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ABSTRACT. We derive an annealed large deviation principle for the normalised local times of a continuous-time random
walk among random conductances in a finite domain in 7% in the spirit of Donsker-Varadhan [DV75-83]. We work in the
interesting case that the conductances may assume arbitrarily small values. Thus, the underlying picture of the principle is
a joint strategy of small values of the conductances and large holding times of the walk. The speed and the rate function
of our principle are explicit in terms of the lower tails of the conductance distribution. As an application, we identify the
logarithmic asymptotics of the lower tails of the principal eigenvalue of the randomly perturbed negative Laplace operator
in the domain.

1. INTRODUCTION

We introduce the main object of our study in Section 1.1, present our main results in Section 1.2 and give a heuristic
explanation in Section 1.3. The proof of the main theorem is carried out in Sections 2.1 and 2.2.

1.1 Continuous-time random walk among random conductances

Consider the lattice Z? with E = {{z,y}: x,y € Z% x ~ y} the set of nearest-neighbour bonds. Assign to any
edge {z,y} € £ arandom weight w, .1 € [0, 00). We will use the notation wy, 1, = Wy = wy, for convenience.
Assume that w = (wxy){x’y}eE is a family of nonnegative i.i.d. random variables. We refer to them as random
conductances. One of the main objects of the present paper is the randomly perturbed Laplacian A“ defined by

Af(z) = Y wey(fly) - flx), f:Z7>R, ez’ (1.1)

yEZL: y~a

This operator is symmetric and generates the continuous-time random walk (Xt)te[o,oo) in Z4, the random walk
among random conductances (RWRC) or, as many authors call it, random conductance model (RCM). This process
starts at € Z< under P% and evolves as follows. When located at ¥, it waits an exponential random time with
parameter ) ., wy. (i.e., with expectation 1/ wy:) and then jumps to a neighbouring site 2 with probability
Wy [ 3,y Wyz- We write Pr for the probability and (-) for the expectation with respect to w.

In some recent publications (see, e.g., [BD10]), the above walk is called variable-speed random walk (VSRW) in con-
trast to the constant-speed random walk (CSRW), where the holding times have parameter one, and to the discrete-time
version of the RWRC, where the jumps occur at integer times. Substantial differences between these two variants ap-
pear, for example, in slow-down phenomena. These are typically due to extremely large holding times in the former
case, but to so-called traps (regions of transition probabilities in which the path loses much time) in the two latter
cases. A further aspect is that continuous-time random walks may reach any point in finite time with positive probability,
in contrast to discrete-time walks. All these processes are versions of RWRC.

Let us mention some earlier work on RWRC. For the discrete-time setting, a quenched functional CLT is derived in
[BP07], assuming that the conductances take values in [0, 1]. In [BBHK08] and [FM06], the authors examine the
probability for the random walk to return to the origin in the quenched and annealed case, respectively. Here, the lower
tails of the distribution of the conductances have polynomial decay. The quenched functional CLT has been addressed
for the CSRW in [M08] and for both the CSRW and VSRW in [BD10], the former considering conductances in [0, 1],
the latter requiring the conductances to be bounded away from zero. Weak convergence to some Lévy process after
proper rescaling is established in [BC10] for conductances bounded away from zero.

The main purpose of this paper is the description of the long-time behaviour of the walk in a given finite connected set
Bcz? containing the starting point. More precisely, we derive a large deviation principle (LDP) for the local times of
the walk, which are defined by

t
l(z) = / ox.(z)ds, zeZlt>0. (1.2)
0

In words, ¢4(z) is the amount of time that the walker spends in z by time ¢. The speed and the rate function of this LDP
are explicit.



One application is a characterization of the logarithmic asymptotics of the non-exit probability from B. As this is stan-
dard and well-known under the quenched law P§, we will work under the annealed law (P (-)) instead. One of our
motivations are the seminal works [DV75-83] and [G77] on large deviations for the occupation time measures of various
types of Markov processes. Another one is the question of the extremal behaviour of the principal eigenvalue of the
random operator A in B.

