Weierstraß-Institut

für Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 0946 – 8633

Uniqueness in inverse scattering of elastic waves by three-dimensional polyhedral diffraction gratings

Johannes Elschner, Guanghui Hu

submitted: February 14, 2011

Weierstrass Institute Mohrenstr. 39 10117 Berlin Germany E-Mail: johannes.elschner@wias-berlin.de guanghui.hu@wias-berlin.de

No. 1591 Berlin 2011

2010 Mathematics Subject Classification. 78A46, 35B27, 35R30, 74B05.

Key words and phrases. Inverse scattering, uniqueness, three-dimensional diffraction grating, Navier equation, boundary conditions of the third (fourth) kind.

The second author gratefully acknowledges the support by the German Research Foundation (DFG) under Grant No. EL 584/1-2. The authors would also like to thank Prof. Zou Jun atthe Chinese University of Hong Kong and Zhang Hai at the Michigan State University for sending us the manuscripts [8, 9].

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Leibniz-Institut im Forschungsverbund Berlin e. V. Mohrenstraße 39 10117 Berlin Germany

Fax: +49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We consider the inverse elastic scattering problem of determining a three-dimensional diffraction grating profile from scattered waves measured above the structure. In general, a grating profile cannot be uniquely determined by a single incoming plane wave. We completely characterize and classify the bi-periodic polyhedral structures under the boundary conditions of the third and fourth kinds that cannot be uniquely recovered by only one incident plane wave. Thus we have global uniqueness for a polyhedral grating profile by one incident elastic plane wave if and only if the profile belongs to neither of the unidentifiable classes, which can be explicitly described depending on the incident field and the type of boundary conditions. Our approach is based on the reflection principle for the Navier equation and the reflectional and rotational invariance of the total field.

1 Introduction

The problem of recovering a periodic structure from knowledge of the scattered field occurs in many applications, e.g., in diffractive optics and non-destructive testing. We refer to the monograph [7] for the details of these applications. This paper is concerned withuniqueness in inverse scattering of elastic waves by an unbounded bi-periodic structure. The relevant phenomena have a wide field of application. For instance, in geophysics and seismology it is very fundamental to utilize elastic waves to investigate earthquakes and to search for oil and ore bodies (see, e.g., [ 1], [21], [22], [29] and the references therein).

Assume a time-harmonic incident plane wave is scattered by athree-dimensional diffraction grating in a linear isotropic and homogeneous elastic medium. The diffraction grating is supposed to have an impenetrable bi-periodic surface on which normal displacement and tangential stress (resp. normal stress and tangential displacement) vanish. This gives rise to theso-called third (resp. fourth) kind boundary conditions for the Navier equation. We refer to the monograph [25] for a comprehensive treatment of the boundary value problems of elasticity, including the boundary conditions of the third and fourth kinds. Our goal in this paper is to study the uniqueness of reconstructing a bi-periodic grating profile from near-field data taken on a plane above the grating. The uniqueness issue is always important for finding efficient reconstruction algorithms in practical applications.

There exist several uniqueness results for smooth periodic structures. We refer to [3, 6, 10, 24] for the inverse scattering of acoustic or electromagnetic waves, and to [4] for elastic waves. With a lossy medium above the grating, global uniqueness by one incident plane wave can be easily proved using integration by parts; see [6, 3] for the Helmholtz or Maxwell equations. In two dimensions, if somea priori information about the height of the grating curve is known, the uniquenes by a finite number of incident plane waves is proved under the Dirichlet boundary condition; see [23] for acoustic waves and [4] for elastic waves, where Schiffer’s theorem is established and the spectral properties of the Laplace and Lamé operators in an infinite periodic layer are studied. For bi-periodic structures in R^3, a local uniqueness theorem is proved in [10] by deriving a lower bound of the first Dirichleteigenvalue of the Maxwell equations in a smooth convex domain. In general, a grating profile can always be uniquely identified by infinitely many quasi-periodic incident plane waves with a fixed phase-shift [24, 3].

It is known that global uniqueness is impossible with a single incoming plane wave (see e.g. [14, Section 2]). However, if the grating profiles are piecewise linear, one can make use of the reflection principles for the Helmholtz and Maxwell equations to establish globaluniqueness with a finite number of incident plane waves; see, e.g., [8, 9, 14, 18, 19] for the inverse scattering of electromagnetic waves, including TE or TM polarization in 2D. Note that the gaps in [18, 19] are indicated and fixed in [14]. Relying on the reflection principle for the Navier system developed in [20], we established in [15] the global uniqueness by a minimal number of incident elastic waves within the two-dimensional grating profiles which are given by the graph of a piecewise linear function. Moreover, in [15] all the polygonal grating profiles that cannot be uniquely identified by a single incident plane wave are classified. The purpose of this paper is to find out and characterize all the unidentifiable bi-periodic polyhedral gratings corresponding to one incident pressure or shear wave in R^3. Then, as a consequence, the gratings that do not belong to an y of the unidentifiable classes can always be uniquely recovered from the near-field data corresponding to only one incident wave. It remains a challenging open problem to extend our results to the first kind (Dirichlet) or second kind (Neumann) boundary conditions, since there seems to be no reflection principle in these cases.

In this paper we extend our uniqueness result in 2D [15] to bi-periodic polyhedral diffractive structures in

R^3. Note that our diffraction problem can be reduced to a problem of plane elasticity under the additional

assumptions that the three-dimensional grating varies only in x_1 and remain invariant inx_3 and that all elastic waves are propagating perpendicular to the x_3-axis. Thus, it is quite natural to view the unidentifiable grating curves in the(x_1, x_2)-plane as non-uniqueness examples for the inverse scattering by bi-periodic structures inR^3. Nevertheless, we still need to consider the three-dimensional gratings which vary in two directions and the case where the incident wave isnot perpendicular to the x_3-axis. Note that the direct diffraction problem has already been investigated in [16]. Using the variational method, we proved the existence of quasi-periodic solutions in Sobolev spaces for an incoming elastic plane wave, while the uniqueness does not hold in general.

Some of our ideas are inspired by recent papers [8, 9] of Bao, Zhang and Zou, where the bi-periodic polyhedral structures that cannot be identified by one incident plane electromagnetic wave are classified and characterized using the dihedral group theory. It is shown in [8] that there exist three classes of unidentifiable polyhedral gratings corresponding to one incident field if Rayleigh frequencies are excluded, and six classes in the resonance case (see [9]), including the flat gratings. It should be remarked that the reflection principle for the Navier equation under the fourth kindboundary conditions takes the same form as that used in [26] for the Maxwell equations. However, the elasticity problem is more complicated because of the coexistence of two different waves, the pressure and shear waves, propagating with different phase velocities and coupled together via the stress operator in the boundary conditions. In terms of approach and main results, this paper differs from [9] in the following aspects. (1) Our uniqueness results are not restricted to polyhedral grating profiles that are given by the graph of a piecewise linear function. Note that the non-graph grating profiles have many practical applications in diffractive optics and optimal design of complicated grating structures. As one example, we mentionthe binary grating profiles which are composed of only a finite number of horizontal and vertical segments (see [11, 17]). (2) Instead of using the dihedral group theory (first applied to inverse scattering problems in [8, 9]), we derive the unidentifiable classes from the reflectional and rotational invariance of the total field, which is a direct consequence of the reflection principle for the Navier equation. This simplifies our proofs significantly and can be extended to Maxwell equations. (3) Having noticed that the unidentifiable classes defined in [8, 9] may be empty, we enforce explicit conditions on the incident angles and the wave numbers in the definition of the unidentifiable sets to guarantee their existence in the case the elastic scattering. These conditions are derived from the quasi-periodicity of the total field. Each unidentifiable class does exist and is not empty as long as these conditions are fulfilled. Moreover, non-uniqueness examples for bi-periodic structures that vary in both thex_1 and x_2 directions are also presented.

In this paper, we only study uniqueness in the inverse scattering of shear (resp. pressure) waves under the third (resp. fourth) kind boundary conditions. The global uniqueness for general incident plane elastic waves can be established analogously and is omitted here for simplicity. In the case of a plane shear wave incidence, it turns out five classes of unidentifiable grating profiles in the resonance case (see Theorem 1), and two classes if Rayleigh frequencies are excluded (see Remark 2 (i)), whereas an incident plane pressure wave leads to only one unidentifiable class which only exists in the resonance case. Moreover, it is proved that two incident pressure waves (which is the minimal number) are always enough to uniquely determine a bi-periodic polyhedral surface under the fourth kind boundary conditions; see Remark 3.

The outline of the paper is as follows. In Section 2, we rigorously formulate the direct and inverse scattering problems, and present our main results on the inverse problems. A radiation condition based on Rayleigh expansion is used, and an admissible class of bi-periodic grating profiles is defined. In Section 3, the reflection principle for the Navier equation togetherwith the reduction of the total field to a finite number of propagating modes is presented. The aim of Section 4 is to characterize all grating profiles that are unidentifiable by a single incident shear wave underthe boundary conditions of the third kind. The non-uniqueness examples for this case are presented in S ection 4.5. In the final Section 5, we carry over the arguments from Section 4 to the case of inverse scattering of an incident pressure wave under the fourth kind boundary conditions.

We finish this section by introducing some notation that willbe used throughout the paper. Denote by

S^2 := { x ∈ R^3 : |x| = 1 } the unit sphere in R^3, by x^⊤ the transpose of a 1 × 3 vector x ∈ R^3 and by x^⊥ a 3 × 1 vector which is orthogonal tox. The symbol A^# stands for the number of elements in a set A, while |A_1A_2| represents the length of a line segment A_1A_2 with end pointsA_1, A_2 ∈ R^3. For C ∈ C, |C| denotes its modulus; IfC ∈ R^N or C ∈ C^N (N = 2 , 3), |C| denotes its Euclidean norm.

Finally, letx = ( x^′, x_3) withx^′ = ( x_1, x_2) ∈ R^2.

2 Mathematical formulations and main results

We assume that the diffraction grating involves an impenetrable surface Λ which is 2π-periodic with respect to x_1 and x_2. Let Ω_Λ , the unbounded domain above Λ , be filled with an isotropic homogeneous elastic medium characterized by the Lamé constants λ, μ satisfyingμ > 0, λ + 2 μ/3 > 0. Suppose a time-harmonic plane elastic waveu^{in} (with time variation of the formexp(− iωt ), ω > 0) is incident on the grating from above, which is either an incident pressurewave taking the form

u^{in} = u^{in}_p (x) = θ̂ exp(ik_pθ̂ ·x) with θ̂ = (sin θ_1 cos θ_2, sin θ_1 sin θ_2, − cos θ_1) ∈ S^2, (1)

or an incident shear wave of the form

u^{in} = u^{in}_s (x) = θ̂^⊥ exp(ik_sθ̂ ·x) with θ̂^⊥ ∈ S^2, θ̂^⊥ ·θ̂ = 0 , (2)

where

k_p := ω/ � 2μ + λ , k_s := ω/ √ μ

are the compressional and shear wave numbers respectively, and θ̂ ∈ S^2 denotes the incident direction with the incident anglesθ_1 ∈ [0, π/2), θ_2 ∈ [0, 2π).

For simplicity we assume the mass density of the elastic medium is equal to one, so that the total displacement u(x), which can be decomposed as the sum of the incident field u^{in} and the scattered field

u^{sc} , satisfies the Navier equation (or system):

(Δ^∗ + ω^2)u = 0 in Ω_Λ , Δ^∗ := μΔ + ( λ + μ) grad div . (3)

On the impenetrable surface Λ , the vanishing normal displacement and tangential stress (or normal stress and tangential displacement) lead to the following boundary conditions

boundary conditions of the third kind: ν ·u = 0 , ν × T u = 0 , (4) or boundary conditions of the fourth kind: ν × u = 0 , ν ·T u = 0 , (5)

where ν := ( ν_1, ν_2, ν_3) denotes the unit normal vector on Λ pointing intoΩ_Λ , and T u stands for the stress vector or traction having the form

T u = T(λ, μ )u := 2 μ ∂_ν u + λ(div u) ν + μ ν × curl u. (6)

Here and in the following,∂_ν u = ν · ∇ u is used, and the symbol ∂_j u denotes ∂u/∂x_j .

The periodicity of the structure and the form of the incidentwaves imply that the solutionu is α -quasiperiodic, i.e.,

u(x_1 + 2 π, x_2 + 2 π, x_3) = exp( i2π(α_1 + α_2))u(x_1, x_2, x_3), x ∈ Ω_Λ , (7)

or equivalently, the functionu(x) exp( − iα ·x^′) is 2π-periodic with respect tox_1 and x_2, where α =

(α_1, α_2) = k(sin θ_1 cos θ_2, sin θ_1 sin θ_2) withk = k_p for the incident pressure wave (1), ork = k_s for

the incident shear wave (2). To ensure well-posedness of the boundary value problem (3)–(7), a radiation condition must be imposed as x_3 → + ∞ . We note that the scattered field u^{sc} , which also satisfies the Navier equation (3), can be decomposed into its compressional and shear parts,

u^{sc} = 1 i (grad φ + curl ψ ) with φ := − i k^2_p div u^{sc} , ψ := i k^2_s curl u^{sc} , (8)

where the scalar functionφ and the vector functionψ satisfy the homogeneous Helmholtz equations

(Δ + k^2_p ) φ = 0 and (Δ + k^2_s ) ψ = 0 in Ω_Λ . (9)

Applying the usual Rayleigh expansion toφ and ϕ respectively, we finally obtain a corresponding expansion of u^{sc} into outgoing plane elastic waves (see [16]):

u^{sc} (x) = � n ∈ Z^2 � A_{p,n} P^⊤_n exp(iP_n ·x) + A_{s,n} S^⊥_n exp(iS_n ·x) � , (10)

for x_3 > Λ^+ := max_{x 3 ∈ Λ} { x_3}, where the constants A_{p,n} , A_{s,n} ∈ C are called the Rayleigh coeffi-

cients, and

P_n = ( α_n , β_n ), S_n = ( α_n , γ_n ) ∈ C^3, |S^⊥_n | = 1 , S^⊥_n ·S_n = 0 , (11) withα_n = ( α^{(1)}n , α^{(2)}n ) := ( α_1 + n_1, α_2 + n_2) for n = ( n_1, n_2) ∈ Z^2 and the parameters β_n and γ_n given by

β_n = � (k^2_p − | α_n |^2)^12 if|α_n | ≤ k_p i(|α_n |^2 − k^2_p )^12 if|α_n | > k_p, γ_n = � (k^2_s − | α_n |^2)^12 if|α_n | ≤ k_s i(|α_n |^2 − k^2_s )^12 if|α_n | > k_s ,

(12)

respectively. The expansion in (10) is the radiation condition we are going to use in the following; see also [5] and [13] for the radiation condition for plane elasticity. Since β_n and γ_n are real for at most a finite number of indicesn ∈ Z^2, only a finite number of plane waves in (10) propagates into the far field, with the remaining evanescent waves (or surface waves) decaying exponentially as x_3 → + ∞ . The above expansion (10) converges uniformly with all derivatives inthe half-space { x ∈ R^3 : x_3 ≥ b} for any

b > Λ^+ . For fixed incident anglesθ_1 ∈ [0, π/2), θ_2 ∈ [0, 2π), define

π_p := { n ∈ Z^2 : β_n (α, k_p) = 0 }, π_s := { n ∈ Z : γ_n (α, k_s ) = 0 }. (13)

We say that a Rayleigh frequency occurs if eitherπ_p ≠ ∅ or π_s ≠ ∅ , and that Rayleigh frequencies of the compressional resp. shear part are excluded if π_p = ∅ resp. π_s = ∅ .

Now, our direct diffraction problem can be formulated as thefollowing boundary value problem.

Direct problem (DP): Given a grating profile surfaceΛ ⊂ R^3 (which is2π-periodic inx_1 and x_2) and an incident fieldu^{in} of the form (1) or (2), find a vector functionu = u(x; θ_1, θ_2) = u^{in} + u^{sc} ∈ H^1_{loc} (Ω_Λ )^3 that satisfies the Navier equation (3), one of the boundary conditions in (4) and (5), theα -quasi-periodicity (7) and the radiation condition (10).

If Λ is a Lipschitz surface inR^3, there always exists a solution u to (DP), while the uniqueness can be

guaranteed only for small frequenciesω or for all frequencies excluding a discrete set; see Elschner & Hu [16] for a proof using the variational method. Since the surface waves are exponentially decaying and thus can hardly be measured far away from the grating, the inverse problem always involves the near-field measurements u(x^′, b) for some fixed b > Λ^+ .

