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Abstract

In this paper we propose and analyze an efficient discretization scheme for
the boundary reduction of the biharmonic Dirichlet problem on convex polygo-
nal domains. First we study mapping properties of biharmonic Poincaré-Steklov
operators. We show that the biharmonic Dirichlet problem can be reduced to the
solution of a harmonic Dirichlet problem and of an equation with the restriction
of the Poincaré-Steklov operator. We then propose a mixed FE discretization
(by linear elements) of this equation which admits efficient preconditioning and
matrix compression resulting in the complexity loge™'O(Nlog? N). Here N is
the number of degrees of freedom on the underlying boundary, € > 0 is an error
reduction factor, ¢ = 2 or ¢ = 3 for rectangular or polygonal boundaries, respec-
tively. As a consequence an asymptotically optimal iterative interface solver for
boundary reductions of the biharmonic Dirichlet problem on convex polygonal
domains is derived. A numerical example confirms the theory.

1 Introduction

In this paper we derive an efficient discretization method for solving the Dirichlet
problem of the biharmonic equation

A%w=0 inQ,
v|r = @|r , Onv|r = Ond|r, (1.1)

where (2 is a convex polygonal domain with boundary I' and ¢ is a sufficiently smooth
function on a neighbourhood of I'. We describe a fast interface solver with the com-
plexity of the order log e *O(N log? N). Here N is the number of degrees of freedom
on the underlying boundary, € > 0 is an error reduction factor, g = 2 in the case of a
rectangle and ¢ = 3 for a convex polygonal domain. The approach is based on asymp-
totically optimal algorithms for fast computations with the discrete Poincaré-Steklov
operators for the bi-Laplacian on convex polygons.

There exists a large bibliography on approximation methods for biharmonic prob-
lems, here we mention only the papers [1, 2, 3, 5, 16, 18], where fast FD and FE
domain solvers have been developed. Recently fast numerical algorithms for second
_order equations based on nonoverlapping domain decomposition (DD) techniques and
matrix compression for discrete harmonic Poincaré-Steklov operators (using truncation
by frequency cutting) were developed in [13, 14]. Here we extend this approach to the
case of the biharmonic equation.

The paper is organized as follows: In Sections 2 and 3 we state some results on
boundary integral and Poincaré-Steklov operators for (1.1). It turns out that (1.1) is
equivalent to the determination of Au|r, where u solves

A2 =0 inQ, ulp=0, Ouulr = Ondlr — Fuuwlr, (1.2)

and w is the harmonic function with the boundary value wir = ¢|r. In Section 4 we see
that for any biharmonic function u € H?(Q)N H3(Q) the mapping Siy : Baulr — Aulp
(i.e. the restriction of the Poincaré-Steklov operator to certain subspace) is a symmetric
and positive definite operator in appropriate trace spaces and that the problem (1.2)
is equivalent to the operator equation

SIZT = 6n¢]l‘ - aﬂu‘"I‘ .
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Using a mixed FE formulation with piecewise linear functions in Section 5 we construct
discretizations Sj2 5 of the operator S;2, which remain symmetric and positive definite.
We show, that the approximate solutions converge with the order A'/2|logh| to the
exact one, where b = O(N~!). In order to solve the discretized equations iteratively we
construct efficient spectrally equivalent preconditioners for the discrete operators Sis .
In Section 6 we adapt the idea of matrix compression for discrete harmonic Poincaré-
Steklov operators to the efficient compression of the factorized stiffness matrix of Sipn
related to rectangular boundaries. After that the extension to polygonal geometries is
suggested based on successive inversion of harmonic interface operators. In this way
the advanced tools of DD methods developed for second order elliptic equations may
be directly adapted to the biharmonic problems as well. We conclude in Section 7 with
some results of numerical experiments which confirm the theory.

2 Boundary integral equations for the bi-Laplacian

In this section we recall some results from [19] on boundary integral operators for
the biharmonic Dirichlet problem on piecewise smooth boundaries.

Let Q a bounded polygonal domain in the plane (z;,z2) with m corner points and

~ the boundary I' = | J I';, where I; are straight lines, and by CQ2 = IR*\Q we denote the
1=1 ’

exterior domain. The projections of the outward normal n onto the z;— and z,-axis

are denoted by n, and n,, respectively. The differentiation with respect to n is denoted

by O,. For the sequel functions on I' are identified with periodic functions depending

on arc length s, the derivative 8,u is denoted by u' .

We introduce the trace space
V() = {(zl) . uy € HY(T), nyuy — ngul, € HY?(T), ngu, +nyu) € Hl/z(I‘)}
2 A
equipped with the canonical norm and define the generalized trace
YolU ulr
U= = .
! (w) (anulr )
Lemma 2.1 ([12]). The linear mapping
7 : Hio(R?*) — V(T)
15 continuous and has a continuous right inverse
7™ V(D) —» HE(R?).

The trace yu € V(I') will be called the Dirichlet datum of u € HZ . (R*) on I. In
the following we denote by (V(T'))’ the dual space of V(I') with respect to the duality

[(2) ’ (Z:)} = —(v,wm)r + {3, w2)r, (2.1)



where (-, -)r denotes the extension of the usual L?-scalar product on I'. To define the
Neumann datum of certain H2-functions we introduce the space

HY(Q,A%) = {u € HY(Q) : A%u € L*(Q)}
equipped with the graph norm.
Lemma 2.2 For any u € H*(Q, A?) the functional

Sus § > 5,9 = [(AuAly9) -7 Au)ds (22
[1]

belongs to (V(T'))' and coincides, if u is sufficiently smooth, with the functional
Sy — (—5311,) — (0,,Au|1—-)
du Aulp |~
The linear operator § : H*(Q, A?) — (V(T))' is continuous.
If we define the continuous bilinear form on H?(Q2) x H?(Q)

ag(u,v) := /Au Avdz ,
a

then the first Green formula reads as

aa(v,9) — [ v Atude = [§u,79] = (S5, 900)r + (Sa, mov)r
Q

for all u € H%(Q,A?), v € H*(Q).
Let us consider the variational form of the Dirichlet problem
A*u=0 inQ, ~qu=9eV(), (2.3)
which can be written as
Find w € H*(Q) with yu =1 such that
aa(u,2z) =0 - for all z € HZ(Q) := {u € H*(Q) : yu = 0}.

