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Abstract

Consider the inverse diffraction problem to determine a two-dimensional periodic structure from
scattered elastic waves measured above the structure. We formulate the inverse problem as a least
squares optimization problem, following the two-step algorithm by G. Bruckner and J. Elschner (2003
Inverse Problems 19 315-329) for electromagnetic diffraction gratings. Such a method is based on
the Kirsch-Kress optimization scheme and consists of two parts: a linear severely ill-posed problem
and a nonlinear well-posed one. We apply this method to both smooth (Cz) and piecewise linear
gratings for the Dirichlet boundary value problem of the Navier equation. Numerical reconstructions

from exact and noisy data illustrate the feasibility of the method.

1 Introduction

The inverse scattering problem of recovering an unknown grating profile from the scattered field is of great
importance, e.g., in quality control and design of diffractive elements with prescribed far-field patterns
[8, 25]. This paper is concerned with the two-dimensional inverse elastic scattering problem for a 27-
periodic structure under the Dirichlet boundary condition, i.e., the total displacement vanishes on the
scattering surface.

Existence and uniqueness results on the forward problem of elastic scattering are obtained in [2, 13, 15],
while the uniqueness to the inverse problem is studied in [1] for the Dirichlet problem and in [14, 16] for the
third and fourth kind boundary conditions. As far as we know, there does not exist any reference dealing
with the inversion algorithm of determining a grating profile from scattered elastic waves for the Navier
equation. The purpose of this paper is to fill this gap by extending the two-step algorithm proposed by G.
Bruckner and J. Elschner in [9] to elastic scattering problems.

There is already a vast literature on the reconstruction of a perfectly conducting profile for the two-
dimensional Helmholtz equation. Here we mention a conjugate gradient algorithm based on analytic con-
tinuation [21], an iterative regularization method [19], the Kirsch-Kress optimization algorithm [9, 10, 11]
and the factorization method of Kirsch [5, 6]. Based on the Kirsch-Kress scheme (see [12, Chapter 5]
and the references therein), a two-step algorithm for reconstructing the grating profile is proposed in [9].
The first step is to reconstruct the scattered field from near-field measurements by solving a first kind
integral equation. This step is the linear severely ill-posed part and requires the Tikhonov regularization
where the singular value decomposition of the integral operator is involved. The second step is to ap-
proximate the inverse solution by solving a finite dimensional least squares problem, which is non-linear
but well-posed. The advantages of the two-step algorithm are the following. (2) It reduces the compu-
tational effort for the Kirsch-Kress scheme which is based on a combined cost functional that requires
the determination of two unknown functions. This is mainly because the singular value decomposition
of the derived first kind integral equation can be readily achieved, and only the unknown grating profile



function needs to be determined in the second step. (zz) One does not need to solve direct scattering
problems in the process of the inversion algorithm. Note that so far the uniqueness in the inverse problem
is not known for general grating profiles, and we have no convergence results for the two-step algorithm.
We refer to the convergence analysis in [18] for the Kirsch-Kress optimization method applied to the 2D
guasi-periodic Helmholtz equation and the reconstruction of general Lipschitz grating profiles. We think
that these convergence results can be extended to the elastic case.

In this paper we always assume that the incident elastic wave is an incoming pressure wave, and our
method can be easily extended to the case of an incident shear wave. We present numerical results for
(C-smooth and piecewise linear gratings, including the binary gratings. Note that a binary grating profile
is composed of only a finite number of horizontal and vertical line segments and has many practical ap-
plications in the design of complicated grating structures. The numerical reconstruction from far-field data
for several incoming pressure waves with different incident angles is also reported, which is more practical
from the engineering point of view. Our numerical experiments for exact and noisy data demonstrate the
efficiency and practicability of the inversion algorithm.

The paper is organized as follows. In the next section we rigorously formulate the direct and inverse
elastic scattering problems for diffraction gratings. The quasi-periodic fundamental solution to the Navier
equation is investigated in Section 3. In our numerical experiments we generate synthetic scattering data
by solving a first kind integral equation and using the discrete Galerkin methods proposed in [7] for a
smooth grating profile and that in [17] for a piecewise linear grating profile; see Section 4. A similar
method is used in [22] for solving the forward problem of elastic scattering from an open arc in R2. The
implementation of the reconstruction algorithm as a two-step method will be discussed in Section 5, and
some numerical examples are reported in Section 6. In the final Section 7 we give some conclusions and
remarks.

2 Direct and inverse diffraction problems

Consider the scattering of time-harmonic elastic waves by a two-dimensional impenetrable diffraction
grating where the total displacement vanishes on the scattering surface. This can be modelled by the
Dirichlet boundary value problem for the Navier equation in the unbounded domain above the grating
profile.

Let the profile of the diffraction grating be given by a curve A which is 27r-periodic with respect to ;. In
this paper, we assume that A is the graph of a function f which is either C-smooth or piecewise linear.
In the special case of a piecewise constant function f, A is called a binary grating, which only consists
of a finite number of horizontal and vertical line segments. Denote the unbounded region above A by
(5, and for simplicity assume that €2, is filled with a linear isotropic and homogeneous elastic material
whose mass density is equal to one. Suppose that an incident pressure wave (with the incident angle
0 € (—n/2,m/2)) given by

u™ = Gexp(ikyx - 0), 0 := (sind, —cos )" (2.1)

is incident on A from €24, where £, := w/+/2p + X is the compressional wave number, A and . denote
the Lamé constants satisfying x> 0 and A + ¢ > 0, w > 0 denotes the angular frequency of the
harmonic motion, and the symbol ()7 stands for the transpose of a vector in R?. The shear wave number
is defined as k, := w/,/u. The direct problem (DP) is to find the scattered field u € H}. (24)? such



that

(A*+wHu = 0 in Qn, A" :=pA+ A+ p) graddiv | (2.2)
u = —u™ on A,
where u is assumed to be quasiperiodic with the phase-shift o := k,, sin 6 (or -quasiperiodic):

u(xy + 2w, x2) = exp(2iam) u(xy, z2), (r1,72) € Qn . (2.3)