Inverse problem (IP): Given an incident pressure wave of the form (1) or an incidentshear wave of the form (2), determine the grating profileΛ from the knowledge of the near-field datau(x_1, x_2, b) for all

x_1, x_2 ∈ (0, 2π) and some b > Λ^+ , where u(x) is a solution of (DP) corresponding to the incident field.

We are mainly interested in the following uniqueness questions about (IP):

Let the incident anglesθ_1, θ_2 be fixed, and let A be an admissible class of grating profiles. Suppose that the two gratings Λ_1, Λ_2 ∈ A produce the total fields u_j (j = 1 , 2) for an incident pressure resp. shear wave of the form (1) resp. (2). Does the relation

u_1(x^′, b) = u_2(x^′, b), ∀ x_1, x_2 ∈ (0, 2π) , for some b > max{ Λ^+_1 , Λ^+_2 } (14)

implyΛ_1 = Λ_2? If not, what kind of geometric characteristics doΛ_1 and Λ_2 share in order to generate the same near-field on x_3 = b ?

In this paper, a grating profileΛ ∈ A is required to be a bi-periodic polyhedral Lipschitz surface, consisting of a finite number of planar faces in one periodic cell(0, 2π) × (0, 2π). Without loss of generality, we always assume that Λ is not constant in x_1 and is allowed to be invariant inx_2. Thus, we define the admissible class A by A = � Λ : Λ is a polyhedral surface inR^3 which is2π-periodic in x_1 and x_2, and Λ is not constant in x_1-direction. �

Note that a flat grating of the form{ x_3 = c} for some c ∈ R, which is constant in bothx_1 and x_2, is excluded from the admissible class A. We do not consider such flat gratings because they cannot be uniquely identified from the near-field data corresponding to a finite number of incident plane waves. This can be readily deduced from the explicit solutions of (DP) for flat gratings under the third or fourth kind boundary conditions; see [15] for the non-uniqueness examples in 2D and [16] for the explicit direct solutions to the homogeneous problem (DP) (withu^{in} = 0 ) in 3D. By [16, Section 4.3], we know that there always exists a solution to (DP) for anyΛ ∈ A .

Concerning the admissible class A, we distinguish its two subclasses A_1 and A_2 by defining

A_1 := { Λ ∈ A : Λ is constant in x_2}, A_2 := { Λ ∈ A : Λ is not constant in x_2}.

The grating profiles fromA_1 vary only inx_1 and remain invariant inx_2, whereas those from A_2 vary in both x_1 and x_2. By the definition ofA, we have A = A_1 ∪ A_2. In this paper, it is supposed for simplicity that either Λ_1, Λ_2 ∈ A_1, or Λ_1, Λ_2 ∈ A_2.

Throughout the paper we assume without loss of generality that one of the two grating profiles, sayΛ_1, contains the originO of the coordinate system in the following way. IfΛ_1 ∈ A_1, the originO is supposed to be located at the intersection linel of two neighboring faces ofΛ_1, so that l coincides with thex_2-axis.

IfΛ_1 ∈ A_2, the origin is supposed to coincide with one corner point ofΛ_1, where at least three faces of Λ_1 meet together.

Now we present the main uniqueness theorems of this paper as follows.

Theorem 1. Assume the incident wave is an incident shear wave of the form(2). Let the total fields

u_j (x) (j = 1 , 2) satisfy the direct problem (DP) corresponding to the grating profiles Λ_j ∈ A under the

boundary conditions of the third kind. Then, the relation (14) implies that

either Λ_1 = Λ_2, or Λ_1, Λ_2 ∈ U_j for some j ∈ { 1, 2, 3, 4, 5}, (15)

where U_j ⊂ A_1 for j = 1 , 2, 3, 4 and U_5 ⊂ A_2, which are defined respectively in Sections 4.3 and 4.4, are five classes of unidentifiable grating profiles corresponding to the incident shear wave of the form (2). Moreover, for eachj ∈ { 1, 2, 3, 4, 5}, the different grating profiles fromU_j generate the same total field of the specific form presented in Lemmas 11, 13, 15, 17 and 22 respectively.

Theorem 2. Assume the incident wave is an incident pressure wave of the form (1). Let the total fields

u_j (x) (j = 1 , 2) satisfy the direct problem (DP) corresponding to the grating profiles Λ_j ∈ A under the

boundary conditions of the fourth kind. Then, the relation (14) implies that

either Λ_1 = Λ_2, or Λ_1, Λ_2 ∈ U_2(θ_1, θ_2, k_p).

Furthermore, ifΛ_1, Λ_2 ∈ U_2(θ_1, θ_2, k_p) and Λ_1 ≠ Λ_2, then the total field u = u_1 = u_2 takes the form

u = θ̂ exp(ik_px ·θ̂) + Rot_π (θ̂) exp( ik_px ·Rot_π (θ̂)) − (1/k_p)P exp(ix ·P) − (1/k_p)Rot_π (P) exp( ix ·Rot_π (P)),

where Rot_π (·) denotes the rotation around the x_2-axis by the angle π, P and Rot_π (P) are defined in Lemma 26 (1).

3 Auxiliary lemmas

In this section we present some auxiliary lemmas which play an import role in the proof of our uniqueness results. The following one is elementary (see [8] for a proof).

Lemma 1. Let a_j ∈ C^3, and let λ_j ∈ R be distinct numbers (j = 1 , 2, · · ·, m). If m� j =1

a_j exp(iλ_j t) = 0 , ∀ t ∈ R,

then a_j = (0 , 0, 0)^⊤ , j = 1 , 2, · · ·, m.

Definition 1. Let Π be a two-dimensional plane inR^3 and let u be a solution to (3). A non-void open connected component Θ of Π ∩ Ω_Λ will be called a perfect set ofu ifu satisfies the third resp. fourth kind boundary conditions onΘ .

Denote by Ref_Π (·) the reflection with respect to a plane Π in R^3, and by Ref^′_Π (·) the reflection with respect to the plane Π^′ that passes through the origin O and is parallel to Π . The following reflection principle for the Navier equation is the main tool for proving uniqueness in our inverse diffraction problems.

Lemma 2. (Reflection principle for the Navier equation) Assume that Ω ⊂ R^3 is a symmetric domain with respect to a perfect set Θ ⊂ Π of u, and that the function u satisfies the Navier equation (△^∗ +

ω^2)u = 0 in Ω .

(1) IfΘ̃ is another perfect set of u inΩ , then Ref_Π (Θ̃) ⊂ Ω is also a perfect set of u.

(2) There holds

u(x) ± Ref^′_Π (u(Ref_Π (x))) = 0 in Ω , (16)

where + resp. − is taken corresponding to the fourth resp. third kind boundary conditions onΘ .

The first assertion of Lemma 2 is proved by Elschner& Yamamoto in [20], where the identities (16) are implicitly contained. Note that the reflection principle under the fourth kind boundary conditions takes the same form as that for Maxwell’s equations proved in [26]; seealso [8] and [27]. IfΠ passes through the originO, then the identities in (16) take the form

Ref_Π (u(x)) ± u(Ref_Π (x)) = 0 in Ω , (17)

which will be frequently used in the subsequent analysis; see Figure 1.

In the following, we denote byu_j := u_j (x; θ_1, θ_2) the corresponding total fields produced by the grating profiles Λ_j ∈ A (j = 1 , 2). Assume

u_1(x^′, b) = u_2(x^′, b), x^′ = ( x_1, x_2) ∈ (0, 2π) × (0, 2π) (18)

for some b > max{ Λ^+_1 , Λ^+_2 }. Denote Ω_b := { x ∈ R^3 : x_3 > b} and Γ_b := { x_3 = b}.

Next, based on the reflection principle for the Navier equation, we prove that, under the condition (18), the total fields u_j (j = 1 , 2) can be reduced to a finite number of propagating modes. To do this, we employ the arguments used in [2, 20] to find an unbounded perfect set which extends to Ω_b. We first recall a fundamental property for a connected set (see [12, Theorem 3.19.9]) which will be used in our subsequent analysis.

Figure 1: If(△^∗ + ω^2)u = 0 in R^3 and u satisfies the third resp. fourth kind boundary conditions onthe plane Π , then the relation (17) holds inR^3. In particular, ifu satisfies the third resp. fourth kind boundary conditions on bothΠ and Π_1, then the same boundary conditions hold on Π_2 := Ref_Π (Π_1).

Lemma 3. Let A, B be two subsets of R^3, and assume that B is connected such that B ∩ A ≠ ∅ and

B ∩ (R^3\A) ≠ ∅ . Then ∂A∩ B ≠ ∅ .

Lemma 4. If the relation (18) holds for two different grating profilesΛ_1, Λ_2 ∈ A , then

(1) Under the boundary conditions of the third (fourth) kind, there always exists a perfect set Θ of bothu_1

and u_2 such that Θ ∩ Ω_b ≠ ∅ .

(2) Both of the total fieldsu_j = u^{in} + u^{sc}_j , j = 1 , 2, can be reduced to a finite sum of propagating waves,

u_1 = u_2 = u^{in} + � |α_n |≤ k_p

A_{p,n} P^⊤_n e^{ix ·Pn} + � |α_n |≤ k_s

A_{s,n} S^⊥_n e^{ix ·Sn} (19)

in x_3 > max{ Λ^+_1 , Λ^+_2 }, where P_n and S_n are defined in (11).

Proof. (1) It follows from the standard elliptic regularity theory that the solution u_j ∈ H^1_{loc} (Ω_{Λ j} )^3 to the corresponding problem (DP) is infinitely smooth up toΛ_j except for vertices and edges, and u_j is real-analytic inΩ_{Λ j} . By assumption (18) and the uniqueness of the Dirichlet problem in Ω_b [16], we see that u_1 = u_2 forx_3 > b . Then, applying the unique continuation of solutions to theNavier equation gives

u_1 = u_2 in Ω , where Ω denotes the unbounded connected component of Ω_{Λ 1} ∩ Ω_{Λ 2} which contains the

plane Γ_b. It follows fromΛ_1 ≠ Λ_2, the connectedness of Ω_{Λ 1} and Ω_{Λ 2} and Lemma 3 that ∂Ω ⊈ Λ_1 ∩ Λ_2 (see [26, Theorem 1]). Thus, by periodicity we may assume without loss of generality that

S := Ω̃_{Λ 1} ∩ ∂Ω ≠ ∅ , with Ω̃_{Λ 1} := { x ∈ Ω_{Λ 1} : x_1, x_2 ∈ (0, 2π)}.

Then there exists an open connected subset F ⊂ S of a plane Π satisfyingF ⊂ Ω_{Λ 1} , and thus a perfect

set Θ of u_1 in Ω_{Λ 1} such that F ⊂ Θ ⊂ Π . If Θ can be extended to { x_3 > b}, we already have the

desired perfect set; otherwise, the set Ξ defined by

Ξ := � Θ : Θ is a perfect set of u_1 in Ω_{Λ 1} such that Θ ∩ Ω̃_{Λ 1} ≠ ∅ and Θ ∩ Ω_b = ∅ � is not empty. Proceeding similarly to the case of scatteringby polygonal and polyhedral bounded obstacles (see, e.g., [2, 20, 26, 28]), we now combine the reflection principle for the Navier equation with a path argument to obtain the desired perfect set which can be extended to Ω_b.

Choose a point P ∈ F ⊂ ∂Ω ∩ Ω̃_{Λ 1} and a continuous and injective path γ(t), t ≥ 0, starting at

P = γ(0) and leading to infinity in the unbounded connected componentΩ̃ of Ω ∩ { x ∈ R^3 : − 2π < x_1, x_2 < 4π}, for t > 0. Let M be the set of intersection points of γ with all perfect set ofu_1 from

the class Ξ . Then M ≠ ∅ , and M is obviously bounded. Furthermore, the setΞ is closed, and hence compact. In fact, let{ x_n } be a sequence of intersection points of perfect sets Θ_n ∈ Ξ , x_n ∈ Θ_n , with the path γ, such that x_n converges to a point x̃ ∈ γ. Choosing a unit normalν_n to Θ_n and passing to a convergent subsequence ν_n → ν̃, we can prove (see the proof of [28, Lemma 2]) that the planeΠ̃ throughx̃ with unit normalν̃ contains a perfect set Θ̃ of u_1 such that x̃ ∈ Θ̃ . We can assume that Θ ∈ Ξ since, otherwise, we already have a perfect set that extends to Ω_b. Thus there exists t_0 ≥ 0 such that

γ(t_0) ∈ M and no perfect set of Ξ can intersect γ(t) for t > t_0. Let Θ_0 ⊂ Π_0 be a perfect set of Ξ

passing γ(t_0) and lying on a plane Π_0. We now apply the reflection principle of Lemma 2 to prove the existence of a perfect set Θ^∗ of u_1 intersecting γ(t) at some t^∗ > t_0, which gives the desired unbounded perfect set or a contradiction to the assumption thatΛ_1 ≠ Λ_2.

Let x^+ = γ(t_0 + ϵ) for some sufficiently smallϵ > 0, and let x^− = Ref_{Π 0} (x^+ ). Denote by G^± the con-

nected component of Ω_{Λ 1} \Θ_0 containingx^± , and let E^∓ be the connected component of Ref_{Π 0} (G^∓ ) ∩

G^± containingx^± . Setting E = E^+ ∪ Θ_0 ∪ E^− , we see that E is a connected open set whose boundary

consists of faces of Λ_1 and Ref_{Π 0} (Λ_1). By Lemma 2,u_1 satisfies the boundary condition (4) resp. (5) on

∂Eand E ∩ Π_0.

Next we claim that the projection of the setE on the x_3 axis, pr(E ), is bounded. In fact, ifΠ_0 is parallel to

the (x_1, x_2)-plane, then pr(E ) is obviously bounded sinceE is symmetric with respect toΠ_0. It remains

to consider the case when Π_0 is not parallel to the(x_1, x_2)-plane. Then we may assume that pr(E ∩ Π_0) and pr(∂E) are both bounded; otherwise Π_0 already contains a perfect set extending to Ω_b, or a face of

∂Ecan be extended to such a perfect set. Therefore, if pr(E ) were unbounded, then E would contain a

half-space { x_3 > a } for some a > 0 sufficiently large, which contradicts the boundedness of pr(E ∩ Π_0).

Since pr(E ) is bounded and the connected set Γ := { γ(t) : t ≥ t_0} extends to infinity inΩ̃ , it follows from Lemma 3 withA = E and B = Γ that there exists t^∗ > t_0 such that γ(t^∗) ∈ ∂E. Consequently, there is a perfect set Θ^∗ /∈ Ξ of u_1 passing γ(t^∗), so that Θ^∗ ∩ Ω_b ≠ ∅ . Finally, it is seen fromu_1 = u_2

in Ω that Θ^∗ is also a perfect set of u_2. This completes the proof of the first assertion. (2) We will prove the second assertion under the fourth kind boundary conditions. The proof under the

third kind boundary conditions is analogous. LetΘ be the perfect set involved in assertion (1) lying on a plane Π . We consider the following two cases.

Case (i): Π is parallel to{ x_3 = 0 }.

We can assume Π = { x_3 = d} ⊂ Ω for some d > b and that the fourth kind boundary conditions are fulfilled onΠ . In this case of a flat grating, the non-trivial solutions to the homogeneous scattering problem (DP) (withu^{in} = 0 ) shown are known explicitly [16]. Therefore we obtain that

u(x) = 1 k_p � α^⊤ − β � e^{i(α ·x ′− βx 3 )} − 1 k_p � α^⊤ β � e^{i(α ·x ′+ β (x 3 − 2d))} + e^⊤_3 � |γ_n |=0

C_n e^{iα n ·x ′}

for the incident pressure wave of the form (1), and

u(x) = � � q_1 q_2 q_3

� � e^{i(α ·x ′− γx} 3^) − � � q_1 q_2 − q_3

� � e^{i(α ·x ′+ γ(x} 3^{− 2d))} + e^⊤_3 � |γ_n |=0

C_n e^{iα n ·x ′}

for the incident shear wave of the form (2) witĥθ^⊥ = ( q_1, q_2, q_3)^⊤ ∈ S^2, where C_n ∈ C are arbitrary constants and e_3 = (0 , 0, 1). Thus, the total field indeed takes the form (19).

Case (ii): Π is not parallel to{ x_3 = 0 }.

