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NONLINEAR WAVELET ESTIMATION OF TIME-VARYING
AUTOREGRESSIVE PROCESSES

Rainer Dahlhaus?, Michael H. Neumann? and Rainer von Sachs?

ABSTRACT. We consider nonparametric estimation of the coefficients a;(:), ¢ =
1,...,p, of a time-varying autoregressive process. Choosing an orthonormal wa-
velet basis representation of the functions a;(-), the empirical wavelet coefficients
are derived from the time series data as the solution of a least squares minimi-
zation problem. In order to allow the a;(-) to be functions of inhomogeneous
regularity, we apply nonlinear thresholding to the empirical coefficients and obtain
locally smoothed estimates of the a;(-) . We show that the resulting estimators
attain the usual minimax L;-rates up to a logarithmic factor, simultaneously in a
large scale of Besov classes.
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1. INTRODUCTION

Stationary models have always been the main focus of interest in the theoretical tre-
atment of time series analysis. For several reasons autoregressive models form a very
important class of stationary models: They can be used for modeling a wide variety
of situations (for example data which show a periodic behavior), there exist several
efficient estimates which can be calculated via simple algorithms (Levinson-Durbin
algorithm, Burg-algorithm), the asymptotic properties including the properties of
model selection criteria are well understood.

Frequently, people have tried to use autoregressive models also for modeling data that
show a nonstationary behavior, mainly by fitting AR-models on small segments. This
method is for example often used in signal analysis for coding a signal (linear pre-
dictive coding) or for modeling data in speech analysis. The underlying assumption
then is that the data are coming from an autoregressive process with time varying
coefficients.

Suppose we have some observations {Xj,... , X7} from a zero mean, autoregressive
process with time varying coeflicients ay(:),... ,a,(-). To get a tractable frame for
our asymptotic analysis we assume that the functions a; are supported on the interval
[0,1] and connected to the underlying time series by an appropriate rescaling. This
leads to the model

X + zp:a,-(t/T)Xt_,-,T = o(t/T)es, (1.1)

=1

where the ;s are independent, identically distributed with Ee; = 0 and var(e;) =
1. This time varying autoregressive model is a special locally stationary process as
defined in Dahlhaus (1993). However, for the main results of this paper we only use
the representation (1.1) and not the general properties of a locally stationary process.
The estimation problem now consists of estimating the parameter functions a;(-).
Very often these functions are estimated at a fixed time point ¢o/T by fitting a stati-
onary model in a neighborhood of tq, e.g. by estimating ai(to/T),... ,a,(to/T) with
the classical Yule-Walker (or Burg-) estimate over the segment X, _n7,..., Xe4n,T

where N/T is small. This method has the disadvantage that it automatically leads
to a smooth estimate of a;(-). Sudden changes in the a;(-), as they are quite common
e.g. in signal analysis, cannot be detected by this method. Moreover, the performance
of this method depends on the appropriate choice of the segmentation parameter N.
Instead, in this paper we develop an automatic alternative, which avoids this a priori
choice and adapts to local smoothness characteristics of the a;(-). '

Our approach consists in a nonlinear wavelet method for the estimation of the co-
efficients a;(-). This concept, based on orthogonal series expansions, has recently
been entered in the nonparametric regression estimation problem due to Donoho and
Johnstone (1992) and has been proven very useful if the class of considered functions
to be estimated exhibits a varying degree of smoothness. Some generalizations can be
found in Brillinger (1994), Johnstone and Silverman (1994), Neumann and Spokoiny
(1995) and Neumann and von Sachs (1995a). As usual, the unknown functions, i.e.
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a;(u), are expanded by orthogonal series w.r.t. a particularly chosen orthonormal ba-
sis of L,[0, 1], a wavelet basis. Basically, the basis functions are generated by dilations
and translations of the so-called scaling function ¢ and wavelet function %, which are
both localized in spatial position (i.e. temporial, here) and frequency. These basis
functions, unlike most of the “traditional” ones (Fourier, (non-local) polynomials,
etc.), are able to optimally compress both functions with rather homogeneous smo-
othness over the whole domain (like Hélder or L,-Sobolev) as well as members of
certain inhomogeneous smoothness classes like Lp-Sobolev or Besov B} with p < 2.

Note that the better compressed a signal is (i.e. being represented by a smaller num-
ber of coeficients), the better performs an estimator of the signal which is optimally
tuned w.r.t. bias-variance trade-off. A strong theoretical justification for the merits
of using wavelet bases in this context has been given by Donoho (1993): It was shown
that wavelets provide unconditional bases for a wide variety of these inhomogeneous
smoothness classes which yields that wavelet estimators can be optimal in the abo-
vementioned sense.

To actually achieve this optimality there is need for non-linearly modifying traditional
linear series estimation rules which are known to be optimal only in case of homo-
geneous smoothness: There the coefficients of each resolution level j are essentially
of the same order of magnitude, and the loss due to a levelwise inclusion/exclusion
rule, as opposed to a componentwise rule, is only small. However, under strong in-
homogeneity, not only the coefficients of each fixed level might considerably differ in
their order of magnitude but also have significant coefficients on higher levels to be
included by a suitably chosen inclusion rule. Surprisingly enough, this is possible by
simple and intuitive schemes which are based on comparing the size of the empirical
(i.e. estimated) coefficents with their variability. Such nonlinear rules can dramati-
cally outperform linear ones for the mentioned cases of sparse signals (i.e. those of
inhomogeneous function classes being represented in an unconditional bases).

In this work, we apply these locally adaptive estimation procedures to the particular
problem of autoregression coefficients which are functions of time. In a first step,
the empirical wavelet coeflicients are derived as a solution of a least squares mini-
mization problem, before, secondly, soft or hard thresholding is applied. We show
that in this situation, which is considerably more complicated than ordinary regres-
sion, our nonlinear wavelet estimator attains the usual near-optimal minimax rate of
L,-convergence, in a large scale of Besov classes. .

Finally, with this adaptive estimation of the time-varying autoregression coeffici-
ents, we immediately provide a parametric estimate for the resulting time- dependent
spectral density of the process given by (1.1). An alternative, fully nonparametric
approach for estimating the so-called evolutionary spectrum of a general locally sta-
tionary process (as defined in Dahlhaus (1993)) has been delivered by Neumann and
von Sachs (1995b), which is based on nonlinear thresholding in a two-dimensional
wavelet basis.

The content of our paper is organized as follows: While in the next section we describe
details of our set-up and present this main result, in Section 3 the statistical properties
of the empirical coefficients are given. Section 4 deals with the proof of the main
theorem. The remaining Sections 5 - 7 collect some auxiliary results, both of own
interest and in this particular context used to derive the main proof (of Section 4).