Moreover, the solution « is required to satisfy the Rayleigh expansion (or outgoing wave condition, see
[2, 13]):

u(z) = Z {Apm < g: ) exp (a1 + i6,x2) + Asp, ( _75

) exp(ia,x1 + 7;’}/”.132)} , (2.4)
neZ

n

for z; > A" := max(y, z,)eA T2, Where the constants A, ,,, A,,, € C are called the Rayleigh coeffi-
cients. Moreover,

VEZ=aZ it Jo| <k
- B . D n n P

and v, := %(9) is defined analogously as (3,, with kp replaced by k. Since [3,, and ~,, are real for at
most a finite number of indices n € Z, only a finite number of plane waves in (2.4) propagate into the
far field, with the remaining evanescent waves (or surface waves) decaying exponentially as xo — +00.
The above expansion converges uniformly with all derivatives in the half-plane {z € R? : 2y > b}, for
any b > A™. Define the compressional part u, and the shear part u, of the Rayleigh expansion (2.4) as

Up = Z APJL(O‘m 6n)T eXp(iOén$1 + iﬁ”‘r2)’ T2 > A+’
nez

Us = ZAs,n('Vna _Oén)T eXp(ianl'l + Z.’Ynl?)’ XTo > AT
nez

respectively. We see that u = u, + us with u, and u, satisfying curlu, = 0,divus; = 0, where
curl v := Q1vy — Gyy for v = (v1,v2)", and (A + k2)u, = 0, (A + k2)u, = 0.

The first attempt to rigorously prove existence and uniqueness of solutions to (DP) is due to T. Arens;
see [2] where the boundary integral equation method is used provided the grating profile A is given by
the graph of a smooth (C’2) periodic function. Using a variational method, it is shown in [13] that there
always exists a quasi-periodic solution to (DP) by establishing the strong ellipticity of the corresponding
variational formulation over a bounded periodic cell and then applying the Fredholm alternative. Moreover,
unigueness can be guaranteed if the grating profile is given by a Lipschitz graph (and also for binary
grating profiles). For further solvability results we refer to [3, 4] in the case of rough surfaces in R? and to
[15] for elastic diffraction grating problems in R3.

Since the surface waves far away from the grating can be hardly measured, the inverse problem always
involves near-field measurements u(z1, b) for some fixed b > A™.

Inverse problem (IP): Determine the grating profile A from the knowledge of the near-field data
u(z1,b;0) for all z; € (0,27). Here u(z; @) is the unique solution of (DP) for the incident pressure

wave u'"(x) defined in (2.1) with the incident angle § € (=7, 5).



Note that the problem (IP) is nonlinear and severely ill-posed. Concerning uniqueness in (IP), it is proved
in [1] that a smooth grating surface (02) can be uniquely determined from incident pressure waves for
one incident angle and an interval of wave numbers. Furthermore, a finite set of wave numbers is enough
if a priori information about the height of the grating curve is known, and in particular uniqueness with
one incident wave holds for grating profiles with a small height. This extends the Hettlich and Kirsch work
on Schiffer's theorem (see [20]) to the case of inverse elastic diffraction problems. Under the boundary
conditions of the third or fourth kind (note that the Dirichlet boundary condition corresponds to the first kind
boundary condition), one can determine and classify all the polygonal or polyhedral grating profiles that
cannot be uniquely identified by one incident pressure wave, see [14, 16]. Unfortunately, the uniqueness
results in ([14, 16]) do not cover our problem (IP) involving the Dirichlet boundary condition. Thus, we do
not have uniqueness in (IP) for general grating profiles.

As mentioned earlier, only a finite number of propagating modes of the compressional and shear parts
can be measured far away from the grating surface. Thus it is quite natural from the practical point of view
to reconstruct the unknown grating profile from the far-field data u;° (1) of u(z) defined by

u(e) = Y Apa(o, 8,)7 expliogzy +i6,b)

nelp

+ Z As,n(’Ym _an>T eXp<ianx1 + nynb)
neUs

for some b > AT, where
U,={neZ:|ua,| <k}, Us={n € Z: |a,| < ks}.

Throughout the paper, we assume that (3, # 0,7, # 0 for all n € Z, i.e., the Rayleigh frequencies of
the compressional and shear parts are both excluded. In this paper we also consider the following inverse
problem:

Inverse problem (IP *): Determine the grating profile A from the knowledge of the far-field data

up®(xy1;0;) for all z; € (0,2m), 7 = 1,2,---,m, where u(x;6,) denotes the unique solution of
(DP) for the incident pressure wave u'"(z) with the incident angle 6, € (=5, 7).

We also report numerical results in the case of far-field data corresponding to one or several incoming
pressure waves, where only the knowledge of the Rayleigh coefficients Apm for n € U, and Asm for
n € Uy is required.

3 Quasiperiodic fundamental solution to the Navier equatio n

In this section we review some properties of the quasiperiodic Green tensor to the Navier equation (2.2).
We first recall the free space fundamental solution to the Helmholtz equation (A + kz)u = () given by

{
Dule,y) = PH (Mo —ol). @Ay, 0= (01,22). = (,0) € B



with Hél)(t) being the first kind Hankel function of order zero, and then recall the c-quasiperiodic funda-
mental solution to the Helmholtz equation (A + kz)u = () defined by (see e.g. [23])

Gr(x,y) = Zexp(—ia?wn)q)k(x+n(27r,0),y)

nel

’ 1
- EZ o plian(er =) + il — )

for v —y # n(2m,0), n € Z, where (3, are defined as in (2.5) with &, replaced by k. The fundamental
solution to the Navier equation (2.2) is given by (see e.g. [22])

l l
Dwy) = g Hy (kale = yl) T+ erad grad T [HJY(kife o)) = i (hylz — )]

1 1
= (@) T+ gerad grad ] [0, (r.y) = Dy, ()]

where [ stands for the 2 X 2 unit matrix. Then, the a-quasiperiodic fundamental solution (Green’s tensor)
to the Navier equation (2.2) takes the form