We concentrate on the interesting case where the conductances are positive, but can assume arbitrarily small values.
Here the annealed behaviour comes from a combined strategy of the conductances and the walk, and the description
of their interplay is the focus of our study. Losely speaking, the optimal joint strategy of the conductances and the walk
to meet the non-exit condition X[Oﬂ C B for large t is that the conductances assume extremely small ¢-dependent
values and the walker realizes very large t-dependent holding times and/or trajectories that do not leave B. We will
informally describe this picture in greater detail.

1.2 Main result

Our main assumption on the i.i.d. field w of conductances is that, for any {z,y} € E,
Wgy € (0,00) and  essinf (wgy) = 0. (1.3)

More specifically, we require some regularity of the lower tails, namely the existence of two parameters 7, D € (0, 00)
such that

log Pr(wgy <€) ~ —De™", el0. (1.4)
That is, the edge weights can attain arbitrarily small values with prescribed probabilities.
Our main theorem is the following large deviation principle for the normalised local times before exiting B. That is, we
restrict to the event { X|o 4 C B} = {supp(¢;) C B}. By

Ep = {{x,y}:xeB,yeZd,ywx} (1.5)
we denote the set of edges connecting the sites of B with their neighbours both in B and outside.
Theorem 1.1 (Annealed LDP for %Et). Assume that w satisfies (1.3) and (1.4). Fix a finite connected set B C z4
containing the origin. Then the process of normalized local times, (%Et)t>0: under the annealed sub-probability law

(PE(- N{ X0, C B})) satisties an LDP on M1(B), the space of probability measures on B, with speedtn% and
rate function J given by

_2n
J(@)=Kyp Y lgly)—g@)|*, geZ",supplg) C B, gl =1, (1.6)
{:E,y}GEB

1 1
where K, p = (1 + 5)(Dn) L,
The proof of Theorem 1.1 is given in Section 2. More explicitly, it says

e " )
hg(l)rolft T+ log <]P’0 (%Et €0,Xp C B)> > —ggréfo J(g?)  forO C Mi(B) open, (1.7)

limsupt_# log <}P"(‘)’ (%Et €C, Xy C B)> < - 12nfc J(g?) forC C My(B)closed, (1.8)
t—o00 g°e

and that the rate function J has compact level sets. Our convention is to extend any probability measure on B trivially
to a probability measure on Z%; note the zero boundary condition in B that is induced in this way.

A heuristic explanation of the speed and rate function is given in Section 1.3. It turns out there that the conductances
that give the most contribution to the LDP are of order t~1/(14+1) and assume a certain deterministic shape.

With the special choice O = C' = M (B), we obtain the following corollary.



Corollary 1.2 (Non-exit probability from B). Under the assumptions of Theorem 1.1,

Jim 7747 log (P§ (Xppg € B) ) = Ky, pL(B), (19)
where )
. -/
Ly(B)= _inf > |g(y) - g(x)|["T. (1.10)
g?eM;(B)
{z,y}€ER

From Theorem 1.1, we also derive the precise logarithmic lower tails of the principal (i.e., smallest) eigenvalue \*(B)
of —A¥ in B with zero boundary condition.

Corollary 1.3 (Lower tails for the bottom of the spectrum of A%). Under the assumptions of Theorem 1.1,
lilnél e"log Pr(\*(B) < &) = —DL,(B)".
3

Proof. A Fourier expansion shows that, Pr -almost surely,

|B| |B|
P§(Xpg CB) = > e Mo (0)(of, 1) < 3 e N [B| < | BPe ),
=1 i=1
where 0 < A(B) = A{ < -+ < )‘IMBI are the eigenvalues of A“ with zero boundary condition in B and