2. ASSUMPTIONS AND THE MAIN RESULT

Before we develop nonlinear wavelet estimators for the functions a;, we describe the
general set-up. It is well-known that the boundary-corrected Meyer wavelets (Meyer
(1991)) or those developed by Cohen, Daubechies and Vial (1993) form orthonormal
bases of L,[0,1]. Accordingly, we can expand a; in an orthogonal series

=3 oddu + X3 B0, (2.1)

keI? >l kel;

where alk = [ai(u)du(u)du, J(;c) = [ a;(v)Y;k(u) du are the usual Fourier coeffici-
ents, also called wavelet coefﬁc1ents It is known that #I; =27 and #I? =24+ N
for some integer N depending on the regularity of the wavelet basis.

Assume a degree of smoothness m; for the function a;. In accordance with this, we
choose compactly supported wavelet functions of regularity r > m := max{m;} ,
that 1s

(A1) (i) ¢ and 9 are C7[0,1] and have compact support,
(i) fo(t)dt=1, [o(t)tkdt=0 for 0<k<r

By the usual approach, as derived in the abovementioned work on boundary-corrected
wavelets, we now obtain basis functions of L,[0,1] as ¢y = 2'/2¢(2!'z — k) and ;3 =
23/ 21,0(23:1: — k), with certain modifications of those functions that have a support
beyond the interval [0, 1].

The first step in each wavelet analysis is the definition of empmcal versions of the

wavelet coefficients. Here we obtain such coefficients a§,3 and ,8( as least squares

estimators corresponding to some truncated wavelet series expansmn of the functions
a;; see Section 3 for a detailed description of that procedure.

To treat these coefficients in a statistically appropriate manner, we have to tune the
estimator in accordance with their distribution. It turns out that this distribution
actually depends on the (unknown) distribution of the X;r’s at the finest resolution
scales, whereas we can hope to have asymptotic normahty if 29 = o(T) . We
show in Section 3 that we do not lose asymptotic efficiency of the estimator, if we
truncate the series at some level j = j(T') with 2-7T) = Q(T-/ 2) To give a deﬁmte
rule, we choose the highest resolution level j* — 1 such that 27°~! < T/2 < 27°
i.e. we restrict our analysis to coefficients a,k) (keI),i=1,...,p) and BJ(L) (7 > l,

2t < T2 | ¢ I;; i =1,...,p). Unlike in ordinary regression it is not possible
in the autocorrelation problem considered here to include coefficients from resolution
scales j up to 29 <X T . This is due to the fact that the empirical coefficients cannot be
reduced to sums of independent (or sufficiently weakly dependent) random variables,
which results in some additional bias term.

In the present paper we propose to apply nonlinear smoothing rules to the coefficients

,3( 9 1t is well-known (cf. Donoho and Johnstone (1992)) that linear estimators can be
optlmal w.r.t. the optimal rate of convergence as long as the underlying smoothness of
a; is not too inhomogeneous. This situation changes considerably, if the smoothness
varies strongly over the domain. Then we have the new effect that even at higher
resolution scales a small number of coefficients cannot be neglected, whereas the
overwhelming majority of them is much smaller than the noise level. This kind of
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sparsity of the signal is responsible for the need of a nonlinear estimation rule. Two
commonly used rules to treat the coefficients are

1) hard thresholding
sM(BR,2) = BRI (1891 = »)
and

2) soft thresholding
§BR,N) = (1B -2), sgn(B).

Before we state our main result, we introduce some more assumptions. The constant
C used here and in the following is assumed to be positive, but need not be the same
at each occurrence.

(A2) There exists some v > 0 such that
lcumn(e:)| < C*M(n!)'*Y  forall n,t

(A3) The process {X;r} admits an MA(oo)-representation

Xt,T = Z ’Yt,T(S)St—.;

s=0
with
S osup{lnr(s)]} < C  forall T.
t

5=0
(A4) The a; and o are uniformly continuous with C; < o(s) < C; on (0,1) and
there exists a 6 > 0 with

p .
1+ Y ais)s"#0 forall |2/ <146 andall s€0,1].

1=1

Remark 1. Note that, besides the obvious case of the normal distribution, many of
the distributions that can be found in textbooks satisfy (A2) for an appropriate choice
of 4. In Johnson and Kotz (1970) we can find closed forms of higher order cumulants
of the exponential, gamma, inverse Gaussian and F-distribution, which show that
this condition is satisfied for v = 0. The need for a positive v occurs in the case of
heavier-tailed distribution, which could arise as the distribution of a sum of weakly
dependent random variables.

(A4) implies uniform continuity of the covariances of {X; 7} (Lemma 7.1). We conjec-
ture that the continuity in (A4) can e.g. be relaxed to piecewise continuity. Further-
more, we conjecture that (A4) implies (A3).

In the following we derive a rate for the risk of the proposed estimator uniformly over
certain smoothness classes. It is known that wavelet bases induce a norm in the space
of coefficients which is equivalent to the norm in a Besov space By',. Here m > 1
denotes the degree of smoothness and p,g (1 < p,q < o) are shape parameters. Fix
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any positive constants C;j, 1 = 1,...,p; j = 1,2. We will assume that a; lies in the
following set of functions

Fi = {f = andu + Y Birxtie| llawllo < Car,y 1B, llmimiras < Ciz} ,
k

ak

where

r a/p\ M1
' HIB..”m,p,q = (Z giep Z |ﬁjklp} ) ’

g2t | kel;
s=m+1/2-1/p.
To have enough regularity, we restrict ourselves to
(A5) 8;>1 where 5;=m;+1/2—-1/p;, with 7; = min{p;, 2}.
In the case of normally distributed coefficients EJ(;) ~ N (ﬂ](-;;),az) a very popular

method is to apply thresholds A = o4/2logn , where n is the number of these
coeflicients. As shown in Donoho et al. (1995), the application of these thresholds
leads to a near-optimal estimator in a wide variety of smoothness classes. Because
of the heteroscedasticity of the empirical coefficients in our case, we have to modify

the above rule slightly. Let Jr = {(j, k) |z <j, 2 < T2, k€ I;} and let 0% be the

variance of the empirical coefficient BJ(;C) Then any threshold );j satisfying

oiny/21og(#T1) < Mg = O(T/2/log(T)) (2.2)

would be appropriate. Particular such choices are the “individual thresholds”

Aije. = 0ijey/2log(F# 1)

and the “universal threshold”
2 = U(Ti)\/ﬂog(#f:r), o) = (j%gT{Uijk}-

Let X be estimators of );; or Ag), respectively, which satisfy at least the following
minimal condition

(A6) (i) Smess P (Miie <rdiie) = O(T™), where n < 1/(2m; + 1) for some yp —
1

(i) Sgiwese P (Rige > CT 2 flog(T)) = O(T).
With such thresholds S;,-k we build the estimator
ai(u) = 3 au(u) + Y 6B, N )win(w), (2.3)

kel? (4,k)eTT

where §() stands for §( or (%), respectively.