Since aq(u,v) is bounded and positive definite on HZ(Q) (see [8]) Lemma 2.1 implies
the unique solvability of (2.3) in the weak sense.

(2.4)

Lemma 2.3 The Dirichlet problem (2.3) has for any ¢ € V(I') a unique weak solution
u =T € H*(Q). The solution operator T : V(I') — H*(Q) is continuous.

We now derive integral equations for the solution of the Dirichlet problem (2.3). The
boundary integral operators for the bi-Laplacian A? are based on the fundamental

solution
G(z,y) = gt;lw —yl'loglz—y|, =z,yeR’,
satisfying
AG(z,y) = ALG(z,y) = §(z —y) -
For z € R?\I" the biharmonic single and double layer potentials are defined as

Kox(z) := [x,7G(z,")], X € (V(F))l;
]Cﬂ/)(:l:) = [JG("D: )1¢] ) (S V(I‘) .
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Lemma 2.4 ([19]) The mappings Ko : (V(T)) — H*(Q), Ky : V(T') — H*(Q) are
continuous. If u € H*(Q) solves the biharmonic equation A*u = 0 then for all z € Q
there holds

u(z) = Kodu(z) — Kiyu(z) . (2.5)
For x € (V(I"))' and ¢ € V(T') we introduce the boundary integral operators
Ax :=7Kox , C¢:=—y(Ki¥la).
Lemma 2.5 ([19]) The mappings A : (V(T)) = V(T) and C : V(T) — V(T) are

continuous, A is symmetric and strongly elliptic, C* = C and CA = AC'. Furthermore,
there ezists a constant ¢ > 0 such that for any x € [ (T')! the inequality
[, Ax] > e llx|ltv )

holds, where L(T')* C (V(T')) denotes the polar set of the space of traces of linear
functions I (T') := {y(ao + @121 + asz2) : ag,a1,a2 € R}.
Note that the adjoint operators are taken with respect to the duality (2.1).

Letting in (2.5) the point z € 2 converge to the boundary I' we obtain that any
biharmonic function v € H?() satisfies the relation

Abu+Cyu =yu .

Hence, if we consider the Dirichlet problem (2.3) then for given yu = 1 the unknown
x = éu has to solve the equation

| Ax=(I-C)y. (2.6)
Its unique solvability is subjected to the assumption
A1l: The exterior homogeneous Dirichlet problem
Aw=0 inCQ, - yu=0,
has no nontrivial solution satisfying the "radiation condition”.

- “Here the "radiation condition” means that u can be represented in the form u = Kox
for suitable x € (V(T'))’, which is equivalent to certain asymptotic behaviour at infinity
(see [7], [19]).

Recently Costabel and Dauge proved in [9] that the assumption A1 is satisfied for
the scaled curves

pl={pzcR? z€T}, p>0

where T' is a arbitrary general curve, if and only p ¢ Sr and the set Sp of exceptional
values has between 1 and 4 elements.

Theorem 2.1 Suppose Al and let ¢ € V(I') be given. Then the equation (2.6) has
a unique solution x € (V(T'))' and the variational solution u € H*(Q) of the Dirichlet
problem (2.4) can be obtained from the formula

u(2) = Kox(2) — Kri(z), z€Q.
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3 Biharmonic Poincaré-Steklov operators

Since A is a 2 X 2 matrix of integral operators the standard Galerkin method applied
to the equation (2.6) leads to a linear algebraic system with a rather large and in general
dense matrix. Moreover, the integral operator with the kernel function G(z,y) is of
order 3 and thus the corresponding stiffness matrix possesses the condition number
O(h™3). In absence of appropriate preconditioners we expect the complexity O(N?3)
for BEM-Galerkin method provided by direct solvers. Therefore it is very reasonable to
look for some alternative efficient discretization methods to solve (2.3) or equivalently
(2.6).

To this end we start with the analysis of the biharmonic Poincaré-Steklov operator 7
which maps the Dirichlet data yu of a biharmonic function u € H?() to its Neumann
data du. Due to Lemma 2.3 this operator can be defined as

TY:=48(T¢), $eV(I),

and Lemma 2.2 implies that 7 : V(I') — (V(I'))' is continuous. From Theorem 2.1 we
see that under the assumption A1 we have the equality

T=AYI-C). (3.1)

The mapping properties of the operator 7 can be derived using an appropriate splitting
of the trace space. Since

1 1
AG(z,y) = A:G(z,y) == log |z — y| + o
for ¢ = (Z:) € V(I') we get from (2.1) the representation

Kiv(z =__fv1 ., log |z — y|ds,,+ fvzy) loglm—yl-l-l)dsy, (3.2)

showing that C is the well-known Calderon projection for the Laplacian on 2. Hence,
the conjugate projection I — C maps onto the traces of functions 4 harmonic on C{2
which in view of (3.2) satisfy the condition

u(z) = a(log|z| + 1) + O(|z|™") for some a € R as |z| = oo . (3.3)
This leads together with Lemma 2.5 to the following assertions.

Lemma 3.1 [19] The trace space V(L) is the direct sum V(I') = V; + V; of the closed

subspaces
Vi:=im(I -C)={yu : u€ HZ (CQ), Au=0, u satisfies (3.3) } ,
V2 :=imC = {yu : u€ H*(Q), Au=0}.

The mapping A : V;5 = V; is bijective.

Thus the relation (3.1) holds even if the assumption A1l is not valid.



