+ε,r) α = 1
2 (1 − 1

r − ε)
∫ T

0

∫ T

0

(‖U(Φξ,Φω)(t + δ)‖W 1+1/r+ε,r − ‖U(Φξ,Φω)(t)‖W 1+1/r+ε,r )s

δαs+3
dδ dt ≤ CR1.

‖dδP(Φξ,Φω)‖Ls(Lr) ≤ ‖U(Φξ,Φω)‖Ls(W 1+1/r+ε,r) ≤ δαs+3CR1 → 0,

{P(Φξ,Φω)} P(F0 + div Σ)

(P(F0 + div Σ)(t), ψ)r,D = ((Id − Pr,D)(µαLŪ −MŪ −N (Ū) + F0 − f0),∇ϕ)r,D

+((Id − Pr,D)div Σ,∇ϕ)r,D,

(Id − Pr,D)H(P̄ ) = 0

likl = Σ3
j=1(∂jg

jk)δli + 2gjkΓi
lj



Lij = Σ3
k,l,m=1∂k(gklΓi

jl) + gklΓm
jlΓ

i
km,

((Id − Pr,D)L(Ū),∇ϕ)r,D = Σ3
i,j,k,l=1(g

kj(∂k∂jŪi) + likl(∂kŪl) + LijŪj , ∂iϕ)r,D

= −Σ3
i,j,k=1((∂jŪi)(∂kgkj), ∂iϕ)r,D − ((∂jŪi)g

kj , (∂k∂iϕ))r,D

+ (∂kŪiNk, (∂iϕ))r,Γ + (∂kŪiνk, ∂iϕ)r,∂O

≤ KR2+K∗‖Ū(t)‖W 1+1/r+ε,r‖ψ‖Lr′ ,

((Id − Pr,D)M(Ū),∇ϕ)r,D = Σ3
i,j,k=1(Ẏj(∂jŪi) + [Γi

jkẎk + (∂kYi)(∂jẊk)]Ūj , ∂iϕ)r,D

≤ KR2+K∗‖Ū(t)‖W 1,r‖ψ‖Lr′

((Id − Pr,D)N (Ū),∇ϕ)r,D = Σ3
i,j,k=1(Ūj(∂jŪi) + Γi

jkŪjŪk, ∂iϕ)r,D

= −Σ3
i,j,k=1

1

2
(ŪjŪi, ∂j∂iϕ)r,D + (ŪjNjŪi, ∂iϕ)r,Γ + (Γi

jkŪjŪk, ∂iϕ)r,D

≤ KR2+K∗‖Ū(t)‖Lr‖Ū(t)‖L∞‖ψ‖Lr′ + CΓ,r(|Ξ̄| + |Ω̄|)2‖ψ‖Lr′ .

(div Σ,∇ϕ)r,D ≤ ‖Σ(t)‖W 1/r+ε,r‖ψ‖Lr′ .

‖dδΦp‖Ls(Lr) ≤ C(‖dδŪ‖Ls(W 1+1/r+ε,r) + ‖dδ(|Ξ̄| + |Ω̄|)2‖Ls

+ ‖dδΣ‖Ls(W 1/r+ε,r) + ‖dδ(F0 − f0)‖Ls(Lr))

≤ Cδmin(α,β) δ < 1

→ 0 δ → 0,

‖Ū‖W α,s(W 1+1/r+ε,r) ≤ R1 + K∗ + CR2 ‖Ξ̄‖W T
s

+ ‖Ω̄‖W T
s
≤ R2 + K∗

‖Σ‖W 2α,s(W 1/r+ε,r) ≤ R3 + R4

ZT
s,r →֒ W 2α,s(W 1−2α,r) 0 < 2α < 1

‖F0 − f0‖W β,s(Lr) ≤ T (R2 + K∗) !

Φ(V) W

P,Ξ,Ω (σn)n ⊂ ZT,R3,R4
s,r

σ C(JT ;Lr(D)) (σk)k (σn)n

σ̃ ∈ ZT
s,r

σk → σ̃, ∗ L∞(W 1,r)
C(L∞),

∂tσk → ∂tσ̃, Ls(Lr)
σk(0) = σ̃(0),

‖σ̃‖L∞(W 1,r) ≤ lim inf ‖σk‖L∞(W 1,r) ≤ R3,

‖∂tσ̃‖Ls(L,r) ≤ lim inf ‖∂tσk‖Ls(Lr) ≤ R4.

σ̃ ∈ ZT,R3,R4
s,r σ̃ = σ (un)n ⊂ X

T,R1

s,r,0

u Ls(Lr
σ ∩ W 1,r) (uk)k

uk → ũ, L∞(Lr)
Lp(Lq

σ ∩ W 2,q)
C(W−1,∞),

∂tuk → ∂tũ, Ls(Lr)
uk(0) = 0,



ũ ∈ XT
s,r,0

‖ũ‖XT
s,r,0

≤ lim inf ‖uk‖XT
s,r,0

≤ R1,

ũ = u ∈ XT,R1

s,r,0 (pn)n ⊂ Ls(W 1,r) p ∈ Ls(Lr)

pk → p̃, Ls(W 1,r)

(pk)k p̃ ∈ Ls(W 1,r) p̃ ≤ lim inf ‖pk‖Ls(W 1,r) ≤ R1

p ∈ Y T,R1
r,s (ξn)n, (ωn)n ⊂ WT

s C(JT ) R2

ξ,ω ∈ WT
s

ξk,ωk → ξ,ω, WT
s

C(JT ),
ξk,ωk(0) = 0,

!