Finally we like to impose an additional condition on the matrix D being defined by
(6.4) in Section 6.1. Basically, this matrix is the analog to the p x (T' — p) matrix
((Xn-m))nzps1,.. T—pwm=1,.. p » @ arising in the classical Yule-Walker-equations, which



6

describe the corresponding least squares problem for a stationary AR(p)-process

{X:}.

Here, we assume additionally that
(A7) E|(D'D)7H*** = O(T~*")
for some § > 0.

Theorem 2.1. Assume (A1) through (A7). Then

sup {B1& — il o} = O ((og(T)/7)m/0m+).

Remark 2. If only (Al) through (A6) are fulfilled, we can still prove that
b= {E(I& — a:ll3,0m A C)} = O ((log(T)/T)2mi/ i)

holds. Even without (A7) we can show that D'D is close to its expectation ED'D,
and hence Amin(D'D) is bounded away from zero, except for an event with very
small probability. To take this event into account, the somewhat unusual truncated
loss function is introduced.

It is known that the rate T-2™/(m+1) is minimax for estimating a function with degree
of smoothness m in a variety of settings (regression, density estimation, spectral
density estimation). Although we do not have a rigorous proof for its optimality in
the present context, we conjecture that we cannot do better in estimating the a;’s.
Analogously to Donoho, Johnstone (1992) we can get exactly the rate T 2mi/(2mit1)
by the use of level-dependent thresholds AC)(j,T,F;). These thresholds however
would depend on the assumed degree of smoothness m; and it seems to be difficult
to determine them in a fully data-driven way. In contrast, the “log-thresholds” are
much easier to apply, with the small loss of a logarithmic factor in the rate. This
simple threshold scheme is possible because it does not aim to achieve the optimal
trade-off between bias and variance of the estimator. Rather it is based on a slightly
conservative significance test applied to the empirical coefficients.

3. STATISTICAL PROPERTIES OF THE EMPIRICAL COEFFICIENTS

Before we prove the main theorem in the next section, we give an exact definition of
the empirical coefficients and state some statistical properties of them.

First note that our estimator, as a truncated orthogonal series estimator with non-
linearly modified empirical coefficients, involves two smoothing methodologies: one
part of the smoothing is due to the truncation above some level j*. Whereas such a
truncation amounts to some linear, spatially not adaptive technique, the more impor-
tant smoothing is due to the pre-test like thresholding step applied to the coeficients
below the level j*. This step aims at selecting those coefficients which are in absolute
value significantly above the noise level and sorting the others out.
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From the definition of the Besov norm we obtain that (cf. Theorem 8 in Donoho et
al. (1995)) :

sup { ¥ Z{ B2 } = 0(275"%), (3.1)

ai€F: | j>q0

where 3; = m; +1/2 — 1/ min{p;,2} . Hence, our loss due to the truncation is of
order T—2mi/(2mi+1) if 4% i3 chosen such that 2729"% = O(T-2m/(?mi+1)) | Tt can
be shown by simple algebra that j* with 29"~* < T%/2 < 27" is large enough for all
smoothness classes from the Besov scale with §; > m;/(m; + 1/2) .

We define the empirical coefficients simply as a least squares estimator, i.e. as a
minimizer of '

2

T P . -1 )
Y Xr + | eleunt/T) + 3 BT | Xeeir | - (3.2)
t=p+1 1=1 ke]‘? =l kel;

Since {dw}r U {¥jrhcjcjo-1, form a basis of the subspace Vj« of L,[0,1], this
amounts to an approximation of g; in just this space V..

A first observation about the statistical behavior of the empirica.l coeflicients is stated
by the following assertion.

Proposition 3.1. Assume (A1) through (A7). Then

() EGER - o) = 0T,
() E(BY - Y = o(T™)

hold uniformly in i, k and 57 < 3°.

In view of the nonlinear structure of the estimator, the above assertion will not be
strong enough to derive an efficient estimate for the rate of the risk of the estimator.
If the empirical coefficients were Gaussian, then the number of O(27") coefficients
would be dramatically reduced by thresholdlng with thresholds that are larger by
a factor of y/2log(#Jr) than the noise level. If we want to tune this thresholding
method in accordance to our particular case with non-Gaussian coeflicients, we have
to investigate the tail behavior of them. Hence, we state asymptotic normality of
the coefficients with a special emphasis on moderate and large deviations. To prove
the following theorem we decompose the empirical coefficients in a certain quadra-
tic form and some remainder terms of smaller order of magnitude. Then we derive
upper estimates for the cumulants of these quadratic forms, which provide asympto-
tic normality in terms of large deviations due to a lemma by Rudzkis, Saulis and
Statulevicius (1978), see Lemma 5.2 in Section 5.

It turns out that we can state asymptotic normality for empirical coefficients BS:)
with (7, k) from the following set of indices. Let, for arbitrarily small § > 0,

:71"' = {(J;k) 12] ZTsaj <j*:k te}‘



8

Proposition 3.2. Assume (A1) through (A6). Then
P((BR - B /oiin 2 2) = (1= @(=))(1 + (1)) + O(T™)

uniformly in (j, k) € Jr,z € R for arbitrary A < 0.
We now derive the asymptotic variances of the ,8( ). For simplicity of notation we
identify 11,... ,%a with

¢111 . 1¢l ZJ+N3¢11) .. J¢l,2l?' .. 7¢'J *~1,1y- - 7¢J *—1,24" -1 and 5(1) 5(‘) with

a};), .. &E’:Z%N’ . ,(1’), ey ,(:2)1, ,35‘)_1 1r- ﬁj(’)__l gi*—13 respectwely

Furthermore, let

(s, k) := ‘/_1 02(3)

¢(s, k) is the local covariance of lag k at time s € [0,1] (cf. Lemma 7.1).
Proposition 3.3. Assume (A1) through (A5) and (A7). Then

var(68)) = T (A-IBA~1) + ofT™), (3.4)

1+ Za,(s)exp(zky) exp(tAk) dA. (3.3)

j=1

p(u—1)+1i,p(u—1)+4

where

Apuysbotoyst = [ BulSul(s)cls, b = 1) ds,

Byuiykpto-ippt = [ Yulshbu(s)o™(s)els, b — 1) ds
Purthermore, A"”1BA™* > E~', where |

Eyu-vyshoto-yt = [ Buls)l(s)(0*(s)) ™ cls, b — 1) ds.

