Weierstral3-Institut
fur Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 0946 — 8633
Tailoring THz radiation by controlling tunnel photoioniza tion

events in gases
lhar Babushkin®, Stefan Skupin?:3, Anton Husakou®, Christian Kohler?,

Eduardo Cabrera-Granado?, Luc Bergé®, Joachim Herrmann®

submitted: October 7, 2011

1 Weierstrass Institute 2 Max Planck Institute
Mohrenstr. 39 for the Physics of
10117 Berlin Complex Systems
Germany Nothnitzer Str. 38
E-mail: ihar.babushkin@wias-berlin.de 01187 Dresden

Germany,

E-mail: stefan.skupin@web.de

% Friedrich Schiller University 4 Max Born Institute 5 CEA-DAM, DIF
Institute of Condensed Matter for Nonlinear Optics F-91297 Arpajon
Theory and Optics and Short Time France,
Frobelstieg 1 Spectroscopy E-mail: luc.berge@cea.fr
07742 Jena Max-Born-Str. 2A
Germany 12489 Berlin
Germany
No. 1648
Berlin 2011

U\

A\l

-

2010 Mathematics Subject Classification. 35Q60, 78A60, 76X05.

Key words and phrases. THz emission, photoinduced plasma, nonlinear optics.



Edited by

WeierstraR-Institut fir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

Mohrenstraf3e 39

10117 Berlin

Germany

Fax: +49 30 2044975

E-Mail: preprint @v as- berlin.de

World Wide Web: http://ww. wi as- berlin. de/



Abstract

Applications ranging from nonlinear terahertz spectroscopy to remote sensing require
broadband and intense THz radiation which can be generated by focusing two-color laser
pulses into a gas. In this setup, THz radiation originates from the buildup of the electron
density in sharp steps of attosecond duration due to tunnel ionization, and subsequent
acceleration of free electrons in the laser field. We show that the spectral shape of the THz
pulses generated by this mechanism is determined by superposition of contributions from
individual ionization events. This provides a straightforward analogy with linear diffraction
theory, where the ionization events play the role of slits in a grating. This analogy offers
simple explanations for recent experimental observations and opens new avenues for THz
pulse shaping based on temporal control of the ionization events. We illustrate this novel
technique by tailoring the spectral width and position of the resulting radiation using multi-
color pump pulses.

1 introduction

Recently, THz technology has attracted significant attention, because it can provide unique an-
alytical and imaging tools in nonlinear and time-domain spectroscopy, remote sensing, biology
and medicine, security screening, information and communication technology (see e.g.[1, 2, 3,
4]). Among the various THz sources, employing two-color ionizing femtosecond pulses in gases
[13, 14, 5, 6, 7, 8, 9, 10, 11, 12] stands out through absent damage threshold, low phonon
absorption and zero interface reflection. The two-color scheme provides striking performance
in terms of bandwidth that can exceed 100 THz and thus even covers far- and mid-infrared, as
well as high peak fields up to the MV/cm range.

In the standard realization of this method a femtosecond laser pulse and its second harmonic
are collinearly focused into a gas, such as ambient air, yielding powerful THz radiation with
well-defined electric field values. Initially, this process has been explained by four-wave mixing
rectification via third-order nonlinearity [5, 12]. However, a threshold for THz generation [6, 10] as
well as plasma current measurements [13] indicated that plasma formation plays an important
role in the generation process. Besides, the Kerr nonlinearity is far too small [7, 15] to explain
the observed THz field strength in such a setup. In order to solve this discrepancy, Kim et al.
[11, 13] have put forward the so-called photocurrent mechanism. In this mechanism tunneling
ionization and subsequent electron motion produce a quasi-DC photoinduced current, which
in turn emits THz radiation. The quasi-DC plasma current can be efficiently produced in a gas
irradiated by two-color laser pulses [13, 14, 5, 6, 7, 8, 9, 10, 11, 12], in multicolor pump schemes
[16] and in chirped [17] or few-cycle pulses [18, 19].