Following [18, 15] in spirit, we shall study this case using properties of almost-periodic functions. From the beginning part of the proof of assertion (1) and by (10) and (18), we can write

u(x) = u_1(x) = u_2(x) = I (x) + � |α_n |>k_p

I_{p,n} (x) + � |α_n |>k_s

I_{s,n} (x)

in x_3 > max{ Λ^+_1 , Λ^+_2 }, where

I_{p,n} (x) := A_{p,n} P^⊤_n e^{ix ·Pn} , I_{s,n} (x) := A_{s,n} S^⊥_n e^{ix ·Sn} , I (x) := u^{in} (x) + � |α_n |≤ k_p

I_{p,n} (x) + � |α_n |≤ k_s

I_{s,n} (x).

Thus I (x) consists of a finite number of propagating waves of the compressional and shear parts, including the incident waveu^{in} , whereas u(x) − I (x) consists of infinitely many surface waves decaying exponentially as x_3 → + ∞ . Without loss of generality, we may assume

Θ_b := Θ ∩ Ω_b = { x_3 = ax_1 + bx_2 + c : x_1 ≥ x_{10} , x_2 ≥ x_{20} }

for some c, x_{10} , x_{20} ∈ R, witha ≥ 0, b ≥ 0 satisfyinga^2 + b^2 ≠ 0 . The normal direction to the plane

Π ⊃ Θ can be written as ν = ( a, b, − 1)/ √ 1 + a^2 + b^2 with the third componentν_3 ≠ 0 . We then have

0 = ν × u|_{Θ b} = � ν × I (x) + � |α_n |>k_p

ν × I_{p,n} (x) + � |α_n |>k_s

ν × I_{s,n} (x) � |_{x 3 = ax 1 + bx2 + c} (20)

for allx_1 ≥ x_{10} and x_2 ≥ x_{20} . Noting thatν × I (x)|_{Θ b} is an almost periodic function inx_1 and x_2, and that ν × I_{p,n} (x)|_{Θ b} for |α_n | > k_p, ν × I_{s,n} (x)|_{Θ b} for |α_n | > k_s are exponentially decaying functions as

|x^′| → + ∞ , we obtain from (20) that (see [18, p. 784] for the 2D case) max x∈ Θ_b

|ν × I (x)| = lim sup

x^′→ + ∞

|ν × I (x)|_{Θ b} |

= lim sup

x^′→ + ∞ � � � | � |α_n |>k_p

ν × I_{p,n} (x)|_{Θ b} + � |α_n |>k_s

ν × I_{s,n} (x)|_{Θ b} | � � � = 0 ,

which implies thatν × I (x) ≡ 0 for allx ∈ Θ_b. Using (20) again, we arrive at � |α_n |>k_p

A_{p,n} ν × P^⊤_n e^{ix ·Pn} + � |α_n |>k_s

A_{s,n} ν × S^⊥_n e^{ix ·Sn} = 0 , x ∈ Θ_b. (21)

Let A^∗ = min { inf_{|α n |>k p} {| β_n |}, inf_{|α n |>k s} {| γ_n |}}. Multiplying (21) byexp(A^∗(ax_1 + bx_2 + c)) and

letting|x^′| → + ∞ , we obtain by recalling the definitions ofP_n and S_n in (11) that 0 = � |β_n |= A^∗

A_{p,n} ν × (α_n , i|β_n |) exp( iα_n ·x^′) + � |γ_n |= A^∗

A_{s,n} ν × S^⊥_n exp(iα_n ·x^′) for x^′ ∈ R^2. Noting thatα_n ≠ α_m for |β_n | = |γ_m | = A^∗ and using Lemma 1, we have

A_{p,n} ν × (α_n , i|β_n |) = 0 for |β_n | = A^∗, A_{s,m} ν × S^⊥_m = 0 for |γ_m | = A^∗.

Since the normal ν to Π is not parallel toe_3 and the third components ofP_n = ( α_n , i|β_n |) for |α_n | > k_p and S_n = ( α_n , i|γ_n |) for |α_n | > k_s are purely imaginary, by simple calculations one may check that

ν × (α_n , i|β_n |) ≠ O, ν × S^⊥_n ≠ O, with O = (0 , 0, 0),

which leads to A_{p,n} = A_{s,m} = 0 for |β_n | = |γ_m | = A^∗. Setting

A^{∗∗} = min { inf

|β_n |>A^∗

{| β_n |}, inf

|γ_n |>A^∗

{| γ_n |}}

and repeating the argument above, we finally conclude thatA_{p,n} = 0 for all|α_n | > k_p and A_{s,n} = 0 for

all |α_n | > k_s . This implies that the total fieldsu_j (j = 1 , 2) take the form (19) and completes the proof

of the second assertion. �

4 Inverse scattering of an incident shear wave under the boun dary conditions of the third kind

We make the following assumptions throughout this section.

(A1) The incident wave is the incident shear wave defined in (2), i.e., u^{in} := θ̂^⊥ exp (ik_s x ·θ̂) with the incident directionθ̂ = (sin θ_1 cos θ_2, sin θ_1 sin θ_2, − cos θ_1) and the incident angles θ_1 ∈ [0,^π_2 ), θ_2 ∈

[0, 2π).

(A2)The total fields u_j (x) (j = 1 , 2) satisfy problem (DP) corresponding to the different grating profiles

Λ_j under the boundary conditions of the third kind and fulfill the relation (18).

Under the above assumptions (A1) and (A2), it follows from Lemma 4 (2) thatu = u_1 = u_2 can be reduced to a finite sum of propagating modes in Ω . Thus, each u_j (j = 1 , 2) can be extended to an analytic function in the whole space by (19) andu = u_1 = u_2 in R^3. Let Λ denote one of the profiles Λ_j

(j = 1 , 2), and define (α, γ ) := ( α_0, γ_0) = k_s (sin θ_1 cos θ_2, sin θ_1 sin θ_2, cos θ_1).

The remaining part of this section is organized as follows. In Sections 4.1 and 4.2, we derive the reflectional and rotational invariance of the total field using thereflection principle for the Navier equation. The unidentifiable grating profiles fromA_1 and A_2 are characterized and classified in Sections 4.3 and 4.4, respectively, which would lead to Theoerm 1 directly. The corresponding non-uniqueness examples will be presented in Section 4.5.

4.1 Reflectional invariance

By (19), we can write the total fieldu = u_1 = u_2 as u = � n ∈ P

A_{p,n} P^⊤_n exp(ix ·P_n ) + � n ∈ S

A_{s,n} S^⊥_n exp(ix ·S_n ) in R^3, (22)

where

P := { n ∈ Z^2 : |α_n | ≤ k_p, A_{p,n} ≠ 0 }, S := { n ∈ Z^2 : |α_n | ≤ k_s , A_{s,n} ≠ 0 } ∪ { κ},

and S_κ := ( α, − γ)^⊤ , A_{s,κ} = 1 , the vectors S_n for n ≠ κ and P_n for alln ∈ Z^2 are defined in (11).

Define

P = { P_n : n ∈ P }, S = { S_n : n ∈ S}.

We observe that P consists of a finite number of upward propagating directionsof the compressional part, whereas S\S_κ consists of finitely many upward propagating directions of the shear part and S_κ denotes the downward incident direction. By the definitions ofα_n , β_n and γ_n (see (12)), we have P ⊂ B_{kp} (O)

and S ⊂ B_{ks} (O), where B_r (O) := { x ∈ R^3 : |x| = r } denotes the sphere centered at the origin O

with radiusr .

Remark 1. Since a plane shear wave of the form u^{in} = A_{s,κ} S^⊥_κ exp(ix ·S_κ ) is taken as the incident wave, the incident directionS_κ is the only element inS whose x_3-component is negative, while the third components of the elements in P and S\S_κ are all non-negative. Furthermore, ifπ_p = ∅ , then each element of P has a positive x_3-component, and ifπ_s = ∅ , the x_3-components of the elements in S\S_κ are all positive; see Figure 2. Recall thatπ_p and π_s are defined in (13).

Figure 2: P_n ∈ P ⊂ B_{kp} (O), S_n ∈ S ⊂ B_{ks} (O). The incident directionS_κ is the only direction propagating downward.

A two-dimensional plane will be called a perfect plane ofu ifu satisfies the third kind boundary conditions on the whole plane. Since both the normal and tangential vectors of a plane are constant vectors and u is analytic inR^3, each face of Λ can be extended to a perfect plane in R^3. By our assumption on the choice of the origin, we may always assumeO ∈ l = Π_1 ∩ Π_2, where Π_1 and Π_2 are two perfect planes of u extending two faces ofΛ_1. Define

D_l := { Π : Π is a perfect plane of u that passes through the straight line l}. (23)

Then we know thatΠ_1, Π_2 ∈ D_l, or equivalently,D^#_l ≥ 2. Moreover, using the reflection principle one can verify that

Lemma 5. D_l consists of a finite number of perfect planes which form an equiangular system of planes

in R^3.

For the proof of Lemma 5, we refer to [8] in the case of Maxwell’s equations and to [14] in the case of the Helmholtz equation. Note that this result is already implicitly contained in [18] and [19] in the 2D case. By Lemma 5, we know thatD^#_l < ∞ and each dihedral angle formed by two neighboring planes inD_l is

2π/D^#_l .

Since O ∈ Π , for any Π ∈ D_l, we may write the relation (17) as 0 = � n ∈ P

A_{p,n} � P^⊤_n exp(ix ·P_n ) − Ref_Π (P^⊤_n ) exp( ix ·Ref_Π (P_n )) �

+ � n ∈ S

A_{s,n} � S^⊥_n exp(ix ·S_n ) − Ref_Π (S^⊥_n ) exp( ix ·Ref_Π (S_n )) � , under the boundary conditions of the third kind. Applying Lemma 1 to the above identity, we obtain the reflectional invariance of the propagating directions inP and S , which is stated in the following lemma.

Lemma 6. (Reflectional invariance) Assume Π is a perfect plane fromD_l. We have

(1) Ref_Π (P ) = P , Ref_Π (S) = S .

(2) IfRef_Π (P_n ) = P_m for some n, m ∈ P , then A_{p,n} = A_{p,m} .

(3) IfRef_Π (S_n ) = S_m for some n, m ∈ S , then A_{s,n} Ref_Π (S^⊥_n ) = A_{s,m} S^⊥_m .

Define U_n (x) := P^⊤_n exp(ix ·P_n ), V_n (x) := S^⊥_n exp(ix ·S_n ). As a consequence of Lemma 6, we obtain

Corollary 3.

(1) IfRef_Π (S_n ) = S_n for some Π ∈ D_l, then it holds that S^⊥_n = Ref_Π (S^⊥_n ), i.e., S_n ∈ Π implies that S^⊥_n ∈ Π .

(2) Two different perfect planes fromD_l cannot pass through the same point S_n ∈ S .

(3) The functionU_n (x) for |α_n | ≤ k_p satisfies the third kind boundary conditions onΠ ∈ D_l if and only ifP_n ∈ Π , i.e., the perfect plane passes through P. The functionV_n (x) for |α_n | ≤ k_s satisfies the third kind boundary conditions onΠ ∈ D_l if and only ifS_n , S^⊥_n ∈ Π , i.e., the perfect plane Π passes through both S_n and S^⊥_n .

Proof. Since A_{s,n} ≠ 0 for any n ∈ S , the first assertion follows directly from Lemma 6(3), and the second assertion follows from the first one. Using Lemma 6 in combination with the definition of the stress operator T in (6), one can easily prove the third assertion. �

4.2 Rotational invariance

Let the straight linel and the perfect planes Π_1, Π_2 ∈ D_l be given as in Section 4.1. We need the following notation to prove the rotational invariance ofP and S .

1. Rot_φ (·) : The rotation around the x_2-axis by the angle φ ∈ [0, 2π). We assume that Rot_{π/2} ro-

tates the positive x_1-axis towards the positivex_3-axis so that the rotation direction ofRot_φ (·) is determined. Rot_{l,φ} (·) : The rotation around the straight linel by the angle φ ∈ [0, 2π) with some specified direction.

2. ν_l : The unit vector parallel tol. The third component ofν_l is supposed to be non-negative.

3. Π^∗ : The plane perpendicular to l and passing through the origin.

4. Rot^∗_φ (·) : The rotation around O by the angle φ defined on the plane Π^∗. The rotation direction of Rot^∗_φ coincides with that ofRot_{l,φ} . Ref^∗_{l1} (·): The reflection with respect to the straight linel_1 ⊂ Π^∗

defined on Π^∗.

5. H (·) : The projection operator fromR^3 to Π^∗.

Lemma 7. The rotationRot_{l,2π/D} #_l can be written as

Rot_{l,2π/D} #_l (x) = Ref~_{Π 1} Ref~_{Π 2} (x), x ∈ R^3,

where Π̃_1,Π̃_2 are two neighboring planes fromD_l.

Proof. For x ∈ R^3, there holds the decomposition x = ( x ·ν_l )ν_l + H (x). Thus

Rot_{l,2π/D} #_l (x) = ( x ·ν_l)ν_l + Rot_{l,2π/D} #_l (H (x)) = ( x ·ν_l )ν_l + Rot^∗_{2π/D} #_l (H (x)),

and for any two neighboring planesΠ̃_1,Π̃_2 ∈ D_l,

Ref~_{Π 1} Ref~_{Π 2} (x) = ( x ·ν_l)ν_l + Ref~_{Π 1} Ref~_{Π 2} (H (x)) = ( x ·ν_l)ν_l + Ref^∗_{l1} Ref^∗_{l2} (H (x)),

where l_j = Π̃_j ∩ Π^∗ for j = 1 , 2. It is seen from Lemma 5 that the angle formed byl_1 and l_2

is 2π/D^#_l . This implies that eitherRot^∗_{2π/D #l} (H (x)) = Ref^∗_{l1} Ref^∗_{l2} (H (x)), or Rot^∗_{2π/D #l} (H (x)) = Ref^∗_{l2} Ref^∗_{l1} (H (x)), which completes the proof. �

Lemma 8. (Rotational invariance) We have that

Rot_{l,2π/D} #_l (u(x)) = u(Rot_{l,2π/D} #_l (x)), Rot_{l,2π/D} #_l (P ) = P , Rot_{l,2π/D} #_l (S) = S.

Proof. Combining (17) and the above Lemma 7 gives

Rot_{l,2π/D} #_l (u(x)) = Ref~_{Π 1} Ref~_{Π 2} (u(x)) = Ref~_{Π 1} � u(Ref~_{Π 2} (x)) � = u � Ref~_{Π 1} Ref~_{Π 2} (x) � = u � Rot_{l,2π/D} #_l (x) � , where Π̃_1 and Π̃_2 are two neighboring perfect planes fromD_l. This together with Lemma 1 implies the other two equalities in Lemma 8 forP and S . �

From Lemma 8, we see that the multiple action of the rotationRot_{l,2π/D} #_l on a propagating direction of the compressional (resp. shear) part produces a propagating direction that still belongs to the compressional (resp. shear) part. Therefore, we obtain

Corollary 4.

G_{l,P} := { Rot_{l,2jπ/D} #_l (P ) : j = 1 , 2, · · ·, D^#_l } ⊂ P , ∀ P ∈ P , G_{l,S} := { Rot_{l,2jπ/D} #_l (S ) : j = 1 , 2, · · ·, D^#_l } ⊂ S , ∀ S ∈ S .

(24)

Note that the set G_{l,P} (resp. G_{l,S} ) consists of the vertices of some D^#_l -sided regular polygon centered at a point O^′ ∈ l, where the line segment O^′P (resp. O^′S) is perpendicular to the straight linel in R^3. In addition, using Lemma 20 one can prove that, for1 ≤ j ≤ D^# ,

A_{p,m} P_m = A_{p,n} Rot_{l,2jπ/D} #_l (P_n ), if Rot_{l,2jπ/D} #_l (P_n ) = P_m ; A_{s,m} S^⊥_m = A_{s,n} Rot_{l,2jπ/D} #_l (S^⊥_n ), if Rot_{l,2jπ/D} #_l (S_n ) = S_m .

4.3 Unidentifiable grating profiles which remain invariant i n x_2-direction

The main task of this subsection is to find all the grating profiles in A_1 that cannot be uniquely identified by one incident shear wave under the boundary conditions of the third kind. We make the additional assumption that

(A3 ) Λ_1, Λ_2 ∈ A_1,

so that both Λ_1 and Λ_2 remain invariant in thex_2-direction. We may suppose that the x_2-axis coincides with the intersection line of the perfect planesΠ_1, Π_2 extending two neighboring faces ofΛ_1. For simplicity, we use the symbolsRot_φ , D, G_P, G_S to denote Rot_{l,φ} , D_l, G_{l,P}, G_{l,S}, respectively, with the straight line l replaced by the x_2-axis. Then Π_1, Π_2 ∈ D , and by Lemma 5, 2 ≤ D^# < ∞ . Recalling the incident directionS_κ = k_sθ̂, with the incident angleθ̂ defined in (1), by (24) we have that

G_{Sκ} ⊂ Π := { x_2 = k_s sin θ_1 sin θ_2}.

