Weierstraß-Institut

für Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 0946 – 8633

An evolutionary elastoplastic plate model

derived via Γ-convergence

Matthias Liero^1, Alexander Mielke^{1,2}

submitted: December 16, 2010

1 Weierstraß-Institut

für Angewandte Analysis und Stochastik Mohrenstraße 39 10117 Berlin Germany E-Mail: matthias.liero@wias-berlin.de alexander.mielke@wias-berlin.de

2 Institut für Mathematik Humboldt-Universität zu Berlin Rudower Chaussee 25 12489 Berlin-Adlershof Germany

No. 1583 Berlin 2010

2010 Mathematics Subject Classification. 35J85 35Q72 49J45 74C05 74K20.

Key words and phrases. Linearized elastoplasticity, rate-independent system, Γ -convergence, Mosco convergence, hysteresis, generalized Prandtl-Ishlinskii operator.

This research was partially supported by the DFG within the Research Unit 797 Analysis and computation of microstructure in finite plasticity under Mi 459/5–2. The authors are grateful to Pavel Krej čí for helpful discussions.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Leibniz-Institut im Forschungsverbund Berlin e. V. Mohrenstraße 39 10117 Berlin Germany

Fax: +49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

This paper is devoted to dimension reduction for linearized elastoplasticity in the rate-independent case. The reference configuration of the three-dimensional elastoplastic body has a two-dimensional middle surface and a positive but small thickness. Under suitable scalings we derive a limiting model for the case in which the thickness of the plate tends to 0. This model contains membrane and plate deformations (linear Kirchhoff-Love plate), which are coupled via plastic strains. We establish strong convergence of the solutions in the natural energy space.

The analysis uses an abstract Γ-convergence theory for rate-independent evolutionary systems that is based on the notion of energetic solutions. This concept is formulated via an energy-storage functional and a dissipation functional, such that energetic solutions are defined in terms of a stability condition and an energy balance. The Mosco convergence of the quadratic energy-storage functional follows the arguments of the elastic case. To handle the evolutionary situation the interplay with the dissipation functional is controlled by cancellation properties for Mosco-convergent quadratic energies.

1 Introduction

The derivation of lower-dimensional theories for bodies such as rods, beams, membranes, plates and shells from a three-dimensional theory is of fundamental importance for engineering applications. A first rigorous justification of the plane membrane system and Kirchhoff’s plate equation date back to [Mor59b] and [Mor59a], respectively. Here “justification” means that the convergence of the solutions of the full three-dimensional system towards the solutions of the limiting model is shown without any additional assumptions on the solutions. Later results for rods, linear and nonlinear plates, or shells can be found in [CiD79, Mie88, CiL89, BC^∗92, Cia00, FJM02, LeR00, CMM06, FJM06] and the references therein. Most of the recent investigations use a variational approach that is based on the notion of Γ-convergence. This convergence assures, roughly speaking, that (almost) minimizers of the three-dimensional theory (subject to suitable boundary conditions and applied loads) converge to minimizers of the limiting lower-dimensional theory.

As the theory of Γ-convergence is purely static, there are only very few results concerning the justification of similar dimension reductions for evolutionary problems in nonlinear continuum mechanics, see [AMM09] for a recent result. More often, lower dimensional theories are derived by ad hoc assumptions via formal asymptotic expansions, see e.g. [MCH03, KrS07, GKS08].

In this paper, we want to give a rigorous justification of a new lower-dimensional elastoplastic plate model in the rate-independent case. It is the recently developed theory of Γ-convergence for rate-independent systems (see [MRS08]) that allows us to do a limit passage from linearized elastoplasticity in three dimensions to a model that combines two two-dimensional linear elastic models, namely the membrane model for in-plane displacements and the Kirchhoff’s plate equation for the out-of-plane displacement, with the plastic effects.

Rate-independent linearized elastoplasticity can be formulated in different equivalent forms, e.g. as variational inequality, as differential inclusion, or as energetic system. All three are formulated in terms of an energy functional

E_ε (t, U, P ) = � Ω W_ε (E (U), P )dx − ⟨ L(t), U⟩,

defined as integral over the rescaled plate domain Ω := ω × ]− 1, 1[. Here U and P are the rescaled displacements and plastic strains, respectively. The small parameter ε > 0 is proportional to the unscaled thickness of the plate and occurs in W_ε via the corresponding scalings of the strains.

Additionally we have a dissipation potential

R ( Ṗ ) = � Ω R( Ṗ (x))d x,

which is assumed to be independent of ε after rescaling. Rate-independence manifests itself in the fact that R is positively homogeneous of degree 1, i.e. R (λ Ṗ ) = λ^1R ( Ṗ ). A typical R has the form R( Ṗ ) = σ_{yield} | Ṗ |, where σ_{yield} is the yield stress.

The solutions have to solve the differential inclusion

0 = D_U E_ε (t, U(t), P (t)), 0 ∈ ∂˙_P R ( Ṗ (t)) + D_P E(t, U(t), P (t)), (1.1)

where the first equation is the balance of forces and the second is the plastic flow rule.

Since for linearized elastoplasticity the energy E_ε (t, ·) is a convex quadratic functional, the differential inclusion is fully equivalent to the so-called energetic formulation, which is formulated in terms of an energetic stability condition and the total balance of energy, see (2.7). The advantage of the energetic formulation is that it is based on E_ε and R rather than their derivatives. Thus, we can use convergence of functionals such as Γ-convergence, Mosco convergence, and continuous convergence.

The derivation of our limiting elastoplastic plate model will be described in Section 2 together with the underlying scalings. In Section 3 we provide an abstract Γ-convergence result for energetic rate-independent systems (abbreviated RIS) ( Q , E_ε , R_ε ), where Q is the underlying Hilbert space. The theory is a special case of the general theory in [MRS08], as we assume that E_ε (t, ·) is a quadratic functional that converges to E_0(t, ·) in the sense of Mosco convergence, see (3.1). Moreover, R_ε is assumed to converge to R_0 in the Mosco as well as in the sense of continuous convergence in the norm topology.