The eigenvalues of E are uniformly bounded.

Remark 3. The above form of A and B suggests different estimates for the variances

of §®) and therefore also for the thresholds. One possibility is to use (3.4) and plug in
a preliminary estimate (o?(s) may be estimated by a local sum of squared residuals).
Another possibility is to use a nonparametric estimate of the local covariances ¢(s, k).
However, these suggestions require more investigations.

4. PROOF OF THE MAIN THEOREM

To simplify the treatment of some particular remainder terms which occasionally arise
in the following proofs, as e.g. in the decomposition (6.5), we introduce the following
notation.

Definition 4.1. We write _
Zt = O(UT))
if for each ) < co there exists a C = C()) such that

P(|Zr] > Cnr) < CT>.
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(If we use this notation simultaneously for an increasing number of random variables,
we mean the existence of a universal constant only depending on A.)

Proof of Theorem 2.1. Using the monotonicity of 5(')(51(.;3, .) in the second argument
we get

(5( X ﬂ](;c), Niik) — (z))

(B~ B + (B vrae) = BRRY
if At]k < ’YTAth
| GO x0) = BRY + (O(BR, CT2flog(T)) — B
if ’YTAzgk < A,Jk < CT—llzwlog(T)
(5()(,3(*) CcT-1/? /10g(T ) — ,3('))2 + (‘Bﬁ))z’ |
\ if /\ijk > CT‘I/z\/log(T)
which implies the decomposition
lEllai- —a?

< LEED -a? + T BEOED -F + 3 T (e
(3 k)ETT 72" kel
Z (& — off)’

+ 3 BB, vrde) - BR)?

AN

(s.k)edr

+ Z E(g()(ﬂ(*) CT 2 log T T)— (*)
(J:k)eJT

+ 5 EI(Rue < i) (BR — BR)?
(4,k)eTr

+ 3 (89yep (X,-,.k > CT/2,flog T)
(jrk)ejT

+Y (B
j23* kel;

= S+ ...+ S (4.1)
y (i) of Proposition 3.1 we get immediately

Sy = O(T™). (4.2)
Let (5,k) € Jr. We choose a constant 7 such that

6( )(ﬂ,’YTASJk) 2 _Sk), if ﬂ ﬁ(’) > Yijks
§9(B,vr i) < BY, i B —BY < Y.
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(W.lLo.g. we assume 6C)(vije, Y7 hije) > ﬁj(;c))

Let nr = CT~Y%/logT for some appropriate C. Then we decompose the terms
occurring in the sum S as follows:

SE = EBI (vip < BR -85 < nr) (6B, vrdiae) — ('))2

S = EI (—”IT < 53'1; ,Bj(;c) < ’YJk) (5(')(;351: T Aijk) — jk By
and | ‘
s# = BI (1B ~ 6301 > nr) (VB v i) — B

Using Proposition 3.2 we get, with §§2 ~ N (6§i),afjk), due to integration by parts
w.r.t. z ,

s = — [ [TGun <2 <) (8B + 290 2i30) — BR)] AP (BR — B > o)}
= f {P (B - BY > o)}d [ (mix < = < nr) (BB + o, vrdiz) — BE)?]

+P(ﬂ(‘) B9 > 7iin) (FIB + e 1) — BY)?

Or { J1P (€9 - 8 > =)a [1 (e < = < 1) (608D + 2,735) — B

+ P (€5 = BY > %ir) (8OBY +vigwo vrhisw) — BE)?}
+0(T™%) |
= CrEl (’Yijk <& -8 < nT) (69D, 3 ize) = BD)? + O(T)

IN

for some Cr — 1. Analogously we get
S35 < CrEI (—TIT <& -84 < ’7:1:) (8 i) — BRY + O(T7H).
Finally, we have for any 6, with 0 < §; < § and § as in (A7) that
'k 1 1 1—2/(2"’61) T T 3 2/(2+61) -
si < (PUBR - 631 2 mn) (RISO(BE, 2rdase) — 321 ) T = o),
~ which implies
t i)\ 2 -
E (603D, vrhie) - BY) < CrE(89(Q, 1dize) — B8 + O(T). (4.3)

From Lemma 1 in Donoho and Johnstone (1994) we can immediately derive the

formula (if va,r(fg-i)) =0k )

i 1)\ 2
E (5(')(55'13,’\) - ﬁ,('k)) <C (U:?jk‘P (

L) (2 1) + mint(e2 ),

Oijk ) \Oijk (4.4)
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where ¢ denotes the standard normal density. This implies, by Theorem 7 in Donoho
et al. (1995), that

> E(5('>(5§';3,7T>\ijk)—ﬂgc))z

(G.k)ETT

( #Tr) T log(T) + Y. min{(8)?, (7T/\,-J-k)2})

(3.k)ETr

= O ((log(T)/Tymeltemext)

Therefore, in conjunction with (4.3), we obtain that
= i)\ 2 s/ (2me
> E(89BR, k) — BF) = O ((log(T)/T)m/Em)) - (4.5)

(Gk)eTr

Further we get, because of |§()(3,)) — B8] < X, that
> E(69BY, vrhie) - 85)

(3.k)ETT\Tr
< X 12E(ER-A) + 20 ]
(k)T Tr |
= #(Jr\Jr) O(T 'logT).
If we define Jr in such a way that § < 1/(2m; + 1), we get

i)\ 2 —2m:/(2m:
Z (5( )(ﬁgk )7TA:Jk) - ﬂ_Sk)) =0 (T Zm‘/(zm,-i-l)) . (4:6)
(3.k)ETT\Tr '
By analogous considerations we can show that
S3 = O ((log(T)/T)msl(mit1)) | (4.7)

From (6.14) and (6.21) we have
B - B = O (T2 flog(T) + 27927 10g(T))

which implies by (A6)(i) and Lemma 7.2 that
Sy = 0( log(T))) > P( ijk <7T/\ijk)

(4.k)eTT
Y ¥ - [(@+61) (0 =6 ; 2/(2+61)
+C ), (P (|ﬁ§k) ()l > T2 (T))) 1 ( Iﬁg('k) _I@J(k)|2+51) (
(5.k)eTdr
= 0 (T—zma/(2m,-+1)) ) (48)

The relation
S5 = O (P-2mi/(ami+1)) (4.9)
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is obvious, due to (A6)(ii). Finally, it can be shown by simple algebra that
Se = O(27%"%) = O(T~2m:/(mitD)), (4.10)
which completes the proof. [

5. A GENERAL LEMMA ON THE CUMULANTS OF QUADRATIC FORMS

In this section we list the basic technical lemmas which are necessary to prove
asymptotic normality or to find stochastic estimates for quadratic forms. First, we
quote a lemma that provides upper estimates for the cumulants of quadratic forms
that satisfy a certain condition on their cumulant sums. This result is a generaliza-
tion of Lemma 2 in Rudzkis (1978), which was formulated specifically for quadratic
forms that occur in periodogram-based kernel estimators of a spectral density. We
obtain a slightly improved estimate, which turns out to be important, e.g., for certain
quadratic forms with sparse matrices.