(vf),-zl,m,|3| a corresponding orthonormal base of eigenvectors. We also have, Pr -almost surely,

|B|
eit)\w(B) < Zeft)\‘i" (Uiua ]1)2 < Z P:(X[O,t] C B)
i=1 z€B

Applying Theorem 1.1 to B — 2 and using the shift-invariance of w, we see that the expectation of the right-hand side
has the same logarithmic asymptotics as (IP"()’(X[O,t] C B)). Therefore, the two above inequalities show that

log <e_t)‘w(B)> ~ log <IP’6”(X[O¢] C B)>, t — oo. (1.11)

Now de Bruijn’s exponential Tauberian theorem [BGT89, Theorem 4.12.9], together with (1.9) yields the desired asymp-
totics. 0

Theorem 1.1 holds literally true if Z%is replaced by an (infinite or finite) graph and B by some finite subgraph. In future
work we will be interested in extensions of Theorem 1.1to B C Z% a t-dependent centred box and A replaced by
A¥ + & with & = (£(2)) ,eza an ii.d. random potential, independent of w.

1.3 Heuristic derivation

We now give a formal derivation of the LDP in Theorem 1.1. Given a fixed realisation ¢ = {pay: {z,y} €
Ep} € (0,00)EB of the conductances, the probability that the normalised local time resembles some realisation
g% € M1(B) is roughly

Pf (Lo~ g?) mexp { — ta(g%)}. (1.12)
where the corresponding Donsker-Varadhan rate function is given by
I(g*) = (— Afg,9) = Z Paylg(@) — g(y)|*. (1.13)

This is a formal application of the LDP for the normalized occupation times of a Markov process with symmetric
generator A¥ as in [DV75-83] and [G77]; by (-, -) we denote the standard inner product on £2(Z%). Note that the event
{X{o,q C B} is contained in {}¢; ~ g}, therefore we drop it from the notation.



Taking random conductances into account, we expect an LDP on a slower scale than ¢, as small ¢-dependent values of
the conductances lead to a slower decay of the annealed probability of the event {%Kt =~ g2}. Therefore, we rescale
w by a factor " with some r > 0 to be determined later, and approximate

Pr(t'w = ¢) =Pr (V{z,y} € Ep: wyy ~t " pgy) = H Pr (wey = ™" ay)

{x7y}EEB
%exp{ —th(go)}, (1.14)
where the rate function for the conductances is given by
H(p):=D Y ¢ (1.15)

{xzy}EEB

Here we made use of the tail assumptions in (1.4). Hence, combining (1.12) and (1.14),
tT

(P& (3 ~ 0% prmpy ) ~ P
R exp { — tItfrcp(QQ) - th(go)}

~exp{ = 3 (U Ten(9@) — ) +1De )} (11
{z,y}€EpB

“D(% , 92) Pr (w ~ t_rgo)

We obtain the slowest decay by choosing 7 such that t1 =" = ¢, which means 7 = (1 + 7). Then the right-hand

_n_
side has scale t7+1, which is the scale of the desired LDP. In order to find the rate function, we optimize over ¢ and
obtain that the choice ¢ = (@) with

1 2
vy = (D) g(y) — g(=)| "7, {z,y} € Ep, (1.17)
contributes most to the joint probability. Therefore, we have the result
<IP"(§(%& ~ 92)> ~ exp{ — tn%J(g2)}7
where the rate function is identified as

J(g%) = inf [Io(g*) + H(@)] = Lo (%) + H() = Ko 3 lg(y) = gla)|771. (1.18)
{:c,y}EEB

The tail assumptions we have made on the environment distribution lead to a fairly remarkable interaction between
the random influences of the environment on the one hand and the random walk on the other. Under more general
assumptions, e.g.,

log Pr(wgy <¢e) ~ —ale), e—0

for some sufficiently regular nonincreasing function ac: Ry — R, we would expect an analogous result to hold.
However, if a(€) is not a polynomial in £, the scale and rate function of a corresponding LDP certainly would not have
such an explicit form.

