Weierstraß-Institut

für Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 0946 – 8633

A model for the evolution of laminates in finite-strain elastoplasticity

Klaus Hackl^1, Sebastian Heinz^2, Alexander Mielke^{2,3}

submitted: October 21, 2011

1 Institut für Mechanik

Ruhr-Universität Bochum Universitätsstr. 150 44801 Bochum Germany E-Mail: Klaus.Hackl@rub.de

2 Weierstraß-Institut Mohrenstr. 39 10117 Berlin Germany E-Mail: sebastian.heinz@wias-berlin.de alexander.mielke@wias-berlin.de

3 Institut für Mathematik Humboldt-Universität zu Berlin Rudower Chaussee 25 12489 Berlin Germany

No. 1655 Berlin 2011

2010 Mathematics Subject Classification. 49Q20, 49S05, 74C15.

Key words and phrases. Rate-independent evolution, finite plasticity, gradient Young measures, polyconvexity. Research partially supported by the DFG through FOR 797 Analysis and Computation of Microstructures in Finite Plasticity.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Leibniz-Institut im Forschungsverbund Berlin e. V. Mohrenstraße 39 10117 Berlin Germany

Fax: +49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We study the time evolution in elastoplasticity within the rate-independent framework of generalized standard materials. Our particular interest is the formation and the evolution of microstructure. Providing models where existence proofs are possible is a challenging task since the presence of microstructure comes along with a lack of convexity and, hence, compactness arguments cannot be applied to prove the existence of solutions. In order to overcome this problem, we will incorporate information on the microstructure into the internal variable, which is still compatible with generalized standard materials. More precisely, we shall allow for such microstructure that is given by simple or sequential laminates. We will consider a model for the evolution of these laminates and we will prove a theorem on the existence of solutions to any finite sequence of time-incremental minimization problems. In order to illustrate the mechanical consequences of the theory developed some numerical results, especially dealing with the rotation of laminates, are presented.

1 Introduction

We are going to show one way of incorporating microstructure into a model of elastoplasticity. Therefore, we start with a model in finite-strain elastoplasticity with kinematic hardening and show how it can be transformed into a model that describes the evolution of microstructure. All the necessary assumptions are collected in Section 2.

1.1 Finite-Strain Theory

We study a model in elastoplasticity where we are interested in the time evolution of the deformation ϕ and the plastic strain P . In terms of standard generalized materials, P serves as the internal variable.

Let Ω ⊆ R^m, m ∈ {2, 3}, be the reference configuration of an elastoplastic body. The variables ϕ and P are fields and can both be considered as functions of a spatial variable x ∈ Ω. The following

three conditions (1.1), (1.2) and (1.3) underline the non-linear character of finite-strain theory. They are supposed to hold for almost every x ∈ Ω.

Physical requirements on the deformation lead to a condition for the deformation gradient ∇ϕ:

∇ϕ(x) ∈ GL^+(m)^{def}= {F ∈ R^{m×m} | det(F ) > 0}. (1.1)

On the one hand, (1.1) guarantees that ϕ locally preserves the orientation of the ambient space R^m and, on the other hand, the self-penetration of matter is excluded, at least locally. The plastic strain is supposed to be volume preserving and, hence, an element of the special linear group SL(m):

P (x) ∈ SL(m)^{def}= {P ∈ R^{m×m} | det(P ) = 1}. (1.2)

Moreover, we assume a multiplicative split of the deformation gradient ∇ϕ into the elastic strain F_{el} and the plastic strain P , such that

∇ϕ(x) = F_{el}(x)P (x). (1.3)

In particular, this implies that F_{el}(x) ∈ GL^+(m). Instead of the term F_{el}(x), we will often write

∇ϕ(x)P^{−1}(x).

1.2 A Classical Model

Let [0, T ] ⊆ R be a given time interval. Following [Mie03b, Mie03a, CT05], we associate an energy E to every time t ∈ [0, T ], every deformation ϕ and plastic strain P via the formula

E(t, ϕ, P )^{def}= � Ω � W (∇ϕP^{−1}) + H(P ) � dx − F(t, ϕ). (1.4)

The energy consists of three parts. The first part measures the stored elastic energy and is given by the density function W : R^{m×m} → R∪{∞}. In view of the condition (1.1), W has to satisfy

W (F ) = ∞ whenever F ∉ GL^+(m). The second part is due to plastic kinematic hardening and

given by H : SL(m) → R. Finally, the term F(t, ϕ) is supposed to be linear in ϕ and measures the work done with respect to a time-dependent external loading.

In the classical sense, a pair (ϕ, P ) is said to be a solution of the time-continuous model if it meets a given initial condition (ϕ(0), P (0)) = (ϕ_0, P_0) and if the following two equations are fulfilled for every

t ∈ [0, T ]: the equation of elastic equilibrium

D_ϕE(t, ϕ(t), P (t)) = 0 (1.5)

and the plastic flow rule (Biot’s equation)

0 ∈ ∂˙_P R(P (t), Ṗ (t)) + D_P E(t, ϕ(t), P (t)), (1.6)

where ∂˙_P R denotes the subgradient with respect to the second variable. The dissipation potential R is given by a dissipation density R via

R(P (t), Ṗ (t))^{def}= � Ω R(P (t, x), Ṗ (t, x)) dx. (1.7)

We consider rate-independent materials, where R is positively homogeneous of degree 1 in the variable Ṗ , that is R(P, λṖ ) = λR(P, Ṗ ) for all λ > 0. An example is given by R(P, Ṗ ) =

σ_{yield}|Ṗ P^{−1}| with yield stress σ_{yield} > 0, see Section 3. The balance equations (1.5) and (1.6) are

listed for the sake of completeness. The time-continuous model is not discussed further in this paper.

Now we replace the system (1.5) and (1.6) by the incremental minimization problem. As in [Mie03b, Mie02], we define the dissipation D_{SL} : SL(m)×SL(m) → [0, ∞] for plastic strains by

D_{SL}(P_0, P_1)^{def}= inf

�_1 0 R(P (s), Ṗ (s)) ds (1.8)

where the infimum is taken over the set of all paths P ∈ C^1([0, 1], SL(m)) such that P (0) = P_0 and

P (1) = P_1. We obtain a dissipation D between plastic-strain fields via

D(P_0, P_1)^{def}= ‖D_{SL}(P_0, P_1)‖_L1_{(Ω)}.

Let Q be the state space of all admissible pairs (ϕ, P ). For a partition 0 = t_0 < · · · < t_N = T of

the time interval and an initial state (ϕ_0, P_0) ∈ Q, the incremental minimization problem is to solve iteratively, for l = 1, . . . , N,

(ϕ_l, Λ_l) ∈ Argmin [E(t_l, ϕ, P ) + D(P_{l−1}, P )] . (IMP)

Analyzing this problem is the standard approach to find energetic solutions for the rate-independent system (Q, E, D), see [MTL02, Mie05]. However, it is shown in [CHM02] that, in general, there are no solutions for (IMP) because of the formation of microstructure. Only in very special cases, the existence of solutions can be guaranteed, see [Mie04b]. Gradient plasticity is treated in [MM06, MM09] where the energy contains a regularizing term of the form � Ω G(∇P )dx that gives an internal length scale.

Yet, neither approach allows for the modeling of microstructure.

1.3 Reformulation for Young Measures

In order to study systems that can develop microstructure, we are going to replace the plastic strain P by a new internal variable Λ that encodes both the micro-fluctuations around the deformation gradient

∇ϕ as well as micro-fluctuations of the plastic strain. In fact, Λ lies in the set YM(Ω, Z) of Young

measures where Z^{def}= R^{m×m}×SL(m). More details on Young measures are given in Section 2.4.

Following [Mie04a], we extend E in (1.4) to Young measures. Therefore, we define a new elastic strain

~F_{el} as a function of the deformation gradient ∇ϕ and (A, P ) ∈ Z via

~F_{el}(∇ϕ, A, P )^{def}= ∇ϕ(I+A)P^{−1}.

Here A is the placeholder for the micro-fluctuation around ∇ϕ and P for the plastic strain, I ∈ R^{m×m} denotes the identity matrix. Then, very similar to (1.4), the energy for Young measures takes the form

~E(t, ϕ, Λ)^{def}= � Ω ⟨W (~F_{el}(∇ϕ, A, P )) + H(P ), Λ⟩ dx − F(t, ϕ), (1.9)

where ⟨., .⟩ denotes the duality product between a continuous function and a measure, see (2.5). The energy (1.9) reduces to (1.4) if we set Λ = δ_{0,P} where δ_{0,P (x)} denotes the Dirac measure concentrated in (0, P (x)) ∈ Z.

Since ∇ϕ is a gradient, its micro-fluctuations should also meet the geometric requirements of a gradient. This is related to the notion of gradient Young measures. In addition to that, modeling aspects as well as requirements of numerical implications make it necessary to work on a much smaller subset

of YM(Ω, Z), which will be done as follows. We fix L, a given subset of probability measures over Z

and reduce the analysis to Young measures that lie in the set

YM_L(Ω, Z)^{def}= {Λ ∈ YM(Ω, Z) | Λ(x) ∈ L a.e. in Ω}.

Let ~Q be the extended state space of all admissible pairs (ϕ, Λ). Then the dissipation between Young

measures Λ_0, Λ_1 ∈ YM_L(Ω, Z) is given via integration

~D(Λ_0, Λ_1)^{def}= � Ω D_L(Λ_0(x), Λ_1(x))dx. (1.10)

Here the function D_L : L×L → [0, ∞] has to be modeled such that it measures the dissipation for elements in L. As a first example for D_L, we can think of the 1-Wasserstein distance, as was done in [MTL02, Mie04a, The02] and, in the context of damage, [FG06]. However, Young measures only take into account volume fractions, which is not enough to control rotating laminates (see Section 3). Hence, a better dissipation distance D_L has been introduced by [HK08], where L is a set of laminates, and will be studied in Section 3 in detail. This D_L distinguishes between the case where Λ_0 and Λ_1 are parallel and the case where Λ_1 is rotated against Λ_0. Thus D_L is not continuous and, hence, leads to new mathematical challenges in establishing an existence theory. Our analysis is the first that treats a model describing time-discontinuous rotations of laminates, which is a well-observed phenomenon in experiments.

We know that the incremental minimization problem (IMP) of the classical model that was discussed in the previous section, in general, does not admit solutions. Studying (IMP) for ( ~Q, ~E, ~D), we still have to expect the formation of microstructures, since the subset YM_L(Ω, Z) may not be weakly closed in

YM(Ω, Z). Here we are going to circumvent this difficulty by the help of a regularization term

G(Λ) = � Ω � Ω d_W(Λ(x), Λ(y))^p |x − y|^{m+θp} dxdy.

The energy ~E(t, ϕ, Λ) is then replaced by the regularized energy

~E_{reg}(t, ϕ, Λ)^{def}= ~E(t, ϕ, Λ) + G(Λ).

On the one hand, the novel form of G penalizes rapid changes of the microstructure in Λ and, hence, generates compactness, but, on the other hand, still allows for interfaces between pure states and laminates.