Results published so far [10, 13, 20, 16, 21, 22, 15, 23, 24] provide several important features
of the THz spectrum. However, a general framework for analysis, control and design of THz
radiation is still missing. Similar to pulse shaping techniques in the optical range, the broadband
control of THz waveforms and its spectral properties is highly desirable for many applications,
while the existing techniques are applicable only for a narrow bandwidth of few THz [25, 26, 23].

In this paper we advance the understanding of the fundamental physics in THz generation in
gases as well as examine its basic mechanism associated with plasma formation. We demon-
strate that THz generation in gases is intrinsically connected to optically-induced stepwise in-
crease of the plasma density due to tunneling ionization. New spectral components are emitted
in a discrete set of attosecond-scale, ultra-broadband bursts associated with these ionization
events; in the spectral representation THz emission results from an interference of these radia-
tion bursts.

Using appropriate field shapes of the pump pulses, e.g. tuning the frequencies and phases of
two- or multi-color pulses, the temporal positions of the ionization events can be controlled. In
turn, this allows to design the emitted radiation within a broad spectral range of more than 100
THz. This new concept of prescribing the phase and amplitude of each elementary contribution
responsible for THz emission has a remarkable analogy in linear diffraction theory: The pro-
duced spectrum can be understood like the far-field diffraction pattern of a grating, where the
ionization events play the role of the slits. A comprehensive (3+1)-dimensional non-envelope
model of propagation is used to verify by means of numerical simulations that the simple picture
drawn above captures the essential physics of THz generation.

2 Structure of the THz spectrum

We start our analysis in the so-called local current (LC) limit, that is, we consider a small volume
of gas irradiated by the strong pump field E(t) [see Fig. 1(a)]. Electrons produced due to ioniza-
tion build up a current .J() which, in turn, produces an electromagnetic wave E7(t) o< 0;.J(t)
[27]. We focus here on the pump intensities where tunnel ionization is the dominant ionization
process. In this regime, the free electron density p(t) increases stepwise in short attosecond-
scale ionization events corresponding to maximum amplitudes of the pump field at times t,, [see
Fig. 1(c)]. This stepwise increase of the free electron density p(t) was recently confirmed ex-
perimentally [28, 29]. The ionization events are well separated from each other and thus p(t)
can be written as a sum over contributions from all ionization events: p(t) = > 0p,H,(t).
Each ionization event has a well defined amplitude dp,, and shape H,(t). Since all ioniza-
tion events have almost the same shape [see green filled curve in Fig. 1(c)], one can assume
H,(t) ~ H(t—t,), where H is a “smoothed” step function. An approximate analytical formula
for H(t) is given in the Methods.

In Fig. 1(b-e) an exemplary two-color pump field E(t) = E(t)[cos (wot) + r cos (2wot + 0)]
is considered, where wy = 27 X 375 ps~! is the fundamental frequency (corresponding to the
wavelength of 800 nm), r = V0.2and 6 = 7 /2 are relative phase and amplitude of the second
harmonic (SH) component. For such a two-color pulse (and assuming r < 1) the positions of
ionization events are given by wot,, ~ mn — 2(—1)"rsin @ [15]. £(t) is a Gaussian pulse
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Figure 1: Mechanism and spectral properties of terahertz generation by ionizing two-color
pulses. (a) Schematic setup, (b) two-color pump field E(¢) (red curve) and current J(t) (blue
curve) induced by tunneling-ionization, (c) step-wise modulation of the free electron density
(filled green curve) and ionization rate W (¢) (thin dotted black curve), besides, few cycles of
the electric field F/(t) (red curve) and the current J(t) (blue curve) are shown. (d) Spectrum
|E7(v)|? vs. frequency v = w /27 on a large frequency scale (red curve). Each ionization event
at time t,, induces a broadband radiation described by the form-factors B(v) (black curve) and
A, (v) (blue curve). The sum of all partial contributions in Eg. (2) yields the resulting spectrum
E7(v). (e) Partial contributions Re E/ (1) from the nth ionization event for —16 < n < 16
(grey curves) and the total spectrum Re EJ(I/) (filled red curve) in the THz to mid-infrared spec-
tral region (Im £ (v) is negligible here). The black curve shows B(v). The decay of £/ (v)
for v 2 20 THz is solely due to destructive interference of different E;{(l/) In contrast, in
the shaded region (v < 5 THz) E”(v) decays because of decrease of B(v). (f) Spectrum
|E7(1)]? vs. input pulse duration 7i,,. As the number of ionization events decreases with i,
the spectral width increases, as also confirmed by 3D simulations for 73, = 20, 40, and 80 fs
(black curves).