(z,y) := Z exp(—ia2mn)(z + n(27,0),y)

ne”L

= T(z,y)+ Z exp(—ia2mn)I'(z + n(27,0),y)

In[>1

for z—y # n(2m,0),n € Z. The convergence of the above series for II(z, y) is discussed in [2, Section
6]. In view of the representations of G (z,y) and I'(z, y), we can rewrite I1(z, y) as

1 1
H([L’, y) = ﬁGks ([L’, y)[ + Egrad :cgradf [Gké (ZIZ’, y) - ka (ZIZ’, y):|

— 1 Gks (‘T7 y) 0 1 (9:%1 a1'1 81'2
- ﬁ ( 0 Gks ([L’, y) + E aanxl aiQ [Gks (LU, y) - ka (LU, y)](BG)

Recall [22] that I'(z, y) can be decomposed as
1
[(z,y) = —In(|lz — yTi(z,y) + Ta(2,y),
with

iz, y) = Yilz —yl) I + Wa(lz —y]) Z(z,v),
Dy(z,y) == D(2,y) — In(lz — y|)Ti(z, y) = xa(lz — y]) T+ x2(|z — y|) E(z, ),

where x;(7) (j = 1, 2) are C*° functions on R*, and

=(r _ # (931 - y1)2 (931 - yl)(932 - yz)
=@y) = TP ((xl S ) (- )’ ) ’
U (r) = —ijo(/w) + 2527(/{3J1(k37) ki (),
W(r) = 5 {kﬁjo(ksf) = 2 k) — B2 (k) + 27]“%(@7)} ,

5



with the Bessel functions Jy(t) and J; (t). Furthermore, making use of the asymptotic behavior

— _12 i‘l 6 _1_i3 5 +
Jo(t) =1 4t+64t+(9(t), Jl(t)_2t 16t+0(t) t—0

we see that (see also [22])
Ui(r) = —m +m 72+ O, Ws(r) =ns 7° + O(17),
Xi(T) = m+0(7%), xalr) =15+ (7%)

as 7 — 0, where

1 1
=10 2(k2 +k2), m = 5907 (Bks +ky), ns = 16w2(k;’1 — k3),
1 k k, Kk?—k? in k2 — k2
= — ]{;21 s ]{;21 _p S p o ]{?2 ]{72 _ s D
4 Amw? sn2—|—pn2+ 2 +(C 2)<S+p) » 75 Arw? '’

with Euler’s constant C' = 0.57721 - - -. Now we can see that both I'(z, y) and I1(z, ) have a logarith-
mic singularity of the form

1 . 1 .
D(z,y) = —U1;1H(|$ —y) I+ T (z,y), (z,y)= —nlgln(|x —y) I+ 11" (x,y), (3.7)

where
(e,y) = Ty)+meIn(e—yl) I
= Din(le— ) [(Wr — gl) +m) T+ Wallr — y]) S, y)]
Tl — o) I+ (e — yl) e, y),
W(r,y) o= T(ey) + (e —y)) I
= I(lz —vy|) + Z exp(—ia2mn)(x + n(27,0),y)
In|>1

are both continuously differentiable matrices in the variables x, y on the C%-smooth grating profile A. The
decomposition (3.7) will be used in Section 4 to generate synthetic scattering data by solving a first kind

integral equation.

Finally, we derive from (3.6) and the definitions of G, (z, y) that

1_-[11 H12
I(z,y) =
(:9) <H21 H22)
with
m, =S p®™ » — _ s » _ _
ij i exp(ilan (T — y1) + Balre — yol]) + 5557 exp(ilan(z1 — y1) + mlz2 — y2l]),
nel

where, for zo > 1, the constants P i ,S(" € Cforl <1i,j <2,n € Z are given by

PP OPEY_ 1 (a2 a
_ n non) =, pm), 3.8
<P§1“ P ) T 1mes, \oubs 49
S(") S(") i 1 a2 o, .
) om | = [ = oo ) =S, (3.9)
521 522 47“-/“”)/11 477-(,() ’Yn O‘n’Vn f}/n



This enables us to rewrite I1(z, y) in the form

(2, y) = Zp(n) exp(i[an(z1 — Y1) + Bnlz2 — vol]) +
nezZ
> 8™ exp(ifon(z1 — y1) + Yulr2 — 32]). (3.10)
neL

which will be used in Section 5.

4 A discrete Galerkin method for (DP)

In this section, we discuss the computation of synthetic near-field data w(z1, b) for an incident pressure
wave by solving a first kind integral equation and using the discrete Galerkin method proposed by Atkinson
[7]. The theoretical justification of this method is based on the decomposition (3.7) of H(x, y) and the
periodicity of the grating surface. A similar method is used in [22] for solving the forward problem of elastic
scattering from an open arc in R%. From the numerical view point, the implementation of this method is
easier than in the case of the integral equation method with a second kind integral equation that involves
the computation of the stress operator on the profile.

In the following subsections 4.1 and 4.2 we assume that A is the graph of some C2-smooth periodic
function f.

4.1 Afirst kind integral equation

We make the ansatz for the scattered field « in the form
ule) = [ o) ol)dsty). € @.1)
A

with some unknown a--quasiperiodic function ¢(y) € L*(A)?. Then we only need to solve the first kind
linear integral equation

Anww¢@@@w>www reA. @.12)
Set

x=(t, f(t), y=(s,f(s)), g(t) :== —u™(t, f(t)) exp(—iat),
p(s) = ¢(s, f(s)) exp(—ias)\/1+ f'(s)?, K(t,s) =1I(¢, f(t);s, f(s)) exp(ia(s — t)).
Multiplying (4.12) by exp(—iat) gives the equivalent form

K(t,s)p(s)ds =g(t), 0<t<2nm. (4.13)
0



Note that p(t), g(t) are both 27-periodic with respect to . It follows from the second decomposition in
(3.7) that

K(ts) = { = /T sF 000 = FOIP) T+ 10t 0 5.£(5) pexplias = 1)
_ —m%lnme_l/zsin(t_TSﬂ [+H(t,s),
where
1 19 . t—5
H(t,s) = K(t,s)+n1;ln\2e /SIH(T)H

{—m% (L= UOTOR, 1w s f(s))} explia(s 1)

1 t—
—m—ln |22 sin(TS)Kexp(ia(s 1) —1) 1.