Under additional assumptions, which are given in Section 2, we will prove that the incremental minimization problem (IMP) for ( ~Q, ~E_{reg}, ~D) admits solutions. This is the main result of this paper. In order to prove this existence result, we will follow the direct method in the calculus of variations. All steps of the proof are contained in Section 4. As the major point, we have to show compactness of the sublevel sets of the energy ~E_{reg} in the appropriate function space, which involves tools from measure theory. Before we come to that, the necessary assumptions and, in particular, a metric structure on the set

YM_L of Young measures is given in Section 2. The example from [HK08], which was an important

motivation for our analysis, is discussed in Section 3 in great detail.

2 Assumptions and Basic Properties

The reader exclusively interested in mechanics may skip this section and go directly to Section 3. In the following, we list all the necessary assumptions for the analysis. Moreover, we fix the space

~Y of admissible deformation fields as well as the space ~Z of admissible Young measures so that ~Q = ~Y× ~Z gives the extended state space. At the end of the section, we state our main result.

In this paper, we work over finite-dimensional real vector spaces like R, R^m, R^{m×m} and others. Every such space is associated with its Euclidean topology, unless stated otherwise. There will be no confusion if we denote the corresponding Euclidean norm always with the same symbol |.|. The quantity R denotes the set R ∪ {∞}. As usual, we assume that the set Ω ⊆ R^m, which defines the reference configuration, is sufficiently regular, namely Ω is a non-empty, open, connected, and bounded set with Lipschitz boundary ∂Ω. We will consider different spaces that are defined over Ω, like Lebesgue and Sobolev spaces as well as spaces of Young measures. In such a space, every two elements are identified whenever they coincide almost everywhere (a.e.) in Ω, that means, outside a subset of Ω with Lebesgue measure 0.

2.1 Space of Deformations

We begin with assumptions for the functions W and H, which occur in the definition of the energy, see (1.4) and (1.9). A crucial assumption for our analysis is the following condition of polyconvexity on the energy density W : GL^+(m) → R. There exists a convex and lower semicontinuous function

W: R^τ → R such that

W (F_{el}) = W(M(F_{el})) for all F_{el} ∈ GL^+(m). (2.1a)

The quantity M(F_{el}) ∈ R^τ with τ =^{(2m)!}_{(m!)2} denotes the vector of all minors of the matrix F_{el} in a fixed order. By (2.1a), the function W becomes polyconvex, see [Bal77] for the relevance of polyconvexity to the existence of solutions in elasticity theory. In addition, we assume W to be coercive: there exist

q_F > m, q_D > 0 and w_1, w_2 > 0 such that

W (F_{el}) ≥ w_1(|F_{el}|^{qF} + det(F_{el})^{−qD} ) − w_2 for all F_{el} ∈ GL^+(m). (2.1b)

The hardening function H : SL(m) → R is assumed to be lower semicontinuous. In addition, we require that there exist q_P > m and h_1, h_2 > 0 such that

H(P ) ≥ h_1|P |^{qP} − h_2 for all P ∈ SL(m). (2.1c)

As in [Mie04b, MM09], the exponents in (2.1b) and (2.1c) are real numbers that fulfill q_F , q_P > m as well as 1 q_Y def= 1 q_F + 1 q_P < 1 m . (2.1d)

Later on we will use the following condition in order to bound the micro-fluctuation around the deformation gradient ∇ϕ: 1 q_A def= 1 q_Y + 1 mq_D

< 1. (2.1e)

We shall see in Lemma 4.2 that the assumptions (2.1b), (2.1c) and (2.1d) restrict deformations ϕ with finite energy to the case ϕ ∈ W^{1,qY} (Ω, R^m). Here W^{1,qY} (Ω, R^m) denotes the Sobolev space of weakly differentiable functions over Ω with values in R^m such that function and derivative have both finite L^{qY} -norm. We denote the L^{qY} -norm by ‖.‖_LqY and the norm of the space W^{1,qY} (Ω, R^m) by

‖.‖_W1,q_Y . The space W^{1,qY} (Ω, R^m) continuously embeds into the space C(Ω, R^m) of continuous

functions due to (2.1d).

We impose homogeneous Dirichlet boundary conditions on a measurable subset Γ ⊆ ∂Ω of positive surface measure. For simplicity, the Dirichlet datum ϕ_{Dir} is independent of time. Then the set of all admissible deformations reduces to

~Y^{def}= {ϕ ∈ W^{1,q}Y (Ω, R^m) | ϕ = ϕ_{Dir} on Γ}. (2.2)

The set ~Y together with the norm ‖.‖_W1,q_Y is a closed affine subspace of W^{1,qY} (Ω, R^m) and, hence, weakly closed. Time-dependent Dirichlet boundary conditions could be treated as well, see, for example, [FM06, MM09].

For the term F, which is connected to the external loading, we assume F(t, .) to be linear on

W^{1,qY} (Ω, R^m), such that F ∈ C^1([0, T ], (W^{1,qY} (Ω, R^m))^∗). (2.3)

2.2 Space for Internal Variables

Our aim is to define a metric structure on a subset of Young measures. We start on the level of the underlying space Z = R^{m×m}×SL(m), which does not have a linear structure in the second component. We denote by E_Z the element (0, I) ∈ Z where I ∈ SL(m) is the identity matrix. >From now on, we assume that d_{SL} : SL(m)×SL(m) → R is a given distance on SL(m) that is related to the Euclidean norm in the following way. First, we assume that d_{SL} induces the Euclidean topology. This is equivalent to the fact that for every plastic tensors P, P_1, P_2, . . . in SL(m) we have

lim_{k→∞}|P_k − P | = 0 ⇔ lim_{k→∞}d_{SL}(P_k, P ) = 0. (2.4a)

Second, we assume that there exist constants τ_0, τ_1 > 0 and a monotonously increasing function

τ_2 : R → R such that for every P ∈ Z we have

d_{SL}(P, I) ≤ τ_0 + τ_1|P | and |P | ≤ τ_2(d_{SL}(P, I)). (2.4b)

In particular, this guarantees that the notion of bounded sets is the same for d_{SL} and for the Euclidean norm. Finally, we define the distance d_Z : Z×Z → R on Z via

d_Z ((A_0, P_0), (A_1, P_1))^{def}= |A_0 − A_1| + d_{SL}(P_0, P_1). (2.4c)

The above conditions imply that (Z, d_Z) is separable and complete.

2.3 Probability Measures

Before we come to probability measures, we recall the pairing ⟨., .⟩, which is defined between continuous functions and measures. Consider the set C_0(Z) of all continuous functions g : Z → R that vanish at infinity, meaning, g(A, P ) → 0 as d_Z ((A, P ), E_Z ) tends to ∞. The supremum-norm turns

C_0(Z) into a separable Banach space. The space M(Z) of all signed Radon measures ν over Z

can be seen as the dual space of C_0(Z) with the pairing ⟨., .⟩ given by

⟨g, ν⟩^{def}= � Z g(A, P ) dν(A, P ). (2.5)

Let P(Z) ⊆ M(Z) be the subset of all probability measures over Z and define the subset where

the first moment is finite

P^1(Z)^{def}= {Λ ∈ P(Z) | ⟨d_Z (E_Z , .), Λ⟩ < ∞}.

For two probability measures μ_0, μ_1 ∈ P^1(Z), the 1-Wasserstein distance is given by

d_W(μ_0, μ_1)^{def}= sup{|⟨g, μ_0⟩ − ⟨g, μ_1⟩| | g : Z → R , Lip_{dZ} (g) ≤ 1}. (2.6)

Here the supremum is taken over all Lipschitz continuous functions g where the Lipschitz constant is formed using the distance d_Z and denotes the smallest constant Lip_{dZ} (g) such that, for every

(A_0, P_0), (A_1, P_1) ∈ Z, we have

|g(A_0, P_0) − g(A_1, P_1)| ≤ Lip_{dZ} (g)d_Z((A_0, P_0), (A_1, P_1)).

The 1-Wasserstein distance is usually defined the equivalent dual way, see (A.2) in the appendix for

more. In what follows, we will often omit the exponent 1 and just write Wasserstein distance.

>From now on, we assume that L is a subset of P^1(Z) that is closed with respect to d_W. As a consequence, we get the following.

The metric space (L, d_W) is separable and complete. (2.7a)

In fact, since the metric space (Z, d_Z) is separable and complete, so is (P^1(Z), d_W) as shown in [AGS05, Proposition 7.1.5]. Moreover, we assume that the gradient part of each element in L is a homogenous gradient Young measure, see [KP91], and has mean value 0 ∈ R^{m×m}, which means � Z A dΛ(A, P ) = 0 for all Λ ∈ L. (2.7b)

The integral is well-defined by definition of d_Z , see (2.4).

The following lemma gives a sufficient condition for a function to be lower semicontinuous with respect to the Wasserstein distance. Note that, by (2.4), the Euclidean norm and the distance d_Z create the same notion of lower semicontinuity for functions over Z.

Lemma 2.1. Let g : Z → R be a lower semicontinuous function on (Z, d_Z) that is bounded from below. Moreover, let Λ, Λ_1, Λ_2, . . . ∈ P^1(Z) be probability measures such that d_W(Λ_k, Λ) → 0 holds. Then we have

liminf k→∞ ⟨g, Λ_k⟩ ≥ ⟨g, Λ⟩.

Proof. We define functions g_l using the inf-convolution from convex analysis, also called Moreau- Yoshida regularization. For every integer l > 0, it is given by the function g_l : Z → R with

g_l(Θ)^{def}= inf_{Θ̂∈Z} � g(Θ̂) + l d_Z (Θ, Θ̂) � . (2.8)

Since g is lower semicontinuous and bounded from below, g_l is well-defined and Lipschitz continuous with Lip_{dZ} (g) ≤ l for every l > 0. In addition, the functions g_1, g_2, . . . form a monotonously increasing sequence. The lower semicontinuity of g implies that g_l → g pointwise. Beppo Levi’s monotone-convergence theorem for Λ-measurable functions gives

lim_{l→∞}⟨g_l, Λ⟩ = ⟨g, Λ⟩. (2.9)

Moreover, by the definition (2.6), we have |⟨g_l, Λ_k⟩−⟨g_l, Λ⟩| ≤ Lip_{dZ} (g_l)d_W(Λ_k, Λ). Hence, the convergence d_W(Λ_k, Λ) → 0 implies that ⟨g_l/l, Λ_k⟩ → ⟨g_l/l, Λ⟩ holds for every l > 0. We get the estimate

liminf k→∞ ⟨g, Λ_k⟩ ≥ liminf_{k→∞} ⟨g_l, Λ_k⟩ = ⟨g_l, Λ⟩ for all l > 0.

Together with (2.9), this finishes the proof. □

2.4 Young Measures

We begin with a short introduction to Young measures. More details of the following construction together with references can be found in [Bal89, p. 211].