envelope shape with full-width at half-maximum (FWHM) pulse duration 7;,, = 40 fs.

With the assumption that electrons are born with zero initial velocity, the plasma current J(t)
[blue curves in Fig. 1(b,c)] is governed by

2

0uI(t) + 77 (t) = - E(B)p(t), 1)

where 7y is the electron-ion collision rate (y = 5 ps_1 at atmospheric pressure) and m, q are
electron mass and charge [11, 15]. Then, in Fourier domain the generated electromagnetic wave
in the LC limit £ (w) o< wJ(w) reads (see Methods)

E'(w) =) [An(w) — CuB(w)] ™. @)
Here, A, (w) = qgwdp,F[H (t)ve(t+t,)], Cn = qopnvy(t,), and B(w) = gwF[H (t)e™ ],
with F denoting the Fourier transform, v (t) = £ fjoo E(7)e""Ydr is the free electron ve-

locity, and g is a constant.

Eqg. (2) allows us to identify the impact of each ionization event. The interpretation of Eq. (2) is
straightforward when we consider the spectral dependence of the amplitudes A,,(w) and B(w),
which can be calculated analytically in a reasonable approximation (see Methods):

2
B(w) x — exp(—“), ©)

W — iy o?

where o = 10 fs~! is the spectral width of a typical ionization peak [see thin black curves in
Fig. 1(c)]. In contrast to B(w), the amplitudes A,,(w) depend nontrivially on the pump pulse.
Examples of A,,(w) and B(w) are shown in Fig. 1(d,e). B(w) features two clearly separated
frequency scales determined by - and ¢. On the short frequency scale w < v (up to 5 meV or
~ 0 —2 THz for atmospheric pressure), B(w) o w, while for larger frequencies B(w) depends
only slowly on w (on the scale of ~ 10 eV).

If we consider the range from a few to approximately 100 THz, Eq. (2) can be significantly
simplified. In this range B(w) can be considered as a constant, and additionally the A,,(w) are
negligible as seen from Fig. 1(d).

E’(w) = B(w) Z Cpe™tn Z Cpe™tn, (4)

In other words, the resulting THz spectrum is a simple linear superposition of the contributions
E;{ = (,e™ and its structure is mainly governed by interference due to the spectral phases
e™ This interference is illustrated in Fig. 1(e) [cf. also Fig. 2(b)]. Note that in temporal domain
Eq. (4) corresponds to a set of sharp peaks localized near ¢,,, each of them having the amplitude
C,, and the shape 0, [H(t — tn)e”(t_t")]. Thus, Eg. (4) describes sharp attosecond-long
bursts of radiation localized near the ionization events.

Further on, the same simple superposition principle is also valid for higher frequencies in the
more general Eq. (2). Indeed, Fig. 1(d) shows that constructive spectral interference in Eqg. (2)



appears also for frequencies w ~ lwy, where [ is integer. This finding is consistent with re-
cent experimental results [29], where optical harmonics generated due to tunneling-ionization-
induced modulations of the electron density were observed. Therefore, our superposition prin-
ciple may also offer a complementary understanding of Brunel radiation [30, 29].