We consider the quadratic form

nr = XgAXr,
where
Xr = (X,...,X7)
A = (@))ijm,..Tr @5 = i
Further, let
{r = Yz AY 7,
where Y = (Y1,...,Y7) is a zero mean Gaussian vector with the same covariance

matrix as X .

Lemma 5.1. Assume EX; =0 and, for some vy > 0,

1<, LT

T
sup { > Jeum(Xy,,. .. ,th)l} < CHENYT forall T andk =2,3,...

Then, for n > 2,
cumn(n7). = cumn(ér) + Ra,
where
(i) leuma(ér)| < var(ér)2"*(n - D! Ponex (A Cov(X))]" ™
(#) Rn < 2772C*((2n)) max{|aa(} A | Al

A= Smprdlond), |4le = mex{ S fael}.
s t
The proof of this lemma is given in Neumann (1994).

Using the above lemma we obtain useful estimates for the cumulants, which can be
used to derive asymptotic normality. For reader’s convenience we quote two basic
lemmas on the asymptotic distribution of #r. The first one, which is due to Rudzkis,
Saulis and Statulevicius (1978), states asymptotic normality under a certain relation
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between variance and the higher order cumulants of 57. Even if such a favorable
relation is not given, we can still get estimates for probabilities of large deviations on
the basis of the second lemma, which is due to Bentkus and Rudzkis (1980).

Lemma 5.2. (Rudzkis, Saulis, Statulevicius (1978))

Assume for some Ar — 0

11+v
!wmn (WT/VUGT(WT)>' < (Zl_z for n=3,4,...
T

Then

P (+(nr — Enr)/\/var(nr) > 2)

1 — &(z)

holds uniformly over 0 < z < vy, where vr = of A;‘/(3+67)).

— 1

Lemma 5.3. (Bentkus, Rudzkis (1980))

Let
1+~ .
n! Hrp
|eumna(nr)| < (—) —= for n=2,3,...
2 AT ’
Then, for >0,
P 2
+nr >z) < exp | —
(e 20) < exp 2(Hr + (z/Bg M) a+2m)/(147)]
exp (-2 ), i 0< g < (HNAp)Y)
exp (—3(zBr)" (H")), if @ > (Hp"Ar) 0+
6. DERIVATION OF THE ASYMPTOTIC DISTRIBUTION OF THE EMPIRICAL
COEFFICIENTS

6.1. Preparatory considerations. Before we turn directly to the proofs of the
Propositions 3.1 through 3.3, we represent the empirical coefficients in a form that
~ allows to recognize easily the nature of every remainder term. Note that throughout
the rest of the paper, for notational convenience we now omit the double index in the
sequence {X;r}, i.e. in the following let X; := X, r.

Although it is essential for our procedure to have a multiresolution basis, i.e. empiri-
cal coefficients from different resolution levels, it turns out to be easier to analyze the
statistical behavior of such coefficients coming from a single level. Since the empirical
coefficients of the multiresolution basis can be obtained as linear combinations of co-
efficients of an appropriate monoresolution basis, we are able to derive the asymptotic
distribution of them.

Since both {¢111 RN <151,2‘+N: ")bll, cee 7")111,2‘: s :’()bj‘—l,l: cee 71!11“—1,2.1"—1} and

{@je1,.-. Pjs 21y} are orthonormal bases of the same space Vj+, the minimization
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of (3.2) is equivalent to that of

> ain(t/T)

k€ I;?.

Xt—i) . (6.1)

T P
2 | Xt
t=p+1 i=1

" The solution & = (&%4),...,&8), ..., &%k, ... ,8E8) , A=#I% =2"+ N, can
be written as the least squares estimator

& = (D'D)'D'Y (6.2)
in the linear model
Y = Do + 4, (6.3)
where
Y = (Xp+1,...,XT),,
(R BB o g% o bl
D - $i1 (BN Xpr1 -+ $m(BDXy o0 $pa(BE)Xprn o0 $ia(F)X
$ii(B) X710 BV X1y o Gia(F)Xra o bjea(F) X7,
(6.4)
a = (agpl,...,agz.’i,..., gf)A,...,ag-‘.’)A)'
and

Y = (Yos1s--- 1)
The residual term in (6.3) can, for t =p+1,...,T , be written as

v = Xi— (Da)t-—p
= —iai(t/T)Xt—i + & + i Z ag'i)kqu‘k(t/T)Xt-i = iR{(t/T)Xt_,' + &,

1=1 =1 keI;-}_ =1

where

Ri(u) = —ai(w) + Y odin(u) = = 3 3 B%in(w).

kel, 323* kel;
Using (6.3) we decompose the right-hand side of (6.2) as
& = (D'D)'D'Da + (ED'D)™D'e + [(D'D)™ - (ED'D)™*| D'e + (D'D)™*D'S
= a+ T1 + Tg + T3, (65)
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where

e = (€p+1, N ,ET),,
P 1 P !
S = (Z Ri(p-;_)XP+1—i: oy ’ZR‘(%)XT“‘) ,

Because of the abovementioned relation between the two orthonormal bases of Vie,
there exists an orthonormal (A x A)-matrix I' with

(¢113 ey ¢l,2‘+Na¢lla s )7)[)1,2‘, e 7¢j‘—1,1) <o :¢j‘—1,25‘—1 )l = P(¢j'1) ceey ¢j‘A)1-
This implies

[ du \
$in1 ’ :
(a(*_)l, ., gt)A — (a(t‘)l’ ) (t) )Iv I,2'4N
5 (o
7*A .
71’_7'*-1 2i* -1 /

(3)

Hence, having the least squares estimator (&;v,... ,a K A) according to the basis
{dj*1,...,¢j*a}, we obtain the least squares estimator in model (3.2) as

( g;)) : aftz)l_l_NHBl(l‘): R 1(,217 ;3:(,')—1 1 6_5‘_1 23* —-1) - P( (1)1, .o &(l‘)A) .