Lemma 3.2 [19] The biharmonic Poincaré-Steklov operator T is continuous, symmet-
ric and ker T = Va. The restriction to V; is positive definite

[T, 4] = c|$lFqy, c¢>0, VpeWn.

T has a symmetric and continuous pseudoinverse S, i.e. TST = T, which coincides
with the restriction of A to Vo™,

S=A:V,* s VicV(D),
and is positive definite on V3T,
%, Sx] > elixllfyay, ¢>0, VxeV

Let us denote by H?(Q2) the closed subspace of H?({2) containing the harmonic
functions on Q. Note that V; = y(#H2(2)). From Lemma 3.1 we derive

Corollary 3.1 An element x € (V(I'))’ coincides with the Neumann datum éu of a
biharmonic function u € H*(Q) if and only if [x,yv] = 0 for any function v € H2(Q).

This result confirms the well-known fact that the Neumann problem
A*uw=0 in 9, du=x € (V(I))

is not solvable, in general. But it turns out that it makes sense to consider Neumann-
type problems on certain subspaces of H*(f2). Let W C H?(Q) be some closed subspace
and consider the problem:

Given T = (::) € (V(I)) find u € W such that forall ze W

(3.4
aq(u, z) = [1,72] = (13, %02)r + (T2, 712)r

The bilinear form aq(u,v) is positive definite on HZ(Q) for any domain Q. In the
following lemma we give some other subspaces of H?(2) on which the bilinear form is
positive definite if ) is convex.

Lemma 3.3 Suppose that the polygonal domain Q) is convez. Then the bilinear form
aq(u,v) is W; - elliptic where

Wo := {u € H¥Q)/{1} : mu = 0}, (3.5)
Wi = H?(Q) N HL(Q), (3.6)
Wy = HA(Q)/H2(Q) . (3.7)

Proof. Let u € Wi. Then u solves the equation
Au = f in Q, You=0,

with f := Au € L*(Q). The well-known regularity results for the solution of the
Poisson equation in non-smooth convex domains imply

”u”m(n) C”f”L?(n) = caq(u, U)I/Za (3.8)
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which proves the assertion for (3.6). The same arguments apply also for (3.5).
Suppose u € W, and determine ug € W, as the solution of

Aug = Au in Q, Youo = 0.
Again we have
”u0”H2(n) <c ”A””z,z(n) = caq(u, '”')1/2 .
Since u; = ug — w € H%(Q) is harmonic we obtain

|ullw, = inof ][u+w||Hz(n) < |[u+u1||Hz(m < caq(u, u,)ll2 . H

weH2(N)

Corollary 3.2 For any T € (V(I'))' and © = 0,1,2 the variational problem (3.4) has a
unique solution u € W;.

Let us introduce the spaces Z; := yW;, 2 = 0,1. It is clear that the decomposition
V(T) = Z, + Z,, which holds for a domain with smooth boundary T, is no longer true
for polygonal domains. However, if the domain is convex then any ¢ € V(I') can be

represented in the form
Y=ot +¢2, (3.9)
where ¢; € Z;,1=10,1,and ¢, € Vo = "/('Hz(Q))

For example, examining the proof of Lemma 3.3 we obtain the splitting

V() =2, +V, (3.10)
given by u = u; + w, where
Auy = Au in Q,  qu=0,
Aw = 0 in Q, Yow = Yol ,

such that for ¥ = yu in (3.9) we have ¢o = 0, 91 = yuy, P2 = yw.

Hence the Dirichlet problem (2.4) with ¢ = (:‘1’) € V(T') can be reduced to the
Dirichlet problems for the Laplace and the biharmonic equation in £2

Aw =0 , Yow = (o ,

A1
A2u1 = 0 y VoW = 0 y MU = @1 — anw . (3 )

Another splitting of V(I') can be derived in the following way. Denote by U the
solution of the Poisson equation

AU =1 in Q, YU =0,
set u = y~9 and determine the constant ¢ such that (y;u — ey1U, 1)r = 0. Then
Y — YU = o+ 2
with
o = Yup, where Aug = Au—c, mu =0,

P =yw, where Aw = 0, nmw=muv—cnlU.
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Hence for convex () we get also the splitting
V(T) = Zo + span {yU} + V5. , (3.12)

Thus the Dirichlet problem (2.4) can be reduced to a Dirichlet problem for the bi-
harmonic equation with boundary data vg € Zy and simpler Neumann and Dirichlet
problems for the Laplace and Poisson equation on 2.

At the end of this section we give a characterization of the spaces Z; which follows
from Lemma 2.1 and is valid for any polygonal domain. As usual ulr, € HY?(T})
means that the extension by zero of u|r; to I' belongs to H/2(T).

Lemma 3.4
vE€Zy ifandonlyif yveYy:={ue HY([)/{1}:v' € Hﬁl/z(]f‘.-)} ,
=1

vEZ ifandonlyif mmveEY;:= Hffl/z(I‘ )

=1

Moreover, for v € Z;, 1 = 0,1, the norms ||[v||y(r) and ||yiv]y; are equivalent.

4 Poincaré-Steklov operators on subspaces

The approximation schemes corresponding to Dirichlet data from the subspaces Z;,
1 = 0, 1, admit some special efficient solvers which will be derived in Sections 5 and 6.
Here we consider the restrictions Sp3' and S7; of the operator 7 to the subspaces Z,
and Z1 )

Let us consider the Dirichlet problem (2.4) with boundary data from Z, or Z;. For

vg = ("Oc’) and v; = (:1) we introduce the mappings

S&;l P 09— 53T'Uo ,
51_21 P01 — 52T‘U]_ ’

which can be described variationally as follows. Let %;, 2 = 0, 1, be the weak solutions
of (2.4) corresponding to the boundary values v; € Z;. The first Green formula yields
. the equations

(S5a-00,Y02)r = aq(%o,2) for all z € Wy (4.1)
and
(Spo1,112)r = aq(t1,2) forallze W . (4.2)
;From the Lemmas 2.1, 2.2, 3.3 and 3.4 we obtain the following assertion.
Theorem 4.1 Let ) be a convez domain. Then the operators
Sox :Yo—=Y] and S3':YVi =Y

are both continuous, symmetric and positive definite (spd) with respect to the duality

form (" ')F'



Remark 4.1 If u € Wy, A%u=0 and Au€ HY(Q) then

Sz Y0u = —m(Au) .