In fact, Eq. (4) shows that THz generation can be understood completely analogous to far-field
interference patterns produced by a diffraction grating [31], where the ionization events play the
role of the slits. Each of such “slits” produces a broad “secondary wave”, and their interference
results in narrow lines, according to the Huygens-Fresnel principle [31]. THz radiation then cor-
responds to the zeroth diffraction order. In contrast to diffractive gratings, interference here takes
place in the frequency domain and not in position space.

In a somewhat oversimplified picture, one can explain the spectrum shown in Fig. 1(d) anal-
ogous to interference patterns produced by diffraction gratings of equidistant slits, EJ(w) ~
sin(Nwdt/2)/ sin(wdt), where N is the number of ionization events and 6t ~ 7 /wy is the
time interval between two subsequent ionization events (see Auxiliary Material). The width of
the spectral line is inversely proportional to [V, that is, to the input pulse duration [see Fig. 1(f)].
Such inverse dependence of the THz spectral width on the pump duration was already ob-
served experimentally [7]. It is also compatible [black lines in Fig. 1(f)] with comprehensive 3D
simulations, where propagation and transverse effects are accounted for (see Methods).

3 Control of the THz spectrum

Understanding the spectrum of the radiation emitted by the plasma current .J as an interference
pattern provides a deeper insight into the mechanism responsible for the THz generation. Be-
yond that, this understanding provides us with the possibility to shape the emitted radiation by
suitable engineering of the pump field. Here, we will restrict ourself to the THz and far-infrared
domain described by Eqg. (4). The latter indicates that, in order to control the THz spectral shape,
we have to target the times of the ionization events ¢,, and the values of C,, = qépnvf(tn).

Figure 2 shows several examples of THz generation from simple variations of the two-color
scheme. Variations of the relative phase # between fundamental and second harmonic com-
ponent of the pump pulse have a strong influence on the THz spectral shape [see cases (1)
and (2)], in addition to the known dependency of the THz yield [13]. This observation can be
readily explained within our linear interference framework. For # =2 0 (case 1) the coefficients
C,, are not sign definite [red and blue circles in Fig. 2(a)]. Thus, for w = 0 different contribu-
tions in Eq. (4) cancel each other, that is, destructive interference dominates. Nevertheless, with
increasing frequency w the destructive interference is (partially) compensated by the spectral
phases e, This behavior is shown in Fig. 2(b), where contributions from the ionization events
E;{ are visualized in the complex plane for different frequencies w. Consequently, the spectral
maximum is shifted from zero [see Fig. 2(c)]. In contrast, for § = 7/2 (case 2) all coefficients
C,, are positive. This obviously ensures that at w = () constructive interference dominates, and
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Figure 2: Interference of contributions from different ionization events (a,b), THz spectrum (c)
and temporal shape (d) for different values of the phase 6 between the fundamental and second
harmonics (cases 1, 2) as well as of the frequency shift ) of the second harmonic (cases 3, 4;
ov = F20 THz, 0 = 7 /4). (a) Times of ionization events ¢,, (center of circles) and amplitudes
C,, [radii of circles, red (blue) color indicates positive (negative) sign]. The gray curves show
the electric field amplitude Ez(t) of the pump pulse. (b) Values of the summands in Eq. (4)
E7(v) in the complex plane for v = ( (red circles) and v = 25 THz (green circles). For the
cases (1) and (3) destructive interference occurs at v = 0 and is partially compensated at
larger frequencies. (c),(d) Corresponding THz spectral shapes and temporal profiles obtained
from Eq. (4) (Zn Erf filled green curve) and from 3D simulations at the linear focus z = 5 mm
(dashed yellow curves). Note that the amplitudes for case (1) are about one order of magnitude
smaller in comparison to the other cases.



the phase factor e’‘» can lead only to destructive interference when w is increased. Therefore,
the spectral maximum is located at zero frequency in this case. Moreover, the coefficients C,,
are much larger in amplitude, which explains the increased THz yield for § = 7r/2.