In other words, every empirical coefficient ﬁj(;c which is part of the solution to (3.2)
can be written as

B = Tiua, (6.6)
where ||T;jx|li;, = 1. (Analogously, a§,’) =TI.a.)
6.2. Proofs of the Propositions 3.1, 3.2 and 3.3.

Proof of Proposition 3.1. For notational convenience we write down the proof for em-
pirical coefficients ﬂj( only. The proof for the a( s is analogous.
According to (6.5) we have

BY = B8 + TWuTy + ... + TiuTs. (6.7)
From (i) and (iii) of Lemma 7.3 we conclude
BT} T1)? = Ti(ED'D)™* Cov(D'e)(ED' D) T
< |ITilZI(ED" D) 3] Cov(D'e)llz = O(T™). (6.8)

The vector I';; has a length of support of O(27"~7), which'implies

(Tl < [ Tisllzy/#{ | (Tige)e # 0} = 0(20°-972), (6.9)
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We have, by Taylor expansion of the matrix (D'D)™!, T, = Ty + T52, where
Ty: = (ED'D)"(ED'D) — D'D)(ED'D) ' D'e

and

|Tozlls = O (I(ED'D)|[3I|(ED' D) — D'D3]| D'el2) -
Using (i) of Lemma 7.3, (7.8) and (7.9) we get

[ Totflee < [(ED' D) 7| [I(ED' D) — D' Dlleo ]| D'el oo

=0 (2’.'/2T_1 log(T)) . (6.10)

Since we have enough moment assumptions, we obtain the analogous rate, but wit-
hout the logarithmic factor, for the second moment of I';;T%1 , i.e.

E(T%;Tn)* = O (2777927 T77?). (6.11)
Further, we have

TiaTe = O (2972 T~21og(T)). (6.12)
Using (i) of Lemma 7.3 and (i) of Lemma 7.4 we get
I(D'D) s < |(ED'D) |z + [|(D'D) " ~(ED' D) s = O(T*)+ O(27"*T~%/2/10g(T)),
which yields, in conjunction with Lemma 7.5, that

TinTs = O (|(D'D)™|2|D'S)).)

_ 5 ( (97" minli} 4 T=1/29-3" min{me-1/2-1/ e} /10g(T)>
.= O(r (6.13)
for some 7 > 0. Now we infer from (6.7), (6.8) and (6.11) through (6.13) that
EI(Q) (B - 85)7) = o(T™),

where Qo is an appropriate event with P(Q) > 1 — O(n™*) for A < co chosen
sufficiently large. This implies in conjunction with Lemma 7.2, with 0 < §; < §,
that

: : i ; 2/(2+61) ) _
EI(Q )(( 3 _ ()) ) < (Elﬁg(k) ()|2+61) (P(S N 2/(2+61) _ = O(T™),
which finishes the proof. [

Proof of Proposition 3.2. It will turn out that the asymptotic distribution of E(i) ,B(i)

is essentially determined by the behavior of I';;; T3. By (6.9), (6.10), (6.12) and (6. 13)
from the proof of Proposition 3.1 we infer that

(o + T3) 0 (279/*T=*/1og(T') + T~*/>~) (6.14)

for some « > 0.
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Now we turn to the derivation of the asymptotic distribution of I'};;T3. It is clear
that, because of the M A(co)-representation of the process, I}, Ti can be rewritten
as 3, AupEuty for some symmetric matrix A = A(3, 5, k). In the following, without
writing down the explicit form of this matrix, we derive upper estimates for || A||e

and A = Yumax,{|4. .}

We have
Tiply = —t_zp;l stgxt ',§¢’ u(t/T)Z ((ED'DY- )p(u_1)+z,,, (Tijn)e
= IZ [; Etet_l—awt(l;3)}a (6.15)
where |

wi(l,s) = Yei(s) Z $irult/T) Y (D' D)) (Tidh)o-

If we write the expression in brackets on the right-hand side of (6.15) as ¥, VV,,S,&,,
we obtain, by sup,{|(Tijk).|} = O(2-1"-9)/2)

[Pl = O (T sup{lncs(s)}2) (5.16)
We can also rewrite wy(l, s) as
willy) = ~s() DTiaelo T ((ED'DYT) L dina(t/T),

which implies, by %, [(Tije)sl = O(20°~92) and by ¥, ¢;-u(t/T) = O(277"/T)
that

p(u—1)+l,v

Zsup{lwz‘jl} = let(l,S)l = 0(27"). (6.17)

Because of (A3), the summation over s does not affect the rates in (6.16) and (6.17),
and so does not the (finite) sum over I. Hence, with the notation of Lemma 5.1, we
obtain

| Allee = O(T124/%), (6.18)
A = o(2791?). (6.19)
Let (j,k) € Jr . Using Lemma 5.1 we obtain
|cuma(TiTy)| < CPT~(nl)**/(T293/2)2, (6.20)
which implies by Lemma 5.2
P (Tl o 2 z) = (1 — 8(2))(1 + o(1)) (6.21)

uniformly in 0 < z < &1, K7 X T" for some v > 0. This relation can obviously be
extended to z € (—o0, k7.
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Recall that ‘
B - BY = Tiut + O(T > (6.22)
holds for some x > 0. Therefore we have for arbitrary A < oo that
P (£(TiT1)/oie — CT™ > z) — CT™
< P (B - BV /o 2 ) < P (£(TiTy)/os + CT™™ > z) + CT,
which implies
P (£(BY - Bi)/oin 2 a) = [1 = 2(@)](1+0(1)) + O (|8(z) - &(= + OT™)))
+0 (|8(z) — 8z - CT™)|) + O(T™).  (6.23)
Fix any ¢ > 1. For z < ¢ we have obviously
|®(z) — ®(z + CT™")| < CT¢(0) = o(1 — &(=z)). (6.24)

For ¢ <z < (2Xlog T)'/? we obtain by a formula for Mill’s ratio (see Johnson and
Kotz (1970, vol. 2, p. 278)) that

|®(z) — &(z + CT~™)| < CT™"¢(z)

< CT ™2 (1 - %) - o) |
< CT "2 (1 _ 215)—1 (1= 8(a)) = ol — 8(z)). (6.25)

The third term on the right-hand side of (6.23) can be treated analogously.
For z > C(2\1logT)'/? we have obviously