Ifue Wy, A2u=0 and Au € HY?*¢(Q), € > 0, then
Samu = vo(Au) .

By Sos : Yy = Yo and Si; : Y/ — Yi1 we denote the inverse of the operators Sp,'
and Sg3, respectively, which are both spd.

Proposition 4.1 For any 7, € Y] the function o1 = Si37; is given by oy = yyu, where
u € Wi solves the Neumann-type problem

aq(u,z) = (r2,m2z)r, VzeW. (4.3)

For any 13 € Y, the element oq = Sp37s € Y5 1s given by oo = You, where u € Wy solves
the Neumann-type problem

aq(u,z) = (13,72)r, Vz€W,. (4.4)

Note that in the case of a smooth boundary I’ the operators S;;', Si; and their
inverses have been considered for example in [11], [17].

- In the previous section we have seen that the Dirichlet problem (2.4) can be reduced
to simple problems for the Laplace and Poisson equation and to one of the operator
equations

SosTs = 09, €Yy, (4.5)
S1272 = 01, neY], : (4.6)

where the actions of the operators Sg3 and Sy are carried out by solving the problems
according to Proposition 4.1. In the sequel we choose the equation (4.6). In the next
section we will construct an efficient mixed FE approximation of the operator Sj,.

Let us deduce some consequences of Theorem 4.1, Proposition 4.1 and Corollary 3.2.
We consider the problem: '

Given T €Y/, find ue Wy =H*(Q)N H}(Q) such that

an(u, z) = [ Aulzdz = (r,m2)r, VzeW;. (4.7)
)
If we set ¢ := Au € Ly(R) then the equation (4.7) can be written as
—/Vu-Vzdm:/cﬁzd:z:, Vze H}(R), and yu=0, (4.8)
a ]
/ $Azde = (r,mz)r, Vze HYQ)NHYQ). (4.9)
Q : ,

Since  is convex the solution u € H}(Q) of (4.8) belongs also to H?((2), thus the system
(4.8), (4.9) is equivalent to (4.7). On the other hand, equation (4.9) is a very week



formulation of the Dirichlet problem for the Laplace equation (cf. [10]). If 7 € HY/*(T)
then the solution ¢ of (4.9) is the usual variational solution satisfying

yop =7 and /V¢-Vzdw=0, Vze HY(Q). (4.10)
1]

Therefore the solution operator of (4.9) defined by A(7) = ¢ is bounded from H'/?(T)
into H'(Q). By applying Lemmas 2.1 and 3.4 and density arguments this operator
can be extended to a bounded mapping A : Y] — Ly(Q).

Using Proposition 4.1 and (4.9) we see that for 7, w € Y{ there holds

(Spam, w)p = / A(r) Aw) dz (4.11)

whereas in the case w € HY/?(I') Green'’s formula yields the representation

(Siam,w)p = /qﬁ'w de +/Vu -Vwdz , wherew € H'(Q) with yw =w . (4.12)
a Q

In particular, from (4.11) and Theorem 4.1 we obtain that for any convex polygonal
domain and any Dirichlet data 7 € Y] there holds the equivalence of norms

e [[7llyy S Aoy < e lirllyy - (4.13)

5 Mixed FE approximations of 5i

We now propose some alternative fast algorithms for solving the discrete counter-
parts of equation (4.6) corresponding to a mixed FE approximation of the underlying
operator. Consider the boundary reduction of the Dirichlet problem for v, € Z;

Au=0 on Q, Yu=0, mu=o, (5.1)

{2 is a convex polygonal domain, which is equivalent to the solution of the boundary
equation

Sur=0, T=8ueY!=[[HY}I). (5.2)

=1

In view of the decomposition (3.11) it is quite reasonable to make the following
assumptions. Let the Dirichlet datum 1) = (:‘1’) € V(I') in (2.4) be the generalized trace
of a sufficiently smooth function. Accordingly to (3.11) we have to solve equation (5.2)
with ¢ = ¢;—0,w, where the harmonicin Q function w has the trace yow = ¢o. Due
to the convexity of  there holds w € H?***(Q) with ¢ = (r—a)/a > 0, a denotes the

largest interior angle at the corner points of Q, such that in general o € [] HY%*(Ty)
=1

and the solution of (5.1) w € H***(Q). But on the other hand, since the solution of

(2.4) belongs to H*#(Q) for some pu > 0 (see [6]) we obtain ¢ = Au € H'*#(Q2) and

therefore the solution 7 = §u = |r of (5.2) satisfies 7 € H/2**(T). Note that for a
rectangular domain {2 the boundary condition you = 0 implieseven T € [] HY*4H(T).

i=1
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Let us consider the formal approximate solution of equation (5.2) by a Galerkin
boundary element method. This means we have finite dimensional spaces S, C Y of
functions given on I’ and determine 7, € Sy, such that

(S12Th,wh)r = (0 ,wr)r, Vwh € Sh. (5.3)

Due to Theorem 4.1 the discrete systems (5.3) are uniquely solvable for any k and the
quasioptimal estimate

I7 = Tllyy < e mig [I7 — wally; (5.4)

holds. It is clear that this approximation method is only of theoretical interest. To
derive a more practical method we use the fact that for the given o the solution of (5.1)
satisfies ¢ = Au € H'*#(Q). Therefore (u, ) is a solution of the mixed formulation:
find u € H}(Q), ¢ € H}(Q) satisfying the equations

/Vu-Vzd:z:—}—/qudz =f070zd3, Vze H(Q),
Q r

a (5.5)
/VqS-Vzda: = 0, Vze HYQ).
Q ' A

Since any solution of this system satisfies

27 _ 2 _
I[qs dz /a7o¢ds , n/|Vu| d:c+n/¢udm 0

r

we get from (4.13) the inequalities
lullz@) < e lldllza@) < ellolly

hence (u, Au) is the unique solution of (5.5).