We verified this behavior by comprehensive (3+1)-dimensional (3D) numerical modeling (see
Methods), which was recently successfully compared to experiments [15]. We consider a Gaus-
sian input beam with width wy = 100 um and duration (FWHM) 7, = 40 fs for the 800 nm
fundamental pump pulse (pulse energy ~ 300 w©J). The energy of the second harmonic at
400 nm is chosen as 7.5 % of the fundamental, with duration and width smaller than the values
for the fundamental by a factor \/5 (similar to typical experimental conditions). These pulsed
input beams are focused with f = 5 mm into argon at atmospheric pressure. In contrast to the
simple LC model, the phase angle 6 between the two components shifts during propagation.
For our particular configuration, an initial value ;, = 7/4 guarantees maximum THz energy
yield of ~ 1.8 uJ; 6, = —7/4 leads to a minimum yield of 0.25 pJ; the generic value 6;, = 0
yields ~ 1 pJ. THz spectra obtained for the two extremal cases are shown in Fig. 2(c), cases
(2) and (1), respectively. They agree remarkably well with the predictions obtained from Eq. (4).

We also observe a high sensitivity of the THz spectra towards detuning of the relative frequency
ratio between the two pump components [see case (3) and (4) in Fig. 2]. Such pulses with so-
called incommensurate SH (frequency 21, is shifted by dv) offer a straightforward control of the
position of the maximum THz spectral intensity, without decreasing the total THz yield. Recently,
this shift of the THz spectrum with d was predicted [20] and demonstrated experimentally [21].
Again, we can use our linear interference framework to explain this effect. The responsible shifts
of the ionization events can be computed approximatively (see Auxiliary material) as wgyt,, ~
nm — 2r(—1)"sin (§ £ ™ndv/1g). The SH frequency shift £ makes the effective phase
angle nn dependent, and thus shifts the ionization events in time. Using our diffraction-grating
analogy, the effect corresponds to increasing or decreasing the slit-distance along the grating.
This frequency shift can be also calculated analytically under some further approximations (see
the Auxiliary Material).

Because the coefficients (), are not sign definite [see Fig. 2(a,b), the “secondary waves” are
not in-phase], such non-equidistant grating can lead to a spatial shift of the zeroth diffraction
order, i.e., a frequency shift of the maximum THz spectral intensity. As it is seen from Fig. 2(c)
and Fig. 3(a) the THz frequency shift is not symmetric with respect to the sign of dv. This effect
occurs for pulses with finite duration (see Auxiliary Material).

Again, our predictions from Eqg. (4) are in good agreement with 3D numerical simulations. In-
commensurate two-color pulses clearly produce the predicted THz spectral shift for negative SH
detuning [see Fig. 3(c)]. Moreover, neither linear nor nonlinear propagation effects of the pump
pulse due to focusing or laser-induced plasma seem to jeopardize this effect. The energy in the
shifted THz pulse is ~ 1 uJ, like in the corresponding commensurate case [see Fig. 3(b)]. On
the other hand, Fig. 3(d) reveals that, as expected, a positive SH detuning does not alter the
THz spectral shape significantly, but the energy yield reduces by a factor of two to ~ 0.5 pJ.

Let us finally consider a more complex example of THz spectral engineering. Namely, we at-
tempt to significantly increase the spectral width by using a field shape which optimizes the
“amplitudes” C,, of just a few ionization events, suppressing the others. This leads to THz-
to-mid-infrared supercontinuum, which is of great importance for many applications. For this
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Figure 3: THz generation by two-color pump pulses with incommensurate frequencies. (a) THz
spectrum vs. frequency shift dv of the second harmonic computed from Eq. (2). The dashed
white line shows the position of the spectral maximum. (b),(c),(d) THz spectrum (color plot) as
well as the maximum plasma density (white line) along the propagation axis according to 3D
simulations for v = 0 and 420 THz, respectively.