Using the power series of the exponential function, we see that H(t, s) is a continuously differentiable
function on R x R. Define the integral operators

2w

2T o
Ap(t) == —7)1%/ In [2¢1/2 Sin(tTS)\ Ip(s)ds, Bp(t) = H(t,s) p(s)ds. (4.14)
0 0

It is seen from the periodicity of I1(¢, f(t); s, f(s)) exp(ia(s — t)) and the kernel of A that the kernel
H(t,s) of B is 2m-periodic in both s and ¢. Let H(0,2m) denote the Sobolev space of 27-periodic
functions on (0, 27). Then, solving the first kind integral equation (4.13) can be transformed into:

Given g € H}(0,2m)? find p(t) € L*(0,27)* such that Ap + Bp = g. (4.15)

Lemma 4.1. Problem (4.15) is always uniquely solvable.

Proof. Since we have (see [7])

1

imt\ __
AU = L [}

Ie™ meZ,

the operator A : L?(0,2m)* — H}(0,2m)* is bounded and has a bounded inverse A~!
H}(0,2m)> — L?*(0,2m)% The operator B is obviously compact from L?*(0,2)* to H}(0,2m)?,
since the kernel of B is continuously differentiable. Thus it suffices to consider the second kind equa-
tion (I + A~'B)p = A~ !lg. It follows from the uniqueness to the Dirichlet problem [13] combined with
the jump relations for the periodic single-layer potential (see e.g. [2, 24] and the references therein) that

the solution to the problem (4.15) is unique. Applying the Fredholm alternative yields the existence. [

4.2 The discrete Galerkin method for smooth gratings

Let 7,, denote the (2n+ 1)—dimensiona| space of all trigonometric polynomials of degree not greater than
imt

n, with a basis given by {¢,,(t) := €™, m = —-n,—n+1,---,0,---,n — 1,n}. Let P, denote



the orthogonal projection of LZ(O, 27)? onto 72 defined by

1 21 ]
P,p) m€ P = —— s)e”™msds e C.
(Pap)( Nt ; p p o /O p(s)

The Galerkin method for (4.15) consists of solving

(A+ P,B)p, = P,g, for p, = Z cjpi(t) € T2, ¢ € C2 (4.16)

j=—n

Let C,[0, 27| denote the continuous complex-valued 27-periodic functions in ¢. The basic idea of the dis-
crete Galerkin method proposed in [7] is to approximate the orthogonal projection P, by the interpolatory

projection Q,, : C,[0,27]* — J? at the equidistant grid points ¢; = jh,h = 27/(2n + 1), i.e., to
approximate the Galerkin method (4.16) by
(A + Qan)pn =Qng, pPn € \737 (4.17)
where the integral operator B is approximated by a finite dimensional operator using the trapezoidal rule
2n
Bupn(t) = hY _H(t,t;)pa(ty). (4.18)
§=0

To avoid the computation of H (¢, s) for t = s (i.e. the diagonal terms), we introduce the collocation
points sy = kh+h/2,k =0,1,---,2n, which is a shift of the equidistant grid points ¢;. Then, problem
(4.17)-(4.18) is equivalent to

. 771S0j(8k)
_EINY T4 B - . k=0,1,---,2n.
2 ! Beton)] e =t "

Using (4.18) and the orthogonality of ©,,,, the previous finite linear system becomes (see also [17, section
3]

2n

Z [nlakj + hH($k7 t])] pn(t]) = g(Sk), k= 07 17 o ,27’L, (4-19)

J=0

in terms of the unknown density p, where

Z P (5) 05 (tm)/ max{1, [ml}.

m=—n

Note that s, # t; forall k,j = 0,1,---,2n, and that o, can be readily obtained employing the fast
Fourier transform.

4.3 The discrete Galerkin method for piecewise linear grati ngs

To apply the method in Section 4.2 to piecewise linear gratings where the scattered field may be singular
at corner points, we adopt a mesh grading transformation (see e.g. [17]) to parameterize the grating
profile. In this subsection the grating profile is assumed to be the graph of a piecewise linear function

ey JE1) — f(§)
f(z1) = f(&) + s

(«Tl - 5])7 é-j S Iy S £j+17 .] = 07 1727 e, T (420)



with 0 = &y < & < & < --- < & = 2m. One can easily carry over the subsequent argument to the
case of binary gratings.

Denote by I'; the line segment connecting (&;, f(&;)) and (&1, f(§41)). 7 = 0,1,--- ,7 — 1, and
denote by |I';| the length of I';. Choose a grading exponent ¢ € N and introduce the 7 points 0 = Sy <
S1 << 85,1 <8, = 2mgiven by

r—1
(Sj1—Sj)/2m = U519/ Y 05|, j=0,-- r =1L
=0
Define the functions v/(s), o;(s) by

o s, if ¢g=1,
V) = {(1/q—1/2)(1—23)3—0—(1/q)(23—1)+1/2, it ¢>2,

‘ _ q S—Sj { q S—Sj 4
UJ<S) v (Sj+1 - Sy) v (Sj+1 . S]) v

Sj+1 — S

1
q( it 2 < o< G,
(Sj+1 - Sj)}  P5S95 B,

respectively, and define a new parameterization w(s) of the grating profile A by

v = (100) = () +20 (1 ~Siey)

for S; < s < Sj41,5 = 0,---,7 — 1. Via this mesh grading transformation ¢(s), one half of the
grid points {1 (s)} is equally distributed over the grating profile, whereas the other half is accumulated
towards the corner points. Multiplying the first kind integral equation (4.12) by exp(—iole) gives the
equivalent form

/AH(x, y) exp(ia(y; — x1))(y)ds(y) = —u'™(x) exp(—iaz,), x € A, (4.21)
where @(y) = ¢(y)exp(—iay;). Using the change of variables x = (¢1(t),1s(t)),y =
(11(s),12(s)), the equation (4.21) becomes