2. PROOF OF THEOREM 1.1
In this section, we prove Theorem 1.1. This amounts to showing the two inequalities in (1.7) and (1.8), since the

compactness of the level sets follows immediately from the continuity of .J and compactness of the space M (DB).
The two inequalities are proven in the next two sections.



2.1 Proof of the lower bound

In order to prove (1.7), we need to control the transition from one realization of the environment to another. To this end,
we first identify the density of this transition on process level. We feel that this should be generally known, but could not
find a suitable reference. For ¢: E — (0, 00) we abbreviate ¢(z) := 3, _, ¢(,y). We also write ¢y instead of

o(z,y).

Lemma 2.1. Assume that p,v: E — (0, 00) are bounded both from above and away from zero. Denote by S(t) the
number of jumps the process X = (XS)SE[O,t] makes up to timet and by 0 < 7 < ... < Ts(t) the corresponding

Jjump times. Fix some starting point x € 74 and put o = 0. Then, for allt € [0, 0),
S(t) B _
O (X) := H <Me—(n—n_l)[@(Xfi_l)—w(xn_l)]> o (t=Ts()) [P(Xe)—(X)]

i=1 /l/}(XTifl’ XTZ)

is the Radon-Nikodym density of P with respect to IP’;Z’ with time horizon t.

Proof. We will write ®; instead of ®;(.X). Obviously, ®; > 0 almost surely. We start showing that, for all ¢ > 0,
the expectation of ®; under Pf is one. Then, we use Kolmogorov’s extension theorem to show the existence of a
measure P, such that P,(A) = Ef((l)t]lA) forall A € Fy, where (ft)te[opo) is the natural filtration generated by

X. It remains to show that the process X under P, is a Markov process and that it is generated by A¥, which implies
P, = P%.

Let us start by showing that the expectation of ®; under IP’Zf is one. Consider the discrete-time process

Z,=T] <%0<XnwXn-)e—(n—n_n[@(Xfi_n—w(xn_l)]> _

i=1 ¢(XTZ'71’ XTZ)

We have, for z € Z¢,

viz)] = Z %y Pay / B(x)e @)= (@@ ~v)s g — Z ;wy) ~ 1.

Combining this equation with the strong Markov property, we see that (Z,, ),, is a martingale with respect to the filtration
(Fr,, )nen generated by the jumping times and that

EY [W —(Ts 1y 41— 1) [P(Xe) = (X))
(X, X

Ts t)+1)

ft] =EY, [Z1]=1 2.1)

Pf-almost surely for all z € Z%. Then, we obtain
EY[®] = Ef[ZS(t)H]v z € Z%,

by inserting the first term of (2.1) under the expectation and using that ®; is F;-measurable. Consequently, it remains
to show that Ef[ZS(t)H] = 1. As S(t) + 1 is an unbounded, but almost surely finite stopping time with respect to the
filtration (F7,, )nen, the optional sampling theorem yields that Eg[ZS(t)H] < 1. On the other hand, for all integers
k>0,

EY [ Zsw+1] = BY [Zsay+1lsy+1<k] = Y[ Zs@yria] — BY [(Zilgwyse] = 1 — EY [Zels@ysi].  (22)

To show that the last term is arbitrarily close to one for large k, we recall that on {S(t) > k}

k

7. < Hlan;EZd7 Yy~ pry tmax{|(pzy—wzy|: {x,y}EE} —

k> N € - O,
MNye7d gy wxy
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so EY [ZiUg(+)>1] is bounded from above by akIP’f(S(t) > k). As all jumping times are exponentially distributed
with a parameter smaller than v := max, 74 ¢ (), we may estimate

PY(S(t) > k) < et i <7nt')n
n=~k ’

The tail of an exponential series is super-exponentially small, which means akIP’f(S(t) > k) — 0for k — co. Since
(2.2) was true for all k, we see that Eg[ZS(t)H] =1

For arbitrary k € Nand t1,...,t; > 0 define i = maX;e(y,. k) ti and a measure Qy, . 1, on (Zd)k by