purpose, we resort to a three-color pump setup involving an optical parametric amplifier (OPA).
We assume a fundamental frequency vy = 375 THz (Ag = 800 nm) and signal and idler fre-
guencies v, and 15 obeying 15 + 15 = 1y (Vs = 0.5514, v = 0.4514). From Fig. 4(b), one can
see that in such a configuration only a few ionization events have large amplitudes |C,,|. This
immediately leads to a much broader THz spectrum, as it is obvious from the above discussed
diffraction grating analogy. In Fig. 4(c,d) the results of 3D simulations for this case are shown,
assuming that each of the three pump components contains one third of the total pulse energy
of 300 pJ while all other parameters are kept unchanged.

Quite interestingly, the three-color configuration we use provides much larger values for the
\Cn\ than the previous two-color scheme with comparable pump energy [cf. Fig. 4(a) and (b)].
In the LC limit, the resulting THz yield is about 40 times larger. In our simulations, this increased
THz yield is indeed visible in the beginning of the propagation z < 2.5 mm. However, upon
further propagation saturation effects, mainly coming from plasma defocusing of the pump and
depletion of neutral atoms, limit the total THz energy to a few pJ.

4 Conclusion and Outlook

In summary, we have shown that THz emission in gases by multi-color laser fields is intrinsically
connected with the attosecond jumps of the plasma density induced by tunneling ionization.
The THz spectrum is described by a superposition of the spectrally ultrabroad contributions
from separate ionization events.

This approach explains basic features of THz radiation such as the inverse dependence of
the spectral width on the pulse duration and the shift of THz spectral maxima for non-integer
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Figure 4: Comparison of the THz characteristics produced by two-and three-color pump pulses.
(a) Field shape E(t) (gray line), free electron velocity v¢(t) (blue line) as well as ionization
amplitudes C,, (bars at ionization events) for the two-color pump (see Fig. 1). (b) Same quan-
tities for the three-color pump, e. g., for an OPA with frequencies vy = v + 15 (Vs = 0.551,
v; = 0.4514). (c) THz energies U vs. propagation distance z according to 3D simulations and
(d) corresponding spatially integrated THz spectra at the position of the linear focus z = 5 mm
for three-color (blue lines) and two-color (gray lines) cases.



frequency offsets of two-color pumps. Moreover it allows to manipulate the THz waveform and
to shape the THz spectrum by controlling the tunneling photo-ionization. In the present article
we demonstrated only basic features of such a control, using frequencies and phases of two- or
three-colour pump fields. We note that other degrees of freedom of light such as polarization or
spatial shape of the pump pulses can also be used for THz control. Noteworthy, our approach
is not limited to THz, far- and mid-infrared range but can be potentially extended to frequencies
much higher than the pump one, i.e., to optical harmonics.

We believe that this novel strategy to control fundamental properties of THz pulses could be-
come a basic tool in optical technology: a ultra-broadband pulse shaper working in the range
from THz to mid-infrared. Just as optical pulse shapers for femtosecond pulses are indispens-
able in ultrafast physics, the proposed THz control can find promising applications in many
fields of research, including, among others, THz time-domain spectroscopy, chemical reaction
dynamics, and optical signal processing.

I. B. gracefully acknowledges financial support by the DFG (project BA 4156/1-1).

A Methods

A.1 Discrete ionization model

The electron density p(t) is described by the equation

dip = Wsr(E)[par — p(t)], (5)
where p,; denotes the neutral atomic density. We use a quasi-static tunneling ionization rate
for hydrogen-like atoms [10, 15]: Wyt (E) = 4w, (rg)*5[E,/|E|] exp[—2(rg)* E, /3| E|],
where E, = m?¢®/(4meo)3ht, wa, = mq*/(4meo)?*h3, and rgy = Ua,/Uy. Uy and U, are
the ionization potentials of hydrogen and argon, respectively.