Under natural technical assumptions it is then shown in Theorem 3.1 that the solutions q_ε : [0, T] → Q of the RIS ( Q , E_ε , R_ε ), see (1.1) strongly converge to the solution q_0 of the RIS ( Q , E_0, R_0). In particular, we emphasize that the exploitation of the quadratic structure of the energy and of the Mosco convergence allows us to avoid the commonly used continuous convergence of R_ε with respect to the weak topology, see e.g. [KMR05, MRS08, MiR09a]. The abstract construction of the mutual recovery sequences is given in Proposition 3.2 and relies on refined estimates for Mosco-convergent functionals.

The main point here is that the limiting energy E_0 is quite degenerate, as it is only finite if U lies in the space U_{KL} of Kirchhoff-Love displacements (see (2.12))

U(y, x_3) = ( V_1(y) − x_3∂_{y1} V_3(y), V_2(y) − x_3∂_{y2} V_3(y), V_3(y))^T .

The proof of Mosco convergence of E_ε (t, ·) to E_0(t, ·) is given in Section 4 and is a generalization of the ideas in [BC^∗92], as we have to take into account also the plastic variable.

In Section 5 we formulated the limit problem in terms of the in-place displacements (V_1, V_2), the out-of-plane displacement V_3, and the plastic strain P , which is still defined on all of Ω. For an isotropic material, the limiting model takes the form

0 = − div � Σ_0 � 2E^{1,2}(V))− [P^{1,2}]_0 � − G_{memb} (t, ·) in ω, (1.2a)

0 = div div � Σ_0

�_2 3 D^2V_3+[ P^{1,2}]_1 � − g_{bend} (t, ·) − div G_{bend} (t, ·) in ω, (1.2b)

0 ∈ ∂R( Ṗ ) + dev � [[ Σ_0(P^{1,2}− E^{1,2}(V)+ x_3D^2V_3) || 0 ]] � + hP in Ω , (1.2c)

where Σ_0(E ) :=^{2λμ}_{λ+2 μ} tr E I_2 + 2 μE . Here, E^{1,2}(V) ∈ R^{2× 2}_{sym} is the in-plane strain tensor and D^2V_3 ∈ R^{2× 2}_{sym} the bending strain tensor.

Equation (1.2a) is the second-order membrane equation for ( V_1, V_2), which is coupled to the plastic strain P via the integrals [ ·]_0 over x_3 ∈ ]− 1, 1[. Equation (1.2b) is a generalization of Kirchhoff’s plate equation (of order four) for V_3. It is also coupled to the plastic strain P , but now with weighted averages [ ·]_1. The flow rule (1.2c) exhibit the elastic strains as forcing in a very special manner concerning the dependence on x_3.

In the final Section 5.3 we show how the last equation can be eliminated using a vector-valued hysteresis operator of play type. For a suitably defined generalized Prandtl- Ishlinskii operator P = ( P_E , P_H ) we obtain the two-dimensional system

− div � Σ_0 � E^{1,2}(V) � + P_E � E^{1,2}(V), D^2V_3 � (t) � = G_{memb} (t, ·) on ω, (1.3a)

div div � Σ_0 � D^2V_3 � + P_H � E^{1,2}(V), D^2V_3 � (t) � = g_{bend} (t, ·)+ div G_{bend} (t, ·) on ω. (1.3b)

Of course, P = ( P_E , P_H ) has a memory, which takes care of all the necessary information on previous plastic deformations.

Most of the results in this work were derived for the diploma thesis [Lie08].

2 Setup of the elastoplastic plate model

We start from the classical elastoplastic models with hardening. We formulate it in terms of differential inclusions or equivalently as variational inequalities. In Section 2.2 we then focus on domains with a plate geometry, i.e. Ω_ε = ω × ]− ε, ε[, and discuss the suitable scalings to obtain a nontrivial limiting model. The final model will be presented in Section 2.3. The convergence proof is the content of Sections 3 and 4, while Section 5 is devoted to a discussion of the derived model.

2.1 Linearized elastoplasticity as a rate-independent system

We consider a bounded Lipschitz domain Ω ⊂ R^d, where Γ_D ⊂ ∂Ω denotes the part of the boundary, where we have Dirichlet boundary conditions, i.e. the displacement is prescribed. We set

H^1_{Γ D} (Ω; R^d) := { u ∈ H^1(Ω; R^d) | u|_{Γ D} = 0 }.

We assume that the pair (Ω , Γ_D ) satisfies a Korn inequality, i.e.

∃ c_{Korn} > 0 ∀ u ∈ H^1_{Γ D} (Ω; R^d) : ‖e(u)‖_L2 ≥ c_{Korn} ‖u‖_H1 ,

where e(u) = 1 2 (∇ u+ ∇ u^T � ∈ R^{d× d}_{sym} := { A ∈ R^{d× d} | A = A^T }.

(2.1)

The elastoplastic properties of the body Ω are described in terms of the linearized strain tensor e and the plastic strain tensor

p ∈ R^{d× d}_{dev} := { A ∈ R^{d× d}_{sym} | tr A = 0 }

via the stored energy density W : R^{d× d}_{sym} × R^{d× d}_{dev} → R, which is assumed to be a quadratic functional satisfying

∃ c, C > 0 ∀ (e, p) ∈ R^{d× d}_{sym} × R^{d× d}_{dev} : c(|e|^2+ |p|^2) ≤ W(e, p) ≤ C(|e|^2+ |p|^2). (2.2)

Moreover, the plastic flow rule of the material can be formulated in terms of a dissipation potential R : R^{d× d}_{dev} → [0, ∞ [, which is assumed to satisfy the following conditions:

R is continuous, convex, and homogeneous of degree 1 , (2.3)

where the latter condition means R(λṗ) = λR (ṗ) for all λ > 0 and ṗ ∈ R^{d× d}_{dev} . This property guarantees that the material response is rate-independent. The corresponding elastic domain E ⊂ R^{d× d}_{dev} is defined via E := ∂R(0), which is the subdifferential of R at 0.