Qty,.t, (1, .. 1) = Ef[‘Pgﬂ{xtl=x1,...,th=zk}], T1,..., o € 2%

We verify without much effort that EZ[CDHS 14] = EY [@;14] forall A € F; and t, s > 0, which implies consistency
of the family of measures above. Thus, by Kolmogorov’s extension theorem, there exists a measure P, with finite-
dimensional distributions as above, and we have P;,(A) = EY [@:14] forallt > 0and A € F;. We show that the
process X under IP,. satisfies the Markov property, i.e.,

Eo[lix,, .=y |7t = Px,(Xs =) Ppas.foraly ez st >0 (2.3)

where E,, denotes expectation with regard to IP,.. Note that P, is defined as we have considered an arbitrary starting
point x in what we have shown so far. Indeed, forall A € F;

E, [Ew[]l{Xt+s=y}|'7:t] ]lA] = EI[]I{XtJrs:y} 14] = Ef[q)t‘FS H{Xt+s:y} 14]
= EY [EY[®r1s Iix,, =3 FellA]
Y Y [0,EY, [0y, _y]14]

= Eq [Ex, [1x,=y]14],

where equation (x) is due to the fact that X satisfies the Markov property under ]P’g and <I>t+S<I>t_lll{Xt+S:y} depends
only on X[t7t+s]. Consequently, we have shown (2.3) and X is a Markov process under P, with a unique infinitesimal
generator. Elementary calculations show that

1 —
BV (X0 - f(@)) =5 A% f(a)
for arbitrary z € Z% and f: Z¢ — R. This implies P, = PZ and the proof is complete. O

Now we use Lemma 2.1 to compare probabilities for two environments that are close to each other.

Corollary 2.2. Let p,¢: E — (0,00) with0 < gy — € < gy < gy + € for somee > 0 and all {z,y} € E.
Moreover, let F' be some event that depends on the process (X S)Se[w up to time t only. Then

Py (F) > e 4By == (F).

Proof. Let ®; denote the Radon-Nikodym density of Pg with respect to ]Pg/"f up to time . Employing the representation
given in Lemma 2.1, we have

S(t)
o, > H (e*(n*nfl)[@(Xn,l)ﬂz(Xn,l)+2d€]> e*(t*TS(t))[@(Xt)ﬂ/_)(XtH?dE]
=1

S(@)
> H <ef(7'if‘ri,1)4da) e*(t*Ts(t))‘ldf > ef4d5t.
i=1
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The desired inequality follows immediately. ([l

Remark 2.3. If the event A is contained in {supp(¢;) C B}, it suffices to require 0 < gy — € < Py < WYyy + €
for somee > 0 and all {z,y} € Ep.

Let us now show (1.7). Fix an open set O C M (B). As the event { X[g ) C B} is contained in {34, € O}, we omit
it in the notation. Observe that the distributions of %Et under P§ and tl%etlf'r under Py “ coincide for all 0 < r < 1.
Hence
lim inf
t—00 tn+1
which will simplify the application of a classical Donsker-Varadhan LDP for random walks in fixed environment later.
Choose an element g2 € O arbitrarily. For M > 0 define cp(") Ep — (0,00) by

Wa,y) = {(D”)"’“|g(y) —g(@)["7T it]g(y) — g(x)| > 0,

2
M M otherwise.

log <P‘6’<%€t € O>> = lim 1nf log <]P’6%"J(%€t € O)>,

t—oo ¢

Next, we introduce the set
A:{903EB_’ O,oo)’g05\4 5<(p<<p(g) (2.4)

where € > ( is picked smaller than 1 5 Ming, @%i[) By dint of Corollary 2.2,

(s (1ecc0)) = (0 (i 0) 1)

. 1
égng(%ft € O) Pr(tnw e A)

Y

Vv

(9) _ 1

e_4dEtIP’SODM : <%€t € O> Pr (tvw € A). (2.5)
Using the tail assumption in (1.4), we see that

lim ~ log Pr (17w € A) = —H(?)