Now we introduce the simplest FE solution of (5.5). Let be given a family of regular
triangulations T4 of Q of size h and spaces X C H'(Q) of piecewise linear functions
related to T, and denote Xnr := Xi|r and Xop := Xp N H3(2). These spaces satisfy

_the following approximation and inverse properties:
~ Foru € H*(Q), 1 <s<2, there holds

ugg}ffh(llu — tnl|za() + Bllw — wallm @) < b’ [ulla@ - (5.6)

There exists ¢ > 0, independent of h and 7, € X, such that
I7llzy < ch™* 7 Imllyy, —1/2<s<3/2. (5.7)

The mixed finite element approximation (ux, $n) € Xon X Xp of (5.1) is given as the
unique solution of the system

fVuh-Vzhdz+f¢hzhdm =/a'yozhds, Vzr, € X3,
Q 1] r (58)
quS;.-Vzhd:z: -0, V 21 € Xon -

h
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Let us denote by A(7x) € X the discrete harmonic extension of 7, € Xpr to , i.e.

WA =7 and [ VA(m)-Varde=0,  Vz € Xon, (5.)
Q

and define the operator Siz2 4 by

(S12,8Th, Wh)p = /A(Th) wy dz + /Vuh -Vuw dz , (5.10)
. 1] Q

where 7, wp € Xpr, wy € X with yown = wp, and up € Xop solves the equation

-—/V'u,h -V dz = fA(T},) zrdz , Vzn € Xon - (5.11)
Q Q

Then obviously the system (5.8) can be written as the equation
(S12,47h; wh)r = (o, wh)r , Ywh € Xar, (5.12)

providing the solution 74 = Yo¢n € Xp .
Note that the definition of Si2) admits two specific forms important for further
developments. Choosing in (5.10) ws = A(ws) we have the equality

(S12,hThy Wh)p = ]A('rh) Mwp) dz . (5.13)
Q

On the other hand, let us choose in (5.10) wy € X} in such a way that wy = 0 for any
interior node of the triangulation Y. Then we obtain

(S12,hTh, Wh)p = fA(Th) wp, dz +fVuh -Vwp dz , (5.14)
T Tp ‘

where I'y, C €2 denotes the union of all elements of the triangulation T} bordering on I'.
We shall use (5.13) to study the mapping properties of the operator Syz 4, while (5.14)
is important for constructing a fast matrix times vector multiplication algorithm for
the corresponding stiffness matrix.

Let us denote by X r the dual space of X, r equipped with the norm || - ||y,.

Theorem 5.1 The operator Sizp : Xpr — Xy 18 (spd) and for any 7, € X there
2 . -
holds (S12,xThy Th)r X [|7hllyy, i.e.

=] H’rh”;{ < (512,hTh,Th)r‘ <ec ”Thugy, | (5‘15)
with constants not depending on h.
The proof follows immediately from (5.13) and

Lemma 5.1 If the polygonal domain Q is convez then there ezist constants not de-
pending on h such that for any 7, € Xpr the estimate

c1[|mallyy < NIM78)llza00) < c2 ||7allyy
1s valid.
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Proof. Since A(73) is the FE-approximation of A(,) after applying usual error esti-
mates and the inverse property (5.7) we get

AT 22y < A8l 2@y + 1A(TR) — A7)l 2@y < l7mllyy + R A(T) | )
< limllyy + e ll7all gy < e limlly; -

To prove the other direction we show that

| [eds| < clAmllm el , Vo€ i (5.16)
r

For given ¢ € Y; we solve the Dirichlet problem for the biharmonic equation
A =0 in Q, yv=0, mv=9¢p.

Due to the Lemmas 2.3 and 3.4 we have ||v||g2q) < ¢||¢|ly; and Green’s formula yields
/'r;,cpds = f/\(’f'h) Avdz + /V)\('rh) -Vvdz .
r Q - Q :

Now (5.16) follows immediately from

ds| < | [ A(7a) Avdz|+ inf
lI['rh(p 3! Ih/ (Th) v:z:l in

wh€Xon

f V() - V(v — wy) da|
a
< 1Al za@y | Avllza@) + 1Ml (@) i0f (1o = whllz(e) . =

In contrast to the Galerkin method (5.4) the solutions 75 of (5.12) corresponding to
the mixed formulation do not converge quasioptimal to the exact solution. However,
using results of Scholz [20] and the assumptions mentioned above we get the following
estimates.

Theorem 5.2 If the given o in (5.1) is such that the solution satisfies Au € H'1TH(Q),
p > 0, then the mized finite element approzimation provides the estimate

lu — wnllza(a) + £ log bl | Au — @hllr,a) < chllog b [|Aullmitmay ,  (5.17)

where (un, dn) € Xon X X is the solution of (5.8). Moreover, for 7, = Yo¢n € Xnr

there holds
voAu — Tallyy < ch?|log h| || Aul|gr+nay, (5.18)

with some constant not depending on h.

Proof. Since (5.17) can be proven quite similar to Theorem 1 in [20] we consider only"
the estimate (5.18). Let us denote by pn € Xjr the Galerkin approximation of 7, i.e.