Since C_0(Z) is a separable Banach space, so is L^1(Ω, C_0(Z)). Consider the space L^∞_{w∗}(Ω, M(Z)) of all norm-bounded and weak* measurable functions μ: Ω → M(Z), which contains the space of Young measures. Here an element μ is called weak* measurable if ⟨μ(x), g⟩ is a measurable function in x for every g in C_0(Z). The space L^∞_{w∗}(Ω, M(Z)) can be identified with the dual space

of L^1(Ω, C_0(Z)) via the pairing

⟨⟨f, μ⟩⟩ = � Ω ⟨f(x), μ(x)⟩ dx. (2.10)

The space of all Young measures is a subspace of L^∞_{w∗}(Ω, M(Z)) and given by

YM(Ω, Z)^{def}= {Λ ∈ L^∞_{w∗}(Ω, M(Z)) | Λ(x) ∈ P(Z) a.e. in Ω}.

Weak* convergence is defined for Young measures using the pairing in (2.10). This is sometimes just called Young measure convergence. However, the set YM(Ω, Z) is not closed under weak* convergence.

In a special case, there is a closedness property for Young measures. For every exponent q ≥ 1 consider the set of Young measures given by

YM^q(Ω, Z)^{def}= {Λ ∈ YM(Ω, Z) | ⟨⟨|(A, P )|^q, Λ⟩⟩ < ∞}.

These are the Young measures with finite averaged qth moment. Note that here the qth moment is computed with respect to the Euclidean norm. We will need the following result later on.

Lemma 2.2. Let q ≥ 1 be an exponent and Λ_1, Λ_2, . . . a sequence in YM^q(Ω, Z). If there exists a constant C > 0 such that for every k > 0 we have the estimate ⟨⟨|(A, P )|^q, Λ_k⟩⟩ ≤ C, then there exists a subsequence (not relabeled) and a Young measure Λ ∈ YM^q(Ω, Z) such that Λ_k → Λ weakly* and ⟨⟨|(A, P )|^q, Λ⟩⟩ ≤ C.

Proof. The Banach-Alaoglu theorem implies that there exists Λ ∈ L^∞_{w∗}(Ω, M(Z)) such that (up to a subsequence) Λ_k → Λ weakly*. As a direct consequence, we get the estimate ⟨⟨|(A, P )|^q, Λ⟩⟩ ≤

C. It remains to prove that Λ ∈ P(Z) a.e. in Ω. This is shown by Ball [Bal89, Thm.(iii)] if for all k > 0

the Young measure takes the form Λ_k = δ_{0,Pk} where P_k ∈ L^q(Ω, Z). Ball’s idea can also be applied to the general case. □

Let p > 1 be a given exponent that we will keep fixed for the rest of the paper. With the help of the

Wasserstein distance d_W, we define a metric structure on a subspace of YM(Ω, Z). Therefore, we restrict the set of admissible Young measures to

~Z^{def}= {Λ ∈ YM_L(Ω, Z) | ‖d_W(Λ, δ_{EZ} )‖_{Lp} < ∞}. (2.11a)

The set ~Z forms a metric space together with the distance dist_p : ~Z× ~Z → R that is given by

dist_p(Λ_0, Λ_1)^{def}= ‖d_W(Λ_0, Λ_1)‖_Lp . (2.11b)

This metric was used already in [Mie99].

Lemma 2.3. Let Λ_1, Λ_2, . . . ∈ ~Z be a Cauchy sequence with respect to dist_p. Then there exists a subsequence (not relabeled) and a Young measure Λ ∈ ~Z such that

(i) d_W(Λ_k(x), Λ(x)) → 0 for almost every x ∈ Ω

(ii) dist_p(Λ_k, Λ) → 0.

In particular, ( ~Z, dist_p) is a complete metric space.

Proof. We take a subsequence (not relabeled) such that the estimate dist_p(Λ_k, Λ_{k+1}) < 2^{−k} holds for every k > 0. This implies that we have ∞� k=1 d_W(Λ_k(x), Λ_{k+1}(x)) < ∞ for almost every x ∈ Ω.

Hence, Λ_1(x), Λ_2(x), . . . forms a Cauchy sequence in (L, d_W). Since (L, d_W) is a complete metric space, there exists a Young measure Λ ∈ ~Z such that (i) is fulfilled. Moreover, we know that

dist_p(Λ_k, Λ_l) < 2^{−k+1} for every l > k > 0. By Fatou’s lemma, we conclude that dist_p(Λ_k, Λ) < 2^{−k+1} for every k > 0, which implies (ii). □

2.5 Regularization and Main Result

We regularize the energy ~E and set ~E_{reg} = ~E + G. Therefore, let 0 < θ < m/p be a fixed number. We consider the function G : ~Z → [0, ∞] given by

G(Λ)^{def}= � Ω � Ω d_W(Λ(x), Λ(y))^p |x − y|^{m+θp} dxdy for Λ ∈ ~Z. (2.12)

Note that the term G remains finite even for certain Young measures that are discontinuous over Ω since θ < m/p holds. The corresponding term in Banach spaces would be the Sobolev-Slobodetsky norm leading to W^{θ,p}(Ω), which embeds into C^0(Ω) if and only if θ > m/p. In Section 4, we will see that G is still strong enough to imply compactness.

Our main result is as follows (equivalent to Theorem 4.7).

Theorem. Let the functions ~E, ~D and G as well as the spaces ~Y and ~Z be defined as in (1.9), (1.10), (2.12), (2.2) and (2.11), respectively, such that the conditions (2.1), (2.3), (2.4) and (2.7) are fulfilled.

Set ~E_{reg} = ~E + G. Moreover, assume that ~D : ~Z× ~Z → [0, ∞] is lower semicontinuous. Let 0 = t_0 < t_1 < . . . < t_N = T be a finite partition of [0, T ] and (ϕ_0, Λ_0) ∈ ~Y× ~Z an initial state.

Then the incremental minimization problem for ( ~Y× ~Z, ~E_{reg}, ~D), which is to solve iteratively

(ϕ_l, Λ_l) ∈ Argmin � ~E_{reg}(t_l, ϕ, Λ) + ~D(Λ_{l−1}, Λ) � for l = 1, 2, . . . , N,

admits solutions in ~Y× ~Z.

Note that the lower semicontinuity of ~D is ensured, for example, by the lower semicontinuity of D_L with respect to d_W. We will see, that the example in Section 3 fulfills this condition.

3 Example for L and D_L

In this section, we give a mechanically relevant example of a set L and a dissipation D_L for which our main result (Theorem 4.7) is applicable. The example is due to [HK08] and for more detailed information see also [KH10b] and [KH11]. Various application, especially with respect to cyclic loading can be found in [KH10a] and [HK11].

3.1 Dissipation Distance on Z

In order to construct a suitable dissipation distance d_Z , we consider a specific dissipation density R by setting R(P, Ṗ )^{def}= σ_{yield}|Ṗ P^{−1}| with yield stress σ_{yield} > 0. Having in mind the definition of D_{SL} in (1.8), we set

D_{SL}(P_0, P_1) = inf_{P ∈S(P0,P1)} 1� 0 σ_{yield}|Ṗ (s)P (s)^{−1}|ds for all P_0, P_1 ∈ SL(m) (3.1)

where the infimum is taken over the set

S(P_0, P_1)^{def}= {P ∈ C^1([0, 1], SL(m)) | P (0) = P_0 and P (1) = P_1}.

Then the property (2.4) is fulfilled if we set d_{SL} = D_{SL}, see Appendix B for the proof. Such kind of dissipations were introduced in [Mie02, Mie03b] and further studied in [HMM03, GMMM06]. Here the multiplicative structure of R (called plastic invariance in [Mie03b]) implies D_{SL}(P_0, P_1) = D_{SL}(I, P_0P^{−1}_1 ), which clearly shows that it is useless to treat SL(m) as a subset of the linear space R^{m×m}. In particular, we have the estimate D_{SL}(I, e^ξ) ≤ σ_{yield}|ξ| which contradicts any coercivity of the type

D_{SL}(I, P ) ≥ c|P |^δ−C for δ > 0.

3.2 Dissipation for Simple-Laminate Fields

PSfrag replacements

(a)

PSfrag replacements

(b) (c)

Figure 1: A pure rotation of a simple laminate: (a) before and (b) after the rotation. As a consequence,

Q_0 and R_0 interchange roles on a subset which is depicted in (c), its volume ratio being 2α_0(1−α_0).

The dissipation D^{(2)}_{lam} amounts to 2α_0(1−α_0)D_{SL}(Q_0, R_0).

Let Λ ∈ P^1(Z) be a convex combination of two Dirac measures Λ = αδ_{((1−α)a⊗n,Q)} + (1 − α)δ_{(−αa⊗n,R)} (3.2)

where Q, R ∈ SL(m) are plastic strains, α ∈ [0, 1] a real number and a, n ∈ R^m vectors such that |n| = 1. The quantity a ⊗ n denotes the tensor product. In order to shorten notation, we write

A = (1 − α)a ⊗ n and B = −αa ⊗ n. By definition, the matrices A and B are rank-one connected

since the difference A − B = a ⊗ n has at most rank 1. Hence, Λ is a (homogenous) gradient Young measure. We define the set L_s ⊆ P^1(Z) of simple laminates as the collection of all those Λ that are of the form (3.2).

When working with simple laminates, we have to take care of the fact that the representation given by (3.2) is not unique. Note also that (L_s, d_W) forms a separable and complete metric space, see Appendix A for a proof. In addition, the mean value of the micro-fluctuations is the zero matrix in

R^{m×m}. Hence, the assumptions (2.7) listed in Section 2 are fulfilled.

For L = L_s we now give the nontrivial distance D_{lam} that was introduced in [HK08]. Motivated by

experimental observations, this dissipation is made very sensible to a change in the orientation n. In particular, a “rotation” of a simple laminate produces dissipation. For simple laminates Λ_0, Λ_1 ∈ L_s the distance D_{lam} distinguishes between two cases. First, suppose there exist representations of the form (3.2) for Λ_0 and Λ_1, respectively, so that n_0 = n_1 or n_0 = −n_1 holds. Then we write Λ_0 ‖ Λ_1 and the dissipation D^{(1)}_{lam} is modeled by the Wasserstein distance with respect to D_{SL}. Using the form (A.2) instead of (2.6), we find

D^{(1)}_{lam}(Λ_0, Λ_1) = inf � λD_{SL}(Q_0, Q_1) + (1 − α_0 − α_1 + λ)D_{SL}(R_0, R_1) +(α_0 − λ)D_{SL}(Q_0, R_1) + (α_1 − λ)D_{SL}(R_0, Q_1) �

where the infimum is taken over all λ such that the numbers λ, α_0 − λ, α_1 − λ and 1 − α_0 − α_1 + λ lie in [0, 1]. Second, suppose that there are no representations of the form (3.2) so that n_0 = n_1 or

n_0 = −n_1 holds. Then we write Λ_0 ̸‖ Λ_1 and the dissipation is modeled by

D^{(2)}_{lam}(Λ_0, Λ_1) = α_0α_1D_{SL}(Q_0, Q_1) + α_0(1 − α_1)D_{SL}(Q_0, R_1) +(1 − α_0)α_1D_{SL}(R_0, Q_1) + (1 − α_0)(1 − α_1)D_{SL}(R_0, R_1).