P (£(BY - B/ owix 2 2) = O(T™) = (1 - &(=))(1 +0(1)) + O(T™),
(6.26)

which completes the proof. [
Proof of Proposition 3.3. Because of ET; =0 we have
Cov(Ty) = ENT{ = (ED'D)™! Cov(D'e)(ED’' D)™,
which implies by (ii) and (ii) of Lemma 7.3 that
|Cou(T1) — FT'GF 7w = o(T7"),
where
F=({T f $iwu(8)$io(s)e(s, k — 1) ds}tp(u-1)+kp(v-1)+1)
and
G = (T [ 85:u(s)ss(5)0( )5,k — ) dshopuyenaomsyss):
This yields '
| Cov(TTy) — TF'T'TGT'TF'I||oo
= [|Cov(TT) — A'BA7 Y| = o(T7H).
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Further, due to (6.13) we have
BT (T2 + T3))* = o(T7Y),
which proves the first assertion (3.4).
The matrix ( i g ) is non-negative definite which leads with Theorem 12.2.21(5)

of Graybill (1983) to A™*BA~! > E~! . Furthermore, we have with z € C2?
2

d)ds

Bz = [ [ 146N (s) 5 oy ita(s) o214

< D+kPu(s) exp(iAk)| dAds

= 2Clla|?,

which implies that the eigenvalues of E are uniformly bounded. [

7. APPENDIX

In order to preserve a clear presentation of our results, we put some of the technical
calculations into this separate section. We assume throughout this section that the
assumptions (A1) through (A6) are satisfied.

Let Et,T = CO’U((Xg_l,T, oo )-Xt-—p,T),) .

Lemma 7.1. By (A4), with some constants C1,Cs > 0,

(1) Amax(Zer) € Cp and Amin(Ter) = C1+0(1), where the o(1) is uniform mt
(11)  there exzists some function g, with g(s) — 0 as s — 0, such that

”thT - EtziT” < g( ) fO’I" all t11t2,T7

(iii) s,k —1) is uniformly continuous in s and
: Tli—glo CO’U(Xt._[’T,Xg_k’T) = C(S7 k— l).

t/T—s

Proof. Completely analogously to the proof of Theorem 2.3 in Dahlhaus (1995) we
can show that X, r has the representation

Xor = /_ exp(iM) A% 7(X) dE(N)

with
sup | 402(X) = A(/T, )| = o(1)

where £(A) is a process Wlth mean zero and orthonormal increments,

A1) = 2= wr(Dexp(~iN)

=0
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and

A(s,A) = :7/(_22 (1 + ia,-(s)exp(—iAj)) .

i=1
Then .
cov(Xe1,1, Xe-k1) = / exp(iA(k — l))Ag—l,T(}‘)Ag—k,T(_A) dA.

Since A(s, A) is uniformly continuous in s, this is equal to

/ : exp(iA(k — D)|A(s, P d) + o(1) = c(s,k— 1) + o(1), for t/T — s,

which implies (iii). Analogously, we get (ii). Furthermore, we have for z =

(z1,...,2,) €CP

iy
z*Terz = /

-7

2

P
> zjexp(—iAj)Ay_;r(A)| dA

7=1

2

p
2 exp(—ig)| dA + [|e2o(1).

=1

= " 1ae/T, NP

Under (A4) there exist constants with C; < |A(s, )| < C; uniformly in s and ),
which implies (i). O

Lemma 7.2. Assume additionally (A7) and let 0 < 6; < § . Then
() EE -« = o),

(i) B - BRI = o)

hold uniformly in 1, k and j < j*.

Proof.
(i) In this part we derive estimates for the moments of ||D’e|| and || D’S||, which will
be used later in this proof.

Using the M A(oco)-representation of {X;} we can write (D'e)pu—_1)+r as a quadratic
form ¢'Ag for some A = A(p,k), where £ = (eT,... ,£1,€0,€-1,...) is an infinite-
dimensional vector according to (A3). Since, however, the proof of Lemma 5.1 does
. not depend on the dimension of the matrix A, we can apply this lemma also to this
infinite-dimensional case. ‘
We obtain, using the notation of Lemma 5.1, that

A=o0(27rT),
max{lag|} < Al = O (27'/%),
which implies

Icumﬂ((D’e)p(u—l)+k)| < CMaH2T(27 /22 for n>2.
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Since E(D'e)p(u-1)+k = 0, we get, for even s, that

E )(DIC)P(u—}Hk

=0 (i 1I [cum;j((D'e)p(,,_l)+k)|> < C(s)T°”.

r=1lidg,0,i0t i1t ip=n, 1521

Now we obtain, with A = 0(27"),

s/2
E”D'e”’ = E(Z(D,e)i(u—l)-i-k)
u,k

< (Ap) P Y (D )y umry i
u,k

=0 ((Ap)’/ 2 Hgg-cx{lE(D'e);(u—l)%})
= O (¥l T, (7.1)

Now we treat the quantity ||D’S|| in an analogous way. (D'S)pu-1)+k is a quadratic
form in X = (Xi,...,Xr) with a matrix A, which satisfies, according to (7.11),

A = 0(Simle/n)ISIRG/T)

=0 (Z \/th ivu(t/ T)z\/; Ri(t/ T)z)

= 0 (T(z—,"min{z'e} 4 7-1/29-5" min{m.'—l/Z—l/(ZPi)})) = O(T"/?)

and, by (7.10),
41w = 0 (5 TRl = 02"
" Therefore, we get by Lemma 5.1 that
|cumn((D'S)ppu-rysr)| < CH@IDT(RP2 for n>2,
which implies, in conjunction with E(D'S)ptu-1y+x = O(A) = O(TY?), that

E|D'S||* = O (27"/21°/7). (7.2)



22

(ii) According to (6.5) we have & — a = (D'D)"}(D'e + D'S) , which yields that
EIB — BRI+ = ETin(a - o)t

< E(ID'D) 2 (1Dl + [1D'S]}2)

)2+61

< (BRI DY) (D) + D1s)) )
- 0 (T—(2+61)> 0 ((21' /2T1/2)2+&>
= O(@"Pr-i2h) = o(1).
O
Lemma 7.3. Let j* = j*(T) — oo and 3* = o(T'). Then
() I(ED'D) || = O(TY),
(%) I(ED'D)™ — ({T / $iu(8)iwu(s)e(s, b = 1) ds}p(u-rytipe-1)+1) " o = o(T7H),
(1i2) | Cov(D'e) — ({T f Biu(8)i=u(s)0*(s)c(s, k — 1) ds}ptu-t)kp-1)+1)lleo = o(T)

hold uniformly in u,v,k, .