Lemma 9. Under the assumptions (A1)-(A3), we have

(1) 2 ≤ D^# ≤ 4.

(2) IfD^# = 2 , then

{ S_κ , Rot_π (S_κ )} ⊆ S ⊆ { S_κ , Rot_π (S_κ )} ∪ Q_s , Q_s := { (± α^{(1)}_n , α^{(2)}_n , 0) : |α_n |^2 = k^2_s }, P ⊆ Q_p := { (± α^{(1)}_n , α^{(2)}_n , 0) : |α_n |^2 = k^2_p }.

(25)

Moreover, if there exists someP_n ∈ P\{± k_pe_2} or S_n ∈ Q_s ∩ S , then α_1 = k_s sin θ_1 cos θ_2 = 0 and

D = Π_1 ∪ Π_2 withΠ_1 = { x_1 = 0 }, Π_2 = { x_3 = 0 }.

(3) IfD^# = 3 , then

S = { S_κ , Rot_{2π/3}(S_κ ), Rot_{4π/3}(S_κ )}, P ⊆ {± k_pe_2}.

(4) IfD^# = 4 , then

S = { S_κ , Rot_{π/2}(S_κ ), Rot_π (S_κ ) Rot_{3π/2}(S_κ )}, P ⊆ {± k_pe_2}.

Proof. (1) By Corollary 4, we observe thatG_{Sκ} ⊂ S consists of the D^# vertices of some regular polygon centered at (0, k_s sin θ_1 sin θ_2, 0) ∈ Π and that the x_2-axis is perpendicular toΠ . IfD^# ≥ 5, then there are at least two elements in G_{Sκ} , each of them has a negative x_3-component. However, this is impossible by Remark 1. Since Π_1, Π_2 ∈ D , we arrive at 2 ≤ D^# ≤ 4.

(2) Assume D^# = 2 withD = { Π_1, Π_2}. From Lemma 5, we see that Π_1⊥ Π_2, i.e., the dihedral angle between Π_1 and Π_2 is the right angle. Applying the rotational invariance gives the relation Rot_π (S_n ) ∈

S for all S_n ∈ S , and in particular Rot_π (S_κ ) ∈ S . Thus { S_κ , Rot_π (S_κ )} ⊆ S . Since Rot_π (x) = (− x_1, x_2, − x_3) for x = ( x_1, x_2, x_3) ∈ R^3, all the points inS\{ S_κ , Rot_π (S_κ )} are located on the circle B_{ks} (O) ∩ { x_3 = 0 } and are symmetric with respect to the x_2-axis. This implies that the elements ofS

satisfy the relation (25). The relation (25) for the elements of P can be proved similarly.

If there exists some n ∈ Z^2 such that P_n = ( α^{(1)}n , α^{(2)}n , 0) ∈ P\{± k_pe_2}, then by the rotational invariance, Rot_π (P_n ) = ( − α^{(1)}n , α^{(2)}n , 0) ∈ P\{± k_pe_2}. Note that {± k_pe_2} is a subset of Q_p. Since

Π_j (j = 1 , 2) passes through the x_2-axis, the reflectional invariance applied toP yields that one plane in D , say Π_1, coincides with{ x_1 = 0 }, while the other plane can be written asΠ_2 = { x_3 = 0 }. Since

Rot_π (S_κ ) = k_s (− sin θ_1 cos θ_2, sin θ_1 sin θ_2, cos θ_1) ∈ S ,

by the reflectional invariance it holds that

Ref_{Π 2} (Rot_π (S_κ )) = k_s (− sin θ_1 cos θ_2, sin θ_1 sin θ_2, − cos θ_1) ∈ S

with a negative x_3-component, − cos θ_1. However, recalling thatS_κ is the only element inS whose x_3- component is negative, we obtain

Ref_{Π 2} (Rot_π (S_κ )) = S_κ = k_s (sin θ_1 cos θ_2, sin θ_1 sin θ_2, − cos θ_1),

which implies thatα_1 = k_s sin θ_1 cos θ_2 = 0 . The case of S_n ∈ Q_s ∩ S ≠ ∅ for some n ∈ S can be proved similarly.

(3) IfD^# = 3 , it is seen from (24) thatG_{Sκ} = { S_κ , Rot_{2π/3}(S_κ ), Rot_{4π/3}(S_κ )} ⊆ S . IfS_n ∈ S\ G_{Sκ} for some n ∈ S , then one element in G_{Sn} ⊆ S must have a negative x_3-component, contradicting Remark 1. Thus G_{Sκ} = S . In addition, one further obtains thatS_κ must lie on one perfect plane fromD , say

Π_1, whileRot_{2π/3}(S_κ ) and Rot_{4π/3}(S_κ ) belong to the other two perfect planes Π_3 ∈ D and Π_2 ∈ D ,

respectively; see Figure 3. In fact, ifS_κ does not belong to any perfect plane in D , a contradiction to Remark 1 can be derived by employing the reflectional invariance.

If P ∈ P , then by (24) we get G_P ⊆ P . However, this is possible only ifP ∈ {± k_pe_2}, because the

x_3-components of the elements in P are all non-negative and the perfect planes in D all pass through the x_2-axis. Thus P ⊆ {± k_pe_2}.

(4) The case of D^# = 4 can be proved analogously to that ofD^# = 3 . �

We remark that all the possible propagating directions of the total field, indicated in Lemma 9, are determined by the form of the incident shear wave. Employing the reflectional and rotational invariance of these directions and the perfect planes that pass through the origin, we can determine each perfect plane in D , while the perfect planes that do not pass through the origin can be determined via a coordinate translation. This will be carried out in the following sections. Since each face of Λ_1 ∪ Λ_2 can be extended to a perfect plane, all the unidentifiable grating profiles can becharacterized. We next proceed by considering the possible number of elements in D separately.

Figure 3: S = { S_κ , Rot_{π/3}(S_κ ), S, Rot_{2π/3}(S)} ifD^# = 3 .

4.3.1 Unidentifiable grating profiles in the case D^# = 2

Lemma 10. Suppose that (A1)-(A3) hold, D^# = 2 and that one plane from D , say Π_1, passes through S_κ . Then D = { Π_1, Π_2} withΠ_1⊥ Π_2, and the normal directions ν_{Π j} corresponding to Π_j (j=1,2) are given by

ν_{Π 1} = θ̂ × e_2 = (cos θ_1, 0, − sin θ_1 cos θ_2), ν_{Π 2} = e_2 × ν_{Π 1} = (sin θ_1 cos θ_2, 0, − cos θ_1), (26)

so that the plane Π_j is defined by ν_{Π j} ·x = 0 for j = 1 , 2. In addition,ν_{Π 1} ⊥ θ̂^⊥ .

Proof. That D = { Π_1, Π_2} with Π_1⊥ Π_2 follows from Lemma 5 applied to the caseD^# = 2 . Since

Ref_{Π 1} (S_κ ) = S_κ and ν_{Π 1} ⊥ ν_{Π 2} , we may writeν_{Π 1} = θ̂ × e_2 and ν_{Π 2} = e_2 × ν_{Π 1} ; noting thatS_κ = k_sθ̂

and that both Π_1 and Π_2 pass through the x_2-axis. It is seen from Corollary 3 (1) that̂θ^⊥ ∈ Π_1 and thus

ν_{Π 1} ⊥ θ̂^⊥ . �

Since D^# = 2 , using Rot_π (·) = Ref_{Π 1} Ref_{Π 2} (·) = Ref_{Π 2} Ref_{Π 1} (·) we obtain that (see Figure 4, left)

Ref_{Π 2} (S_κ ) = Rot_π (S_κ ), Ref_{Π 1} (S_κ ) = S_κ , Ref_{Π 1} (Rot_π (S_κ )) = Rot_π (S_κ ). (27)

We next introduce the first classU_1 := U_1(θ_1, θ_2, k_s ,θ̂^⊥ ) of unidentifiable grating profiles. Letν_{Π j} ∈ R^3

(j = 1 , 2) be defined by (26). Ifν_{Π 1} ·θ̂^⊥ = 0 and 2k_s sin θ_1 cos θ_2 ∈ Z, U_1 is defined as

U_1 = � � � Λ ∈ A_1 :

Each face of Λ lies on a plane defined by ν_{Π 1} ·x + C = 0 for some

C ∈ R, or on a plane given by ν_{Π 2} ·x + mπ/k_s = 0 for some m ∈ Z,

where ν_{Π j} are defined in (26).

� � � ; Ifν_{Π 1} ·θ̂^⊥ ≠ 0 or 2k_s sin θ_1 cos θ_2 /∈ Z, the set U_1 is defined as the empty set.

Lemma 11. Under the assumptions of Lemma 10, we haveΛ_1, Λ_2 ∈ U_1, and the total fieldu = u_1 = u_2 takes the form

u = θ̂^⊥ exp(ik_s x ·θ̂) + Rot_π (θ̂^⊥ ) exp( ik_s x ·Rot_π (θ̂)) + [ C^+ exp(ik_px_2) − C^− exp(− ik_px_2)]e_2 + � n ∈ π̃_p � (n_1, α^{(2)}_n , 0)^⊤ exp(in_1x_1 + iα^{(2)}_n x_2) + ( − n_1, α^{(2)}_n , 0)^⊤ exp(− in_1x_1 + iα^{(2)}_n x_2) � A_{p,n} + � n ∈ π_s � (− α^{(2)}_n , n_1, 0)^⊤ exp(in_1x_1 + iα^{(2)}_n x_2) + ( α^{(2)}_n , n_1, 0)^⊤ exp(− in_1x_1 + iα^{(2)}_n x_2) � A_{s,n} ,

Figure 4: The elements of S in the case of D = { Π_1, Π_2} with S_κ = k_sθ̂ ∈ Π_1. Left: S =

{ S_κ , Rot_π (S_κ )} if α_1 = k_s sin θ_1 cos θ_2 ≠ 0 ; Right: S ⊆ { S_κ , Rot_π (S_κ )} ∪ Q_s , with S_n ∈ Q_s for

some n ∈ π_s , ifα_1 = k_s sin θ_1 cos θ_2 = 0 .

where π̃_p = { n ∈ π_p : (α_n , 0) /∈ {± k_pe_2}}, and C^± , A_{p,n} , A_{s,n} ∈ C are determined as follows.

If ± k_p − k_s sin θ_1 sin θ_2 ∈ Z and k_s sin θ_1 cos θ_2 ∈ Z, then C^± is an arbitrary constant; otherwise C^± = 0 . For n = ( n_1, n_2) ∈ π̃_p (resp. π_s ), the Rayleigh coefficientA_{p,n} (resp. A_{s,n} ) is an arbitrary

constant if sin θ_1 cos θ_2 = 0 and^C_{π cos θ1} n_1 ∈ Z for each C involved in the definition ofU_1; otherwise,

A_{p,n} = 0 ( resp. A_{s,n} = 0) .

Proof. We first check that the total fieldu indeed takes the form as indicated above. Noting that{± k_pe_2} ⊆

Q_p, by Lemma 9 (2), we may write the compressional part ofu as

u_p = [ C^+ exp(ik_px_2) − C^− exp(− ik_px_2)]e_2 + � n ∈ π̃_p � A^+_{p,n} (α^{(1)}_n , α^{(2)}_n , 0)^⊤ exp(iα^{(1)}_n x_1 + iα^{(2)}_n x_2)

+ A^−_{p,n} (− α^{(1)}_n , α^{(2)}_n , 0)^⊤ exp(− iα^{(1)}_n x_1 + iα^{(2)}_n x_2) �

where π̃_p = { n ∈ π_p : (α_n , 0) /∈ {± k_pe_2}}, and C^± , A^±_{p,n} ∈ C. If A^+_{p,n} ≠ 0 , then (α^{(1)}_n , α^{(2)}_n , 0) ∈

P\{± k_pe_2}; ifA^−_{p,n} ≠ 0 , then (− α^{(1)}n , α^{(2)}n , 0) ∈ P\{± k_pe_2}. Using Lemma 9 (2) and Lemma 6 (2),

we see that A^−_{p,n} = A^+_{p,n} =: A_{p,n} ≠ 0 and α_1 = k_s sin θ_1 cos θ_2 = 0 if eitherA^+_{p,n} ≠ 0 or A^−_{p,n} ≠ 0 . On the other hand, ifC^± ≠ 0 , the α -quasi-periodicity (7) ofu_p gives the relations ± k_p − k_s sin θ_1 sin θ_2 ∈ Z

and k_s sin θ_1 cos θ_2 ∈ Z . Analogously, using the relations in (27) and Lemma 6 (3), weobtain that the

shear part u_s takes the form

u_s = θ̂^⊥ exp(ik_s x ·θ̂) + Rot_π (θ̂^⊥ ) exp( ik_s x ·Rot_π (θ̂)) + � n ∈ π_s � (− α^{(2)}_n , n_1, 0)^⊤ exp(in_1x_1 + iα^{(2)}_n x_2) + ( α^{(2)}_n , n_1, 0)^⊤ exp(− in_1x_1 + iα^{(2)}_n x_2) � A_{s,n}

and that α_1 = k_s sin θ_1 cos θ_2 = 0 ifA_{s,n} ≠ 0 for some n ∈ π_s . In addition, it is seen from

Rot_π (θ̂) = ( − sin θ_1 cos θ_2, sin θ_1 sin θ_2, cos θ_1)

and the α -quasi-periodicity ofu_s that 2k_s sin θ_1 cos θ_2 ∈ Z, and from Corollary 3 (1) thatν_{Π 1} ·θ̂^⊥ = 0 .

In summary, the total fieldu = u_p + u_s indeed takes the form given in Lemma 11, and

ν_{Π 1} ·θ̂^⊥ = 0 , 2k_s sin θ_1 cos θ_2 ∈ Z; A^+_{p,n} ≠ 0 or A^−_{s,n} ≠ 0 impliessin θ_1 cos θ_2 = 0 ; C^± ≠ 0 implies± k_p − k_s sin θ_1 sin θ_2 ∈ Z, k_s sin θ_1 cos θ_2 ∈ Z.

Next we shall prove thatΛ_1, Λ_2 ∈ U_1. To this end, we need to determine the planes containing a face of

Λ_1 ∪ Λ_2 that do not pass through the origin. Let Π_0 : ν_0 ·x + ν_0 ·y = 0 , with some fixedy ∈ R^3, ν_0 ∈ R^3

be another perfect plane of u, extending some face of Λ_1 ∪ Λ_2 on which the total fieldu defined in Lemma 11 satisfies the boundary conditions of the third kind. Definev(x) := u(x − y). Then, the shear part of

v, v_s (x) = u_s (x − y), can be decomposed into the sum V_s + � n ∈ π_s As,n Vs,n , where

V_s (x) = θ̂^⊥ exp(ik_s x ·θ̂) exp( − ik_s y ·θ̂) + Rot_π (θ̂^⊥ ) exp( ik_s x ·Rot_π (θ̂)) exp( − ik_s y ·Rot_π (θ̂)), (28) V_{s,n} (x) = ( − α^{(2)}_n , n_1, 0)^⊤ exp(in_1x_1 + iα^{(2)}_n x_2) exp( − in_1y_1 − iα^{(2)}_n y_2) +( α^{(2)}_n , n_1, 0)^⊤ exp(− in_1x_1 + iα^{(2)}_n x_2) exp( in_1y_1 − iα^{(2)}_n y_2), (29)

while the compressional part ofv, v_p(x) = u_p(x − y), can be written as v_p = V_p + � n ∈ π̃_p Ap,n Vp,n ,

where

V_p(x) = e_2[C^+ exp(ik_px_2) exp( − ik_py_2) − C^− exp(− ik_px_2) exp( ik_py_2)], (30) V_{p,n} (x) = ( n_1, α^{(2)}_n , 0)^⊤ exp(in_1x_1 + iα^{(2)}_n x_2) exp( − in_1y_1 − iα^{(2)}_n y_2) +( − n_1, α^{(2)}_n , 0)^⊤ exp(− in_1x_1 + iα^{(2)}_n x_2) exp( in_1y_1 − iα^{(2)}_n y_2). (31)

The functionv(x) satisfies the Navier equation in R^3 with the third kind boundary conditions on the plane

Π^′_0 : ν_0 ·x = 0 . One may further observe that v has the same propagating directions as u. Since Λ_j ∈ A_1, j = 1 , 2, we know thatΠ^′_0 passes through the x_2-axis, and that either Π^′_0 = Π_2 or Π^′_0 = Π_1

holds.