See Figure 1 for an example. Putting both functions together, we end up with

D_{lam}(Λ_0, Λ_1) = � D^{(1)}_{lam}(Λ_0, Λ_1) for Λ_0 ‖ Λ_1 D^{(2)}_{lam}(Λ_0, Λ_1) for Λ_0 ̸‖ Λ_1,

which defines a dissipation on the set L_s of simple laminates.

The function D_{lam} is lower semicontinuous with respect to the Wasserstein distance d_W. In fact, if we have in mind (A.2) as well as Remark A.2, it is not hard to prove that the functions D^{(1)}_{lam} and

D^{(2)}_{lam} are continuous with respect to d_W. Moreover, we see that D^{(2)}_{lam} ≥ D^{(1)}_{lam} holds and that the set {(Λ_0, Λ_1) ∈ L^2_s | Λ_0 ‖ Λ_1} is closed with respect to d_W. This directly implies that D_{lam} is lower

semicontinuous with respect to d_W. In particular, the associated dissipation ~D is lower semicontinuous with respect to the distance dist_p, see (2.11b). Hence, the set L = L_s, the distance d_{SL} = D_{SL} and the dissipation D_L = D_{lam}, as defined above, form an example to which our main result can be applied.

3.3 A Study of a Rotating Laminate

Let us consider a particular case of the model introduced in [HK08] by allowing the inelastic deformation to assume only two distinct values, hence P, Q ∈ {I ± γs ⊗ n_s} in (3.2), where γ > 0 denotes a constant material parameter, and s and n_s are orthonormal vectors. Meaning, that SL(m) is replaced

by {I ± γs⊗n_s} ⊆ SL(m). This may constitute a model for a shape-memory-alloy possessing two

martensitic variants. In this case the dissipation distance (1.8) reduces to

D_{SL}(P_0, P_1) = � r for P_0 ≠ P_1 0 for P_0 = P_1,

(3.3)

where r > 0. For laminates this yields the simple expression

D_{lam}(Λ_0, Λ_1) = � r |α_1 − α_0| for Λ_0‖Λ_1 r (α_0(1 − α_1) + α_1(1 − α_0)) for Λ_0 ̸‖Λ_1.

As in [HK08] we assume an incompressible neo-Hookean energy of the form

W (F_{el}) = � μ‖F_{el}‖^2 for det(F_{el}) = 1 ∞ for det(F_{el}) ≠ 1,

(3.4)

with μ > 0 denoting the shear-modulus. Moreover we assume H(I ± γs⊗n_s) = 0. The energy in (1.9) can then be calculated as

~E(t, ϕ, Λ)^{def}= � Ω W̃ (∇ϕ, Λ) dx − F(t, ϕ), (3.5)

with

W̃ (∇ϕ, Λ) = α W (∇ϕ(I + (1 − α) a ⊗ n)(I + γ s ⊗ n_s)) +(1 − α) W (∇ϕ(I − α a ⊗ n)(I − γ s ⊗ n_s)),

where a · n = 0.

In the plane-strain case, we can specify the quantities above as n = (cos φ, sin φ) and a =

a_0 (− sin φ, cos φ), n_s = (cos ψ, sin ψ), s = (− sin ψ, cos ψ). In the absence of dissipation the

energy will be minimized with respect to all possible laminates resulting in a relaxed energy of the form

W^{rel}(∇ϕ) = inf

α∈[0,1], φ∈[0,π)

W̃ (∇ϕ, Λ). (3.6)

In the presence of dissipation, however, the minimization in Theorem 4.7 gives the stationarity conditions 0 = ∂W̃ ∂a_{0l}

, 0 ∈ ∂W̃ ∂α_l

+ r sign (α_l − α_{l−1}), (3.7)

where a_{0l} and α_l denote the values at the end of time-increment number l, together with the condition for rotation of the laminate

f(∇ϕ_l, α_{l−1}, α_l, φ_l)^{def}= W̃ (∇ϕ, Λ_l)−W̃ (∇ϕ_l, Λ_{l−1})+r (α_{l−1}(1−α_l)+α_l(1−α_{l−1})) < 0, (3.8)

which gives the evolution of φ as

φ_l = � � � Argmin

φ∈[0,π)

f(∇ϕ, α_{l−1}, α_l, φ) for inf_{φ∈[0,π)}f(∇ϕ, α_{l−1}, α_l, φ_{l−1}) < 0

φ_{l−1} else.

(3.9)

Given ∇φ_l, α_{l−1}, φ_{l−1}, the equations (3.7) and (3.9) can be solved for α_l, φ_l. This allows one to compute the evolution of α and φ in the time-incremental problem (IMP).

As an example we present a simple shear test of the form ∇φ = � 1 0 ξ(t) 1 � , where ξ(t) = t for

t ∈ [0, 2]. The model parameters chosen are: μ = 75, r = 1, γ = 0.2, ψ = π/10. Hence, the

inelastic shearing deformation is misaligned with respect to the applied shear.

In Figure 2 the laminate rotation angle φ is displayed as a function of ξ, once as result of the minimization in (3.6), and once as result of the time-incremental procedure in (3.9). The same is done for the volume ratio α as function of ξ in Figure 3. In Figure 4 the difference in α of the results from (3.7) and (3.9) is shown.

It can be seen that φ starts to deviate from the solution found by minimization, until finally the inequality (3.8) is satisfied. Then the minimization result is retrieved in a sudden way. This process repeats itself in a stick-slip-type behavior. After every jump in φ, the variable α remains constant within a certain interval, until the differential inclusion in (3.7) becomes nontrivial again.

4 Proof of the Main Result

In order to prove our main result, we use the direct method in the calculus of variations. In doing so, we have to show coercivity and lower semicontinuity of the energy as well as weak sequential compactness of the sublevel sets of the energy.

4.1 Coercivity

Before we prove the coercivity of the energy ~E, we recall an inequality between determinant and norm of a matrix.

Remark 4.1. Let F ∈ GL^+(m) be a given matrix. Then we have

|F |^m √ m^m

≥ det(F ). (4.1)

Proof. Let σ_1, . . . , σ_m ≥ 0 be a representation of the singular values of F counted with multiplicity. The Euclidean norm of F and the determinant of F are given by

|F | = � σ^2_1 + · · · + σ^2_m and det(F ) = σ_1 · · · · · σ_m.

The well-known inequality of the quadratic mean and the geometric mean reads � σ^2_1 + · · · + σ^2_m m ≥^m √ σ_1 · · · · · σ_m.

This directly implies (4.1). □

The energy ~E is coercive in the following sense.

Figure 2: Evolution of φ as function of ξ. Dashed line: minimizer of W^{rel} in (3.6), solid line: solution via time-incremental evolution.

Figure 3: Evolution of α as function of ξ. Dashed line: minimizer of W^{rel} in (3.6), solid line: solution via time-incremental evolution.

Figure 4: Difference of α as function of ξ between the minimizer of W^{rel} in (3.6) and the solution via time-incremental evolution.

Lemma 4.2. Let the functional ~E as well as the spaces ~Y and ~Z be defined as in (1.9), (2.2) and (2.11), respectively, such that the conditions (2.1), (2.3) and (2.7) are fulfilled. Moreover, let

(t_1, ϕ_1, Λ_1), (t_2, ϕ_2, Λ_2), . . . be a sequence in [0, T ]× ~Y× ~Z such that sup_{k>0} ~E(t_k, ϕ_k, Λ_k) < ∞.

Then both of the following conditions hold

(i) sup_{k>0} ‖ϕ_k‖_W1,q_Y < ∞

(ii) sup_{k>0} ⟨⟨|(A, P )|^q, Λ_k⟩⟩ < ∞ where q = min{q_A, q_P }.

Proof. Within the proof, all the quantities that depend on the times t_k can be estimated uniformly, see (2.3). Hence, we can omit t_k.

The linear loading term F has no influence on coercivity. We can assume that F = 0 for simplicity. The boundedness of ~E together with (2.1c) and (2.1b) implies that there exist constants c_1, c_2, c_3 > 0 such that for every k > 0 we have

⟨⟨|P |^{qP} , Λ_k⟩⟩ ≤ c_1, (4.2) ⟨⟨|∇ϕ_k(I + A)P^{−1}|^{qF} , Λ_k⟩⟩ ≤ c_2, (4.3) ⟨⟨det(∇ϕ_k(I + A))^{−qD} , Λ_k⟩⟩ ≤ c_3. (4.4)

Now fix k > 0. Since the exponents fulfill condition (2.1d), we can use Hölder’s inequality together with (4.2) and (4.3) (cf. [MM06]) and conclude

‖⟨|∇ϕ_k(I + A)P^{−1}|^{qF} , Λ_k⟩^{1/qF} · ⟨|P |^{qP} , Λ_k⟩^{1/qP} ‖_LqY ≤ c^{1/qP}_1 c^{1/qF}_2 .

We apply Hölder’s inequality once again and obtain that

‖⟨|∇ϕ_k(I + A)|^{qY} , Λ_k⟩^{1/qY} ‖_LqY ≤ c^{1/qP}_1 c^{1/qF}_2 . (4.5)

The mean value of the micro-fluctuations is 0, see (2.7b). In addition, |.|^{qY} is convex. Hence, Jensen’s inequality applied to (4.5) yields ‖∇ϕ_k‖_LqY ≤ c^{1/qP}_1 c^{1/qF}_2 and we have (i) since Poincaré’s inequality gives the boundedness in the W^{1,qY} -norm.

As an assumption of Section 2, the first component of Λ_k(x) (the gradient part) is a homogenous gradient Young measure for almost every x ∈ Ω. Hence, Jensen’s inequality can be applied for every quasiconvex function, see [KP91], and, in particular, for det(.)^{−qD} . Then (4.4) implies that

‖ det(∇ϕ_k)^{−1}‖_LqD ≤ c^{1/qD}_3 holds. Following Remark 4.1, we get the estimate ‖1/|∇ϕ_k|‖_LmqD ≤ c_4, (4.6)

where c_4 > 0 is a constant independent of k. In view of (2.1e), Hölder’s inequality together with (4.5) and (4.6) bounds the micro-fluctuations

sup_{k>0} ⟨⟨|A|^{qA} , Λ_k⟩⟩ ≤ (c^{1/qP}_1 c^{1/qF}_2 c_4)^{qA} .

This estimate together with (4.2) implies that

sup_{k>0} ⟨⟨|A|^q + |P |^q), Λ_k⟩⟩ ≤ (c^{1/qP}_1 c^{1/qF}_2 c_4)^{qA} + c_1.

In fact, this is again an application of Hölders inequality where we use that the set Z has measure

1 and q = min{q_D, q_P }. Hence, we have (ii), since simple computation shows that the inequality 2^{1−q/2}|A + P |^q ≤ |A|^q + |P |^q holds for every (A, P ) ∈ Z. □

4.2 Lower Semicontinuity

The lower-semicontinuity result makes use of polyconvexity defined in terms of the minors which are given by the quantity M(∇ϕ(I+A)P^{−1}). We will use an algebraic property of minors, which is provided in the next lemma for the sake of completeness.