Given time-dependent volume and surface loadings f_{vol} (t, ·) and f_{surf} (t, ·), as well as time-dependent Dirichlet data u_D (t, ·), the full elastoplastic problem can be written in the form − div � ∂_e W(e(u), p) � = f_{vol} (t, ·) in Ω , 0 ∈ ∂R(ṗ) + ∂_pW(e(u), p) in Ω , u(t, ·) = u_D (t, ·) on Γ_D , ∂_e W(e(u), p)ν = f_{surf} (t, ·) on ∂Ω \Γ_D ,

(2.4)

where ν denotes the outer normal vector on ∂Ω. Here σ = ∂_e W ∈ R^{d× d}_{sym} denotes the stress, while ∂_pW ∈ R^{d× d}_{dev} contains the deviator of the stress as well as any plastic back stresses.

Example 2.1 Throughout we will use the isotropic stored energy density

W(e, p) = λ 2 � tr e

�_2

+ μ|e− p|^2 + h 2 |p|^2 (2.5)

as an example. Here λ, μ > 0 are the Lamé constants and h > 0 is a measure for kinematic hardening. For this example we have

σ = ∂_e W = λ tr e I_d + μ(e− p) ∈ R^{d× d}_{sym} and ∂_pW = − dev σ + hp = μ(p− dev e) + hp ∈ R^{d× d}_{dev} ,

which shows that hp plays the role of the plastic back stress.

We reformulate the system (2.4) in abstract form for the pair q = ( u, p) ∈ Q via the energy functional E : [0, T] × Q → R and the dissipation functional R : Q → [0, ∞ [ as follows:

Q := H^1_{Γ D} (Ω; R^d) × L^2(Ω; R^{d× d}_{dev} ),

E(t, q) := � Ω W(e(u)(x), p(x))d x − ⟨ ℓ(t), q⟩,

R (q̇) := � Ω R(ṗ(x))d x,

where ℓ(t) ∈ Q^∗ is defined via

⟨ℓ(t), q⟩ := � Ω f_{vol} (t, x ) ·u(x)dx + � Ω \Γ_D

f_{surf} (t, x ) ·u(x)da(x). (2.6)

Without loss of generality we set u_D ≡ 0 from now on. Otherwise we could replace u by u − u_D , which would just produce an additional term in ℓ(t). We call the triple ( Q , E, R ) a rate-independent system (RIS).

By (2.1) and (2.2) the functional E(t, ·) : Q → R is uniformly convex and can be written as E(t, q) = B(q) − ⟨ ℓ(t), q⟩ with a quadratic form B(q) =^1_2 ⟨Aq, q⟩. The operator A : Q → Q^∗ is a symmetric and positive definite isomorphism and we have D_qE(t, q) = Aq − ℓ(t).

We call a function q = ( u, p) : [0, T] → Q a solution to the RIS ( Q , E, R ) (and hence to the above elastoplastic problem (2.4)), if it solves one of the following three equivalent problem formulations:

Differential inclusion:

0 ∈ ∂R (q̇(t)) + D_qE(t, q(t)); (2.7a)

Variational inequality:

∀ v ∈ Q : ⟨D_qE(t, q(t)), v− q̇⟩ + R (v) − R (q̇) ≥ 0; (2.7b)

Energetic formulation:

(S) stability: ∀ ~q ∈ Q : E(t, q(t)) ≤ E (t, ~q) + R (~q− q(t)),

(E) energy balance: E(t, q(t)) +

�_t 0 R (q̇)dt = E(0, q(0)) −

�_t 0 ⟨ℓ̇, q⟩ dt.

(2.7c)

We refer to [Mie05, Sect. 2] for the equivalence between these three forms. It turns out that the energetic formulation will be especially useful for deriving our limiting model in the process of dimension reduction. Moreover, it is free of derivatives and thus applies also in the case, where E or R takes the value ∞ .

The existence of solutions for (2.7) is classical, see e.g. [Mor77, Grö78, Alb98, Kre99, MiT04, Mie05].

Theorem 2.2 Assume that (Q , E, R ) is as above with ℓ ∈ C^{Lip} ([0, T], Q^∗) and that q^0 ∈ Q is stable at t = 0 (i.e. 0 ∈ ∂R (0)+D_qE(0, q^0) or equivalently (S) in (2.7c) holds with q(0) replaced by q^0), then there is a unique solution q ∈ C^{Lip} ([0, T], Q ) with q(0) = q^0.

2.2 Scalings for thin-plate domains

We now specialize to the case that Ω is a thin plate, i.e. we assume Ω from above is replaced by Ω^ε = ω × ]− ε, ε[, Γ^ε_D = γ_D × ]− ε, ε[, where ω ⊂ R^2 is a planar, bounded Lipschitz domain, the so-called mid surface of the plate. The boundary part γ_D ⊂ ∂ω ⊂ R^2 has a positive 1-dimensional Hausdorff measure.

Throughout we keep the material laws given via W and R fixed and obtain an εdependent state space Q^ε and functionals E^ε and R^ε defined over Ω^ε . For each ε > 0 all the assumptions of the previous section are satisfied and Theorem 2.2 provides solutions q^ε = ( u^ε , p^ε ) : [0, T] → Q^ε of the RIS ( Q^ε , E^ε , R^ε ). We want to study their behavior for ε → 0. However, to obtain a nontrivial limit we have to do suitable scalings, which we explain now.

For linearized elasticity the scaling of the strains is arbitrary, because it is an infinitesimal theory by definition. In contrast, the theory of linearized elastoplasticity is no longer scaling invariant, because the boundary of the elastic domain E = ∂R(0) contains the given yield stresses of order 1, i.e. independent of ε. Thus, our theory needs a scaling where the plastic tensor p as well as most of the strains in e are of order 1.

It is already known from the theory of linearized elastoplasticity, see [Mor59b, Mor59a, CiD79] that the strain of in-plane displacements (membrane modes) are smaller than the out-of-plane modes (bending modes). Thus, we look for a scaling of the form

u^ε (x^ε ) = ε^α S_ε U(S_ε x^ε ), p^ε (x^ε ) = ε^β P (S_ε x^ε ) where S_ε = diag(1 , 1, 1/ε). (2.8)

To simplify the presentation we will choose α = β = 0 at this stage and refer to Remark 2.3 for more general scalings.