Case (i) Π^′_0 = Π_2.

In this case, we have ν_0 = ν_{Π 2} , and by (27), Ref_Π ′_0 (S_κ ) = Rot_π (S_κ ). Applying Lemma 6 (3) toV_s gives the relation

exp(− ik_s y ·θ̂) = exp( − ik_s y ·Rot_π (θ̂)),

which implies thatk_s y ·(θ̂ − Rot_π (θ̂)) = 2 mπ for some m ∈ Z. Since θ̂ − Rot_π (θ̂) = 2 ν_{Π 2} , we obtain

y ·ν_{Π 2} = mπ/k_s for some m ∈ Z. IfA_{s,n} ≠ 0 for some n ∈ π_s , then by Lemma 9 (2), we haveα_1 = 0 , Π^′_0 = { x_3 = 0 } and ν_0 = ν_{Π 2} = (0 , 0, − cos θ_1). Thus Q_s ⊂ Π^′_0. By Corollary 3 (3), this implies that

the function V_{s,n} defined in (29) always satisfy the Navier equation and the boundary conditions of the third kind onΠ^′_0. We obtain the same for the functionV_{p,n} defined in (30) since Q_p ⊂ { x_3 = 0 } using similar arguments and Lemma 9 (2). Therefore,Π_0 can be written as { x ∈ R^3 : ν_{Π 2} ·x + mπ/k_s = 0 } for some m ∈ Z, and Π_0 coincides withΠ_2 ifm = 0 .

Case (ii) Π^′_0 = Π_1.

In this case, we have S_κ , Rot_π (S_κ ) ∈ Π^′_0 and ν_0 = ν_{Π 1} . Since Π^′_0 passes through the x_2-axis and both S_κ and Rot_π (S_κ ) belong to Π^′_0, the functions V_p and V_s , defined by (30) and (28) respectively, both satisfy the boundary conditions of the third kind on the plane { ν_{Π 1} ·x + C = 0 }, where C = ν_{Π 1} ·y for some y = ( y_1, y_2, y_3) ∈ R^3.

If A_{p,n} ≠ 0 for some n ∈ π̃_p (resp. A_{s,n} ≠ 0 for some n ∈ π_s ), it is seen from Lemma 9 (2) that Π^′_0 = Π_1 = { x_1 = 0 }, ν_{Π 1} = (cos θ_1, 0, 0), and thus

Ref_Π ′_0 { (n_1, α^{(2)}_n , 0)} = { (− n_1, α^{(2)}_n , 0)}.

Together with Lemma 6 (2) applied to (31) (resp. Lemma 6 (3) applied to (29)), this gives the identity

exp(− in_1y_1 − iα^{(2)}_n y_2) = exp( in_1y_1 − iα^{(2)}_n y_2),

which implies thatn_1y_1 = mπ for some m ∈ Z. Therefore,

C = y ·ν_{Π 1} = y_1 cos θ_1 = mπ n_1 cos θ_1, for some m ∈ Z, ∀ n = ( n_1, n_2) ∈ π̃_p ∪ π_s .

It means that, ifA_{p,n} ≠ 0 for some n = ( n_1, n_2) ∈ π̃_p, or A_{s,n} ≠ 0 for some n = ( n_1, n_2) ∈ π_s , then C π cos θ_1 n_1 ∈ Z, for each C involved in the definition ofU_1.

The proof of Lemma 11 is thus complete. �

Lemma 12. Suppose that (A1)-(A3) hold, D^# = 2 , and that each plane from D does not pass through S_κ . Then

(1) S = { S_κ , Rot_π (S_κ ), S, Rot_π (S)}, where S_κ is the incident direction, andS, Rot_π (S) are given by

S = k_s ( � 1 − sin^2 θ_1 sin^2 θ_2, sin θ_1 sin θ_2, 0), Rot_π (S) = k_s (− � 1 − sin^2 θ_1 sin^2 θ_2, sin θ_1 sin θ_2, 0).

(32)

(2) D = { Π_1, Π_2} with Π_1⊥ Π_2. Moreover, the normal directionsν_{Π j} corresponding to Π_j (j=1,2) are

given by

ν_{Π 1} = ( � 1 − sin^2 θ_1 sin^2 θ_2 − sin θ_1 cos θ_2, 0, cos θ_1), ν_{Π 2} = ( − � 1 − sin^2 θ_1 sin^2 θ_2 − sin θ_1 cos θ_2, 0, cos θ_1).

(33)

(3) k_s (sin θ_1 cos θ_2 − � 1 − sin^2 θ_1 sin^2 θ_2) ∈ Z, k_s (sin θ_1 cos θ_2 + � 1 − sin^2 θ_1 sin^2 θ_2) ∈ Z.

(4) P ⊆ {± k_pe_2}.

Proof. (1) Since D^# = 2 , by Lemma 5 we have D = { Π_1, Π_2} with Π_1⊥ Π_2. Noting that S_κ /∈ Π_j

(j = 1 , 2), without loss of generality we may assume (see Figure 5)

Ref_{Π 1} (S_κ ) = ( α^{(1)}_n , α^{(2)}_n , 0) := S, Ref_{Π 1} (Rot_π (S_κ )) = ( − α^{(1)}_n , α^{(2)}_n , 0). (34)

for some n ∈ π_s . We claim thatS = { S_κ , Rot_π (S_κ ), (± α^{(1)}n , α^{(2)}n , 0)}. To prove this, we suppose there exists some m = ( m_1, m_2) ∈ π_s such that n ≠ m and { (± α^{(1)}m , α^{(2)}m , 0)} ⊂ S . It follows from Corollary 3 (3) that { (± α^{(1)}m , α^{(2)}m , 0)} does not coincide with{± k_s e_2} and from (34) thatΠ_1 ≠ { x_3 = 0 }. Thus the elements in Ref_{Π 1} { (± α^{(1)}_m , α^{(2)}_m , 0)} ⊂ Ref_{Π 1} { x_3 = 0 } do not belong to the set Q_s defined by

Figure 5: S = { S_κ , Rot_π (S_κ ), S, Rot_π (S)} ifD^# = 2 and S_κ /∈ Π_j for j = 1 , 2.

(25). In view of Lemma 10 (2), we haveRef_{Π 1} { (± α^{(1)}_m , α^{(2)}_m , 0)} = { S_κ , Rot_π (S_κ )}. However, this contradicts (34) and the fact thatn ≠ m. Thus S = { S_κ , Rot_π (S_κ ), S, Rot_π (S}.

We see from S ∈ B_{ks} (O) that α^{(1)}n and α^{(2)}n satisfy

(α^{(1)}_n )^2 + ( α^{(2)}_n )^2 = k^2_s and α^{(2)}_n = k_s sin θ_1 sin θ_2,

which together with (34) yields the first assertion.

(2) The identities in (34) lead toRef_{Π 1} (S_κ ) = S, Ref_{Π 2} (S_κ ) = Rot_π (S), from which we obtain that the normal directionsν_{Π j} corresponding to Π_j are given by

ν_{Π 1} = 1 k_s

(S − S_κ ) = ( � 1 − sin^2 θ_1 sin^2 θ_2 − sin θ_1 cos θ_2, 0 cos θ_1),

ν_{Π 2} = 1 k_s

(Rot_π (S) − S_κ ) = ( − � 1 − sin^2 θ_1 sin^2 θ_2 − sin θ_1 cos θ_2, 0 cos θ_1).

(3) The relations in the third assertion follow from theα -quasi-periodicity condition (7) applied to the four propagating directions of the shear part S indicated in Lemma 12 (1).

(4) IfP\{± k_pe_2} ≠ ∅ , then it follows from Lemma 10 (2) thatsin θ_1 cos θ_2 = 0 and Π_1 = { x_1 = 0 }. This implies thatS_κ ∈ Π_1, contradicting the assumption that no plane fromD passes through S_κ . Thus

P ⊆ {± k_pe_2}. �

Now we introduce the second class U_2 = U_2(θ_1, θ_2, k_s ) of unidentifiable grating profiles by setting

U_2 := � Λ ∈ A_1 :

Each face of Λ lies on a plane defined by ν_{Π j} ·x + 2 mπ = 0 for some m ∈ Z, j = 1 , 2, withν_{Π j} given by (33). �

if− k_s (sin θ_1 cos θ_2 ± � 1 − sin^2 θ_1 sin^2 θ_2) ∈ Z, and by U_2 := ∅ otherwise.

Lemma 13. Under the assumptions of Lemma 12, we haveΛ_1, Λ_2 ∈ U_2, and the total fieldu = u_1 = u_2 takes the form

u = θ̂^⊥ exp(ik_s x ·θ̂) + Rot_π (θ̂^⊥ ) exp( ik_s x ·Rot_π (θ̂)) + Ref_{Π 1} (θ̂^⊥ ) exp( ix ·S) + Ref_{Π 2} (θ̂^⊥ ) exp( ix ·Rot_π (S)) + [ C^+ exp(ik_px_2) − C^− exp(− ik_px_2)]e_2,

where Π_j = { x : ν_{Π j} ·x = 0 } (j = 1 , 2) withν_{Π j} defined in (33), S = k_s Ref_{Π 1} (θ̂) and the constants

C^± ∈ C are determined as in Lemma 11.

Since Lemma 13 (and also the following Lemmas 15 and 17) can beproved analogously to Lemma 11, we omit the details for the sake of brevity.

4.3.2 Unidentifiable grating profiles in the case D^# = 3

Lemma 14. Assume that (A1)-(A3) hold and D^# = 3 . Then, we have

(1) P ⊆ {± k_pe_2}, S = { S_κ , Rot_{2π/3}(S_κ ), Rot_{4π/3}(S_κ )} = k_s {θ̂,Rot_{2π/3}(θ̂), Rot_{4π/3}(θ̂)} with

Rot_{2π/3}(θ̂) = ( − 1 2 sin θ_1 cos θ_2 − √ 3 2 cos θ_1, sin θ_1 sin θ_2, − √ 3 2 sin θ_1 cos θ_2 + 1 2 cos θ_1),

Rot_{4π/3}(θ̂) = ( − 1 2 sin θ_1 cos θ_2 + √ 3 2 cos θ_1, sin θ_1 sin θ_2, √ 3 2 sin θ_1 cos θ_2 + 1 2 cos θ_1).

(2) D = { Π_1, Π_2, Π_3} and S_κ ∈ Π_1, Rot_{2π/3}(S_κ ) ∈ Π_2, Rot_{4π/3}(S_κ ) ∈ Π_3. Moreover, Π_j = { x : ν_{Π j} ·x = 0 }, where the normal directionsν_{Π j} corresponding to Π_j are given by

ν_{Π 1} = θ̂ × e_2 = (cos θ_1, 0, sin θ_1 cos θ_2),

ν_{Π 2} = e_2 × Rot_{2π/3}(θ̂) = ( − √ 3 2 sin θ_1 cos θ_2 + 1 2 cos θ_1, 0, 1 2 sin θ_1 cos θ_2 + √ 3 2 cos θ_1),

ν_{Π 3} = e_2 × Rot_{4π/3}(θ̂) = ( √ 3 2 sin θ_1 cos θ_2 + 1 2 cos θ_1, 0, 1 2 sin θ_1 cos θ_2 − √ 3 2 cos θ_1).

(3) −^3_2 sin θ_1 cos θ_2 ±^{√ 3}_2 cos θ_1 ∈ Z, | √ 3 sin θ_1 cos θ_2| ≤ cos θ_1, ν_{Π 1} ·θ̂^⊥ = 0 .

Proof. The first assertion follows from Lemma 9 (3), while the secondassertion can be derived from the proof of Lemma 9 (3) in combination with the fact that eachΠ_j passes through the x_2-axis. To prove the third assertion, making use of theα -quasi-periodicity we see that

Rot_{2π/3}(θ̂) = S_n = ( α_1 + n_1, α_2 + n_2, γ_n ) for some n ∈ Z^2, with γ_n ≥ 0, Rot_{4π/3}(θ̂) = S_m = ( α_1 + m_1, α_2 + m_2, γ_m ) for some m ∈ Z^2, with γ_m ≥ 0.

In view of the components ofRot_{2π/3}(θ̂), Rot_{4π/3}(θ̂) indicated in the first assertion, we arrive at − 3 2 sin θ_1 cos θ_2 ± √ 3 2 cos θ_1 ∈ Z, | √ 3 sin θ_1 cos θ_2| ≤ cos θ_1.

Finally, the relationν_{Π 1} ·θ̂^⊥ = 0 is a consequence of θ̂ ∈ Π_1 and Corollary3 (1). �

Define the third class U_3 = U_3(θ_1, θ_2, k_s ,θ̂^⊥ ) of unidentifiable grating profiles by

U_3 := � Λ ∈ A_1 :

Each face of Λ lies on a plane given by ν_{Π j} ·x +^{4π}_{ks}^√_3 m = 0 for some m ∈ Z, where ν_{Π j} (j = 1 , 2, 3) are defined in Lemma 14 (2). �

if the conditions of Lemma 14 (3) are all satisfied, and byU_3 := ∅ if one of the conditions of Lemma 14 (3) is not satisfied.

Lemma 15. Under the assumptions of Lemma 14, we haveΛ_1, Λ_2 ∈ U_3, and the total fieldu = u_1 = u_2 takes the form

u = θ̂^⊥ exp(ik_s x ·θ̂) + Rot_{2π/3}(θ̂^⊥ ) exp( ik_s x ·Rot_{2π/3}(θ̂)) + Rot_{4π/3}(θ̂^⊥ ) exp( ik_s x ·Rot_{4π/3}(θ̂)) + [ C^+ exp(ik_px_2) − C^− exp(− ik_px_2)]e_2

where the constants C^± ∈ C are determined as in Lemma 11.

4.3.3 Unidentifiable grating profiles in the case D^# = 4

Lemma 16. Assume that (A1)-(A3) hold and D^# = 4 . Then

(1) P ⊆ {± k_pe_2}, S = k_s {θ̂,Rot_{π/2}(θ̂), Rot_π (θ̂), Rot_{3π/2}(θ̂)} with θ̂ = (0 , sin θ_1 sin θ_2, − cos θ_1), Rot_{π/2}(θ̂) = ( − cos θ_1, sin θ_1 sin θ_2, 0), Rot_π (θ̂) = (0 , sin θ_1 sin θ_2, cos θ_1), Rot_{3π/2}(θ̂) = (cos θ_1, sin θ_1 sin θ_2, 0).

(2) sin θ_1 cos θ_2 = 0 , θ̂^⊥ ∈ { x_3 = 0 } and k_s cos θ_1 ∈ Z. (3) D = { Π_1, Π_2, Π_3, Π_4} withΠ_1 = { x_1 = 0 }, Π_2 = { x_1 = x_3}, Π_3 = { x_3 = 0 }, Π_4 = { x_1 = − x_3}.

Proof. By Lemma 9 (4), we haveP ⊆ {± k_pe_2} and

S = { S_κ , Rot_{π/2}(S_κ ), Rot_π (S_κ ), Rot_{3π/2}(S_κ )} = k_s {θ̂,Rot_{π/2}(θ̂), Rot_π (θ̂), Rot_{3π/2}(θ̂)}.

Analogously to the proof of Lemma 14 (2), one can verify that each element from S lies on some perfect plane in D . This implies thatS_κ , Rot_π (S_κ ) ∈ { x_1 = 0 } and Rot_{π/2}(θ̂), Rot_{3π/2}(θ̂) ∈ { x_3 = 0 }. By Lemma 5, without loss of generality, we may assume that

Π_1 = { x_1 = 0 }, Π_2 = { x_1 = x_3}, Π_3 = { x_3 = 0 }, Π_4 = { x_1 = − x_3}.

The relations sin θ_1 cos θ_2 = 0 and θ̂^⊥ ∈ { x_3 = 0 } follow fromS_κ ∈ { x_1 = 0 } and Corollary 3 (1), whilek_s cos θ_1 ∈ Z is derived from theα -quasi-periodicity ofu. � Define the fourth class U_4 = U_4(θ_1, θ_2, k_s ,θ̂^⊥ ) of unidentifiable grating profiles by

U_4 = � Λ ∈ A_1 :

Each face of Λ lies on a plane defined by x_3 +^π_{ks} m = 0 ,

x_3 +^π_{ks} m = 0 , or x_3 ± x_1 +^{2π}_{ks} m = 0 for some m ∈ Z. �

ifk_s cos θ_1 ∈ Z, sin θ_1 cos θ_2 = 0 and θ̂^⊥ ∈ { x_3 = 0 }, and by U_4 := ∅ if one of the relations in Lemma

16 (2) is not satisfied.