(S12pn, wh)r = (o, wh)r , Vwn € Xnr,
providing the estimate (see (5.4))
T = pallyy < A7l raariqry - | (5.19)

13



iFrom (5.5) and (5.8) we know that

/V(uh —vs) - Vzpde + /(45;. —A(pr)) zrndz =0, Vzn € Xp, (5.20)
0 Q

where vy € H?(Q) N HJ(Q) solves the equation Avy = A(px). Now we use the Ritz
projection Pyuy, € Xon, defined by ‘

/V(’Uh — th;,) -Vzpdz =0, Vz, € Xon ,
Q

to estimate

IA) = Momley = [(A) = Mpn))? o+ [ V(un = Pava) - V(A() = A(ow)) o

Here the second integral vanishes due to the definition of the discrete harmonic exten-
sion A. Noting that ¢, = A(7) we obtain from (5.20) that

IA(R) = Mem) |z () = / (Alen) — A(pn))(A(7h) — Alpn)) dz
2

+ [ Vn— Bun) - V@) = Apw)) da

Now we use that for any z € X},

f/V(vh— Pyvi) - Vanda| < ch'/?|log h| | Ava||5.(a) 124l a(e) »
Q.

as proved in [20]. Thus we get

IM78) — Mon)llzo(@) < I1A(P8) — A(pw) |2y + ch*/?|log | || Avh| Lo (e -

Since (5.19) and the properties of piecewise linear functions imply that

lonllzasury < |7l mrrmen(r

we have
[ACon )|y < ell7llareratmqry
uniformly in h. Hence

A7) = Mom)lzagay < ch2{log bl 7l zsrasnry

proving (5.18) by applying Lemma 5.1. =
;From Theorem 5.1 it is clear that equation (5.12) is suited for iterative solution
methods. As main ingredients of an efficient solver we underline the following issues:

(i) easily invertible spectrally close preconditioners for the operator Siz;

(ii) a fast matrix-vector multiplication procedure for the stiffness matrix of the op-
erator Siz 4 on a polygonal boundary.

14



The item (ii) will be considered in Section 6. The item (i) is important since in view
of Theorem 5.1 the operator Siz s possesses a condition number estimate

”(Slz;h) = O0(h™")

| requiring an efficient preconditioning in order to construct asymptotically optimal it-
erative solvers for equation (5.12). We notice that due to (5.15) any easily invertible
spd operator By : Xpr — X r providing the equivalence

(Bhu, ’u.)r- 4 ”u”%rll , Yue Xh,F (5.21)

gives an appropriate preconditioner. Let us construct the stiffness matrix of such an
operator. We first split the space X r in the form

Xir = Xheor + fh,r , where fh,p =Xp,rNY, (5.22)

and the m-dimensional space Xpcor is spanned by the hat functions corresponding
to the corner points ¢; of €, i.e. the piecewise linear functions ¢;, 7 = 1,..,m, with
minimal support such that ¢;(¢;) # 0. It can be easily seen that the norm equivalence

lue + allyy X llucllyy + laallyy » Ve € Xneor, @ € Xir

holds. Indeed, we can choose a regular triangulation of {2 with the property that at most

two triangles meet at any corner point and the piecewise linear functions supported on

these triangles are discrete harmonic. By using (5.13) and Theorem 5.1 the inequality
m

follows. Hence we obtain for u. = Z aip; € Xhcor

=1
. m
“uC“%’{ = h2 Ea’? )
=1
and moreover

(Suzn(ue + Bn), ue + Badr X Jlucllfy + l@alll , Ve € Xncor, @ € Xnr -

Thus we choose the operator By, from (5.21) in the form By, = B, 4 By with respect
to the splitting (5.22), where B, is a m-dimensional scalar operator defined by
B.u. = hu.. To define By we note that the operators

(_ £)1/2 : EI/Z(F;) - H-I/Z(P,’)

ds?

are symmetric and positive definite. Hence if we define the discrete mapping
(Dhuh;vh)l‘ = (u;‘,v;‘)p y Vuh,vh € Yh,r y (5.23)

then D,I‘/ 2 possesses similar mapping properties. Thus the matrix representation B}, for

a preconditioner By, realizing the norm equivalence

(Briin, iin)r X< |[@nll} , Vin € Xar,
can be given by By = MLD,II/ 2M,, , where M, is the mass matrix corresponding to
the nodal basis {wg} C Xpr and Dy is the stiffness matrix of the operator Dy from

(5.23)
(Mn)igk = (wj,we)r,  (Dh)ik = (Dawj, wi)r.
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Theorem 5.3 The relation of spectral equivalence
(Siattn, un)r X (Betie,uc)r + (Ma Dy MyUs, Un)

holds uniformly in h > 0 for any up = u. + tp with u. € Xp cor, Un € fh,p , where Uy
1s the vector representation of Uy in the nodal basis and B.u, = hu..

Note that the matrix-vector multiplication for B! = M,’;I'D,lt/ 2M;1 which appears
in corresponding PCG iterations for solving the equation (5.12) costs 3 O(n;logn;)

operations since the stiffness matrix of the operator Dy from (5.23) has a tridiagonal
form providing the Fourier eigenbasis.

6 Matrix compression and fast iterative boundary
solvers

In this section we propose and analyze an efficient matrix times vector multiplication
algorithm for the operator Sy, with complexity of the order O(Nr log? Nr) in the case
of a rectangle, where Nr is the number of the degrees of freedom on the underlying
boundary I' = UL, T';. After that we extend the proposed technique to the case of right
triangles and to convex polygons applying the well-developed iterative substructuring
interface solvers for the Laplace equation.