Φ W

(Un, Pn,Ξn,Ωn,Σn)n ⊂ V (Un, Pn,Ξn,Ωn,Σn) → (U,P,Ξ,Ω,Σ)
W (Uk, Pk,Ξk,Ωk,Σk)k

Φ(U,P,Ξ,Ω,Σ) = lim
n→∞

Φ(Un, Pn,Ξn,Ωn,Σn)

=: lim
n→∞

((Φu)n, (Φp)n, (Φξ)n, (Φω)n, (Φσ)n)

=: (Φu,Φp,Φξ,Φω,Φσ).

Φ

Ūk = Uk + u∗ + ∇Ak → Ū = U + u∗ + ∇AΞ,Ω

P̂k = Pk + p∗ − ∂tAk → P̂ = P + p∗ − ∂tA, Ls(W 1,r).

Ak := AΞk,Ωk
(Ξk,Ωk) → (Ξ,Ω) Ls(JT ) ∂tAk → ∂tA

Ls(W 1,r) ∇Ak → ∇AΞ,Ω

Ξ̄k = Ξk + ξ∗ → Ξ̄ = Ξ + ξ∗

Ω̄k = Ωk + ω∗ → Ω̄ = Ω + ω∗

P̄k H(P̄k) Φ
(gij)k → gij C(JT ;C(D))

P̄k → P̄ , Ls(W 1,r)

H(P̄k) → H(P̄ ), Ls(Lr
σ).

(F0(Ūk, P̄k, Ξ̄k, Ω̄k)) → F0(Ū , P̄ , Ξ̄, Ω̄), Ls(Lr),

(F1(Ūk, P̄k, P̂k, Ξ̄k, Ω̄k)) → F1(Ū , P̄ , Ξ̄, Ω̄), Ls,

(F2(Ūk, P̄k, P̂k, Ξ̄k, Ω̄k)) → F2(Ū , P̄ , Ξ̄, Ω̄), Ls,

div Σk → div Σ Ls(Lr)

Un := U((F0)n + div Σn) → U(F0 + div Σ)

Pn := P((F0)n + div Σn) → P(F0 + div Σ)



(Un)n ⊂ X
T,R1

s,r,0

c
→֒ Ls(W 1+1/r+ε,r) 0 < ε < 1 − 1/r

(Uk)k Ls(W 1+1/r+ε,r)
J J (Dµ,α(Uk)) → J (Dµ,α(U)) Ls(JT )

(Pk)k (Pn)n Ls(Lr) Ls(W 1,r)
J (Pk) J (P) Ls(JT ) Σn → Σ Ls(W 1,r)

J (Σk) → J (Σ) Ls

Φξ,Φω
(

(Φξ)n

(Φω)n

)

= R−1

[(

(F1)n

(F2)n

)

−J (Σn)−J (T(Dµ,α(Un),Pn))

]

→

(

Φξ

Φω

)

W 1,s(JT ; R6)

(Φu)k = Uk + bh((Φξ)k, (Φω)k) + U((Φξ)k, (Φω)k) → Φu

(Φp)k = Pk + P((Φξ)k, (Φω)k) → Φp

Φu,Φp,Φξ Φω Φ
Ls(Lr) limn→∞(Φσ))n

Φσ
{

λ1(∂tΦσ + ((Ẏ + Ū) · ∇)Φσ + C(Ū , Ξ̄, Ω̄) : Φσ) + Φσ = E(Ū) JT ×D,
Φσ(0) = τ0 D,

Ū , Ξ̄, Ω̄ Ẏ , C, E Ξ̄, Ω̄

!

V W Φ W

Φ u, p, ξ,ω,σ ∈ V

ū, p̄, ξ̄, ω̄
v, q, η, θ, τ

v0, θ0, η0 τ0, f0, f1, f2 vi, qi, ηi, θi, τ i, i ∈ {1, 2}
χ ui, pi, ξi,ωi,σi, i ∈