Lemma 4.3. There exists a bilinear function A: R^τ ×R^τ → R^τ such that

M(UV ) = A(M(U), M(V )) for every U, V ∈ R^{m×m}.

Proof. The determinant has the property det(UV ) = det(U)det(V ) for all matrices U, V ∈ R^{m×m}. In a similar way, the Cauchy-Binet formula gives a multiplicative rule for every minor, see, for example, Gantmacher [Gan59, Binet-Cauchy formula]. Hence, there exists a bilinear function as desired. □

Now we are in the position to prove the lower semicontinuity of the energy.

Lemma 4.4. Let the functional ~E as well as the spaces ~Y and ~Z be defined as in (1.9), (2.2) and (2.11), respectively, such that the conditions (2.1), (2.3) and (2.7) are fulfilled. Moreover, let

(t_1, ϕ_1, Λ_1), (t_2, ϕ_2, Λ_2), . . . be a sequence in [0, T ]× ~Y× ~Z such that t_k → t, ϕ_k → ϕ weakly in ~Y and Λ_k → Λ in ~Z for some (t, ϕ, Λ) ∈ [0, T ]× ~Y× ~Z. Then we have the estimate

~E(t, ϕ, Λ) ≤ liminf_{k→∞} ~E(t_k, ϕ_k, Λ_k).

Proof. Using Lemma 2.3, we can extract a subsequence (not relabeled) such that Λ_k(x) → Λ(x) holds with respect to d_W for almost every x ∈ Ω.

The condition (2.3) implies that the loading term is weakly continuous in the second variable. We conclude that F(t_k, ϕ_k) → F(t, ϕ). Moreover, we can omit the time variable. The energy ~E consists of two more parts. The hardening function H is lower semicontinuous and bounded from below, see (2.1c). As a consequence of Lemma 2.1, H is also lower semicontinuous with respect to d_W if H is seen as a linear function on L. Applying Fatou’s lemma, we end up with

⟨⟨H(P ), Λ⟩⟩ = � Ω ⟨H(P ), Λ⟩ dx ≤ � Ω liminf k→∞ ⟨H(P ), Λ_k⟩ dx ≤_{Fatou} liminf_{k→∞} ⟨⟨H(P ), Λ_k⟩⟩.

It remains to prove lower semicontinuity of the stored elastic energy, which means

⟨⟨W (∇ϕ(I + A)P^{−1}), Λ⟩⟩ ≤ liminf_{k→∞} ⟨⟨W (∇ϕ_k(I + A)P^{−1}), Λ_k⟩⟩. (4.7)

Lemma 4.3 implies that there exists a bilinear function A: R^τ ×R^τ → R^τ such that

M(F (I + A)P^{−1}) = A(M(F ), M((I + A)P^{−1})) for (F, A, P ) ∈ R^τ ×Z.

With the help of A, we define the function f : L×R^τ → R via

f(Λ, M)^{def}= ⟨W(A(M, M((I + A)P^{−1}))), Λ⟩ for (Λ, M) ∈ L×R^τ .

The function f is designed in such a way that f(Λ, M(F )) = ⟨W (F (I + A)P^{−1}), Λ⟩ holds for every Λ ∈ L and every F ∈ R^{m×m}, see (2.1a) for the relation between W and W. By definition, f is convex and lower semicontinuous in the second variable. Moreover, f is lower semicontinuous in the first variable with respect to d_W. This follows by Lemma 2.1.

The rest of the proof is an application of a result by Eisen [Eis79]. In fact, Eisen assumes that f is a continuous function over a Euclidean space, which is not the case in our situation. Nevertheless, on the one hand, we can relax the continuity assumption by an approximation argument similar to that in the proof of Lemma 2.1. Note that the approximation of f via inf-convolution, see (2.8), preserves the convexity in the second variable. On the other hand, a careful look at his proof shows that his ideas also work if the first variable takes values in a complete metric space. Whenever M(∇ϕ_k) → M(∇ϕ) holds weakly in L^1(Ω, R^m), we conclude that � Ω f(Λ, M(∇ϕ))dx ≤ liminf_{k→∞} � Ω f(Λ_k, M(∇ϕ_k))dx.

This is equivalent to (4.7) and finishes the proof since, by the classical weak-continuity property of minors, we have that M(∇ϕ_k) → M(∇ϕ) weakly in L^{qY /m}(Ω, R^m), see for example [Dac89, §4, Thm. 2.6]. In view of (2.1d), we know that q_Y /m > 1. □

4.3 Compactness Result

We are going to use concepts from [AT04]. The set Ω ⊆ R^m is a non-empty, open, connected, and bounded set with Lipschitz boundary. In this domain Ω, we consider the open balls

B_{x,r} = {y ∈ Ω | |y − x| < r} where x ∈ Ω and r > 0. (4.8)

Let |B_{x,r}| denote the Lebesgue measure of the ball B_{x,r} and diam(Ω)^{def}= sup{|x − y| | x, y ∈ Ω}

the diameter of Ω. Then the regularity of the boundary of Ω implies that there exists a positive constant

C_B > 0 such that

|B_{x,r}| ≥ C_B · γ(r)^m for all x ∈ Ω and r > 0, where γ(r) = min{r, diam(Ω)}. (4.9)

In particular, we have the important doubling property of measures. This means that there exists a constant c_{double} > 0 such that

|B_{x,2r}| ≤ c_{double}|B_{x,r}| for all x ∈ Ω and r > 0.

Let Λ ∈ ~Z be a Young measure for which G(Λ) is finite. Then we set

g_Λ(x) = � Ω d_W(Λ(x), Λ(y))^p |x − y|^{m+θp} dy �_{1/p}

for all x ∈ Ω. (4.10)

The function g_Λ is non-negative and can be seen as the norm of a generalized gradient of Λ. As a consequence of Fubini’s theorem, g_Λ lies in L^p(Ω) as long as G(Λ) < ∞, see (2.12).

Before we present our compactness result, we prove the following result. It generalizes the theory in [AT04], where the corresponding result for the classical Sobolev space W^{1,p}(Ω, L) is established, i.e. the case θ = 1.

Lemma 4.5. Let the functional G and the space ~Z be defined as in (2.12) and (2.11), respectively. There exists a positive constant C_{dW} > 0 that only depends on Ω and θ with the following property.

Let Λ ∈ ~Z be a given Young measure with G(Λ) < ∞ and g_Λ as defined in (4.10). Then we have d_W(Λ(x), Λ(y)) ≤ C_{dW} |x − y|^θ(g_Λ(x) + g_Λ(y)) for a.a. (x, y) ∈ Ω × Ω. (4.11)

Proof. It is sufficient to show (4.11) for every (x, y) ∈ Ω × Ω with g_Λ(x), g_Λ(y) < ∞ and x ≠ y. Fix such a pair (x, y), set r = |x − y|, and consider the set given by

ω_{x,y}^{def}= B_{x,2r} ∩ B_{y,2r}.

The triangle inequality in R^m implies that B_{x,r} ⊆ ω_{x,y}. Using (4.9), we have

|ω_{x,y}| ≥ C_B|x − y|^m. (4.12)

In fact, here we know that γ(r) = r since r = |x − y| ≤ diam(Ω). Now we apply the triangle inequality for d_W and obtain the following estimate after integration

d_W(Λ(x), Λ(y)) ≤ 1 |ω_{x,y}| � ω_{x,y}

d_W(Λ(x), Λ(z))dz + � ω_{x,y}

d_W(Λ(z), Λ(y))dz � . (4.13)

The integrals on the right-hand side of (4.13) can be bounded from above as follows. We use (4.12) and we add non-negative terms in order to find that

d_W(Λ(x), Λ(y)) ≤ r^{−m} C_B � B_{x,2r}

d_W(Λ(x), Λ(z))dz + � B_{y,2r}

d_W(Λ(z), Λ(y))dz � . (4.14)

We deal with the two integrals separately. We write the first integrand as a product � B_{x,2r}

d_W(Λ(x), Λ(z))dz = � B_{x,2r}

d_W(Λ(x), Λ(z)) |x − z|^{θ+m/p}

· |x − z|^{θ+m/p}dz

and apply Hölder’s inequality. In doing so, we find that the integral is bounded by � B_{x,2r}

d_W(Λ(x), Λ(z))^p |x − z|^{m+θp} dz � 1_p · � |B_{x,2r}|(2r)^{(θ+m/p)p′}

� 1_{p′} . Here p^′ denotes the conjugate exponent to p such that 1/p + 1/p^′ = 1. The first factor is bounded by

g_Λ(x). Hence, using γ(2r) ≤ 2r together with (4.9) implies that � B_{x,2r}

d_W(Λ(x), Λ(z))dz ≤ g_Λ(x) [c_1 · (2r)^m]^{1/p′} (2r)^{θ+m/p} ≤ c_1 · (2r)^{θ+m}g_Λ(x)

for some positive constant c_1 > 0 that does not depend on Λ. The second integral in (4.14) can be bounded analogously by interchanging x and y. Finally, recalling r = |x − y|, we end up with the following estimate

d_W(Λ(x), Λ(y)) ≤ r^{−m} C_B

· c_1 · (2r)^{θ+m}(g_Λ(x) + g_Λ(y)) = C_{dW} |x − y|^θ(g_Λ(x) + g_Λ(y)),

where we have set C_{dW} = 2^{θ+m}c_1/C_B. This finishes the proof. □

Now we can prove the compactness result, as the main ingredient for the proof of the existence of solutions to the incremental minimization problem for ( ~Q, ~E_{reg}, ~D).

Lemma 4.6. Let the functions ~E and G as well as the spaces ~Y and ~Z be defined as in (1.9), (2.12), (2.2) and (2.11), respectively, such that the conditions (2.1), (2.3), (2.4) and (2.7) are fulfilled. Set

~E_{reg} = ~E + G.

Let t_∗ ∈ [0, T ] be a given time and let (ϕ_1, Λ_1), (ϕ_2, Λ_2), . . . be a sequence in ~Y× ~Z. If the regular-

ized energy ~E_{reg} stays uniformly bounded, that means

sup_{k>0} ~E_{reg}(t_∗, ϕ_k, Λ_k) < ∞,

then there exists a subsequence (not relabeled), a deformation field ϕ_0 ∈ ~Y and a Young measure

Λ_0 ∈ ~Z such that all the following conditions are fulfilled

(i) ϕ_k → ϕ_0 weakly in ~Y

(ii) Λ_k → Λ_0 in ~Z

(iii) Λ_k(x) → Λ_0(x) pointwise with respect to d_W for almost every x ∈ Ω

(iv) G(Λ_0) ≤ liminf_{k→∞} G(Λ_k).