Jim = log Pr (t7w € A) = —H(p}p),
where H is given in (1.15). Furthermore, we apply the lower bound of the classical Donsker-Varadhan LDP (see
[DV75-83] or [G77]) to get

lim mf n log IP)@M 6(%& € O) > — igf Iwg\i)*s’

t—o0
where I, is given in (1.13). Hence, from (2.5) we obtain
. w1 ~ 0)
htrgg)lf n log <IP’0 @ (;Et € O>> > —4de — Holf I@E\“})—s — H(py)

_ _ _ (9)
4de 1r01fILp§51) H(p)

> —Ade — I (9*) — H(&5)),
M

since Iw(g>_£ < I¢<g) and g% € O. Now we send ¢ to zero and M to oo, to obtain
M M

1 1
liminf - log (PY"“ (16, € 0) ) 2 ~ L (6%) — H(ww) = —J(5%)

where 0@ = limp;_.o @394) is given in (1.17), and we used (1.18). The desired lower bound follows by passing to the

infimum over all g% € O.



2.2 Proof of the upper bound

In this section we prove (1.8). Let us first fix some configuration ¢ € (0, oo)E and start with an estimate for the
probability Pg(%ﬁt € -). This approach has actually been used by other authors before, but we provide an independent
proof for the sake of completeness.

Lemma 2.4. Fix an arbitrary set A C M1 (B). Then

Pg(%ft € A) < mf((]) exp {t sup Z )} (2.6)

h?2€A B

for arbitrary f: Z¢ — [0, 00) with supp(f) = B andt > 0.

Proof. We consider the Cauchy problem

ou(z,t) = APu(x,t) + V(x)u(z,t), x€Zt>0, @.7)
u(x,O) :f($>, .TEZd7 .
with INT.
V=——"1g.
7B

Obviously, u(-,t) = f(-) solves (2.7). On the other hand, by the Feynman-Kac formula, any nonnegative solution u
satisfies
u(z,t) = E¥ [efo (Xe)ds (Xt,t)}, reZl t>0. (2.8)

Therefore, we may estimate

t AP f( Xs)ds

F(0) = EBf [0 T (x|

AP f(x)
> Ef [e_ Fees T et(gg)f(Xt)]l{le eA}}
_minfexp{—tsup )} (&EA)
B h2€A Z f
which is a rearrangement of the assertion. ]

Now fix some closed set C' C M (B). As a closed subset of a finite-dimensional space, C'is compact with respect to
the Euclidean topology. We are going to apply a standard compactness argument, which is in the spirit of the proof of
the upper bound in Varadhan's lemma [DZ98, Thm. 4.3.1]. The idea is to cover C' with certain open balls, where ‘open’
refers to the Euclidean topology.

Fix § > 0. For g2 € C define
dg = min {|g(y) — g(x)|: {z,y} € E, g(x) # g(y)} € (0,00),

where we recall that g2 is defined on the entire Z? and is zero outside 3. Consider the open ball in M (B) of radius
dy := min{dj, 0} centered at g%. Fixing a configuration ¢ € (0,00)*, we can apply Lemma 2.4 with f(:) :=

g() + \/@]13 and obtain
1+ /9 + 1
Pf(%ét € Bs, (92)> < 10, exp {t sup Z 9 \f B) (x)}‘ 29)

\/@ h?€Bsy(9°) zeB )+ \/>
In what follows, we show
¥ 1
sup Y A%+ V3,15)(@) h2(z) < —I,(g%)(1 — 76%), (2.10)

h2eBs,(9?) e 9(T) + r
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where we recall from (1.13) that 1,(9%) = >-, rep Payl9(2) — g(y)|* = —(A%g, g). To that end, we replace />
by (9 + /d415)? and control the error terms.