Since x^ε ∈ Ω^ε is mapped to x = S_ε x^ε ∈ Ω_1, the rescaled function Q = ( U, P ) will be defined in

Q := H^1_{Γ D} (Ω; R^3) × L^2(Ω; R^{3× 3}_{dev} ), where Ω := Ω_1 and Γ_D := γ_D × ]− 1, 1[.

The scaling acts differently on the components of the strains in e(u^ε ), as follows

e(u^ε )(x^ε ) = S_ε E (U)(S_ε x^ε ) S_ε = � � � E_{11} (U) E_{12} (U)^1_ε E_{12} (U) E_{12} (U) E_{22} (U)^1_ε E_{23} (U) 1 ε E_{13} (U)^1_ε E_{23} (U)^1_{ε2} E_{33} (U)

� � � ∈ R^{3× 3}_{sym} ,

where here e(u) is calculated via the gradient with respect to x^ε ∈ Ω^ε , while E (U) is calculated via the gradient with respect to x ∈ Ω. We continue to use capital letters for functions defined on Ω = ω × ]− 1, 1[.

When substituting q^ε = ( u^ε , p^ε ) into E^ε and R^ε we still have to take care of the change in the volume measure, namely d x^ε = εdx. Hence we set

E_ε (t, U, P ) = 1 ε E^ε (t, u^ε , p^ε ) and R_ε ( Ṗ ) = 1 ε R^ε (ṗ^ε ).

To control the loading part of ℓ^ε defined in (2.6), we also have to assume a corresponding scaling of the loadings namely

f_{vol} (t, x^ε ) = ε^α S^{− 1}_ε F_{vol} (S_ε x^ε ) and f_{surf} (t, x^ε ) = ε^{α +1} S^{− 1}_ε F_{surf} (S_ε x^ε ) for x^ε ∈ ω ×{− ε, ε}, where α = 0 as above. For simplicity, we assume that there are no surface loadings on ∂ω\γ_D × ]− ε, ε[. They could be easily included easily, but need a different scaling. Then, E_ε and R_ε take the form

E_ε (t, U, P ) = B_ε (U, P ) − ⟨ L(t), U⟩, R_ε ( Ṗ ) = � Ω R( Ṗ (x))d x, (2.9a)

B_ε (U, P ) = � Ω W(S_ε E (U)(x)S_ε , P (x))d x (2.9b)

⟨L(t), U⟩ = � Ω F_{vol} (t, x ) ·u(x)dx + � ω ×{− 1,1}

F_{surf} (t, x ) ·u(x)da(x). (2.9c)

Thus, the only dependence in ε occurs through the scaling of the elastic strains.

By (2.1) and (2.2) and ε ∈ ]0, 1] we have the uniform convexity

B_ε (U, P ) ≥ c(‖S_ε E (U)S_ε ‖^2_L2 + ‖P ‖^2_L2 ) ≥ c(‖E (U)‖^2_L2 + ‖P ‖^2_L2 ) ≥ c_{Korn} c‖U‖^2_H1 + c‖P ‖^2_L2

(2.10)

independently of ε.

Remark 2.3 In principle we could use a different scaling for elastic and plastic strains in (2.8), i.e. α ≠ β. Moreover, for the dissipation potential one may consider the scaling R^ε (p) = ε^γ R(p). Finally, the scaling of the total energy and total dissipation potential can be assumed in the form E_ε (t, U, P ) =^1_{εδ} E^ε (t, u^ε , p^ε ) and R_ε ( Ṗ ) =^1_{εδ} R^ε (ṗ^ε ). The scaling of both energetic terms must be the same to stay consistent with the energetic formulation (2.7c). One may now explore the space of all possible scalings and will find the same model as above, whenever we take α = β = γ and δ = 1+2 α .

In the case α ≠ β the proper scaling for the energy leads to δ = 1+2 min { α, β }. Applying that δ to the dissipation potential we see that R_ε tends to 0 if γ > δ − 1− β, which leads to the degenerate situation that plasticity does not dissipate energy. Hence it occurs immediately in such a way that all plastic stresses are 0. In the case γ < δ − 1− β plastic changes would dissipate infinite energy and hence we find Ṗ ≡ 0, which leads to pure elasticity. Only the case γ = δ− 1− β produces classical plasticity.

Now returning to the choices of α and β. For α > β , the hardening becomes infinite and we are lead to pure elasticity with P ≡ 0. For α < β one obtains rigid plasticity where u ≡ 0.

2.3 The limiting elastoplastic plate model

Obviously, the energy B_ε blows up for ε → 0 if the strains E_{i3}(U) do not vanish. Thus, we expect the limit model to be defined on a reduced space, namely the so-called Kirchhoff- Love displacements

U_{KL} := { U ∈ H^1_{Γ D} (Ω; R^3) | E_{13} (U) = E_{23} (U) = E_{33} (U) = 0 }. (2.11)

The restrictions in U_{KL} take the explicit form

∂_{x 1} U_3 + ∂_{x 3} U_1 = ∂_{x 2} U_3 + ∂_{x 3} U_2 = ∂_{x 3} U_3 = 0 a.e. in Ω .

The last equation equations implies that U_3 is independent of x_3. Using this the first two equations imply that U_1 and U_2 are affine in x_3. Defining

V := { V = ( V_1, V_2, V_3) ∈ H^1_{γD} (ω ; R^3) | V_3 ∈ H^2(ω ), ∇ V_3 ·ν = 0 on γ_D } the space of Kirchhoff-Love displacements can be characterized via U_{KL} = { U = KV | V ∈ V } with

KV(x_1, x_2, x_3) = � � V_1(x_1, x_2) − x_3∂_{x 1} V_3(x_1, x_2) V_2(x_1, x_2) − x_3∂_{x 2} V_3(x_1, x_2) V_3(x_1, x_2)

� � , (2.12)

see e.g. [CiD79, Cia97]. Note that the component U_3 in U_{KL} has gained higher smoothness, namely U_3 ∈ H^2(Ω).