{1, 2}

u := u1 − u2 ∈ XT
s,r,

p := p1 − p2 ∈ Y T
s,r,

ξ := ξ1 − ξ2 ∈ WT
s ,

ω := ω1 − ω2 ∈ WT
s ,

σ := σ1 − σ2 ∈ ZT
s,r,







































































∂tu + M1u + Mu2 − µα(L1u + Lu2) − div σ + N 1(u) + N (u2) + G1p + Gp2 = F1
0 −F2

0 ,
div u = 0,

u|Γ − ω × · − ξ = 0,
u|∂O = 0,
u(0) = 0,

mξ′ + m(ω1 × ξ + ω × ξ2) +
∫

Γ
T(Dµ,α(u) + σ, p)N dΓ = F1 −F2

1 ,
Iω′ + ω1 × Iω + ω × Iω2 +

∫

Γ
y × T(Dµ,α(u) + σ, p)N dΓ = F1

2 −F2
2 ,

ξ(0) = 0,
ω(0) = 0,

λ1(∂tσ + ((Ẏ 1 + u1) · ∇)σ + ((Ẏ + u) · ∇)σ2 + C1 : σ + C : σ2) + σ = E1u + Eu2,
σ(0) = 0,



M2,L2, . . . ξ2,ω2 M = M1 −M2,L =
L1 −L2, . . . i g1

ijuj

3
∑

i,j,k,l=1

1

2

d

dt
(

∫

D

uig
1
ijuj) + µα

∫

D

(g1)lkg1
ij(∂kui)(∂luj)

=

3
∑

i,j,k,l=1

∫

D

l1ijk(∂iuk)uj +

∫

Γ

uiTij(Dµ,α(u) + σ, p)Nj −

∫

D

g1
ijσik∂kuj +

∫

D

r,

l1ijk = −µα[(g1)il(∂lg
1
kj − 2(Γ1)l

kig
1
lj)],

r JT

‖r‖L1(D) ≤ C(|ξπ|, |ωπ|)
[

1 + ‖uπ‖W 2,2 + ‖uπ‖L2‖uπ‖W 1,3 + ‖∇p2‖L2 + ‖f0‖L2

]

· (‖u‖2
L2 + |ξ|2 + |ω|2 + ‖σ‖2

L2), π ∈ {1, 2},

C(|ξπ|, |ωπ|) > 0
8 |ξπ|, |ωπ| (g1)lk (g1

ij)
JT × D Φ

c1, C1 > 0

c1‖∇u‖L2 ≤ µα

∫

D

(g1)lkg1
ij(∂kui)(∂luj) ≤ C1‖∇u‖L2

ξ ω

−Σ3
i,j=1

∫

Γ

uiTij(Dµ,α(u) + σ, p)Nj =
1

2

d

dt
(m|ξ|2 + ωT Iω) + mξT (ω × ξ2) + ωT (ω1 × Iω)

+ ξT QT f1 + ωT QT f2.

i, j µ̄(g1
ik)(g1

jl)σkl µ̄ := 1
2µ(1−α)

∫

D

g1
ijσik∂kuj = µ̄

(∫

D

(E1u)ij(g
1
ij)(g

1
kl)σkl −

∫

D

g1
jl(Γ

1)j
knunσkl

)

= λ1µ̄
1

2

d

dt

(∫

D

σijσkl(g
1
ik)(g1

jl)

)

+

∫

D

r̄,

r̄ JT

‖r̄‖L1(D) ≤
c1

2
‖∇u‖2

L2 + C(|ξπ|, |ωπ|)Σ2
π=1(1 + ‖uπ‖W 2,3 + ‖σ2‖W 1,3 + ‖σ2‖2

W 1,3 + ‖σ2‖L∞‖uπ‖W 1,2)

·(‖u‖2
L2 + |ξ|2 + |ω|2 + ‖σ‖2

L2).

C(|ξπ|, |ωπ|) > 0 |ξπ|, |ωπ| 16

∫

D

(Ẏ + u)m(∂mσ2
ij)(g

1
ik)(g1

jl)σkl ≤ CD‖g
1‖2

L∞‖∇σ2‖L3‖σ‖L2(‖(b(Y ))1 − (b(Y ))2‖W 1,2 + ‖u‖W 1,2)

≤
c1

4
‖∇u‖L2 + CD

4

c1
‖g1‖4

L∞‖σ2‖2
W 1,3‖σ‖2

L2

+ CD(|ξπ|, |ωπ|)‖σ2‖W 1,3(‖u‖2
L2 + |ξ|2 + |ω|2 + ‖σ‖2

L2),



b(Y )

3
∑

i,j,k,l=1

d

dt

(∫

D

uig
1
ijuj + m|ξ|2 + ωT Iω + λ1µ̄

∫

D

σijg
1
ikg2

jlσkl

)

+
c1

4
‖∇u‖2

L2

≤ C(‖u‖2
L2 + |ξ|2 + |ω|2 + ‖σ‖2

L2)

≤
C

c1

3
∑

i,j,k,l=1

(∫

D

uig
1
ijuj + m|ξ|2 + ωT Iω + λ1µ̄

∫

D

σijg
1
ikg2

jlσkl

)

.

u(0) ≡ 0 ξ(0) = ω(0) = 0 σ(0) ≡ 0 u1 ≡ u2

ξ1 ≡ ξ2 ω1 ≡ ω2 σ1 ≡ σ2 JT p1 ≡ p2 Y T
s,r,0

Lp Lq

Lp

Lp

Lp

Lp



Lp

Lp(0, T ; B)