Proof. Within the proof, all the quantities that depend on time are evaluated at an arbitrary but fixed time t_∗ and, hence, we can omit t_∗. We are going to extract subsequences of (ϕ_1, Λ_1), (ϕ_2, Λ_2), . . . in an iterative way. In order to shorten notation, we shall keep the original labeling.

We apply the sequential form of the Banach-Alaoglu theorem. Lemma 4.2 implies that the sequence

ϕ_1, ϕ_2, . . . is uniformly bounded in ~Y. Hence, by the Banach-Alaoglu theorem, there exists a deforma-

tion ϕ_0 ∈ ~Y and a subsequence such that ϕ_k → ϕ_0 weakly in ~Y. We have (i). In addition, Lemma 4.2 also implies that the Young measures Λ_1, Λ_2, . . . lie in the space YM^q(Ω, Z) with uniformly bounded averaged qth moment. In particular, for some constant C > 0 we have that

sup_{k>0} ⟨⟨|(A, P )|^q, Λ_k⟩⟩ ≤ C. (4.15)

By Lemma 2.2, there exists a Young measure Λ_0 ∈ YM^q(Ω, Z) and a further subsequence such that Λ_k → Λ_0 weakly* and ⟨⟨|(A, P )|^q, Λ_0⟩⟩ ≤ C.

As a first step towards showing (ii), we are going to analyze spatial averages of the Young measures

Λ_0, Λ_1, . . .. Therefore, fix a radius r > 0, a point x ∈ Ω, an integer k ≥ 0 and define the average μ^r_k(x) given by ⟨g, μ^r_k(x)⟩ = 1 |B_{x,r}| � B_{x,r}

⟨g, Λ_k(y)⟩dy for all g ∈ C_0(Z).

See (4.8) for the definition of B_{x,r}. Then μ^r_k(x) lies in P(Z). Due to (4.9) and (4.15), we have the following estimate

⟨|(A, P )|, μ^r_k(x)⟩ = 1 |B_{x,r}| � B_{x,r}

⟨|(A, P )|, Λ_k(y)⟩dy ≤ CC^{−1}_B γ(r)^{−m}.

In view of (2.4), we conclude that

⟨d_Z ((A, P ), E_Z ), μ^r_k(x)⟩ ≤ τ_0 + (τ_1 + 1)CC^{−1}_B γ(r)^{−m} for all integers k ≥ 0. (4.16)

That means that μ^r_k(x) lies in P^1(Ω) and its first moment is bounded uniformly with respect to k. Moreover, since we know that Λ_k → Λ_0 weakly*, we get that μ^r_k(x) → μ^r_0(x) weakly*. This implies that d_W(μ^r_k(x), μ^r_0(x)) → 0 holds for every x ∈ Ω and r > 0, see [AGS05, Prop. 7.1.5].

The triangle inequality for d_W gives the estimate

d_W(μ^r_k(x), μ^r_0(x)) ≤ d_W(μ^r_k(x), δ_{EZ} ) + d_W(μ^r_0(x), δ_{EZ} ).

Both terms in the right-hand side can be computed explicitly via the equation

d_W(μ^r_k(x), δ_{EZ} ) = ⟨d_Z ((A, P ), E_Z ), μ^r_k(x)⟩.

Then (4.16) bounds the quantity d_W(μ^r_k(x), μ^r_0(x)) independently of x ∈ Ω and k. Together with the pointwise convergence, we obtain convergence in ~Z, meaning that

dist_p(μ^r_k, μ^r_0) = ‖d_W(μ^r_k(x), μ^r_0(x))^p‖_Lp → 0 for all r > 0. (4.17)

Next, we are going to bound the quantity dist_p(Λ_k, μ^r_k). Therefore, fix a positive integer k > 0 and a radius diam(Ω) > r > 0. The following holds for almost every x ∈ Ω. By the definition of the Wasserstein distance, we know that

d_W(Λ_k(x), μ^r_k(x)) = sup_{Lip(g)≤1}^1_{|Bx,r|} � B_{x,r} [⟨g, Λk(x)⟩ − ⟨g, Λk(y)⟩]dy

≤^1_{|Bx,r|} � B_{x,r} dW(Λk(x), Λk(y))dy

≤^1_{|Bx,r|} � B_{x,r} Cd^W |x − y|

θ(g_{Λk} (x) + g_{Λk} (y))dy.

In the last line, we have used Lemma 4.5 where g_{Λk} is given by (4.10). Clearly, the term |x − y| is bounded by diam(Ω). With the help of (4.9), we conclude that

d_W(Λ_k(x), μ^r_k(x)) ≤

C_{dW} r^θ C_B r^d � B_{x,r}

(g_{Λk} (x) + g_{Λk} (y))dy.

If we extend the function g_{Λk} by 0, it can be seen as an element of L^p(R^m). We set z = y − x as well as B_r^{def}= {y ∈ R^m | |y| < r} and find that

d_W(Λ_k(x), μ^r_k(x)) ≤

C_{dW} r^θ C_B r^d � B_r

(g_{Λk} (x) + g_{Λk} (x + z))dz.

The function |.|^p is convex. Now if we integrate and apply Jensen’s inequality to it, we get that

dist_p(Λ_k, μ^r_k) ≤ � C_{dW} r^θ C_B r^m � Ω � B_r

|g_{Λk} (x) + g_{Λk} (x + z)|^pdzdx

�_{1/p} . We can change the order of integration by Fubini’s theorem. In order to get the integral uniformly bounded for all integers k > 0, we use that there exists a constant C_G > 0 such that G(Λ_k) ≤ C_G , which follows because the energy is uniformly bounded. Hence, ‖g_{Λk} ‖_Lp ≤ C^{1/p}_G holds for every integer k > 0 and we conclude that

dist_p(Λ_k, μ^r_k) ≤ � C_{dW} r^θ C_B r^m

|B_r| C_G 2^p

�_{1/p} = c_1 r^{θ/p} (4.18)

where c_1 > 0 is a constant that is independent of r and k.

We show that dist_p(μ^r_0, Λ_0) → 0 as r tends to 0. Fix a function g ∈ C_0(Z). For every radius r > 0 and every point x ∈ Ω, we know that

⟨g, μ^r_0(x)⟩ = 1 |B_{x,r}| � B_{x,r}

⟨g, Λ_0(y)⟩dy.

The Lebesgue differentiation theorem implies that we obtain ⟨g, μ^r_0(x)⟩ → ⟨g, Λ_0(x)⟩ as r tends to

0. Hence, we find that μ^r_0(x) → Λ_0(x) weakly* for almost every x ∈ Ω. Fix two radii r_1, r_2 > 0. For

every integer k > 0, the triangle inequality for dist_p implies that

dist_p(μ^{r1}_0 , μ^{r2}_0 ) ≤ dist_p(μ^{r1}_0 , μ^{r1}_k ) + dist_p(μ^{r1}_k , Λ_k) + dist_p(Λ_k, μ^{r2}_k ) + dist_p(μ^{r2}_k , μ^{r2}_0 ).

Applying the estimates (4.17) and (4.18) and taking the limit k → ∞ gives

dist_p(μ^{r1}_0 , μ^{r2}_0 ) ≤ c_1(r^{θ/p}_1 + r^{θ/p}_2 ).

Thus, μ^r_0 forms a Cauchy sequence in ~Z as r tends to 0. The convergence with respect to d_W implies weak* convergence, see [AGS05, Prop. 7.1.5]. Since we already know that μ^r_0(x) → Λ_0(x) weakly* for almost every x ∈ Ω, we conclude that Λ_0 is the limit of the Cauchy sequence. Moreover, we get the estimate

dist_p(μ^r_0, Λ_0) ≤ c_1r^{θ/p}. (4.19)

Now we are in the position to show (ii). For every radius r > 0 and every integer k > 0, the triangle inequality for dist_p implies that

dist_p(Λ_k, Λ_0) ≤ dist_p(Λ_k, μ^r_k) + dist_p(μ^r_k, μ^r_0) + dist_p(μ^r_0, Λ_0).

As a consequence of (4.17), (4.18) and (4.19), we obtain dist_p(Λ_k, Λ_0) → 0, which is (ii). Eventually extracting a further subsequence, we get (iii) by Lemma 2.3. Finally, (iv) follows by (iii) if we apply Fatou’s lemma. □

4.4 Existence of Solutions

Now we are in the position to prove the existence of solutions to the time incremental minimization problem with regularized energy. We follow the strategy of the direct methods in the calculus of variations.

Theorem 4.7. Let the functions ~E, ~D and G as well as the spaces ~Y and ~Z be defined as in (1.9), (1.10), (2.12), (2.2) and (2.11), respectively, such that the conditions (2.1), (2.3), (2.4) and (2.7) are fulfilled. Set ~E_{reg} = ~E + G. Moreover, assume that ~D : ~Z× ~Z → [0, ∞] is lower semicontinuous.

Let 0 = t_0 < t_1 < . . . < t_N = T be a finite partition of [0, T ] and (ϕ_0, Λ_0) ∈ ~Y× ~Z an initial

state. Then the regularized incremental minimization problem for ( ~Y× ~Z, ~E_{reg}, ~D), which is to solve iteratively, for every l = 1, 2, . . . , N,

(ϕ_l, Λ_l) ∈ Argmin � ~E_{reg}(t_l, ϕ, Λ) + ~D(Λ_{l−1}, Λ) � , admits solutions in ~Y× ~Z.

Proof. Fix a positive integer l ∈ {1, 2, . . . , N} and assume that the pairs (ϕ_0, Λ_0), . . ., (ϕ_{l−1}, Λ_{l−1}) form a solution for the times t_0, . . . , t_{l−1}. Let (ϕ_{l,1}, Λ_{l,1}), (ϕ_{l,2}, Λ_{l,2}), . . . ∈ ~Y× ~Z be an infimizing sequence for the sum ~E_{reg}(t_l, ϕ, Λ) + ~D(Λ_{l−1}, Λ). As a consequence of Lemma 4.4 and Lemma 4.6(iv), the energy ~E_{reg} is lower semicontinuous. Moreover, ~D is assumed to be lower semicontinuous, too. Together with the compactness result of Lemma 4.6, this implies that there exists a pair (ϕ_l, Λ_l) ∈

~Y× ~Z such that

~E_{reg}(t_l, ϕ_l, Λ_l) + ~D(Λ_{l−1}, Λ_l) = liminf_{k→∞} � ~E_{reg}(t_l, ϕ_{l,k}, Λ_{l,k}) + ~D(Λ_{l−1}, Λ_{l,k}) � . Hence, the pairs (ϕ_0, Λ_0), . . . , (ϕ_l, Λ_l) form a solution of the incremental minimization problem for the times t_0, . . . , t_l. The rest of the proof follows by induction over l. □

A Wasserstein Distance in L_s

Let μ_0, μ_1 ∈ P^1(Z) two probability measures with finite first moment. Then the 1-Wasserstein dis-

tance is given by

d_W(μ_0, μ_1)^{def}= min_{μ∈Γ(μ0 ,μ1)} � Z×Z d_Z (Θ_0, Θ_1)dμ(Θ_0, Θ_1) (A.1)

where Γ(μ_0, μ_1) ⊆ P^1(Z×Z) denotes the set of transport plans between μ_0 and μ_1, see, for example, [AGS05, §5.2, §7.1]. The equivalence between (2.6) and (A.1) follows by the duality theorem of Kantorovich and Rubinstein, see, for example, [Rac91, §5.3].