The limit model will be defined in such a way that it is restricted to U_{KL} . The reduced energy is obtained by relaxing the strains E_{j 3} in the following way. We decompose the 6-dimensional space R^{3× 3}_{sym} into two three-dimensional components by setting

E^{1,2} := � E_{12} E_{12} E_{12} E_{12} � ∈ R^{2× 2}_{sym} , E^3 := ( E_{13} , E_{23} , E_{33} ) ∈ R^3. (2.13a)

For A ∈ R^{2× 2}_{sym} and b ∈ R^3 we define [[ A || b]] ∈ R^{3× 3}_{sym} such that E = [[ E^{1,2} || E^3 ]], i.e.

[[A || b]] = � � A_{11} A_{12} b_1 A_{12} A_{22} b_2 b_1 b_2 b_3

� � . (2.13b)

Now we define a relaxed energy density depending only on E^{1,2}, namely W(E^{1,2}, P ) := min { W([[E^{1,2} || b]], P ) | b ∈ R^3 }. (2.14) The minimization of the energy density W with respect to b = E^3 is a common feature of linear and nonlinear plate theories, cf. [BC^∗92, Cia97, LeR00, FJM06].

The definition of W in (2.14) implies the important lower estimate

W(S_ε E S_ε , P ) ≥ W(E^{1,2}, P ) for all ε ∈ [0, 1], (E , P ) ∈ R^{3× 3}_{sym} × R^{3× 3}_{dev} . (2.15) Moreover there is a linear mapping N : R^{2× 2}_{sym} × R^{3× 3}_{dev} → R^3 such that N (E^{1,2}, P ) = arg min { W([[E^{1,2} || b]], P ) | b ∈ R^3 }.

Some linear algebra shows that these definitions lead to the formula W � [[E^{1,2} || b]], P � = W � E^{1,2}, P � + W_2 � b− N (E^{1,2}, P ) � with W_2 : R^3 → [0, ∞ [ ; b → W([[ 0|| b]], 0).

(2.16)

Explicit formulas for a special case will be given in Example 2.5.

We now define the limit RIS ( Q , E_0, R_0) as follows:

E_0(t, U, P ) = B_0(U, P ) − ⟨ L(t), U⟩ and R_0( Ṗ ) = � Ω R( Ṗ (x))d x, where

B_0(U, P ) = � B(U, P ) if U ∈ U_{KL} ,

∞ else.

with B(U, P ) = � Ω W(E^{1,2}(U)(x), P (x))d x.

(2.17)

The following convergence result, which is the central aim of this paper, shows that the solutions Q_ε = ( U_ε , P_ε ) of the RIS ( Q , E_ε , R_ε ) converge, for ε → 0, to solutions Q_0 = ( U_0, P_0) of the limiting RIS ( Q , E_0, R_0). The proof will be established in Section 4 on the basis of the abstract Γ-convergence theory for evolutionary problems developed in Section 3. The specific properties of the limit system are discussed in Section 5. There we will highlight in what sense the limit problem can be understood as an elastoplastic plate model.

Theorem 2.4 Assume that the RIS (Q , E_ε , R_ε ) are given as above for all ε ∈ [0, 1], where L ∈ C^1([0, T];Q^∗). Consider a family of solutions Q_ε : [0, T] → Q , as defined in (2.7c) for all ε ∈ [0, 1]. If the initial conditions satisfy

Q_ε (0) → Q_0(0) and E_ε (0, Q_ε (0)) → E_0(0, Q_0(0)) for ε → 0,

then for all t ∈ [0, T] we have the convergences

Q_ε (t) → Q_0(t), E_ε (t, Q_ε (t)) → E_0(t, Q_0(t)),

�_t 0 R ( Ṗ_ε (s))d s →

�_t 0 R ( Ṗ_0(s))d s.

We end this section by showing the result of the relaxed energy density W for the isotropic W considered in Example 2.1.

Example 2.5 We return to the isotropic W defined in (2.5), now for d = 3 . Using tr P = 0 we obtain the relaxed energy density

W(E^{1,2}, P ) = λμ λ+2 μ � tr( E^{1,2}− P^{1,2})

�_2 + μ|E^{1,2}− P^{1,2}|^2 + h 2 |P |^2

as well as the relations

N (E^{1,2}, P ) = ( P_{13} , P_{23} , −^λ_{λ+2 μ} tr E^{1,2}+^{2μ}_{λ+2 μ} P_{33} )^T , W_2(b) = 2 μb^2_1 + 2 μb^2 +^{λ+2 μ}_2 b^2_3.

3 Γ-convergence for RIS with quadratic energies

In this section we consider general families ( Q , E_ε , R_ε )_{ε∈ ]0,1]} of RIS and study the convergence of the associated solutions q_ε in the limit ε → 0. The aim is to establish fairly general conditions on the convergences of ( E_ε , R_ε ) to ( E_0, R_0) that guarantee that the solutions q_ε converge to the solution q of the limit system ( Q , E_0, R_0), which we then call the Γ-limit of the above family.

For rate-independent systems a general strategy for Γ-convergence was developed in [MRS08], which found numerous applications in, e.g., fracture [GiP06a], homogenization [MiT07], numerical approximation [KMR05, GiP06b, MiR09a], and delamination

[RSZ09, MRT10]. Here we specialize this theory to the case that E_ε (t, ·) : Q → R_∞ is a quadratic functional, as it is the case in linearized elastoplasticity. Thus, the abstract theory is simplified in two respects. First, the systems under consideration have unique solutions and we do not need to consider subsequences. Second, the quadratic nature of the energy allows for a simpler construction of recovery sequences by using the quadratic trick introduced in [MiT07], see Proposition 3.2.

3.1 Abstract setup and Γ-convergence result

Our result is formulated abstractly in terms of Γ convergence of E_ε (t, ·) towards E_0(t, ·), where we use the weak and the strong topologies in the underlying separable Hilbert space Q . We use the notions of Mosco convergence (cf. [Att84, Dal93]) and continuous convergence for functionals I_n , denoted by I_n^M−→ I and I_n^c⇝ I , respectively. The definitions are as follows:

I_n^M−→ I ⇐⇒ � � � � �

(i) Liminf estimate:

q_n ⇀ q =⇒ I (q) ≤ lim inf_{n →∞} I_n (q_n ), (ii) Limsup estimate (existence of recovery sequences) ∀ ^q ∈ Q ∃ (^q_n )_n : ^q_n → ^q and I (^q) ≥ lim sup_{n →∞} I_n (^q_n ).