Let Q be the rectangular domain which we assume, to simplify the exposition, to be
the unit square. Consider the approximate solution of the problem

Au=0, vu=0, Aulr, =¢eHY*Iy), Aulnr, =0 (6.1)
related to the mixed FE scheme. Let ¢ have the Fourier expansion
n—1
o(z) =Y cpsinkrz, z€l0,1].
k=1

The idea of our method is based on the discrete counterpart of the representation
n—1

Ck .
u(z,y) = ) — E(k,y) sinkrz (6.2)
kz=:1, 2nk

for the corresponding solution of (6.1), where

evrky + e—wky erk + e—1rk evrky _ e—‘irky

E(k’ y) =Y e‘;rlc — e—vrk - ewk — e—rk : evrk — e—wk

Since E(k,y) behaves like e ¥*(1-%) as y — 0 the expansion (6.2) exhibits fast expo-
nential decay in y — 0 for the high frequency components of the solution u, see Fig. 1
and 2. '

The point is that this property can be extended to the mixed FE discretization of
(6.1) related to uniform meshes. Let X}, be the space of piecewise linear finite elements
defined for the uniform triangulation Tj of ) with mesh size h =n~* =277, pec IN.
To apply the representation (5.14) with

— (,0(:3)’ $€F1,
T"‘{ 0 , zel\ly,
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-E(1,y) -E(10,y)

0.006

0.04
0.004

0.02¢ ’ 0.002

Figure 1:  Graphs of E(k,y) vs. y for k =1 and k = 10.

we have to compute the solution uj on the near boundary grid layer only.
Let the vector representation g = {;}> of the given function ¢ € th,pl, where
Xhr; := Xnr|r;, have the Fourier expansion

chsmk'lr-— 1=1,...,n—1.
k=1

Then the solution ¢p of (5.8) has the vector representation

(¢).._§ (A_k___éz) k."_ i3 €[0,7] 6.3
h 17 — ~ A" A;n s 7rn b] 7’7.7 Jn H) ( * )
with
A 142 -k-:— +2 k— 1+
E= sin? o sin o sin 2n
Substituting (6.3) in (5.11) one obtains
J . AN 3
ugj o= (up)ij = Z ck (7—1 o1(k,j) — o1(k,n) og(k,_y)) sin kﬂ'; , (6.4)
where we denote
X4+ A7 YA )
a'l(kyj) = k——"é? ) Uz(k,J) L"‘f_n .
Ak — Ak Ak

Computations with (6.4) on the grid-lines j = 1 and j = n — 1 may be performed by
FFT with the complexity O(nlogn). Furthermore, for the grid-line 2 = 1 (the same
for i =n — 1) we get

M-1 . kr

in— . (6.5
roW sin — (6.5)

i = Uy = Z Ck Ok ( -01(k, 3) — o1(k,n) aZ(k:j)) ) dk =
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-E(100,y) ' -E(500,y)

0.0006

0.2 0.4 c.6 0.8 0.2

Figure 2:  Graphs of E(k,y) vs. y for k£ =100 and k& = 500.

Thus the vector % = (u;)?={ admits the representation
U = Z Do fn S_O_,

where Dy and F,, are diagonal and FFT matrices, respectively. The dense matrix
Z = {zjk}}5es With

Zjk = %Cﬁ(k,j)’ — a1(k,n) 2(k, 7)
may be approximated with given accuracy O(n™*), a > 0, by the sparse matrix

n— zik , k<I( '
PG, AH={ 150 (6:5)

with indices I(5), j = 1,...,n — 1, satisfying the estimate

n—1
3" 1(5) = O(nlog®n) .
J=1
Theorem 6.1 With given e = O(n™*), a > 0, let I(5) > &;log(b§;), where

n

§j=m,

j=1...n-1,

a = log(3 + 2v/2) and b= llellz2,) - O(e). Then the estimate

max |u; — (' Do Fu P);| < ¢

n-1
holds, where the number of nonzero entries in Z! is ¥ I(5) = O(nlog®n).
j=1
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Proof. The proof is based on the estimate [4]
Ak >exp(a-k-n7t)
applied to both terms in the right-hand side of (6.5) with summation over k > I(5) +1
only. m
Since for a rectangle the exact solution 7 € ﬁ HY* (1) it suffices to choose Xur C
Xnr. as the space of test and trial functioﬁs.'z’lI‘he compressed operator Siz,h (related

4
to Sia,1) being defined on the subspace [] X4 r; now admits the factorized matrix form

1=1
F.D. 2Dy F.D, Z'Ds Fn (0]
[ o~ ZD; FuD:, Z'D; F.Ds Fn
Sigp = : : ‘ (6.7)
FuDy Z'D3 F,D1 Z'Ds Fn
2Dy, F.D, Z'Dy F.Dy 0] Fn

where D;, 2 = 1,2, 3, are diagonal matrices and Z' is the truncated matrix defined By
(6.6). Here "=” means the representation up to some permutation transform.

Now one can solve the equation
(Siz,hTh,”h)F = (0: 'Uh)r' , Yup € Xhr,

approximating (5.12) for the unit square by the iterative PCG method using the
spectrally equivalent preconditioner By = MhD,jl/ % M;, for the related stiffness matrix
‘ S{z,h (see Theorem 5.3). In the case of a rectangle the proposed algorithm has the
complexity O(nlog?n) - loge™. Here £ > 0 is the reduction factor in the stopping
criteria of the iterative process.

T]_ Rl

\ T

n=8, h=1/n

Figure 3: Decompositions of right triangular and polygonal domains.

Now we consider a convex polygonal domain ) composed of M matching rectangles
R; and K regular right triangles T3, such that = (UM R;) U (UYX3E.T:) (see Fig.3).
We do not discuss here the geometrical problem of producing such a decomposition
for an arbitrary convex polygon. Let Tj be the piecewise uniform triangulation of
aligned with the skeleton ',y = U;I;, I'; = OR; or I'; = OT;, including I' = 6. Assume
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the triangulation of any subdomain R; or T; to be uniform. Starting with the above
coarse decomposition of {} we introduce a more refined one assuming that any triangle
T is composed of n; — 1 rectangles and n; triangles of size O(h), as proposed in [13],
see Fig. 3. This produces the so-called refined skeleton I, D 'y which defines the
resultant decomposition of 2 into M’ rectangles R; and K’ triangles T; (we use just the
same notations for corresponding subdomains as in the case of coarse decomposition).