In the special situation of simple laminates Λ_0, Λ_1 ∈ L_s, every element in Γ(Λ_0, Λ_1) is given by a doubly stochastic 2×2-matrix. Consequently, the set Γ(Λ_0, Λ_1) can be parameterized by one real variable λ such that the Wasserstein distance d_W defined by (A.1) reduces to

d_W(Λ_0, Λ_1) = inf � λd_Z ((A_0, Q_0), (A_1, Q_1)) + (1−α_0−α_1+λ)d_Z ((B_0, R_0), (B_1, R_1)) +(α_0−λ)d_Z ((A_0, Q_0), (B_1, R_1)) + (α_1−λ)d_Z ((B_0, R_0), (A_1, Q_1)) �

(A.2) where the infimum is taken over all λ such that the numbers λ, α_0−λ, α_1−λ and 1 − α_0 − α_1 + λ lie in [0, 1]. Since (2.6) and (A.1) are equivalent, the value of d_W(Λ_0, Λ_1) in (A.2) does not depend on the representations of Λ_0 and Λ_1 that we have chosen via (3.2).

A.1 Separability and Completeness of (L_s, d_W)

For every integer i_0 ≥ 2 we consider the set P[i_0](Z)) of all probability measures μ ∈ P^1(Z)) that are supported on at most i_0 points. Clearly, L_s is a subset of P[2](Z)). Note also that P[1](Z)) can be identified with Z.

Lemma A.1. If (Z, d_Z) is a complete and separable metric space, so is, for every integer i_0 ≥ 2, the space (P[i_0](Z), d_W).

Proof. Using [AGS05, Proposition 7.1.5], the set P^1(Z) of probability measures is separable and complete with respect to the Wasserstein distance d_W. Clearly, the subset P[i_0](Z) is separable.

It remains to show that P[i_0](Z) is a closed subset with respect to d_W. Assume that this is not the case. Then there exist probability measures μ_1, μ_2, . . . ∈ P[i_0](Z) and μ ∈ P^1(Z) such that

μ_k → μ with respect to d_W and μ fulfills the following property: There exist positive real numbers ρ, ϵ > 0 and points Θ_1, . . . , Θ_{i0+1} ∈ Z such that the balls B_{Θi,ρ} = {Ξ ∈ R^{m×m} | d_Z (Ξ, Θ_i) < ρ}, for i = 1, . . . , i_0 + 1, are pairwise disjoint and

⟨χ_{BΘi,ρ/2} , μ⟩ > ϵ for all i = 1, . . . , i_0 + 1 (A.3)

where χ_{BΘi,ρ/2} denotes the characteristic function of the ball B_{Θi,ρ/2}. Condition (A.3) characterizes the case where the support of μ consists of (at least) i_0 + 1 points.

Consider the functions g_1, . . . , g_{i0+1} : Z → R given by

g_i(Ξ) = � � � ρ/2 for d_Z (Ξ, Θ_i) ≤ ρ/2 ρ − d_Z (Ξ, Θ_i) for ρ/2 < d_Z (Ξ, Θ_i) ≤ ρ 0 for ρ < d_Z (Ξ, Θ_i).

The functions g_1, . . . , g_{i0} are non-negative and Lipschitz continuous with Lipschitz constant 1. Moreover, by construction, g_1, . . . , g_{i0} have pairwise disjoint support and (A.3) implies that ⟨g_i, μ⟩ > ϵρ/2 for every i = 1, . . . , i_0 + 1. We know that μ_k → μ holds with respect to d_W. Hence, there exists an index k_0 such that ⟨g_i, μ_{k0} ⟩ > ϵρ/4 holds for i = 1, . . . , i_0 + 1, simultaneously. This forms a contradiction since μ_{k0} is supported on at most i_0 points only. □

Using the same tools as in the proof of the previous lemma, we can show the following.

Remark A.2. Let i_0 ≥ 2 be a fixed integer and μ_0, μ_1, μ_2, . . . ∈ P[i_0](Z) probability measures such that μ_0 ∉ P[i_0−1](Z) and μ_k → μ_0 with respect to the Wasserstein distance d_W. Then, for every integer k ≥ 0, there exist a representation

μ_k =

i_0�

i=1 α^i_kδ_Θi_k

where α^1_k, . . . , α^{i0}_k lie in [0, 1] and Θ^1_k, . . . , Θ^{i0}_k lie in Z such that α^i_k → α^i_0 holds with respect to the Euclidean norm in R and Θ^i_k → Θ^i_0 holds with respect to the distance d_Z on Z for every

i = 1, . . . , i_0.

Lemma A.3. If (Z, d_Z ) is a complete and separable metric space, so is (L_s, d_W).

Proof. In view of Lemma A.1, it remains to show that L_s is a closed subset of P[2](Z) with respect to

d_W. Let Λ_1, Λ_2 . . . ∈ L_s be simple laminates and μ ∈ P[2](Z) a measure such that Λ_k → μ with

respect to d_W.

First, consider the function G: Z → R^{m×m} given by G(F, P ) = F . This function is Lipschitz continuous with respect to d_W. The definition of the Wasserstein distance (2.6) implies that ⟨G, Λ_k⟩ →

⟨G, μ⟩. The quantity ⟨G, Λ_k⟩ is equal to the mean value of the first part of Λ_k. We conclude that the

mean value of the first part of μ is 0 since it is 0 for all Λ_1, Λ_2, . . ..

Second, we show that μ can be represented in the form

μ = αδ_{(A,Q)} + (1 − α)δ_{(B,R)} (A.4)

where the matrices A and B are rank-one connected. Suppose that μ lies in P[1](Z). Having in mind the above result, we can write μ = 1 · δ_{(0,Q)} + 0 · δ_{(0,Q)} for some Q ∈ SL(m). Now suppose that μ does not lie in P[1](Z). Then we apply Remark A.2. Since the rank is a lower semicontinuous function with respect to the Euclidean norm, we conclude that there exists a representation of the form (A.4) with A and B rank-one connected.

We put both results together. The mean value of the first part of μ is 0. Hence, we know that

αA + (1 − α)B = 0. (A.5)

Since A and B are rank-one connected, there exist vectors a, n ∈ R^m such that |n| = 1 and

A − B = a ⊗ n. (A.6)

The unique common solution of the equations (A.5) and (A.6) is A = (1−α)a⊗n and B = −αa⊗n. As a consequence, we have shown that μ lies in L_s. □

B Topology on Z

We are going to show that the distance D_{SL} given by (3.1) is a possible choice for d_{SL}. In particular, the properties (2.4a) and (2.4b) are fulfilled for d_{SL} = D_{SL}. Results in this direction can also be found in [Mie02, HMM03].Within the proofs, we will assume that σ_{yield} = 1 in order to simplify the formulas. The assertions are true for every σ_{yield} > 0 if they are true for σ_{yield} = 1.

Lemma B.1. The distance D_{SL} given by (3.1) fulfills the condition (2.4a).

Proof. We have to show that

lim_{k→∞}|P_k − I| = 0 ⇔ lim_{k→∞}D_{SL}(P_k, I) = 0

for every sequence P_1, P_2, . . . in SL(m). In fact, it is sufficient to investigate the situation around the identity matrix I because the following two facts are true for every matrices P, P_1, P_2, . . . in SL(m): On the one hand, we know that D_{SL}(P_k, P ) = D_{SL}(P_kP^{−1}, I) holds by definition. On the other hand, we have the estimate

|P_kP^{−1} − I| 1 |P^{−1}|

≤ |P_k − P | ≤ |P_kP^{−1} − I| |P |

since the Euclidean norm in R^{m×m} is sub-multiplicative, that is, the estimate |AB| ≤ |A| |B| holds for every matrices A, B ∈ R^{m×m}. Hence, |P_k − P | tends to 0 if and only if |P_kP^{−1} − I| does.

First, we show the direction “⇐”. Fix an integer k > 0. We apply again the fact that the Euclidean norm is sub-multiplicative and we get that

D_{SL}(P_k, I) = inf_{P ∈S(Pk,I)} 1� 0 |Ṗ (s)P (s)^{−1}|ds ≥ inf_{P ∈S(Pk,I)} 1� 0 |Ṗ (s)| 1 |P (s)| ds. (B.1)

For every path P ∈ S(P_k, I) we consider the function p: [0, 1] → R given by p(s) = |P (s)|. The triangle inequality for the Euclidean norm implies that |Ṗ | ≥ ṗ holds. We conclude that

D_{SL}(P_k, I) ≥ inf_{P ∈S(P0,P1)} 1� 0 ṗ(s)p(s)^{−1}ds = ln(|P_k|) − ln(|I|). (B.2)

Let P ∈ S(P_k, I) be any path such that 1� 0 |Ṗ (s)P (s)^{−1}|ds ≤ 2D_{SL}(P_k, I).

Then, for every real number s ∈ [0, 1], the estimates (B.2) implies that |P (s)| ≤ C holds where

C = e^{2DSL(Pk,I)+ln(|I|)} is constant. In view of (B.1), we end up with

D_{SL}(P_k, I) ≥ C^{−1} inf_{P ∈S(Pk,I)} 1� 0 |Ṗ (s)|ds ≥_{Jensen} C^{−1}|P_k − I| (B.3)

where we have also applied Jensen’s inequality. Hence, if D_{SL}(P_k, I) tends to 0, so does |P_k − I|.

Second, we show the direction “⇒”. For every integer k > 0 we consider the polar decomposition

P_k = U_kS_k. Here S_k ∈ R^{m×m} is a symmetric positive-definite matrix and U_k lies in the special

orthogonal group

SO(m) = {U ∈ R^{m×m} | U^T U = I and det(U) = 1}.

Both the Euclidean norm and the distance D_{SL} are invariant under the multiplication with an element

of SO(m). Indeed, it is not hard to show that

D_{SL}(P_0, P_1) = D_{SL}(UP_0Ũ, UP_1Ũ) and |P_0 − P_1| = |UP_0Ũ − UP_1Ũ| (B.4)

holds for every P_0, P_1 ∈ SL(m) and U, Ũ ∈ SO(m). In particular, we get the inequality

D_{SL}(P_k, I) = D_{SL}(S_k, U^{−1}_k ) ≤ D_{SL}(S_k, I) + D_{SL}(U_k, I) for all k > 0. (B.5)

If |P_k − I| tends to 0, both quantities |S_k − I| and |U_k − I| tend to 0, too. Otherwise, there would

be a subsequence (not relabeled), a matrix Ũ ∈ SO(m) \ {I} and a symmetric positive-semidefinite matrix S̃ ∈ R^{m×m} \ {I} such that |U_k − Ũ| → 0 and |S_k − S̃| → 0. We get that ŨS̃ = I. Yet, this is impossible since the unique polar decomposition of the identity matrix is I = I · I.