(3.1)

I_n^c⇝ I ⇐⇒ � q_n → q =⇒ I_n (q_n ) → I (q) � . (3.2)

Our precise assumptions on the family ( Q , E_ε , R_ε )_{ε∈ [0,1]} are the following. Note that often the limit functionals E_0 and R_0 are included in the assumptions via ε = 0. The assumptions (3.3a)–(3.3c) provide some uniform a priori estimates, while (3.3d) and (3.3e) are the main convergence assumptions.

E_ε (t, q) = B_ε (q) − ⟨ ℓ_ε (t), q⟩ with B_ε quadratic and wlsc

and ℓ_ε ∈ C^1([0, T];Q^∗);

(3.3a)

R_ε : Q → [0, ∞ ] is 1-homogeneous, wlsc, and convex; (3.3b)

∃ β, C > 0 ∀ (t, q) ∈ [0, T] × Q ∀ ε ∈ [0, 1] :

B_ε (q) ≥^β_2 ‖q‖^2, ‖ℓ_ε (t)‖_{Q ∗} ≤ C, ‖ℓ̇_ε (t)‖_{Q ∗} ≤ C;

(3.3c)

B_ε^M−→ B_0 and ∀ t ∈ [0, T] : ℓ_ε (t) → ℓ_0(t) in Q^∗; (3.3d)

R_ε^c⇝ R_0 and R_ε^M−→ R_0. (3.3e)

In the last condition “^c⇝ ” means that every strongly converging sequence is a recovery sequence. The additional condition “^M−→ ” is need to guarantee R_0(q_0) ≤ lim inf_{ε→ 0} R_ε (q_ε ) whenever q_ε ⇀ q_0. Note that we only ask for continuous convergence in the norm topology, which is in contrast to [KMR05, MRS08, MiR09a], where the more restrictive continuous convergence in the weak topology is used. Thus, we follow [MiT07] and exploit the quadratic structure (3.3a) of E_ε for the construction of the mutual recovery sequence , see Proposition 3.2.

Our aim is to establish the following convergence result for the solutions q_ε of the RIS (Q , E_ε , R_ε ). We obtain strong convergence of the solutions q_ε towards solutions q_0 of the limiting problem ( Q , E_0, R_0). Moreover, the solutions q_ε (t) are recovery sequences for q_0(t), see (3.5b).

Theorem 3.1 Let the assumptions (3.3) hold. Moreover, choose a family (q^0_ε )_{ε∈ [0,1]} of initial data such that the following conditions hold:

∀ ε ∈ [0, 1] ∀ ~q ∈ Q : E_ε (0, q^0_ε ) ≤ E_ε (0, ~q) + R_ε (~q − q^0_ε ), (3.4a) q^0_ε ⇀ q^0 and E_ε (0, q^0_ε ) → E_0(0, q^0 ). (3.4b)

Then, the unique solutions q_ε : [0, T] → Q for the RIS (Q , E_ε , R_ε ) with q_ε (0) = q^0_ε satisfy, for all t ∈ [0, T], the convergences

q_ε (t) → q_0(t), (3.5a) E_ε (t, q_ε (t)) → E_0(t, q_0(t)), (3.5b) Diss_{R ε} (q_ε , [0, t]) → Diss_{R 0} (q_0, [0, t]), (3.5c) ⟨ℓ̇_ε (t), q_ε (t)⟩ → ⟨ ℓ̇_0(t), q_0(t)⟩. (3.5d)

Here, for any q : [0, T] → Q and 0 ≤ r < s ≤ T we used the notation

Diss_R (q,[r, s ]) := sup { N� j =1

R (q(t_j )− q(t_{j − 1})) | N ∈ N, r < t_0 < t_1 < · · ·< t_N < s },

which is defined for all functions (defined for all t ∈ [0, T]). For absolutely continuous functions we have Diss_R (q,[r, s ]) =

�_s r R (q̇(t))d t.

Using the liminf estimate from R_ε^M−→ R_0 it is standard to show that Diss_{R ε} is lower semicontinuous in the sense that � ∀ t ∈ [0, T] : q_ε (t) ⇀ q_0(t) � =⇒ Diss_{R 0} (q_0, [0, T]) ≤ lim inf

ε→ 0 Diss

R_ε (qε , [0, T]). (3.6)

3.2 Quadratic forms

Here we discuss some abstract results on quadratic forms and their Γ-convergence. We refer to [Dal93, Ch. 13] for the general background and more details.

A functional B : Q → R_∞ is called a quadratic form, if it is homogeneous of degree 2 and satisfies the parallelogram identity, i.e.,

B(λq) = λ^2B(q), B(q+ ~q) + B(q− ~q) = 2 B(q) + 2 B(~q)

for all λ ∈ R and q, ~q ∈ Q . Note that B may take the value + ∞ here. Throughout we assume that our quadratic forms are coercive and weakly lower semicontinuous , i.e.,

∃ β > 0 ∀ q ∈ Q : B(q) ≥ β 2 ‖q‖^2, q_n ⇀ q =⇒ B (q) ≤ lim inf

n →∞ B(q

n ).

We define the domain V = dom B = { q ∈ Q | B(q) < ∞ } , which is a Hilbert space, when equipped with the norm ‖q‖_B = B(q)^{1/2}. Clearly, V is continuously embedded into Q . We denote by Q_B the closure of V in Q .

There is a symmetric bounded linear operator A : V → V^∗ such that

B(q) =

�_1 2 ⟨Aq, q⟩ for q ∈ V , ∞ for q ∈ Q \V .

Using the Gelfand triple V^{dense}⊂ Q_B ∼= Q^∗_B^{dense}⊂ V^∗, we also define a unique self-adjoint operator A^+ : D → Q^∗_B with

D := { q ∈ V | ∃ C > 0 ∀ ~q ∈ V : |⟨Aq, ~q⟩| ≤ C‖~q‖ }

and ⟨A^+ q, ~q⟩ = ⟨A~q, q⟩ for q, ~q ∈ V . Clearly, we have

D^{dense}⊂ V^{dense}⊂ Q_B (3.7)

with respect to the strong topology in Q . We also introduce the Q -orthogonal projection P : Q → Q_B and observe that for each ℓ ∈ Q^∗ the minimization problem

q ∈ arg min { B (q) − ⟨ ℓ, q⟩ | q ∈ Q }

has the unique minimizer q = A^{− 1}P^∗ℓ.