g+\/>113 B2 ()

sup
h2€B;s,(9?) 1B )+ \/

= “fff (9(2) + /5)?
zeEB

g+\/@ﬂ3)($) 2 — () — 2 —
+h2€sBlg(g2); EESY» [(h?(z) — g*(x)) — 2¢/8gg(x) — &) (211)

The first sum is easily estimated against the standard Donsker-Varadan rate function:

2 MZQ@%)(“ (9(2) +V/3)" = (A9 + /3y l), g + /0y )
reB

< (A%g,9) = —1,(9%),

where we have used the symmetry of the operator A¥ and that g = 0 outside B. In order to estimate the last term in
(2.11), we treat the contribution of every summand within the square brackets separately. We begin with the first part
and observe that |h%(z) — g*(z)| = |h(z) — g(2)| |h(z) + g()| < 26, for all h? € Bs,(g%) and z € B. Thus

A“"(g + /041B)(z) 5
(h*(x) — g°(z))
erB g(z) + /94 g

?/ —g
= 2 Ty 5 —g@) = Y (W@ - g@)
{z,y}EE: x {z,y}€E:
z.yeB zcBy¢B
< ) cpzy \/(Tg( )‘26 + Y pmy2,
{xy}eE 9 {z,y}€E:
z,yeB z€B,y¢B

< 463 1,(g?).
1
The last step is due to the fact that d; < g(z) — g(y) whenever g(x) — g(y) > 0. Secondly,

A”(g—k\f]lB _9
D RN A

2 2./0
< Z szy‘g ” \Fg - (Gg(y; “f‘ Z Soxy2\/@g($)
{z,y}EE: g 9\Y 9 {zy}€E:
z,yeB z€B,y¢B

20

< Y soxylg(w)*g(y)IQ\/d—gd + Y eay2V/glg(x) —
{zy}eE: 979 {zy}eE:
z,yeB reB,y¢B

= 25%1@(92)-



1
Here, we have used d; < d,. The only part left is

A*(g+ /TIp)E)
erB g9(x) + /5, (%)

< X soxyrg<x>g<y>|\g(x)i@g( AR

{z.yteE: {zy}eE:
z,yeB r€B,y¢B
< Z Paylg(x) — \/7d —=0g + Z Paydg
{z.y}eE: {zy}eE:
z,yeB reB,y¢B

< 55 1,(g?).

Combining (2.11) with the last three estimates, we obtain (2.10) and in particular

( ¢ € Bs(g )) 1% H exp { —t@xy|g(95)—g(y)\2(1—75i)}- (2.12)
% {z,y}eE

The balls B(;g (g2) with g2 € C cover C' and since this set is compact, we may extract a finite subcovering of C.

1
Denote by (92-2)1‘:1,...,N the centers of the balls in this subcovering. Then, applying (2.12) for ¢ = t7w, we obtain

1 1
lim sUp— log <}P’6"w (%Et € C’>>

t—o0

1 1
< max_limsup n log <IP’677 v (%ft € B;s,, (912)) >

i=1,....N {500

< max ) limsup log<exp{*t wzylgi(y)*gi(x)|2(1*75i)}>-

’L:l,...,N t—o0

According to de Bruijn’s exponential Tauberian theorem [BGT89, Theorem 4.12.9], the tail assumption (1.4) is equiva-

lent to the condition that, for any M/ > 0 and {z,y} € E,

14+n

hrn 710g<exp{ —t wxyM}> = — 777DM1:+77, (2.13)

where we recall K, p = (1 + %)(Dn)ﬁ from Theorem 1.1. Thus, with & so small that 1 — 767 > 0, we obtain

1 l 20 o
limsupglog <Ptn“’< l € C>> < max Z — K, plgi(y) — gi(x)llﬁn(l — 7(5%)1%

t—o00

—(1—754)1+71 inf J(g?)
g2eC

with .J as in (1.18). Since we may choose § arbitrarily small, the proof of (1.8) is complete.
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