Lemma 17. Under the assumptions of Lemma 16, we haveΛ_1, Λ_2 ∈ U_4, and the total fieldu = u_1 = u_2 takes the form

u = θ̂^⊥ exp(ik_s x ·θ̂) + Rot_{π/2}(θ̂^⊥ ) exp( ik_s x ·Rot_{π/2}(θ̂)) + Rot_π (θ̂^⊥ ) exp( ik_s x ·Rot_π (θ̂)) + Rot_{3π/2}(θ̂^⊥ ) exp( ik_s x ·Rot_{3π/2}(θ̂)) + [ C^+ exp(ik_px_2) − C^− exp(− ik_px_2)]e_2

where the constants C^± ∈ C are determined as in Lemma 11.

4.4 Unidentifiable grating profiles which vary in both the x_1 and x_2 directions

Throughout this section we assume Λ_1, Λ_2 ∈ A_2, that is, Λ_j is not constant in x_2 and varies in x_1 and

x_2 2π-periodically. In this case, there always exists a corner point of Λ_1 where at least three faces of Λ_1, Θ_1, Θ_2, · · ·, Θ_N (N ≥ 3), meet together. This corner point is supposed to coincide with the origin O without loss of generality. LetΠ_j (j = 1 , 2, · · ·, N ) be the perfect planes obtained by extending

the faces Θ_j . These planes form at least N intersection lines that pass through O, which we denote by

l_1, l_2, · · ·, l_N respectively. Without loss of generality, we assume

l_1 = Π_1 ∩ Π_2, l_2 = Π_2 ∩ Π_3, l_3 = Π_3 ∩ Π_1.

Furthermore we suppose that l_j (j = 1 , 2, 3) are three non-coplanar lines in R^3. Recalling the set D_l defined in (23), we obtain three equiangular systems of perfect planes D_{lj} (j = 1 , 2, 3). Define

D = { Π : Π ∈ D_{l1} ∪ D_{l2} ∪ D_{l3} }, L = { l : ∃ Π ,Π̃ ∈ D such that l = Π ∩ Π̃ }.

The set D consists of all perfect planes passing through l_1, l_2 or l_3, whereas L consists of all intersection lines of any two planes fromD. Evidently, each element inD and L passes through the origin O.

Lemma 18. (1) In the case of the boundary conditions of the third kind, the incident directionS_κ = k_sθ̂ satisfies S_κ /∈ l for alll ∈ L .

(2) Ref_Π (S) = S and Ref_Π (P ) = P for allΠ ∈ D .

Proof. See Corollary 3 (2) and Lemma 6. �

We proceed to determine the finite number of the propagating directions of the total field and the perfect planes passing through O, relying on the above Lemma 18, and the reflectional and rotational invariance of the total field (Lemma 6 and Lemma 8). As one would expect, the arguments in this section will be more complicated than those in Section 4.3, because the grating profiles fromA_2 vary in both thex_1 and x_2 directions. Analogously to Lemmas 10,12,14 and 16, we establish the following lemma forΛ_1, Λ_2 ∈ A_2, from which the fifth class of unidentifiable grating profiles can be derived (see Lemma 22).

Lemma 19. Under the assumptions (A1)-(A2) and Λ_1, Λ_2 ∈ A_2, we have

(1) All points ofS lie on one perfect plane inD. Without loss of generality, we may assume thatS ⊂ Π_3.

(2) S = {± k_sθ̂,± S} withS = ( y_1, y_2, 0) ∈ R^3, where y_1, y_2 ∈ R satisfy

y^2_1 + y^2 = k^2_s , (θ̂ × θ̂^⊥ ) ·(y_1, y_2, 0) = 0 .

(3) D = { Π_1, Π_2, Π_3} with Π_1⊥ Π_2, Π_2⊥ Π_3, Π_3⊥ Π_1. Furthermore, the normal directionsν_{Π j} corre-

sponding to Π_j (j=1,2,3) are given by

ν_{Π 3} = θ̂ × θ̂^⊥ , ν_{Π 1} = S − S_κ , ν_{Π 2} = S + S_κ .

(4) ± y_1 − k_s sin θ_1 cos θ_2 ∈ Z, ± y_2 − k_s sin θ_1 sin θ_2 ∈ Z.

(5) Ifθ̂ × θ̂^⊥ is parallel to the plane{ x_3 = 0 }, then P ⊆ {± k_p(θ̂ × θ̂^⊥ )/||θ̂ × θ̂^⊥ ||}; otherwise P = ∅ .

Proof. We decompose the proof into three steps.

Step 1 Prove Lemma 19 if one of the linesl_j (j = 1 , 2, 3) is parallel to the plane { x_3 = 0 }.

Without loss of generality, we may assumel_1‖{ x_3 = 0 }. Two cases need to be considered.

Case (i): l_1 coincides with thex_2-axis.

Since l_j (j = 1 , 2, 3) are non-coplanar straight lines and l_1 = Π_1 ∩ Π_2, the plane Π_3 cannot pass through the x_2-axis. Recall that in this case the sets D_{l1} , G_{l1 ,Sκ} (defined in (23) and (24)) are denoted by

D , G_{Sκ} , respectively, and that G_{Sκ} ⊂ Π := { x_2 = k_s sin θ_1 sin θ_2}. It is seen from Lemma 9 (1) that 2 ≤ D^# ≤ 4. Based on Lemmas 9, 10, 14 and 16, we shall prove that D^# = 2 and that each plane

fromD does not pass through S_κ .

We first exclude the cases D^# = 3 and D^# = 4 . In either of the cases, by Lemma 9, we have

S = G_{Sκ} ⊂ Π . Since Ref_{Π 3} (S) = S , we know that eitherΠ_3 = Π , or Π_3⊥ Π holds. However,Π_3 = Π

together with Lemmas 14 and 16 would lead to the fact that eachelement of G_{Sκ} belongs to two different perfect planes of D, one of which isΠ_3 and the other one belongs to D , contradicting Corollary 3 (2). Moreover,Π_3⊥ Π in combination withO ∈ l_1, l_1⊥ Π , O ∈ Π_3 would result inl_1 ⊂ Π_3, contradicting the assumption that l_1 does not lie on Π_3.

Thus D^# = 2 , and consequently S = {S_κ , Rot_π (S_κ )} ∪ Q_s by Lemma 9. We claim thatQ_s ≠ ∅ . In fact, ifQ_s = ∅ , then S would only consist of two elements,S_κ and Rot_π (S_κ ). Since Ref_{Π j} (S) = S for

j = 1 , 2, 3, there exist a point in S lying on two planes from{ Π_1, Π_2, Π_3}, which is impossible due to

Corollary 3 (2).

Next, we exclude the case that one plane of D passes through S_κ when D^# = 2 . Clearly,D = { Π_1, Π_2} withΠ_1⊥ Π_2. Assume S_κ ∈ Π_1 without loss of generality. SinceQ_s ≠ ∅ , it follows from Lemma 9 (2) that Π_1 = { x_1 = 0 }, Π_2 = { x_3 = 0 } and sin θ_1 cos θ_2 = 0 . Now we consider the straight line

l_2 = Π_2 ∩ Π_3, which lies on the plane { x_3 = 0 }. We deduce from the previous argument in case (i)

that D^#_{l2} = 2 , which leads to D_{l2} = { Π_2, Π_3} withΠ_2⊥ Π_3. Since O ∈ Π_j (j = 1 , 2, 3), the straight line l_3 = Π_3 ∩ Π_1 coincides with thex_3-axis. Thus, by Lemma 8 and (24), the elements inG_{l3 ,Sκ} have the same x_3-component − γ as S_κ . However, this only happens if the setG_{l3 ,Sκ} consists of one element S_κ , or equivalently,S_κ ∈ l_3 ∈ Π_1 ∩ Π_3, which contradicts Corollary 3 (2).

Therefore, we have proved that D = { Π_1, Π_2} withΠ_1⊥ Π_2, and that neither Π_1 nor Π_2 goes through S_κ . It follows from Lemma 12 that

S = { S_κ , Rot_π (S_κ ), S, Rot_π (S)} ⊂ Π ,

where S is defined in Lemma 12 (1). We claim thatΠ = Π_3. Actually, it is seen fromRef_{Π 3} (S) = S that

Ref_{Π 3} (Π) = Π . Thus, either Π_3⊥ Π , or Π_3 = Π holds. IfΠ_3⊥ Π , then l_1 ⊂ Π_3 since O ∈ l_1, l_1⊥ Π and O ∈ Π_3. This is impossible because l_1 does not lie on Π_3. Thus it holds thatΠ = Π_3, leading to

S ⊂ Π_3, S^⊥_κ ∈ Π_3, Π_3 = { x_2 = 0 }, α_2 = k_s sin θ_1 sin θ_2 = 0 , θ̂ × θ̂^⊥ ‖e_2, Π_1⊥ Π_3, Π_2⊥ Π_3.

In view of Lemma 12, we conclude from the above analysis that

(I)S = k_s { (sin θ_1 cos θ_2, 0, − cos θ_1), (− sin θ_1 cos θ_2, 0, cos θ_1), ± e_1} ⊂ Π_3, Π_3 = { x_2 = 0 }.

(II)D = { Π_1, Π_2, Π_3} withΠ_1⊥ Π_2, Π_2⊥ Π_3, Π_3⊥ Π_1. Moreover, the normal directionsν_j corresponding to Π_j are given by

ν_{Π 1} = (1 − sin θ_1 cos θ_2, 0, cos θ_1), ν_{Π 2} = (1 + sin θ_1 cos θ_2, 0, − cos θ_1), ν_{Π 3} = θ̂ × θ̂^⊥ .

(III)k_s (sin θ_1 cos θ_2 ± 1) ∈ Z, sin θ_1 sin θ_2 = 0 , θ̂^⊥ ∈ Π_3, P ⊆ {± k_pe_2}.

This completes the proof of Lemma 19 whenl_1 coincides with thex_2-axis. Case (ii): The linel_1 ⊂ { x_3 = 0 } does not coincide with thex_2-axis. Via a coordinate rotation around thex_3-axis, one can carry over the argument from case (i) to this case. Note that the third component of each pointx ∈ R^3 remains invariant under such a rotation. Step 2 Prove Lemma 19 if none of the linesl_j (j = 1 , 2, 3) is parallel to the plane { x_3 = 0 }.

Let ν_{l1} = ( ν_1, ν_2, ν_3) ∈ S^2 be a vector parallel to the linel_1 = Π_1 ∩ Π_2. Since ν_{l1} ∦ { x_3 = 0 }, we may

assume ν_3 > 0. Define

Π^∗_j := { the plane passing through the origin that is orthogonal tol_j }, T_{l1 ,Sκ} = { S_n ∈ S : S_n = Ref_Π (S_κ ) for some Π ∈ D_{l1} }.

By Lemma 7, we haveG_{l1 ,Sκ} ⊆ T_{l1 ,Sκ} . Let H_1 be the projection operator fromR^3 to Π^∗_1. Then, S_κ = η ν_{l1} + H_1(S_κ ) with η = S_κ ·ν_{l1} , S_n = η_n ν_{l1} + H_1(S_n ) with η_n = S_n ·ν_{l1} . (35) The following lemma has been proved in [9] using the dihedralgroup theory. Here we present another proof using the reflectional and rotational invariance ofS for the reader’s convenience. Lemma 20. We have η_n = η for allS_n ∈ T_{l1 ,Sκ} , η_n ≥ 0 for allS_n ∈ S\ T_{l1 ,Sκ} , and η + � n ∈ S,n ≠ κ

η_n = 0 .

Proof of Lemma 20. Since the perfect planes in D_{l1} form an equiangular system of planes inR^3 (see Lemma 5), there holds η_n = η for allS_n ∈ T_{l1 ,Sκ} . Then we see that

G_{l1 ,Sn} = { η_n ν_{l1} + H_1(Rot_{l1 ,2mπ/D} #_{l 1} (S_n )) : m = 1 , 2, · · ·, D^∗_{l1} },

where the set { H_1(Rot_{l1 ,2mπ/D} #_{l 1} (S_n )) : m = 1 , 2, · · ·, D^∗_{l1} } consists of the D^#_{l1} vertices of some regular polygon lying onΠ^∗_1 centered at the origin. Thus, if η_n < 0 for some S_n ∈ S\ T_{l1 ,Sκ} , then there exists at least one element in G_{l1 ,Sn} whose x_3-components are negative, which is impossible since S_κ /∈ G_{l1 ,Sn} . Thus η_n ≥ 0 for allS_n ∈ S\ T_{l1 ,Sκ} . To verify the last assertion, we letA = � n ∈ S Sn .

Then, by Lemma 8, we see that Rot_{lj ,2π/D} #_{l j} (A) = A for j = 1 , 2, 3. Since l_j (j = 1 , 2, 3) are three different non-coplanar straight lines, we obtainA = 0 , and thus

ν_{l1} ·A = η + � n ∈ S,n ≠ κ

η_n = 0 . � To proceed with the proof of Lemma 19, it suffices to consider the following cases: Case (a): S_κ belongs to one of the planes Π^∗_j (j = 1 , 2, 3); Case (b): S_κ /∈ Π^∗_j for allj = 1 , 2, 3. We finish this step by studying case (a) and exclude case (b) in the next step. As we will see in the following, case (a) leads to the desired results in Lemma 19. Without loss of generality, we assumeS_κ ∈ Π^∗_1. Since l_1⊥ Π^∗_1, we have η = 0 , and thus by Lemma 20,

η_n = 0 for allS_n ∈ T_{l1 ,Sκ} . Furthermore, we obtain from the last assertion of Lemma 20 that η_n = 0 for

all S_n ∈ S , which leads to S ⊂ Π^∗_1. Thus Lemma 19 (1) is proved in case (a).

Lemma 21. D = { Π_1, Π_2, Π_3}, and the planes Π_j (j = 1 , 2, 3) are perpendicular to each other.

Proof of Lemma 21. Since G_{l1 ,Sκ} ⊂ S ∈ Π^∗_1, using the fact that S_κ is the only component inS whose

x_3-component is negative, one can readily prove that2 ≤ D^#_{ll} ≤ 4 and that G_{l1 ,Sκ} = S ifD^#_{ll} = 3 or D^#_{ll} = 4 ; see the proof of Lemma 9. However, both of the casesD^#_{ll} = 3 and D^#_{ll} = 4 can be excluded,

since either of them would imply thatΠ_3 = Π^∗_1 and that each point from S lies on two different perfect planes in D_{l1} (see the arguments in Step 1, Case (i)). This contradicts Corollary 3 (2). Thus it holds that

D^#_{l1} = 2 , leading to D_{l1} = { Π_1, Π_2} withΠ_1⊥ Π_2. By the rotational invariance, we further obtain that Rot_{l1 ,π} (S_n ) = − S_n ∈ S for S_n ∈ S . This implies that

S ⊂ {± k_sθ̂} ∪ Q̃_s ⊂ Π^∗_1, Q̃_s = {± (α^{(1)}_n , α^{(2)}_n , 0) : |α_n |^2 = k^2_s }. (36)

Using an argument similar to case (i) of Step 1, we see that Q̃_s ≠ ∅ , which together withRef_{Π 3} (S) =

S and S ⊂ Π^∗_1 yields Ref_{Π 3} (Π^∗_1) = Π^∗_1. Hence, either Π_3⊥ Π^∗_1, or Π_3 = Π^∗_1 holds. However, the

orthogonalityΠ_3⊥ Π^∗_1 in combination withO ∈ Π_3 ∩ Π^∗_1, l_1⊥ Π^∗_1 would lead tol_1 ⊂ Π_3. This implies that

Π_1 ∩ Π_2 ∩ Π_3 = l_1, which is impossible sincel_j are three non-coplanar lines. Thus Π_3 = Π^∗_1 and Π_3 is

perpendicular to bothΠ_1 and Π_2. �

From Π^∗_1 = Π_3 and Corollary 3 (1), we see thatθ̂ ∈ Π_3 and θ̂^⊥ ∈ Π_3. Thus we may write the normal direction toΠ_3 as ν_{Π 3} = θ̂ × θ̂^⊥ . Moreover, using Corollary 3 (2), we haveθ̂ /∈ Π_j for j = 1 , 2, which allows us to assume (see Figure 6)

Ref_{Π 1} (S_κ ) = S, Ref_{Π 1} (− S_κ ) = − S, Ref_{Π 2} (S_κ ) = − S, for some S ∈ Q̃_s . (37)

We claim that S = {± k_sθ̂,± S}. In fact, if there exists some n ∈ Z^2 such that {± S_n } ⊂ (Q̃_s ∩

S)\{± S} ⊂ Π_3, then the plane Π_3 passes through at least four points ± S, ± S_n , all of which lie on the

plane { x_3 = 0 }. This implies thatΠ_3 = { x_3 = 0 }, and that the lines l_2 = Π_2 ∩ Π_3, l_3 = Π_3 ∩ Π_1 are both parallel to{ x_3 = 0 }, contradicting our assumptions in Step 2.