We now consider a family ( B_ε )_{ε∈ [0,1]} of quadratic forms that are all weakly lower semicontinuous and uniformly coercive, i.e.,

∃ β > 0 ∀ ε ∈ [0, 1] ∀ q ∈ Q : B_ε (q) ≥ β 2 ‖q‖^2. (3.8)

We denote the corresponding subspaces by D_ε ⊂ V_ε ⊂ Q_ε = V_ε ⊂ Q and the operators by A^+_ε : D_ε → Q^∗_ε , A_ε : V_ε → V^∗_ε , and the projections P_ε : Q → Q_ε .

We now study the situation that B_0 is the Mosco limit of B_ε . We follow the ideas in [Mie08, Sect. 2.2], where the case of Mosco convergence leads to the stronger recovery condition (R3)^∗. The following result contains first the construction of the mutual recovery sequence (^q_ε )_{ε> 0}, which will be crucial for Step 3 in the proof of Theorem 3.1. Second we show that under our assumptions every recovery sequence converges strongly.

Proposition 3.2 Assume B_ε^M−→ B_0 and the uniform coercivity (3.8). Then the following three statements hold:

(i) For ^q_0 ∈ D_0 let ^q_ε = A^{− 1}_ε P^∗_ε A^+_0 ^q_0 = arg min { B_ε (q) − ⟨ A^+_0 ^q_0, q⟩ | q ∈ Q }, then

^q_ε → ^q_0, (3.9a) B_ε (^q_ε ) → B_0(^q_0), (3.9b) if q_ε ⇀ q_0 and sup_{ε∈ [0,1]} B_ε (q_ε ) < ∞ ,

then B_ε (q_ε + ^q_ε ) − B_ε (q_ε ) → B_0(q_0+ ^q_0) − B_0(q_0).

(3.9c)

(ii) Every recovery sequence for q_0 with B_0(q_0) < ∞ converges strongly.

Proof: Throughout this proof we will use the following simple observation: ∀ ξ ∈ Q^∗ ∀ q_ε with B_ε (q_ε ) < ∞ : ⟨P^∗_ε ξ, q_ε ⟩ = ⟨ξ, q_ε ⟩. (3.10) This follows simply from q_ε ∈ V_ε giving P_ε q_ε = q_ε .

Ad (i). For ^q_0 ∈ D_0 the essential feature is A^+_0 ^q_0 ∈ Q^∗, which implies that L : q → ⟨A^+_0 ^q_0, q⟩ is continuous. Hence, we conclude that B_ε −L^Γ−→ B_0−L , and the classical properties of Γ-convergence provide convergence of minimizers and of the minimum energies, thus we have ^q_ε ⇀ ^q_0 and (3.9b).

To prove ^q_ε → ^q_0 we use that Mosco convergence implies the existence of at least one strongly converging recovery sequence, let us call it ~q_ε , i.e. ~q_ε → ^q_0 and B_ε (~q_ε ) → B_0(^q_0). Hence, (3.9a) will follow from ‖~q_ε − ^q_ε ‖ → 0. Since ~q_ε , ^q_ε ∈ V_ε we have β 2 ‖~q_ε − ^q_ε ‖^2 ≤ B_ε (~q_ε − ^q_ε ) = B_ε (~q_ε ) − ⟨ A_ε ^q_ε , ~q_ε ⟩ + B_ε (^q_ε ) = B_ε (~q_ε ) − ⟨ P^∗_ε A^+_0 ^q_0, ~q_ε ⟩ + B_ε (^q_ε ) = B_ε (~q_ε ) − ⟨ A^+_0 ^q_0, ~q_ε ⟩ + B_ε (^q_ε ) → B_0(^q_0) − ⟨ A^+_0 ^q_0, ^q_0⟩ + B_0(^q_0) = 0 , where we used (3.8), the quadratic structure, the definition of ^q_ε , and (3.10) for ~q_ε . Thus, (3.9a) is established.

To obtain (3.9c) we use (3.10) for q_ε and obtain, for all ε ∈ [0, 1], the convergence B_ε (q_ε + ^q_ε ) − B_ε (q_ε ) = B_ε (^q_ε ) + ⟨A_ε ^q_ε , q_ε ⟩ = B_ε (^q_ε ) + ⟨A^+_0 ^q_0, q_ε ⟩ → B_0(^q_0) + ⟨A^+_0 ^q_0, q_0⟩ = B_0(q_0+ ^q_0) − B_0(q_0).

Hence, the desired relation (3.9c) is established.

Ad (ii). To obtain strong convergence of every recovery sequence, we proceed as in the previous part but approximate q_0 ∈ V_0 = dom B_0. We first construct a family ( q^δ)_{δ> 0} such that q^δ ∈ D_0 and^β_2 ‖q^δ− q_0‖^2 ≤ B_0(q^δ− q_0) → 0 for δ → 0. (3.11) Next we consider the family ^q^δ_ε = A^{− 1}_ε P^∗_ε A^+_0 q^δ. From the above we know that ∀ δ > 0 : ^q^δ_ε → q^δ for ε → 0. (3.12) Now consider an arbitrary recovery sequence q_ε ⇀ q_0 such that B_ε (q_ε ) → B_0(q_0). We estimate the norms via ‖q_ε − q_0‖ ≤ ‖ q_ε − ^q^δ_ε ‖ + ‖^q^δ_ε − q^δ‖ + ‖q^δ− q_0‖. (3.13) To estimate the first term on the right-hand side we proceed as above and obtain β 2 ‖q_ε − ^q^δ_ε ‖^2 ≤ B_ε (q_ε − ^q^δ_ε ) = B_ε (q_ε ) + B_ε (^q^δ_ε ) − ⟨ P^∗_ε A^+_0 q^δ, q_ε ⟩

→ B_0(q_0) + B_0(q^δ) − ⟨ A^+_0 q^δ, q_0⟩ = B_0(q^δ− q_0).