1 21 1 t—s 21
Ap(t) + Bp(t) := —771—/ In |2~ Y2 sin(—=) |1 p(s)ds + H(t,s)p(s)ds = g(t),(4.22)
T Jo 2 0

where

p(s) = [/ ()0 (¥ (s), a(s)) exp(—ia(¥n(s)), g(t) = —u™(W1(t), ¥a(t)) exp(—iatn(t)),
H(t,s) = (1 (t), ¥a(t); 1 (s), va(s)) exp(ia(ihn(s) — ¢u(t))) + (m/m) In[2e~ /2 sin(552)].
Then, recalling the equidistant mesh {¢,} and the collocation points {s; } defined in Section 4.2, we can
compute the values ,o(tj) of the solution to the equation (4.22) by solving the finite linear system (4.19)
with g(t), H(t, s) given above; note that problem (4.22) takes the same form as (4.14)-(4.15). Finally,

multiplying (4.11) by exp(—ia;) and using the change of variable y = (11(s), ¥2(s)), we obtain the
near-field data exp(—iat)u(t, b) by

U(t,b)e‘m:/OWﬂ(t,b;@bl(S),wz(S))exp(ia(wl(S)—t)) p(s)ds. (4.23)

10



4.4 Formulas on computing the kernel ~ H and the Rayleigh coefficients.

To solve (4.19), one needs to calculate the kernel H (¢, s) for t # s, where the values of exp(ia(y; —
x)(z,y) for x — y # n(2mw,0),n € Z, are required. Multiplying the representation (3.6) of the
fundamental solution II(x, y) by exp(ic(y; — x1)), we observe that the second part of exp(ic(y; —
x1))I(x, y) can be approximated by the difference of the finite series

i O‘EL O Bsign(z2 — ya2) in(z1—y1)+iBn|z2—Yy2|
o (X <anﬂnagn<x2 ) 52 ‘

In|<M
2 .
. Z ( (07 Oénfyn5|gn(x2 - y2)) ei"(xl_y1)+i77l|x2_92‘}
\n|<1\/l an’}/nSign("L? - y2) ’}/rzL

for some integer M > 0, while the calculation of the first part concerning G, (:c, y)eio‘(yl_“) can be
accelerated by Ewald’s method (see e.g. [23]). Consider the exponential integral function F; of degree j
and the scaled complementary error function o defined by

Ooe_Zt —22 . 2 > —t2 24zt
E;(z) —/1 v dt, o(z) =e *erfc(—iz) —ﬁ/() e e dt

respectively, where erfc(z) denotes the complementary error function. Then we have (see [24])

eXp(ia(yl - zl))Gks ([L’, y) = Gl(i) (ZIZ’, y) + Gl(i) ([L’, y)v (4.24)

where, for any fixed a > 0,

(1) _ e—talzr—yn) i2rma oo (aks)? (z1—y1—2mm)2+(x2—y2)?
Gks (l‘, y) - A Zmez € Zj:o ; Ej+1 ( )7

4! 4a2
2,2

- —(zog— 2 /462 4 Z in(z]— 704204,,21
G (v,y) = St 5 S (oo + 8552 + oy, — i 755R))

Tn

Note that the formula (4.24) differs from that in [23], and it is efficient for binary grating diffraction problems
where the values of x5 — y» may be zero.

Given the solution p to (4.19), we may compute the near-field data exp(—iat)u(t, b) by

2w
uP(t) = u(t, b)e =" / T(t, b s, £(s)) exp(ia(s — t))p(s)ds, p = (p1,p2)7,  (4.25)
0
for a smooth grating profile. However, since our reconstruction method in Section 5 only requires the

knowledge of the Rayleigh coefficients A, ,, and A; ,,, we will calculate these coefficients from p directly
in order to avoid computing I1(%, b; s, f(s)) exp(ia(s — t)) in (4.25). Let

WP (@) = e mu(z) = 3 Ay (0‘) enTtit AL (_07") eIt (4.26)

nel "

for xo > A;{. It follows from (3.8)-(3.10) and (4.25) that the compressional part uép) of ul® is given by

. 2 2m
®) i 1 (an B ineitibee —ins—ifnf(s)
up(z) = wm%{ﬁn (anﬂn s ) 1 2/0 ‘ p(s)ds}’

11



from which we can derive the Rayleigh coefficients A,, ,, as

1
Apn = w243,

2m
{/ e—i”s—w”f(s)(oznpl (8) + 6np2(8))d8} » M€ Z.
0

Analogously, the shear part ul (z) of ul) () is given by

. 2 2T
) B 7 1 I— 1 ( o, an’}/n) } inx1+iynTa / —ins—iyn f(s) d
u () = — E — = — € € 5)as
’ ( ) An neZ {’}/nlu ’Vnwz QnYn 5721 0 p( )

i 1 ,}/72L —QnYn INT1+iYnT2 2 —ins—iyn f(s)
N 4rw? Z Yo <_an7n 052 ) ‘ 0 ‘ p(S)dS’

neN Tn n

which together with (4.25) and (4.26) leads to

; 2
A, — i {/ eI () (o, po (5) — %pl(s))ds} , necw.
0

w4y,

The above argument on computing the Rayleigh coefficients for a smooth grating profile can be easily
extended to the case of a piecewise linear grating; cf. (4.25) and (4.23).

Given some b > AT, we can now rewrite the near-field data u,(z1) = u(xy,b) as

up(1) = Y An(0) explion,m1), An(0) = Apn(an, Ba) €7 + Ay (—yn, ) €M, (4.27)
nez

and analogously represent the far-field data w;° (:cl) as

upl (1) = Z A (0) expl(ia, ),

neUs
where
A(0) = Apm(an,ﬁn)Tefﬁ"b + Ag (=Y, an)Te ™ ifn € U, (4.28)
" Ap,n(am ﬁn)Telﬁnb, ifn e US\Up. '

5 A two-step algorithm for (IP)

In our numerical examples we mainly consider the following equivalent problem to (IP):

(IP’): Given an incident plane pressure wave 1" (:c; 9) and the coefficients A, (9), n € Z definedin (4.27)
for some b > AT, determine the unknown grating profile A lying between the straight lines {zy = 0}
and {xo = b}.