Figure 6: S = {± S_κ , ± S}, D = { Π_1, Π_2, Π_3}, l_1 = Π_1 ∩ Π_2.

Assuming S = ( y_1, y_2, 0), we know fromS ∈ S ⊂ B_{ks} (O) and S ∈ Π_3 that

y^2_1 + y^2 = k^2_s , (θ̂ × θ̂^⊥ ) ·(y_1, y_2, 0) = 0 .

This finishes the proof of Lemma 19 (2). The third assertion follows directly from (37), while the fourth one can be easily derived from the α -quasi-periodicity.

Next we shall prove thatP = ∅ . The elements in P can be written as

P_n = τ_n ν_{l1} + H_1(P_n ), withτ_n = P_n ·ν_{l1} for n ∈ P ,

where ν_{l1} ∈ S^2 denotes the vector parallel to l_1 whose third component is positive. In contrast toS , all the elements in P are located in B_{kp} (O) ∩ { x_3 ≥ 0}. Similar to Lemma 20, it holds thatτ_n ≥ 0 for all P_n ∈ P and � n ∈ P τn = 0 , leading to τn = 0 for allPn ∈ P . Hence, P ⊂ Π ∗ 1. Arguing similarly, one obtains P ⊂ Π^∗_j for j = 2 , 3. Since Π^∗_1 ∩ Π^∗_2 ∩ Π^∗_3 = O and |P_n | = k^2_p , we arrive at P = ∅ .

In summary, Lemma 19 holds in case (a). It only remains to exclude case (b).

Step 3 To prove that case (b) cannot happen.

Assume none of the lines l_j (j = 1 , 2, 3) is parallel to { x_3 = 0 } and S_κ /∈ Π^∗_j for each j = 1 , 2, 3. From Lemma 20 we see that η = S_κ ·ν < 0, since if this were not true, there would hold thatη_n = 0 for all S_n ∈ S leading to S_κ ⊆ Π^∗_1.

We claim thatS_κ must belong to some perfect plane inD_{l1} . In fact, if each plane fromD_{l1} does not pass through S_κ , then the set T_{l1 ,S κ} contains at least four elements obtained by reflecting and rotating S_κ with respect to the perfect planes in D_{l1} ; note that D^#_{l1} ≥ 2. Using the decomposition (35), the first assertion of Lemma 20 and η < 0, we see that at least two elements of T_{l,S κ} have negative x_3-components. This contradicts Remark 1.

Thus we may assume S_κ ∈ Π̃_1 for some Π̃_1 ∈ D_{l1} . For the same reason, one obtains that S_κ ∈ Π̃_j for some Π̃_j ∈ D_{lj} , j = 2 , 3. Therefore, S_κ ∈ Π̃_1 ∩ Π̃_2 ∩ Π̃_3. However, recalling thatl_j ⊂ Π̃_j for

j = 1 , 2, 3 and that l_j are three non-coplanar lines passing through O, we have Π̃_1 ∩ Π̃_2 ∩ Π̃_3 = O.

This is a contradiction. The proof of Lemma 19 is thus complete. �

Introduce the fifth classU_5 = U_5(θ_1, θ_2, k_s ,θ̂^⊥ ) of unidentifiable grating profiles by setting

U_5 = � � � Λ ∈ A_2 :

Each face of Λ lies on a plane defined by ν_{Π j} ·x + 2 mπ/k_s = 0 for some m ∈ Z, j = 1 , 2, or on a plane given by ν_{Π 3} ·x + C = 0 for some C ∈ R, where ν_{Π j} (j = 1 , 2, 3) are defined in Lemma 19 (3)

� � � if ± y_1 − k_s sin θ_1 cos θ_2 ∈ Z and ± y_2 − k_s sin θ_1 sin θ_2 ∈ Z, and by U_5 := ∅ otherwise. Here y_j (j = 1 , 2) satisfy the relations of Lemma 19 (2).

The following lemma can be derived in a way similar to the proof of Lemma 9. Lemma 22. Assume that (A1)-(A2) hold and Λ_1, Λ_2 ∈ A_2. Then Λ_1, Λ_2 ∈ U_5, and the total field

u = u_1 = u_2 takes the form u = θ̂^⊥ exp(ik_s x ·θ̂) − θ̂^⊥ exp(− ik_s x ·θ̂) + Ref_{Π 1} (θ̂^⊥ ) exp( ix^′ ·y^′) − Ref_{Π 1} (θ̂^⊥ ) exp( − ix^′ ·y^′) + c � (θ̂ × θ̂^⊥ ) exp( ik_px ·(θ̂ × θ̂^⊥ )) − (θ̂ × θ̂^⊥ ) exp( − ik_px ·(θ̂ × θ̂^⊥ )) � , where c ∈ C is an arbitrary constant ifθ̂ × θ̂^⊥ is parallel to the plane { x_3 = 0 } and the functions exp � ± ik_px ·(θ̂ × θ̂^⊥ ) � are α -quasi-periodic in bothx_1 and x_2; otherwise c = 0 . Here y^′ = ( y_1, y_2) and Π_1 are given by Lemma 19 (2) and (3) respectively.

4.5 Counterexamples

Combining Lemmas 11, 13, 15, 17 and 22 yields Theorem 1 for theincident shear wave under the boundary conditions of the third kind. We present an additional remark concerning Theorem 1.

Remark 2. (i) The unidentifiable grating classes U_2, U_4 and U_5 are empty if the Rayleigh frequencies of the shear part are excluded. Thus, under the additional assumption that π_s = ∅ , the assertion (15) of Theorem 1 takes the form

either Λ_1 = Λ_2, or Λ_1, Λ_2 ∈ U_j for some j ∈ { 1, 3}.

(ii) All the unidentifiable grating profile classesU_j (j = 1 , 2, 3, 4, 5) are determined by the incident

shear wave of the form (2). More precisely, the setsU_j for j = 1 , 3, 4, 5 depend on the incident angles

θ_1, θ_2, the shear wave number k_s and the vector θ̂^⊤ , while the set U_2 only depends on θ_1, θ_2 and k_s .

Each set U_j is not empty and contains at least two elements provided the corresponding conditions imposed on θ_1, θ_2, k_p and θ̂^⊥ are fulfilled. The grating profiles fromU_3 ∈ A_1 will be presented in the following Example 3, which then generate the correspondingthree-dimensional non-uniqueness examples. The grating profiles fromU_j ∈ A_1 (j = 1 , 2, 4) and their corresponding counterexamples can be constructed analogously. We remark that, in the 2D case, there only exists one unidentifiable class

D_2 for the incident shear wave under the third kind of boundary conditions (see [15, Theorem 7]). This

class can be also derived from the set U_2(θ_1, θ_2, k_s ) by assuming that all elastic waves are propagating perpendicular to the x_2-axis, where the three-dimensional problem can be reduced to a problem of plane elasticity in the(x_1, x_3)-plane. Such a reduction is impossible for the other classes U_j (j = 1 , 3, 4, 5), because the incident direction θ̂ and the vector θ̂^⊥ would both belong to some perfect plane in any of these cases (see Corollary 3), contradicting the fact thatθ̂^⊥ lies on the (x_1, x_3)-plane.

Next we shall present two counterexamples for illustratingthat one incident shear wave cannot uniquely determine a bi-periodic structure in the case of the boundary conditions of the third kind. Moreover, we will construct grating profiles from the unidentifiable setU_5 which vary in both thex_1 and x_2 directions with period2π.

Example 1 Set θ_1 = π/6, θ_2 = 0 , k_s = 4 , so that the incident shear wave u^{in} is given by

u^{in}_s = ( √ 3, 0, 1/2)^⊤ exp(i2(x_1 − √ 3x_3)).

Define seven planes Γ_j (j = 1 , 2, · · ·, 7) by (see Figure 7 for their cross sections in the(x_1, x_3)-plane)

Γ_1 = { x : x_3 = f_1(x_1) := √ 3x_1}, Γ_2 = { x : x_3 := f_2(x_1) = − (x_1 − 2π) √ 3/3}, Γ_3 = { x : x_3 = f_3(x_1) := − x_1 √ 3/3}, Γ_4 = { x : x_3 := f_4(x_1) = √ 3(x_1 − π)}, Γ_5 = { x : x_3 = f_5(x_1) := − x_1 √ 3/3 + √ 3π}, Γ_6 = { x : x_3 := f_6(x_1) = √ 3(x_1 + π)}, Γ_7 = { x : x_3 = f_7(x_1) := − x_1 √ 3/3 + 4 √ 3π/3},

four truncated prismsL_1, L_2, T_1, T_2 by

L_1 = { x : f_3(x_1) < x_3 < f_5(x_1), x_1 ∈ (0, 3π/4), x_2 ∈ [− π, π ]}, L_2 = { x : f_4(x_1) < x_3 < f_1(x_1), x_1 ∈ (3π/4, π), x_2 ∈ [− π, π ]}, T_1 = { x : f_1(x_1) < x_3 < f_6(x_1), x_1 ∈ (0, π/4), x_2 ∈ [− π, π ]}, T_2 = { x : f_2(x_1) < x_3 < f_7(x_1), x_1 ∈ (π/4, π), x_2 ∈ [− π, π ]},

and two polyhedral surfaces F_1, F_2 (consisting of four faces) by

F_1 : x_3 = � � � � f_5(x_1), x^′ ∈ (0, 3π/4) × (0, π) f_1(x_1), x^′ ∈ (3π/4, π) × (0, π) f_3(x_1), x^′ ∈ (0, 3π/4) × (− π, 0) f_4(x_1), x^′ ∈ (3π/4, π) × (− π, 0),

F_2 : x_3 = � � � � � f_6(x_1), x^′ ∈ (0, 3π/4) × (0, π) f_7(x_1), x^′ ∈ (π/4, π) × (0, π) f_1(x_1), x^′ ∈ (0, π/4) × (− π, 0) f_2(x_1), x^′ ∈ (π/4, π) × (− π, 0).

Now let the restriction of the grating profiles to(0, π) × (− π, π ) be defined by

Λ_1|_{(0,π )× (− π,π )} = F_2 ∪ { (T_1 ∪ T_2) ∩ { x_2 = 0 }} ∪ { (T_1 ∪ T_2) ∩ { x_2 = π}}, Λ_2|_{(0,π )× (− π,π )} = F_1 ∪ { (L_1 ∪ L_2) ∩ { x_2 = 0 }} ∪ { (L_1 ∪ L_2) ∩ { x_2 = π}},

and let Λ_j (j = 1 , 2) be the π-periodic resp. 2π-periodic extensions ofΛ_j |_{(0,π )× (− π,π )} along the x_1 resp.

x_2 direction; see Figure 7.

Figure 7: Left: The cross sections off_j for j = 1 , 2, · · ·, 7; Middle: The restriction ofΛ_1 to (0, 2π) ×

(− π, π ); Right: The restriction ofΛ_2 to (0, 2π) × (− π, π ). A = (0 , − π, 0), B = (0 , 0, √ 3π).

Then one can check that Λ_1, Λ_2 ∈ A_2, and that the total field of the form

u(x) = ( √ 3/2, 0, 1/2)^⊤ exp(i2(x_1 − √ 3x_3)) − e_3 exp(i4x_1) +( − √ 3/2, 0, − 1/2)^⊤ exp(i2(− x_1 + √ 3x_3)) + e_3 exp(− i4x_1)

satisfies the α -quasi-periodicity condition (7) withα = (2 , 0), the Rayleigh expansion (10) and the third kind boundary conditions on bothΛ_1 and Λ_2 as well as the Navier equation

(Δ^∗ + ω^2)u = 0 in R^3, with ω/ √ μ = 4 .

In fact, the above defined total field only consists of propagating modes of the shear part, with four propagating directions

θ̂_0 = θ̂ = ( 1 2 , 0, − √ 3 2 ), θ̂_1 = ( − 1 2 , 0, √ 3 2 ) θ̂_2 = (1 , 0, 0), θ̂_3 = ( − 1, 0, 0),

lying on the perfect planeΠ_3 = { x_2 = 0 }. The other two perfect planes which pass through the origin are given by

Π_1 = { x_3 = √ 3x_1}, Π_2 = { x_3 = − √ 3 3 x_1}.

One may check that the set S := {θ̂_j : j = 0 , 1, 2, 3} remains invariant under the reflections with respect to Π_j (j = 1 , 2, 3) and the rotations by the angle π with respect to the straight lines l_1 :=

Π_1 ∩ Π_2, l_2 := Π_2 ∩ Π_3 and l_3 := Π_3 ∩ Π_1.

Thus one incident shear wave cannot uniquely determine a bi-periodic structure in the case of the boundary conditions of the third kind. Note that the grating profiles Λ_1 and Λ_2 contain faces vertical to{ x_3 = 0 }, so that they are not polyhedral graphs. Next we present a non-uniqueness example for bi-periodic graphs

Λ_1, Λ_2 ∈ A_2. To do this, the following lemma is needed.

Lemma 23. Let u satisfy the Navier equation(△^∗ + ω^2)u = 0 in a domain Ω ⊂ R^3 and the boundary conditions of the third kind onΓ := ∂Ω . Let R be a rotation acting on the whole space R^3 around the origin, and writeΩ^∗ = R (Ω) , Γ^∗ := R (Γ) . Then the functionu^∗(x) := R [u(R x)] satisfies the same Navier equation inΩ^∗ and the third kind boundary conditions onΓ^∗.

Proof. See Elschner & Yamamoto [20]. �

Example 2 Let R denote the rotation around the x_1-axis by π/3 which rotates the positive x_3-axis towards the positivex_2-axis. Such a rotation can be represented by the 3 × 3 orthogonal matrix

R = � � 1 0 0 0 cos φ sin φ 0 − sin φ cos φ

� � = � � 1 0 0 0 1/2 √ 3/2 0 − √ 3/2 1/2

� � , with φ = π/3.

Let θ_1, θ_2, k_s be given as in Example 1, so that θ̂ = (1 /2, 0, − √ 3/2)^⊤ . Now, define a new incident

directionθ̂^∗ by

θ̂^∗ = (sin θ^∗_1 cos θ^∗_2 , sin θ^∗_1 sin θ^∗_2 , − cos θ^∗_1 ) := R (θ̂) = (1 /2, − 3/4, − √ 3/4),

with the incident anglesθ^∗_1 ∈ [0, π/2), θ^∗_2 ∈ [0, 2π) satisfying

cos θ^∗_1 = √ 3/4, cos θ^∗_2 = 2 √ 13/13, sin θ^∗_2 = − 3 √ 13/13. (38)

Define two new grating profilesΛ^∗_j := R (Λ_j ) for j = 1 , 2. Then we see that Λ^∗_j are graphs given by certain piecewise linear functions overR^2. Furthermore, since the two pointsA and B ( as indicated in Figure 7), satisfy|AB | = 2 π and the angle formed by the line segments AB and AO is π/3, we see that |R (A)R (B )| = 2 π and the line segment R (AB ) is parallel to e_2 in the new coordinate system. This implies that the profilesΛ^∗_j are still 2π-periodic with respect to bothx_1 and x_2 after the rotation. Thus Λ^∗_1, Λ^∗_2 ∈ A_2. Using the above representation matrix forR , by simple calculations we obtain that

R [u(R x)] = ( √ 3/2, √ 3/4, 1/4)^⊤ exp[i(2x_1 − 3x_2 − √ 3x_3)] +( − √ 3/2, − √ 3/4, − 1/4)^⊤ exp[− i(2x_1 − 3x_2 − √ 3x_3)] − (0, √ 3/2, 1/2)^⊤ exp(i4x_1) + (0 , √ 3/2, 1/2)^⊤ exp(− i4x_1).

By Lemma 23, we see that the functionu^∗ := R [u(R x)] satisfies the Navier equation and the third kind boundary conditions on bothΛ^∗_1 and Λ^∗_2. One may further check thatu^∗ is the total field corresponding to the incident shear wave u^{in ∗}_s given by

u^{in ∗}_s := ( √ 3/2, √ 3/4, 1/4)^⊤ exp[i(2x_1 − 3x_2 − √ 3x_3)].