Supposing that the ionization process occurs only near maxima of the pump electric field at
times t,,, one finds E(t) ~ Ey + Ey(t — t,,)* with By = 9, E(t,,)/2 and Ey = E(t,). Then,
assuming p,; > p, we can evaluate Wyt (F) ~ Wysr|E(t,)] exp {—0?(t — t,)?/4} where

0% = 8(ry) " E,|F»| /3| Eo)?, and find
p(t) = OpnH(t —t,), ©)
with
¢
H(t—1t,) x / e 1/% {1 + erf {70@ - tn)} } :
o 2

—00
Strictly speaking, o is different for every ionization event. The difference, however, is typically
less than a few percent, so we assume here a “typical” value o =2 10 fs—*.

The free electron current J is given by

J(t) = g / 0.p(7)] [0 () — T Duy(r)] dr,

—00

10



which is equivalent to Eq. (1) (see [11, 22, 15]). Using Eq. (6), the LC J can be written as a sum
over all contributions from separate ionization events J(t) = J,,(t), and hence

J(t) =Y adpuH (t — ta) {us(t) — " Duy(ta) } ©

In the LC limit, assuming that the plasma source is contained in a small volume AV, the field
produced by the plasma current J(w) in frequency domain is £/ = gwJ(w) [27], where
g = z'ﬁ?oggr exp (zw%) c is the speed of light, £q is the vacuum permittivity and r is the
distance between the plasma source and the point where the field is measured.

Thus, in order to obtain Eq. (2), we have to multiply the Fourier transform of Eq. (7) by wg.
Further on, by performing the Fourier transform of H (t) exp (—7t) and neglecting a slowly
varying phase term exp (—2iyw/c?) we obtain Eg. (3).

A.2 Comprehensive numerical model

We use the unidirectional pulse propagation equation [36, 15] for linearly polarized pulses

2
0.B(w) = i\ [k (w) — k2 — K2E(w) + i%?m(w). (8)
Here, F(k,, ky, 2, w) is the relevant electric field component in Fourier domain with respect to
the transverse coordinates (, i) and time, k = wn(w)/c is the wavenumber, ¢ is the speed of
light and n(w) is the linear refractive index of argon [37]. The nonlinear polarization Py, (w) =
Pxerr(w) + iJ(w)/w + iJioss(w) /w accounts for third-order nonlinear polarization Py (1),
electron current .J(t) and a loss term Jjos5 () due to photon absorption during ionization. In our
3D numerical code, Egs. (8), (1), and (5) are solved using a standard spectral operator splitting
scheme. Particular attention is paid to resolve all relevant time scales, from tens of attosecond
(ionization steps) to a few picosecond (THz radiation). Although, strictly speaking, Eq. (8) does
not describe the propagation of waves below the plasma frequency properly, this plays only a
minor role because the THz radiation is emitted from the leading plasma front and thus does
not propagate in the plasma [38]. Spectra obtained using Eq. (8) were found to be in good
agreement with experimental results [15].

B Auxiliary Material

We consider for simplicity the case of a two-color pulse with duration 7 having the square-
shaped envelope E(t) = 0 for |t| > T;/2 and

E(t) = A; cos{wot} + Ay cos{(2wy + dw)t + 0} 9)

for |[t| < Ty/2. Here dw is a detuning from the second harmonic, which is assumed to be small
compared to the main frequency (dw < wp). We also neglect the plasma decay ~y and assume

r= AQ/Al < 1.