The strategy for the construction of a compressed operator approximating Siap is
based on the fast computation of the biharmonic Poincaré-Steklov operators Si; on
each subdomain R; and T; producing I, and on the asymptotically optimal interface
solvers [13, 15] of the complexity

M M+K
loge™ ( Z O(n;log?n;) + Z O(n;log® 'n,,))
=1 =M+1

to invert the discrete harmonic interface operator Sy defined on the skeleton I',; by

MK’
(Spl'hu,'l!)r‘:h = Z (SF u, vi)r; , Vu,vE€Y, = Xhlp:
i=1
Here SIT: denote the FE discretization of the local ha,rmomc Poincaré-Steklov operators
related to R; or to T, while u; = u|r,, v; = v|r,.

First we note that for the smallest subdomains ;, which produce the refined skele-
ton I, i.e. all triangles T; and the rectangles containing two triangles of T, the
computation of Siz;7, 7 € Xi|r;, follows simply from formula (5.13), since A(7)|q;
coincides with the only element of X} |q, having 7 as boundary value on I';. Since the
number of these smallest subdomains §; is proportional to N, the number of degrees
of freedom on T', the matrix times vector multiplication for these operators Sjz; has
the complexity of the order O(N).

In the case of all other rectangular subdomains R; we apply the compression tech-
nique described at the beginning of this section, where we denote by 5'12, the com-
pressed biharmonic Poincaré-Steklov operator related R; and to the matrices Z!, chosen
in accordance with Theorem 6.1.

We propose the following algorithm for the computation of o = S{z »7h on I, where
now S}, denotes the ’truncated’ operator of Sizn corresponding to the cho1ce (6.7)
. of truncated matrices 812;- We introduce Yon = Xon|r,, and denote by S%,; also the
biharmonic Poincaré-Steklov operator related to the smallest subdomains ;, 'described
above.

Algorithm 1. Given 1, € X,
1) Solve for ¢y € Yy, the Dirichlet interface problem on the skeleton I,

¢},|p =171, and (Sr:kqsh, ’U)r =0, VveEYn;
2) For all i < M' + K' compute the elements
g = Siz,iqbl' ’ where ¢i = (¢h)|r‘,- H

3) Solve for Gy, € Yy, the Dirichlet interface problem on the skeleton I,

M'+K'
(Srlakﬂh’ 'v)p = Z (a,-,v,-)p‘. ’ Vv e Yz)hi

i=1
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4) Compute for any index i < M’ + K’ such that [;NT # §

onlriar = (05 + S5 |riar; -

'Lemma 6.1 Algorithm 1 has the complezity

M M+K
loge™!- (Z O(nilog’n) + Y. O(n;log® n,)) .
=1 t=M+1

Here € > 0 s the reduction factor in the stopping criteria of the iterative process for
performing steps 1) and 3) of Algorithm 1.

Similar to the case of the unit square one can solve the equation

(S1apThyvn)r = (0, vh)r , Von € Xap,

approximating (5.12) for the polygonal domain Q by the iterative PCG method using
the spectrally equivalent preconditioner described in Theorem 5.3.

Remind that the case of general Dirichlet data with you # 0 is reduced to the just
considered case you = 0 by computing beforehand the discrete harmonic Dirichlet—
Neumann mapping on I' providing the complexity O(N log? N) with g=2o0or ¢ =3 in
the case of rectangular or polygonal boundaries, respectively.

Finally we emphasize that the proposed approach can be carried out also for equation
(4.5) involving the Poincaré-Steklov operator Sps. An important issue on this way is
again an efficient preconditioning for the corresponding mixed FE discretization of Sos.

7 Numerical example

Here we provide the results of numerical experiments confirming the asymptotic
almost optimal performance of the proposed algorithms in the case of rectangular
~ _boundary. Note that the iterative substructuring solvers for the interface reductions of
the second order elliptic problems used in Algorithm 1 are rather standard tools. So we
further restrict ourselves to examine the matrix generation and the matrix times vector
multiplication procedures for the operator S}, which actually present the principal
part of our algorithm. The results of numerical experiments with fast solvers of the
complexity O(nlog?n) for the second order elliptic interface problems may be found
in [14, 13].
Consider the problem (6.1) on © = [0,1] x [0,1] with the exact solution u* cor-
responding to the given function ¢ = sinkwz, k¥ € IN. Table 1 gives the numer-

ical results for £ = 1 on a sequence of five grids with n; = 25 i = 1,...,5.
The number of degrees of freedom on I' for the finest grid is 4ns = 4096. Here
Erel = ||M1u* — Si2,h7—”Lm(I‘)/ 719" || poo(ry is the relative L*-error on I' and 7 is the

extension of ¢ by zero to I'. N, is the number of nonzero entries in the sparse off-
diagonal blocks of the compressed matrix S}, of the form (6.7), while Nyuy is the
dimension of the corresponding dense nontruncated blocks. Tinaer and Truu: are the
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n; Erel N, c N full Tmatr Tmult

64 |22107* | 286 4096 | 0.061 | 0.049
128 |3.5-107° | 759 16384 | 0.16 | 0.11

256 |1.4-107° | 1963 | 65536 0.5 | 0.27
512 | 3.4-107% | 4930 | 262144 | 1.37 | 0.6
1024 | 8.6-1077 | 12034 | 1048576 | 4.23 | 1.32

Table 1: Implementation of S}, for rectangular boundary.

times (in sec) exhibited for computations of nonzero matrix entries and for matrix-
vector multiplication, respectively, related to Siz,h- We use the cutting parameter
g = O(h?), see Theorem 6.1, estimating from below the actual approximation error.

The presented runs were performed on IBM PC 486/66. The actual compression
rate achieved on the finest grid is about 1.2%. These results indicate almost optimal,
i.e. linear, growth of computing time (up to logarithmic terms) with respect to the
number of degrees of freedom on the boundary I' as in the case of second order elliptic
equations. It is expected that the algorithm shows the same performance for general
convex polygons.

Acknowledgement: The authors want to thank Dr. E.G. Nikonov (JINR, Dubna)
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