In this case, k_s = 4 and the incident angles θ^∗_1 , θ^∗_2 are defined by (38). In addition,u^∗ − u^{in ∗}_s satisfies

the α -quasi-periodic radiation condition withα = (2 , − 3).

Finally, we present an example fromU_3 for illustrating that two incident shear waves are not sufficient to

uniquely determine a grating profileΛ ∈ A under the boundary conditions of third kind.

Example 3 Let Λ_1|_{(0,2π )× R} and Λ_2|_{(0,2π )× R} be defined by the following functions:

Λ_1|_{(0,2π )× R} : x_3 = � � � √ 3x_1 x_1 ∈ (0,^π_3 ), x_2 ∈ R, √ 3π/3 x_1 ∈ [^π_3 ,^{5π}_3 ], x_2 ∈ R, − √ 3x_1 + 2 √ 3π x_1 ∈ (^{5π}_3 , 2π), x_2 ∈ R,

Λ_2|_{(0,2π )× R} : x_3 = � � � − √ 3x_1 x_1 ∈ (0,^π_3 ), x_2 ∈ R, − √ 3π/3 x_1 ∈ [^π_3 ,^{5π}_3 ], x_2 ∈ R, √ 3x_1 − 2 √ 3π x_1 ∈ (^{5π}_3 , 2π), x_2 ∈ R,

and let Λ_i be the 2π-periodic extensions of Λ_i |_{(0,2π )× R} (i = 1 , 2) along x_1. Set k_s = 2 , θ_2 = 0 ,

and θ_1 =^π_6 or θ_1 = −^π_6 . Then we have two incident directionsθ̂_1 := (1 /2, 0, − √ 3/2), θ̂_2 :=

(− 1/2, 0, − √ 3/2), both of them lying on the(x_1, x_3)-plane. Set θ̂^⊥ := e^⊤_2 , where e_2 = (0 , 1, 0).

One can check that Λ_1, Λ_2 ∈ U_3(π/6, 0, 2, e^⊤_2 ) ∩ U_3(− π/6, 0, 2, e^⊤_2 ), and that the finite Rayleigh ex-

pansions

u(x) = (0 , 1, 0)^⊤ � exp(i(x_1 − √ 3x_3)) + exp( i(x_1 + √ 3x_3)) + exp( − 2ix_1) � , u(x) = (0 , 1, 0)^⊤ � exp(− i(x_1 + √ 3x_3)) + exp( − i(x_1 − √ 3x_3)) + exp(2 ix_1) � all satisfy the Helmholtz equation(Δ + k^2_s )u = 0 in R^3 with k_s = 2 and the third kind boundary

conditions on bothΛ_1 and Λ_2.

5 Inverse scattering of an incident pressure wave under the b ound-

ary conditions of the fourth kind

The aim of this section is to investigate uniqueness for determining a bi-periodic grating profile under the

fourth kind boundary conditions. We make the following assumptions throughout this section.

(A4) The incident wave is the incident pressure wave defined in (1), i.e. u^{in} := θ̂ exp (ik_px ·θ̂) with

θ̂ = (sin θ_1 cos θ_2, sin θ_1 sin θ_2, − cos θ_1), θ_1 ∈ [0,^π_2 ), θ_2 ∈ [0, 2π).

(A5) The total fieldu_j (x) (j = 1 , 2) satisfy problem (DP) corresponding to the different grating profiles

Λ_j under the boundary conditions of the fourth kind and fulfill the relation (18).

By Lemma 4 (2), we write the total fieldu = u_1 = u_2 as u = � n ∈ P

A_{p,n} P^⊤_n exp(ix ·P_n ) + � n ∈ S

A_{s,n} S^⊥_n exp(ix ·S_n ) in R^3,

where

P := { n ∈ Z^2 : |α_n | ≤ k_p, A_{p,n} ≠ 0 } ∪ { κ}, S := { n ∈ Z : |α_n | ≤ k_s , A_{s,n} ≠ 0 },

withP_κ = k_pθ̂, A_{p,κ} = 1 /k_p. Let the sets P , S , P_n (n ∈ P \{ κ}), S_n (n ∈ S ), π_p, π_s be defined as in Section 4. Then, the third components of the elements inP\{ P_κ } and S are all non-negative, while that of P_κ is negative. Without loss of generality, let the originO be located at the intersection line l of two perfect planes Π_1

and Π_2, where Π_j (j = 1 , 2) are obtained by extending two faces of Λ_1 ∪ Λ_2. Introduce the set D_l

consisting of all perfect planes ofu that pass through the line l, which is also an equiangular system of planes in R^3. Analogous to Lemma 6 and Corollary 3, we have Lemma 24. Assume Π ∈ D_l in the case of the boundary conditions of the fourth kind.

(1) Ref_Π (P ) = P , Ref_Π (S) = S .

(2) IfRef_Π (P_n ) = P_m for some n, m ∈ P , then A_{p,n} = − A_{p,m} .

(3) IfRef_Π (S_n ) = S_m for some n, m ∈ S , then A_{s,n} Ref_Π (S^⊥_n ) = − A_{s,m} S^⊥_m .

(4) IfRef_Π (S_n ) = S_n , then S^⊥_n = − Ref_Π (S^⊥_n ), i.e., S_n ∈ Π implies thatS^⊥_n ⊥ Π .

(5) Two different perfect planes fromD_l cannot pass through the same point of S , while no perfect plane fromD_l can pass through a point of P .

Using the reflection principle under the boundary conditions of the fourth kind, we see that Lemma 7, Lemma 8 and Corollary 24 are still true. Now we are in a position to derive the unidentifiable grating profiles corresponding to an incident pressure wave. Lemma 25. Under the assumptions (A4) and (A5), we have Λ_1, Λ_2 ∈ A_1 and D^# = 2 .

Proof. Assume Λ_1 ∈ A_2 or Λ_2 ∈ A_2. Then, applying the reflectional and rotational invarianceto the finite number of propagating directions of the compressional part and arguing as in Lemma 19 (1), we know that the points inP are located on some perfect plane from D_l, which contradicts Lemma 24 (5). Thus Λ_1, Λ_2 ∈ A_1. Analogously to Lemma 9 (1), we can verify that2 ≤ D^# ≤ 4. Moreover, ifD^# = 3

or D^# = 4 , then P = G_{Pκ} and each perfect plane from D goes through a point inP , which is impossible

due to Lemma 24 (5). ThusD^# = 2 . � Combining Lemma 24 (5), Lemma 25 and Lemma 12, we may determine the elements of P , S and D as follows. Lemma 26. Suppose that the conditions in Lemma 25 hold. Then,

(1) P = { P_κ , Rot_π (P_κ ), P, Rot_π (P)}, where P and Rot_π (P) are given by P = k_p( � 1 − sin^2 θ_1 sin^2 θ_2, sin θ_1 sin θ_2, 0), Rot_π (P) = k_p(− � 1 − sin^2 θ_1 sin^2 θ_2, sin θ_1 sin θ_2, 0).

(2) D = { Π_1, Π_2} with Π_1⊥ Π_2. Moreover, the normal directionsν_{Π j} corresponding to Π_j (j=1,2) are

given by

ν_{Π 1} = ( � 1 − sin^2 θ_1 sin^2 θ_2 − sin θ_1 cos θ_2, 0, cos θ_1), (39) ν_{Π 2} = ( − � 1 − sin^2 θ_1 sin^2 θ_2 − sin θ_1 cos θ_2, 0, cos θ_1). (40) (3) k_p(sin θ_1 cos θ_2 ± � 1 − sin^2 θ_1 sin^2 θ_2) ∈ Z.

(4) S = ∅ .

Proof. The assertions (1), (2) and (3) can be proved analogously to those of Lemma 12. In addition, it follows from Lemma 12 (4) thatS ⊂ {± k_s e_2}. Since both planes Π_1 and Π_2 pass through the x_2-axis, by Lemma 24 (5) we arrive atS = ∅ . �

Based on Lemma 26 and the arguments used in the proofs of Lemma 9 and Theorem 1, we can establish Theorem 2 under the boundary conditions of the fourth kind. The following results can be obtained directly from Theorem 2.

Remark 3. Let u be a solution to (DP) for the incident pressure wave (1) fulfilling the boundary conditions of the fourth kind onΛ ∈ A .

(i) Given the a priori information thatΛ /∈ U_2(θ_1, θ_2, k_p), the near-field data corresponding to the incident

pressure wave with the incident angles θ_1 ∈ [0, π/2), θ_2 ∈ [0, 2π) are always enough to uniquely determine Λ .

(ii) If the compressional wave number and the incident angles do not satisfy one of the conditions k_p(sin θ_1 cos θ_2 ± � 1 − sin^2 θ_1 sin^2 θ_2) ∈ Z (for instance, if the Rayleigh frequencies of the com-

pressional part are excluded, i.e., π_p = ∅ ), then U_2(θ_1, θ_2, k_p) = ∅ , and hence Λ can be uniquely identified by one incident pressure wave.

(iii ) Consider two incident pressure waves of the form

u^{in} = ( θ̂) exp( ik_px ·θ̂), u^{in ∗} = ( θ̂^∗) exp( ik_px ·θ̂^∗),

with the incident directionsθ̂ and θ̂^∗ defined by

θ̂ = (sin θ_1 cos θ_2, sin θ_1 sin θ_2, − cos θ_1), θ̂^∗ = (sin θ^∗_1 cos θ_2, sin θ^∗_1 sin θ_2, − cos θ^∗_1 ),

where θ_1, θ^∗_1 ∈ [0, π/2), θ_2 ∈ [0, 2π) satisfy θ_1 ≠ θ^∗_1 . Then the grating profileΛ can always be uniquely identified by the near-field data corresponding to these two incident pressures waves, because

U_2(θ_1, θ_2, k_p) ∩ U_2(θ^∗_1 , θ_2, k_p) = ∅ for θ^∗_1 ≠ θ_1.

We next construct two grating profiles fromU_2(θ_1, θ_2, k_p) and present a corresponding non-uniqueness example for our inverse grating diffraction problem.

Example 4 One incident pressure wave is not enough to uniquely determine Λ ∈ A under the boundary conditions of the fourth kind.

Set θ_1 = − π/6, θ_2 = 0 , k_p = 2 . Thus the incident pressure wave is given by

u^{in}_p = θ̂^⊤ exp(i2x ·θ̂) with θ̂ = ( − 1/2, 0, − √ 3/2).

Let the restriction of two grating profilesΛ_1 and Λ_2 to (0, 2π) × R be defined by

Λ_1|_{(0,2π )× R} : x_3 = � x_1 √ 3/3 x^′ ∈ (0, 3π/2) × R, − (x_1 − 2π) √ 3π x^′ ∈ (3π/2, 2π) × R,

Λ_2|_{(0,2π )× R} : x_3 = � − x_1 √ 3 x^′ ∈ (0, π/2) × R, (x_1 − 2π) √ 3/3π x^′ ∈ (π/2, 2π) × R,

and let Λ_j be the 2π-periodic extensions ofΛ_j |_{(0,2π )× R} along the x_1-direction; see Figure 8. Then we

Figure 8: Λ_1, Λ_2 ∈ U_2(θ_1, θ_2, k_p) withθ_1 = − π/6, θ_2 = 0 , k_p = 2 .

see that Λ_1, Λ_2 ∈ U_2(− π/6, 0, 2), and the total fields

u_1 = u_2 = ( − 1/2, 0, − √ 3/2)^⊤ exp(− x_1 − √ 3x_3) + (1 /2, 0, √ 3/2)^⊤ exp(x_1 + √ 3x_3) +(1 , 0, 0)^⊤ exp(− 2ix_1) − (1, 0, 0)^⊤ exp(2ix_1)

satisfy the Navier equation inR^3 as well as the boundary conditions of the fourth kind on bothΛ_1 and

Λ_2. Moreover, the scattered fields u_j − u^{in}_p satisfy the α -quasi-periodic Rayleigh expansion (10) with α = ( − 1, 0).

References

[1] Abubakar, I. 1962 Scattering of plane elastic waves at rough surface I Proc. Cambridge Philos. Soc.

58: 136-157.

[2] Alessandrini G. and Rondi L. 2005 Determining a sound-soft polyhedral scatterer by a single far-field measurement Proc. Am. Math. Soc.6 1685-1691

[3] Ammari, H. 1995 Uniqueness theorems for an inverse problem in a doubly periodic structureInverse Problems 11 823–833

[4] Antonios, C., Drossos, G. and Kiriakie, K. 2001 On the uniqueness of the inverse elastic scattering problem for periodic structuresInverse Problems 17 1923–1935

[5] Arens, T. 1999 The scattering of plane elastic waves by a one-dimensional periodic surfaceMath.

Meth. Appl. Sci.22 55–72

[6] Bao, G. 1994 A uniqueness theorem for an inverse problem in periodic diffractive opticsInverse Problems 10 335–340

[7] Bao, G., Cowsar, L. and Masters, W. eds. 2001Mathematical Modeling in Optical Science(Philadelphia: SIAM)

[8] Bao, G., Zhang, H. and Zou, J. 2010 Unique determination of periodic polyhedral structures by scattered electromagnetic fields to appear in Trans. Amer. Math. Soc.

[9] Bao, G., Zhang, H. and Zou, J. 2010 Unique determination of periodic polyhedral structures by scattered electromagnetic fields I In Preparation [10] Bao, G. and Zhou, Z. 1998 An inverse problem for scattering by a doubly periodic structureTrans.

Amer. Math. Soc.350 4089–4103 [11] Dobson, D. C. 1993 Optimal design of periodic antireflective structures for the Helmholtz equation European J. Appl. Math.4 321-340 [12] Dieudonné J. 1969Foundations of Modern Analysis(New York: Academic) [13] Elschner, J. and Hu, G. 2010 Variational approach to scattering of plane elastic waves by diffraction gratings Math. Meth. Appl. Sci.33 1924-1941 doi: 10.1002/mma.1305 [14] Elschner, J. and Hu, G. 2010 Global uniqueness in determining polygonal periodic structures with a minimal number of incident plane wavesInverse Problems 26 115002 [15] Elschner, J. and Hu, G. 2010 Inverse scattering of elastic waves by periodic structures: Uniqueness under the third or fourth kind boundary conditionsWIAS Preprint1528 [16] Elschner, J. and Hu, G. 2010 Scattering of plane elasticwaves by three-dimensional diffraction gratings WIAS Preprint1565 [17] Elschner J. and Schmidt G. 1998 Diffraction in periodicstructures and optimal design of binary gratings I. Direct problems and gradient formulas.Math. Meth. Appl. Sci.. 21: 1297–1342.

[18] Elschner, J., Schmidt, G. and Yamamoto, M. 2003 An inverse problem in periodic diffractive optics:

global uniqueness with a single wavenumberInverse Problems 19 779–787 [19] Elschner, J. and Yamamoto, M. 2007 Uniqueness in determining polygonal periodic structuresZ.

Anal. Anwend.26 165–177 [20] Elschner, J. and Yamamoto, M. 2010 Uniqueness in inverse elastic scattering with finitely many incident waves Inverse Problems 26 045005 [21] Fokkema, J. T. 1980 Reflection and transmission of elastic waves by the spatially periodic interface between two solids (theory of the integral-equation method) Wave Motion2 375-393 [22] Fokkema, J. T. and Van den Berg, P. M. 1977 Elastodynamicdiffraction by a periodic rough surface (stress-free boundary) J. Acoust. Soc. Am.62 (5) 1095-1101 [23] Hettlich, F. and Kirsch, A. 1997 Schiffer’s theorem in inverse scattering for periodic structuresInverse Problems 13 351-361 [24] Kirsch, A. 1994 Uniqueness theorems in inverse scattering theory for periodic structuresInverse Problems 10 145-152 [25] Kupradze, V. D. et al 1979Three-dimensional Problems of the Mathematical Theory of Elasticity and Thermoelasticity(Amsterdam: North-Holland)

[26] Liu, H., Yamamoto, M. and Zou, J. 2007 Reflection principle for Maxwell equations and its application to inverse electromagnetic scatteringInverse Problems 23 2357-2366

[27] Liu, H., Yamamoto, M. and Zou, J. 2009 New reflection principles for Maxwell equations and their applications Numer. Math. Theory Methods Appl.2 1-17

[28] Liu, H. and Zou, J. 2006 Uniqueness in an inverse acoustic obstacle scattering problem for both sound-hard and sound-soft polyhedral scatterers Inverse Problems 23 515-524

[29] Sherwood, J. W. C. 1958 Elastic wave propagation in a semi-infinite solid mediumProc. Phys. Soc.

71 207-219