Proof. ,
(i) Let M = T Diag[My,...,Mp], where M,, = % for any t with ¢/T € supp(@jeu)-
Because of M~ = T~! Diag[M7},... , M3"'] we get by (i) and (ii) of Lemma 7.1 that

1M~ oo = O(T™Y). (7.3)
Further, we have, by j* = 7*(T') — o0 and j* = o(T), that
(EDID - M )p(u—1)+k,p(v—1)+l

= 3 b)) (Bl — (Mul

t;p+1

£ 3t ol - Tou| (04
ot j*u T 7*v T uy u Jkl

= o(T) (7.4)

hold uniformly in u,v, k, . Since ¢;+, and @;+, have disjoint support for |u —v| > C,
we get (ED' D)y = 0 for |k — I| > Cp. Therefore we obtain by (7.4)

|ED'D — Mo = ofT). (1.5)
Because of (7.3) and (7.5) there exists a T such that
IM~Y*ED'D — M)M?| < C <1 forall T>Th.
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Therefore, by the spectral decomposition of (I + M~Y2(ED'D — M)M~'/?) the

following inversion formula holds:
(ED'D)™ = [MY? (I + M~*ED'D — M)M~/) M|
= M~/? [I + i(—l)’(M‘l/z(ED’D - M)M‘l/z)‘} M2 (1.6)
a=1
which implies (i).

(ii) It can be shown in the same way as (7.4) that

|(ED'D) — ({T/¢ru(3)¢j'v(s)c(3,k—l) ds}ptu-1)+kp(o-1)+1)|lo = O(T),(7 )

which implies analogously to (7.6)

[(ED'DY™ = (T [ dsmu()beol)elos £ — 1) dsdptucstyonomsyin) o
= I(ED'D) (1) [(BD'D ~ (.- D)ED' D] o = o7

(iii) Obviously we have

ED'e = 0,

which implies

cov ((D'e)p(u—1)+k, (D,e)p(v—1)+l>

X s Lt
= D biu(F)bio(5)Ees e Xk XKoo
s,t=p+1 T T
T

= 2 b3 B EX Xy

s=p+1
=T / ivu(8)bieu(8)0%(8)c(s, k — 1) ds + oT).

The corresponding result in the ||.||o-norm follows from the same reasoning leading
to (7.5). O

Lemma 7.4. It holds that

() |(o'p)* - @Dy _ =0 (2j'/2T‘3/21/log(T))
(%) ||D'e|3 = O (27" Tlog(T)).

Proof.
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(i) First, observe that by (A2) and (A3)

T
Z Icum(th,... ath)I
£2yeee ytp=1
T t ty
= > leum| D v (ti—s1)eays--oy D, Y (tk — Sk)es,
t2,00e =1 81 =—C0 Sp=—00
ty . T
< X 2 (=)l (e — )l cuma(e,)]

8=—00 t3,... Lty =sV1

oo T k-1
sup{| cumy(e,) [} > e ()l ( > (- 5“)

8=0 t=sV1

IA

< C(ENH,

We see that

T
(D' D)putytkpo-1)+t = D, Girult/T)Pjon(t/T)Xe—rXet

t=p+1

is a quadratic form with a matrix A satisfying, in the notation of Lemma 5.1,
14l = 0(2"), A= O(T).
This implies by Lemma 5.1 that

lcum,, ((D'D)p(u—1)+k,p(v—1)+t)l
< CM{nly(2I )T

- (Zﬂ) 1+(1+27) 'HT
= 2 N
T

where Hy < 2°T, Ar < 277",
Hence, we get by Lemma 5.3 that

mz
P (|(D' DYptu-tyskptw-1)+1 = (ED' D)piu-tyska(w-1)1] > ) < exp (—C’ W)

for 0 <z < (Hp"Ap)H/(+2)
Since (Hyt"Ag)Y(+27) < 23°/+)T+N/(1427) 5, 93°12T1/2 | e get

(D'D)p(u-1)+k,p(u-1)+l — (ED' D)glu—1)+kp(v-1)+H = 0 (2’1/ 2t/ 2\/ log(T)) ‘

Since ¢j-, and @;», have disjoint support for |u — v| > C, we immediately obtain

ID'D - ED'D|je = O (zf‘/zTI/Z,/log(T)), (7.8)
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which yields, in conjunction with (i) of Lemma 7.3,

I(D'D)™ - (ED'D) o < [((ED'D) Y. (ID'D — ED'D|la||(ED' D) s)’

s=1

= 0(T™)0 (2"‘/2:1“1/2\/@(_:/’—) T“l)
= 6(21"/21“-3/2@).

(ii) From similar arguments we obtain

(D'e)pqunyss = O (T2 fog(T)) , (7.9)

which implies (ii). O
Lemma 7.5. It holds

||D'5l|§ =0 (T2(2—23"min{:i} + T—12__j-min{2m,-—1—1/p;})1og(T)) ‘

Proof. Because of our assumption m; +1/2 —1/p; > 1 we get

IRl = O (Z 2j’2m,gx{|ﬁ§i)l})

J23*

=0 (Z 21'/22-5") = O (279"(m1/m) (7.10)

723"

and

TV(R:) = O (Z 22y lﬁ,‘-:;’l)

>t k
) ) /p
- 0 (Z 0i/2 (Z I'BJ(_;)lp;)\ 23(1—1/;;,—))
2 k

j23*

= 0 (Z 25/22~j8£25(1—1/p;)) — O (z*j'(mg'—l)) 7
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which implies

T
T7Y(R(/T)) — | RillZ 0
t=1

T

f oz B T) + Re(u)l |Ri(t/T) = Ri(w)] du
= ;0( Rl TV(R) 21 4.)
= 0 (T—'lz—j'(z'm,'—l—'l/p,;)) ’

Since we know from Theorem 8 in Donoho et al. (1995) that

1BilEon = X 20165 BRI = 0(279%),

i23*

we have that
T 5 .
TS (R(t/T)) = 0 (274 4 prig7"@mmi-1/m)) (7.11)
t=1
Now,

T P
(D'SYptu-1ytk = D, $5=u(t/T) Xk D Xe—iRi(t/T)

t=p+1 =1
—_— ‘e p
= 0(¥ i) X MR,
t/TEaupp(daj-u) =1

which implies

DS = 5(2"'108(T))ii( > IRa'(t/T)I)

=1u=1 \¢t/TEsupp(d;*u)

-,

= 6(2f‘log(T))§pjf( 3 R,—(t/T)z) 7277

i=1 u=1 \t/TEsupp(d;j+u)
= O (T2 %" minlsd 4 p-ig-d”min{imi-1-1/mdy og(T)) .
O
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