Consider the Hilbert space X = L?(0, 2m)? with the scalar product

(e(t),y(t)) = ~ / ")y,

T or

12



and the norm ||z|| := +/(z, x). For a = (a1, az) € C?, define |a| = \/]a1|? + |az|?. Given ¢ € X,

define the linear operators 1", Sy : X — X by

2T 2T
To(r,) = 2i/(; (21, b;t,0)p(t)dt, Spp(rr) = %/0 (21, f(z1);t,0)p(t)dt.

™

The Kirsch-Kress method adapted to our diffraction problem consists of solving the following optimization
problem

T — 2 2 in 2 inf 5.29
17— wl* + Il +nllu™ o f + Syl — _imf_. (5.29)

where v > () denotes the regularization parameter, n > 0 is a coupling parameter and M is an admis-
sible set of profile functions with uniformly bounded C%!'-norm. Here and in the following we identify the
(a-quasiperiodic) space L?(A;)? with X viav — v o f:

vo f=uw(t, f(t)), telo0,2nr],

such that

1/2

oo rllx= (5 [ lote soDFat) . ve Ly

is a uniformly equivalent norm in f € M. The convergence analysis for problem (5.29) is presented in
[18] in the case of the quasiperiodic Helmholtz equation, which we think can carry over to the quasiperi-
odic Navier equation. Since the combined optimization scheme (5.29) requires the determination of two
unknown functions f and ¢, to reduce computational efforts we apply the two-step inversion algorithm of
[18] to the inverse elastic scattering problem (IP’). It is shown in [18] that this algorithm is faster and gives
similar or more accurate results than for the combined algorithm based on the minimization of (5.29).
However, the convergence of the two-step algorithm is still open.

5.1 First step: reconstruct the scattered field from near-fie |d data

We suppose that the scattered field u(x) can be represented as a single layer potential

2T
u(x) :/ II(xy, xe;t,0)p(t)dt, x € Qnp
0

with some unknown a-quasi-periodic function <p(t) € X. Then, it suffices to solve the first kind integral
equation

Typ(r) = up(xy) foral z; € (0,2m),

which is linear but severely ill-posed. We expand ¢(t) € X into the series

p(t) =Y pnexpliont), @, = (o), o) € C*. (5.30)
nel

13



It follows from (3.8)-(3.10) that

1 2
To(x)) = o ), (1, b;t,0)p(t)dt

= Z {P(n)(pn eXp(i[anxl + ﬂan + S(n)gon eXp(i[O‘nxl + f)/an}

neZ

= Z M™ ©n exp(ia,ry),

ne’
where M (™ is the 2 x 2 matrix given by
M™ = (P™ exp(iB.b) + S™ exp(ivnb)) -
Instead of solving 7@ = wu;, we consider the Tikhonov regularized version
v+ T T =T*u, (5.31)

with the regularization parameter v > 0, where 1™ denotes the adjoint operator of 7'. Let the singular
value decomposition of M () pe given by

M® — ) nm) (V(”))*7 (5.32)
where

with U}"),Vj(") € C? being column vectors and a](-") € Rtforn € Z, j = 1,2. Then, the set

{Vj(") exp(ia,t) 1 j = 1,2,n € Z} is an orthonormal basis of X. Thus the solution ¢., to (5.31) is
given by (see [12, Chapter 4])

2 (n)
_ 9 (n) , (n) .
v = ZZT (Uba Uj exp(zoz,ﬁ)) V] exp(ia,t)
ez =1 (05 )2+
2 (n)
J

2
v
I~
S

(A, - U}n)) Vj(n) exp(ia,t) (5.33)
7

for some K € N, where A,, € C? are defined in (4.27). Now we can represent ., as

2 (n)
. n 0; n n
Py = Z pr(yn) eXp('LO‘nt)a SDE/ )= Z W(An : U]( )) V;-( ). (5.34)
In|<K = ()
5.2 Second step: find the profile function by least squares min imization

Having computed ¢, from the first step, we may consider Sf(apv) as an approximation of the values of
the scattered field on the grating profile. Since the Dirichlet boundary condition is under consideration,
we now turn to investigating the nonlinear least squares minimization problem

[[u™ o f + Sp5|l = inf, (5.35)

14



over some admissible set M. Using (3.8)-(3.10) and (5.34), we see that

1 21
Sroa(z1) = o (21, f(z1);t,0)p,(t)dt
0
= Z P(")QOE{”) exp(ia,x1 + 16, f (1)) + S(")ap,(y") exp(ia,x1 + 1, f(21)).
[n|<K

Hence, the problem (5.35) is equivalent to

1870 1§ (PO i) 4 o) o i ) gint)2 _, nf . (5.36)
€
In|<K

In our numerical examples we discretize the objective functional in (5.36) by the trapezoidal rule and then
solve the resulting minimization problem in a finite dimensional space.
Case 1: A is a C%-smooth grating profile.