Let J(U_k) and J(S_k) be the Jordan normal forms of U_k and S_k, respectively, for every integer k > 0.

Note that the Jordan normal form is not unique. However, the argument works with any fixed order of the Jordan blocks. In view of (B.4) and (B.5), it remains to show that both the following conditions hold

(i) lim_{k→∞}|J(U_k) − I| = 0 ⇒ lim_{k→∞}D_{SL}(J(U_k), I) = 0,

(ii) lim_{k→∞}|J(S_k) − I| = 0 ⇒ lim_{k→∞}D_{SL}(J(S_k), I) = 0.

Fix an integer k > 0. The matrices U_k and S_k are both normal. In particular, the spectral theorem can be applied to them. Hence, the Jordan normal form J(U_k) of U_k consists of Jordan blocks

Z(β_i)^{def}= � cos(β_i) −sin(β_i) sin(β_i) cos(β_i) �

in a fixed order where β_i ∈ [−π, π) is some angle for every 1 ≤ i ≤ m/2. If the dimension m is odd, there is an additional Jordan block (1), a 1 × 1-block. The Jordan normal form J(S_k) of S_k is even simpler, it is a diagonal matrix: J(S_k) = diag(σ_1, . . . , σ_m) where σ_1, . . . , σ_m > 0 are the singular values of P_k.

We define a path from J(U_k) to U_k in a block-wise fashion. We set s → Z((1 − s)β_i) for every

1 ≤ i ≤ m/2. The 1×1-block (1) remains unaltered. We get a corresponding path P ∈ S(J(U_k), I)

such that

|Ṗ (s)P (s)^{−1}| = |Ṗ (s)| ≤ m^{1/2} · max_{1≤i≤m/2}{|β_i|} (B.6)

holds for every s ∈ [0, 1]. As J(U_k) tends to I, the angle β_i converges to 0 for every 1 ≤ i ≤ m/2. Hence, we have (i). Now consider the path in S(J(S_k), I) given by P (s) = diag(σ^{1−s}_1 , . . . , σ^{1−s}_m )

for s ∈ [0, 1]. Then we end up with the estimate

|Ṗ (s)P (s)^{−1}| = |diag(ln(σ_1), . . . , ln(σ_m))| ≤ m^{1/2}max{|ln(σ_1)|, . . . , |ln(σ_m)|}. (B.7)

This holds for every s ∈ [0, 1]. As J(S_k) tends to I, the entry σ_i converges to 1 and, hence, |ln(σ_i)| converges to 0 for every i = 1, . . . , m. This shows (ii) and finishes the proof. □

Lemma B.2. The distance D_{SL} given by (3.1) fulfills the condition (2.4b).

Proof. We are going to use arguments of the previous lemma. It is sufficient to show that there exist constants ~τ_0, ~τ_1 > 0 and a monotonously increasing function ~τ_2 : R → R such that for every matrix

P ∈ SL(m) both the following conditions are fulfilled

(i) D_{SL}(P, I) ≤ ~τ_0 + ~τ_1|P − I|,

(ii) |P − I| ≤ ~τ_2(D_{SL}(P, I)).

Clearly, (ii) is a direct consequence of (B.3). It remains to show (i). Fix a matrix P ∈ SL(m) and let

P = US be its polar decomposition where U lies in SO(m) and S ∈ R^{m×m} is a symmetric positive-

definite matrix. Like in the previous lemma, we consider their Jordan normal forms. In particular, we get that J(S) = diag(σ_1, . . . , σ_d) where σ_1, . . . , σ_d > 0 are the singular values of P .

With the help of (B.5) together with the estimates (B.6) and (B.7), we see that there exists some constant C > 0 (we can actually set C = m^{1/2}π) such that

D_{SL}(P, I) ≤ C + m^{1/2}max{|ln(σ_1)|, . . . , |ln(σ_m)|}. (B.8)

We know that det(P ) = det(S) = 1. This immediately implies that ln(σ_1) + · · · + ln(σ_m) = 0 holds. Moreover, for the Euclidean norm we have that |P | ≥ max{σ_1, . . . , σ_m}. We end up with the estimate

max{|ln(σ_1)|, . . . , |ln(σ_m)|} ≤ m ln(max{σ_1, . . . , σ_m}) ≤ m ln(|P |).

Together with (B.8), this implies that D_{SL}(P, I) ≤ C + m^{3/2}ln(|P − I| + |I|) and, hence, we have (i). □

References

[AGS05] Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré. Gradient flows in metric spaces and in the space of probability measures. Lectures in Mathematics ETH Zürich. Birkhäuser Verlag, Basel, 2005.

[AT04] Luigi Ambrosio and Paolo Tilli. Topics on analysis in metric spaces, volume 25 of Oxford Lecture Series in Mathematics and its Applications. Oxford University Press, 2004.

[Bal77] John M. Ball. Convexity conditions and existence theorems in nonlinear elasticity. Arch. Rational Mech. Anal., 63(4):337–403, 1977.

[Bal89] J. M. Ball. A version of the fundamental theorem for Young measures. In PDEs and continuum models of phase transitions (Nice, 1988), pages 207–215. Springer, Berlin, 1989.

[CHM02] C. Carstensen, K. Hackl, and A. Mielke. Non–convex potentials and microstructures in finite–strain plasticity. Proc. Royal Soc. London Ser. A, 458:299–317, 2002.

[CT05] Sergio Conti and Florian Theil. Single-slip elastoplastic microstructures. Arch. Rational Mech. Anal., 178:125–148, 2005.

[Dac89] Bernard Dacorogna. Direct Methods in the Calculus of Variations. Springer-Verlag, Berlin, 1989.

[Eis79] Goswin Eisen. A selection lemma for sequences of measurable sets, and lower semicontinuity of multiple integrals. Manuscripta Math., 27:73–79, 1979.

[FG06] G. Francfort and A. Garroni. A variational view of partial brittle damage evolution. Arch. Rational Mech. Anal., 182:125–152, 2006.

[FM06] G. Francfort and A. Mielke. Existence results for a class of rate-independent material models with nonconvex elastic energies. J. reine angew. Math., 595:55–91, 2006.

[Gan59] Felix R. Gantmacher. Theory of matrices, 1. AMS Chelsea publishing, 1959.

[GMMM06] Ercan Gürses, Andreas Mainik, Christian Miehe, and Alexander Mielke. Analytical and numerical methods for finite-strain elastoplasticity. In R. Helmig, A. Mielke, and B.I. Wohlmuth, editors, Multifield Problems in Solid and Fluid Mechanics, pages 443–481. Springer-Verlag, Berlin, 2006.

[HK08] Klaus Hackl and Dennis M. Kochmann. Relaxed potentials and evolution equations for inelastic microstructures. In B. Daya Reddy, editor, IUTAM Symposium on Theoretical, Computational and Modelling Aspects of Inelastic Media, volume 11 of IUTAM BOOK- SERIES, pages 27–39. Springer–Verlag, 2008.

[HK11] Klaus Hackl and Dennis M. Kochmann. An incremental strategy for modeling laminate microstructures in finite plasticity - energy reduction, laminate orientation and cyclic behavior. In René de Borst and Ekkehard Ramm, editors, Multiscale Methods in Computational Mechanics, volume 55 of Lecture Notes in Applied and Computational Mechanics, pages 117–134. Springer Berlin / Heidelberg, 2011.

[HMM03] K. Hackl, A. Mielke, and D. Mittenhuber. Dissipation distances in multiplicative elastoplasticity. In W.L. Wendland and M. Efendiev, editors, Analysis and Simulation of Multifield Problems, pages 87–100. Springer-Verlag, 2003.

[KH10a] Dennis M. Kochmann and Klaus Hackl. Influence of hardening on the cyclic behavior of laminate microstructures in finite crystal plasticity. Technische Mechanik, 30(4):387–400, 2010.

[KH10b] Dennis M. Kochmann and Klaus Hackl. Time-continuous evolution of microstructures in finite plasticity. In Klaus Hackl, editor, IUTAM Symposium on Variational Concepts with Applications to the Mechanics of Materials, volume 21 of IUTAM Bookseries, pages 117– 130. Springer Netherlands, 2010.

[KH11] Dennis M. Kochmann and Klaus Hackl. The evolution of laminates in finite crystal plasticity: a variational approach. Continuum Mechanics and Thermodynamics, 23:63–85, 2011. 10.1007/s00161-010-0174-5.

[KP91] David Kinderlehrer and Pablo Pedregal. Characterizations of Young measures generated by gradients. Arch. Rational Mech. Anal., 115:329–365, 1991.

[Mie99] A. Mielke. Flow properties for Young-measure solutions of semilinear hyperbolic problems. Proc. Roy. Soc. Edinburgh Sect. A, 129:85–123, 1999.

[Mie02] A. Mielke. Finite elastoplasticity, Lie groups and geodesics on SL(d). In P. Newton, A. Weinstein, and P. J. Holmes, editors, Geometry, Mechanics, and Dynamics, pages 61–90. Springer–Verlag, New York, 2002.

[Mie03a] Christian Miehe. Computational micro-to-macro transitions for discretized micro-struc-tures of heterogeneous materials at finite strains based on the minimization of averaged incremental energy. Comput. Methods Appl. Mech. Engrg., 192(5-6):559–591, 2003.

[Mie03b] A. Mielke. Energetic formulation of multiplicative elasto–plasticity using dissipation distances. Contin. Mech. Thermodyn., 15:351–382, 2003.

[Mie04a] A. Mielke. Deriving new evolution equations for microstructures via relaxation of variational incremental problems. Comput. Methods Appl. Mech. Engrg., 193(48-51):5095– 5127, 2004.

[Mie04b] A. Mielke. Existence of minimizers in incremental elasto–plasticity with finite strains. SIAM J. Math. Analysis, 36:384–404, 2004.

[Mie05] A. Mielke. Evolution in rate-independent systems (Ch. 6). In C.M. Dafermos and E. Feireisl, editors, Handbook of Differential Equations, Evolutionary Equations, vol. 2, pages 461–559. Elsevier B.V., Amsterdam, 2005.

[MM06] A. Mielke and S. Müller. Lower semicontinuity and existence of minimizers for a functional in elastoplasticity. ZAMM Z. angew. Math. Mech., 86:233–250, 2006.

[MM09] Andreas Mainik and Alexander Mielke. Global existence for rate-independent gradient plasticity at finite strain. J. Nonlinear Sci., 19(3):221–248, 2009.

[MTL02] A. Mielke, F. Theil, and V. I. Levitas. A variational formulation of rate–independent phase transformations using an extremum principle. Arch. Rational Mech. Anal., 162:137–177, 2002. (Essential Science Indicator: Emerging Research Front, August 2006).

[Rac91] S.T. Rachev. Probability metrics and the stability of stochastic models. John Wiley & Sons Ltd., Chichester, 1991.

[The02] Florian Theil. Relaxation of rate-independent evolution problems. Proc. Roy. Soc. Edinburgh Sect. A, 132:463–481, 2002.