11



To determine the positions ¢,, of the tunneling ionization events (maxima of the electric field)
along the time axis we equate the time derivative of Eq. (9) to zero, set t,, = t,0 + 0t,, and
expand the resulting expression up to first orders in dw and dt,,, yielding

woty, &~ nm — 2r(—1)" (nmdw /wy cos § + sin )
~ nm — 2r(—1)"sin(0 + nméw/wy), (10)

where it is assumed that Wnéw/wo < 1. Using Egs. (9), (10) and neglecting again higher-order
terms, we find

tn
ve(ty) = % / E(7)dT =~ a1 + nas, (11)
where
a; = —3qA;rsin /2mwy, (12)
ay = —3qmA1réw cos 0 /2mw;. (13)

We further assume that the amplitude & p,, of each step in the modulation of the plasma density
does not depend on the index n. For the square-shaped pulse envelope considered here this
essentially means that saturation of the free electron density is neglected. Then, according to
Eqg. (4) of the main article

EJ((U) X ((1,131 + G,QSQ), (14)

where
Si=) e¥n, (15)

52 _ Z neiwtn ) (16)

Here, the summation runs over all ionization events. Following Eq. (10), the exponent *“‘» can
be expressed as ¢ 2@ sin0+ing+L for even n and €279 SN 0=NI-% for odd n, where @ = w /wy
is the normalized frequency and g, = m(2rdéw cos@/wy + 1), g- = m(2réw cos O /wy — 1).
Considering an odd number of ionization events /N, being much larger than unity, we calculate
the expressions in Eq. (14) by performing the summation from —M to M, where M = (N —
1)/2. The term S in Eq. (15) comprises simple geometric series and gives after separate
summation for odd and even n:

psin (Mg, @) | g 2irising sin (Mg_w)

S, a~ 24rw sin
Lee sin (g, w) sin (g_w)

; 7)
where M > 1, sothat M + 1 ~ M. A similar analysis is possible for the term S5 in Eq. (16).
As before, one performs the sum for odd and even values of n separately. We are then left with
an arithmetico-geometric series [39], i.e., for arbitrary g and integers my, ms:

i ng" = mi(g—1) +q+ g™ my(g — 1) — 1]

18
qm (g —1)? 19

n=mi

12



I54[? 15

(a) 0 (b)

005 010 015 020

o5 os®/® EIRERA

\E’|2 lEjlz

(d)

E(t)

o oaflwo

Figure 5: Typical form factors (a) |S1|? , (b) |S2|? and (c) the field | E/|? depending on & =
w /wy obtained from Eq. (14), Eq. (17), Eq. (19) for @ = 7/4, M = 15,7 = /0.2, 6w/wy =
0.0533 (v = 20 THz). For comparison, in (d) the spectral shapes from Fig. 2(c) of the main
article are repeated [blue curve corresponds to the case 3 (0 = —20 THz) and red curve
to the case 4 (0v = 20 THz)]. The insets in (c) and (d) show the corresponding pump pulse
shapes.

After substituting Eq.(18) into Eq. (16) we find

g ¢ {(M +2)sin [Mg_&] — Msin [(M +2)g_|
T2 sin® (9-)

X exp (—2irw sin 0)+

+(M + 1)sin [(M — 1)g4w] — (M — 1) sin [(M +1)g,0]

sin? (g4@)

X exp (2irw sin 0) } (19)

Important features can be refound from the above expressions. In particular, for dw = 0 we

have a; = 0 and hence £/ oc S;. In addition, g, = —g_ = 7 and thus, by introducing

0t = 7 /wp we obtain:

sin (Mwét)
sin (wot)

The equation given at the end of Sec. Il in the main article is obtained from Eq. (20) by assuming

0 =0and N > 1,thatis, M = (N —1)/2 ~ N/2.

S; ~ 2 cos (27’ sin 93) (20)

wo

For nonzero detuning dw we can at least qualitatively reproduce the behavior presented in
Fig. 2 (case 3) and in Fig. 3(a) of the main article, i.e., the shift of the maxima of the THz spectra
from zero frequency. The frequency shift obtained from Eq. (14), Eq. (17), Eq. (19) is, however,
symmetric with respect to the sign of dw, in contrast to the full LC model. The asymmetry
reported in the main text [see, e.g., Fig. 1(d)] disappears with increasing of the pulse duration
and thus is induced by the presence of the Gaussian pulse envelope.
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