We define the admissible set M as

M
M = {f(t) = qp + Z Ay, cOS(ME) + appym sin(mt)} (5.37)
m=1
for some fixed number M € N, where the Fourier coefficients a;,j = 0,1,---,2M are supposed to

be bounded. Then the left hand side of (5.36) can be approximated by
F(a,0) QWZF a,0), a=(ag, -+ ,a2) e R+ (5.38)

for some N € N, where
( 6) = |96—26f(sJ + Z (n eBnf(si) 4 g() ,(n) wnf(sj-)) eins; |2
In|<K
with s; = 27(j — 1)/N,j =1,2,---, N. Note that the values of f(s;) depend on a.
Case 2: A is a piecewise linear grating profile.
Consider the piecewise linear grating (4.20) with the parameters §j, dj = f(gj) satisfying

0:€0<§1<"'<€T:2ﬂ-7 d]>07 j:0717"'7ra d():dr’

for some fixed number » € N. We assume that the the parameters dj are uniformly bounded and that
the minimal distance between partition points &; remains uniformly bounded from below. This allows us
to define the admissible class M by

M:{f(t)zgj_'_Tj(t_gj)v te[gjvgj-i-l]v jIO,l,”-,T—l}

with T := (dj+1 — d;) /(41 — &;)- Then we approximate the left hand side of (5.36) by

—_

r—

1

2
J

F(a, 9) Fj(a, 9), a— (51,"' ,57«_1,d0,d1"' 7dr—1) €R2T_1 (539)

I\
o
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where

tit
Fj(a, 9) :/J |96 i8f(s) + Z (n B f(s) —I—S(n (n) z’ynf(s)) eins|2 ds
ti In|<K
forj = 0,1,---,7 — 1. In our numerical examples we consider a linear [-tower grating profile where

r =4 [ forsome!l € N and

| dy>0, for j=4n,4n+1, B
f(tj)_{d1>0, for j=4n+24n+ 3, n=01--,1
In this special case, only a (r + 1)-dimensional vector a = (&1, - - - , &-—1, dp, d1) needs to be updated.

We finally note that the finite dimensional least squares problems (5.38) and (5.39) can be solved using
the Gauss-Newton or Levenberg-Marquardt method (see [9] for the Helmholtz equation). In our experi-
ments we set lower and upper bounds on the unknown parameter a and employ the subroutine Isgnonlin
from the Optimization Tool Box of MATLAB for solving the minimization problem by the Trust-Region Re-
flective algorithm. We note that the singular value decomposition in (5.32) can be easily achieved by
using the subroutine svd, and we can observe that ay(»") — 0,7 = 1,2 asn — +00 so that the integral
operator 7' is indeed compact.

Remark 5.1. (i) The method in case 2 can be applied to binary gratings. We refer to [9] for the recon-
struction of such gratings, where only the Dirichlet data on the horizontal line segments are involved
in the computation. Note that a binary grating profile is not the graph of a continuous function. In our

experiments the Dirichlet data on the whole binary grating profile are used.

(i) Consider the profile reconstruction problem (IP*) using the far-field data u;° (1, 6.) for several incom-
ing waves with different incident angles 6, € (—n/2,7/2),7 = 1,2,--- ,m. Inthis case, the Tikhonov

regularized solution to the equation T'¢ = u;° is given by

o

Z @ ) exp(iot) = Z o) (A>(6,) - U}")) Vj("),

nels j=1 U + gl

where the coefficients A>° (6, ), n € U; are defined in (4.28). Denote by F'(a, 0 ) the objective functional
in (5.39) corresponding to the incident field ui"(x; (97). Then we only need to perform computations with
the cost function

6 Numerical examples

Here we present the results of numerical experiments using our method with exact and noisy data. Unless
otherwise stated, we always assume that k, = 4.45, w = 5, and probe the unknown grating profile by a
single incident pressure wave with 6 = 0 and k,, = 4.2. With these settings we have

U, =Us={neZ:|n| <4}
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The exact values of the coefficients A,, in (4.27) are produced using the discrete Galerkin method de-

scribed in Section 4. To generate noisy data with noise level 6 > 0, we first perturb the exact near-field

data ugp) in (4.25) with the following random errors

u5(ty) == wP () + 6 u” (1)) wj,

where {t;} is the equidistant partition of [0, 27| given in Section 4.2 and w; are random values between
—1 and 1, and then consider the Fourier coefficients AfL of u} s as the noisy data of A,, with the noise
level 9.

In the following examples 6.1 and 6.2, we set K = 7 (see (5.33)). This implies that all the propagating
modes of the compressional and shear parts corresponding to \n\ < 4 are used, while six additional
evanescent modes corresponding to 5 < |n| < 7 are also taken into account.

Example 6.1. Fourier gratings. Suppose that the grating profile function is given by a finite Fourier

series
f(t) =2+ ((cos(t) + cos(2t) 4 cos(3t)), ¢ = 0.05m, (6.40)

where ( characterizes the steepness of the profile. We use both exact and noisy near-field data to recon-
struct this profile function, which has the form (5.37) with M/ = 3. The computational results are given
in table 1, where UB resp. LB denotes the upper resp. lower bounds imposed on the unknown vector
a= {ao, S ,a6}. The iteration is stopped when the changes of all elements in a (i.e. the termination
tolerance on a; ) are less than 10—, without the lower and upper bounds, the reconstruction becomes
more sensitive to the initial guess and requires more iterations. If the initial value of a is greater than 2.2,
then the reconstruction fails. We select the regularization parameter -~y by trial and error, and present the
result in the case of v = 102 which is closest to the target among all our experiments. We observe
that the computation would not be stationary if v were less than 107'2, and that (see table 1) noisy data
even with noise level & = 10% can still produce good results. However, the results are not acceptable if

we increase the steepness to 0.17 or only use the propagating modes.

Example 6.2. General C?-smooth gratings . Suppose that A is the graph given by the function
f(t) = 1.5+ 0.2 exp(sin(3t)) 4+ 0.3 exp(sin(3t)),
which can be approximated by a truncated Fourier series
f*(t) = 2.133 — 0.0543 cos(6t) — 0.0814 cos(8t) + 0.22606 sin(3t) + 0.339 sin(4t).

In this case we choose M = 8 in (5.37) and still take the regularization parameter v = 107!2. The
computational results are presented in table 2 and figure 1. Since the steepness of A is relatively large,
the downward convex part of the grating surface is not well-reconstructed by our method. One can see
that data with 10% noise lead to a larger deviation in contrast to the figure reconstructed from data

corresponding to a noise of 5%.
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Table 1: Example 6.1. M = 3,y = 107!2, K = 7, Ite=iterations.

ap a Qs as ay as ag ) Ite
Target 2 0.157 0.157 0.157 O 0 0
Initial 0 0 0 0 0 0 0
LB -5 0 0 0 0 0 0
UB -5 0 0 0 0 0 0
Computed 2.0026 0.1590 0.1610 0.1596 O 0 0 0 26

Computed 2.0029 0.1585 0.1592 0.1609 0.0004 0.0001 0.0001 0.05 25
Computed 2.0021 0.1594 0.1610 0.1595 0.0003 -0.0010 -0.0005 0.08 26
Computed 2.0029 0.1609 0.1601 0.1600 0.0023 -0.0019 0.0018 0.1 27

Example 6.3. Piecewise linear gratings . Consider a linear two-tower profile of height 1 above the
straight line x5 = 2 (i.e. | = 2,r = 4 in case 2 of Section 5 ). We perform numerical experiments by
setting K = 7,4, 3 respectively, with the final results given in table 3 and figure 2. Note that all far-field
data are involved if K = 4, whereas only a part of the propagating modes are taken into account if
K = 3. Itis seen from table 2 that X' = 7 and K = 4 can produce the same results, while X = 3
leads to an unsatisfactory reconstruction. Thus the knowledge of the Rayleigh coefficients for evanescent
modes is necessary for an accurate recovery. We observe that the computational results in this case are
very sensitive to the regularization parameter -y and the initial values of dj and d;, but are less sensitive to
the initial values of a;, 7 = 1,2, - - - , 7. Choices of 7y less or greater than 10~* all lead to large deviations
in the results. If the initial value of d, is less than 2.6 or that of d; is less than 1.7, the reconstruction fails.

The number of total iterations needed is around 50.

Example 6.4. Binary gratings . Again we reconstruct a two-tower profile of height one over the level two.
We use unperturbed far-field data (i.e. K = 4) from three incoming pressure waves for the three different
incident angles # = 7/4,0,7/4 and a fixed compressional wave number k, = 4.2. The results are
given in table 4 and figure 3 (left). The reconstruction from the far-field data for a single incident angle
0 = 0 is also acceptable, but requires a better initial guess than in the case of three incident waves, see
figure 3 (right). The reconstruction with three incoming waves appears to be more robust with respect to

the initial values of ¢1, ts, t3.

7 Conclusions

We adapt the two-step algorithm proposed by G. Bruckner and J. Elschner [9] to the more complicated
case of elastic scattering for the reconstruction of one-dimensional grating profiles. In our reported ex-
amples, the near-field and far-field data are generated by a discrete Galerkin method, and the Tikhonov
regularization is employed for both exact and noisy data with a regularization parameter selected by trial
and error. We assume that a prior information on the smoothness of scattering surface (e.g. C%-smooth
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Table 2: Example 6.2. M = 8,7y = 10712, K =7

Target Initial LB UB Computed

ag 2.133 2.2 0 5 2.258 2.2256 2.2315 2.2900

ap O 0 0 1 0.1086 0.1078 0.1072 0.1124

ay O 0 0 1 0.0539 0.0534 0.0542 0.0112

as O 0 0 1 0.0007 0.0018 0.0047 0.0136

as O 0 0 1 0 0 0.0079 0.0212

as O 0 0o 1 0.05 0.0612 0.0567 0.0086

ag -0.0543 O 2 1 0.0199 0.0195 -0.0319 0.0459

a; O 0 0 1 -0.0242 -0.0255 -0.0239 0.0044

ag -0.0814 O 2 1 -0.0602 -0.0605 -0.0543 -0.0150

ag O 0 0 1 0.0204 -0.0198 -0.0001 0.0483

ayp O 0 0 1 0 0 0 -0.0025

a;; O 0 0 1 0.1371 0.1374 0.1322 0.0913

a2 0.339 0 0 1 0.2469 0.2462 0.2514 0.2577

a3 O 0 0o 1 0 0 0 0.0299

ays 0.22606 O 0 1 0.0423 0.0421 0.0253 0.0031

ais O 0 0 1 0.0070 0.0075 0.0087 -0.0085

aig O 0 0o 1 0.0020 0.0028 0.0022 0.0201

) 0 0.05 0.08 0.1

Ite 94 94 96 94

Table 3: Example 6.3. 5 = 0, v = 10~

&1 ) 3 €4 &s &6 &7 do dy
Target 0.5708 1.5708 2.1416 3.1416 3.7124 4.7124 5.2832 3 2
Initial 0.0708 0.8208 1.6416 2.6416 3 42124 5.0332 2.6 1.7
LB 0 0 0 0 0 0 ™ 2 1
uB 27 2T 27 27 27 27 27 4 3
Computed 0.7051 1.3901 2.0392 3.1507 3.8298 4.4273 5.0948 2.9536 2.0561
Computed 0.7051 1.3901 2.0392 3.1507 3.8298 4.4273 5.0948 2.9536 2.0561
Computed 0.4241 1.2902 1.8234 2.7713 3.3181 4.5001 5.0977 2.5291 1.8095
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Figure 1: Example 6.2.
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Figure 2: Example 6.3
Table 4: Example 6.4. 6 = 0,7 = 107% K = 4.
&1 3 $ do dy
Target 1 3 5 3 2
Initial 0.4 1.8 5.8 2.6 1.7
LB 0 0 0 0 0
UB 27 27 21 5 5
Computed 0.8629 3.1643 5.1041 2.9795 2.1086
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Figure 3: Example 6.4. Reconstruct a binary grating profile from the far-field data corresponding to three

incident angles § = —m /4,0, 7 /4 (left) or one single incident angle § = 0 (right).

or piecewise linear) is given, and that the unknown grating profile always has a finite number of pa-
rameters (e.g. Fourier coefficients or corner points) whose lower and upper bounds are known. Under
such assumptions, the two-step algorithm is easily implemented and satisfactory reconstructions can be
achieved with a low computational effort for suitable initial values. Our reconstruction scheme using far-
field data for several incident angles can be readily extended to the case of a finite humber of incident
frequencies; note that in this paper we used a fixed compressional wave number k,, = 4.2. Since a larger
compressional wave number leads to additional propagating modes, further work is still required to inves-
tigate the performance of the inversion algorithm depending on the wave number £, and the parameter
K in (5.33).
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