(3.14)

Now, by (3.11) for any ρ > 0 we can fix δ > 0 such that ‖q^δ− q_0‖ < ρ/ 4 and B_0(q^δ− q_0) < βρ^2/8.

By (3.12) and (3.14) we can choose an ε_0 > 0 such that for all ε ∈ ]0, ε_0[ we have ‖^q^δ_ε − q^δ‖ < ρ/ 4 and ‖q_ε − ^q^δ_ε ‖ ≤

�_2 β B_0(q^δ− q_0)

�_{1/2} + ρ/4 < ρ/ 2.

Inserting this into (3.13), we have shown ‖q_ε − q_0‖ < ρ for all ε ∈ ]0, ε_0[, which is the desired strong convergence.

3.3 Proof of Theorem 3.1

In this section we provide the full proof of the abstract Γ-convergence result for the quadratic rate-independent systems given in Section 3.1. Proof: [of Theorem 3.1] We first note that the assumptions (3.3a) and (3.3b) imply that for each ε ∈ [0, 1] and each stable initial condition q^0_ε , see (3.4a), there is a unique energetic solution (see Theorem 2.2). The convergence result will be a special case of [MRS08, Sect. 3]. However, we will provide the main steps of the proof for the convenience of the reader. We will follow the same six steps of the argument as in [FrM06, MRS08, MiR09b].

Step 1: A priori estimates. Using (3.3c) and (3.4b) we obtain the uniform bounds

‖q_ε ‖_C 0_{([0,T ];Q )} + ‖q̇_ε ‖_L∞_{([0,T ];Q )} ≤ C_1

for all ε ∈ [0, 1].

Step 2: Selection of subsequences. Via the selection principle of Arzela-Ascoli we find a subsequence ( ε_k )_{k∈ N} and a limit function q_∗ ∈ C^{Lip} ([0, T];Q ) such that for all t ∈ [0, T] we have

0 < ε_k → 0 and q_{εk} (t) ⇀ q_∗(t) for k → ∞ . (3.15)

The aim is to show that q_∗ is the unique solution q_0, then we conclude the convergence of the full family ( q_ε )_ε , without taking a subsequence. By (3.4b) we already know q_∗(0) = q^0 , and it remains to show that q_∗ is an energetic solution.

Step 3: Stability of the limit. We want to establish the stability of q_∗(t), i.e.

∀ t ∈ [0, T] ∀ ~q ∈ Q : E_0(t, q_∗(t)) ≤ E_0(t, ~q) + R_0(~q− q_∗(t)). (3.16)

For this we use the quadratic structure of E_ε by employing the results of the Section 3.2. We fix from now on the time t and write q_0 and q_ε for q_∗(t) and q_ε (t), respectively. Obviously, stability is equivalent to

∀ ^q ∈ Q : 0 ≤ B_ε (q_ε + ^q) − B_ε (q_ε ) − ⟨ ℓ_ε , ^q⟩ + R_ε (^q). (3.17)

We have this condition for ε > 0 and want to establish it for ε = 0. Clearly, we have B_ε (q_ε ) < ∞ for all ε ∈ [0, 1], and it suffices to check (3.17)_{ε=0} for ^q ∈ V_0 = dom B_0 only.

For this we restrict first to the case ^q_0 ∈ D_0 and consider the mutual recovery sequence ^q_ε constructed in Proposition 3.2. We insert ^q_ε into (3.17) and see that we can pass to the limit in all terms. The first two terms converge to B_0(q_0+ ^q_0) − B_0(q_0) by (3.9c). The third term converges since both factors in the duality product converge strongly, and for the last term we have R_ε (^q_ε ) → R_0(^q_0) using (3.9a) and (3.3e). Thus, (3.17) with ε = 0 holds for all ^q_0 ∈ D_0, i.e.

∀ ^q_0 ∈ D_0 : 0 ≤ J (^q_0) := B_0(q_0+ ^q_0) − B_0(q_0) − ⟨ ℓ_0, ^q_0⟩ + R_0(^q_0). (3.18)

The functional J : V_0 → R is coercive and convex. Moreover, it is continuous, if V_0 is considered as the Hilbert space equipped with the norm ‖q‖_{V 0} = B_0(q)^{1/2}. Since D_0 is dense in V_0 (see (3.7)), the minimum of J over V_0 is equal to the infimum of J over D_0, which is 0. Thus, we conclude J (^q) ≥ 0 for all ^q ∈ V_0. As J (^q) = ∞ for ^q ∈ Q \V_0 we have established the desired stability (3.16) of q_0 = q_∗(t).

Step 4: Upper energy estimate. The energy balance for q_ε reads

E_ε (t, q_ε (t)) + Diss_{R ε} (q_ε , [0, t]) = E_ε (0, q_ε (0)) −

�_t 0 ⟨ℓ̇_ε (s), q_ε (s)⟩ ds.

Using (3.15) we can pass to the limit ε_k → 0 by employing (3.3d) for the first term, (3.6) for the second term, (3.4b) for the third term and (3.3d) and (3.15) for the fourth term. This leads to the estimate

E_0(t, q_∗(t)) + Diss_{R 0} (q_∗, [0, t]) ≤ E_0(0, q_0(0)) −

�_t 0 ⟨ℓ̇_0(s), q_∗(s)⟩ ds.

Here we use liminf-estimates on the left-hand side (viz. (3.3d) and (3.6)), while convergences hold on the right-hand side.

Step 5: Lower energy estimate. The lower energy estimate for q_∗ follows solely from the stability of q_∗ derived in Step 3. For any partition 0 = t_0 < t_1 < · · ·< t_{N − 1} < t_N = T, the stability of q_∗(t_{j − 1}) implies

E_0(t_{j − 1}, q_∗(t_{j − 1})) ≤ E_0(t_{j − 1}, q_∗(t_j )) + R_0(q_∗(t_j ) − q_∗(t_{j − 1}))

= E_0(t_j , q_∗(t_j )) + R_0(q_∗(t_j ) − q_∗(t_{j − 1})) −

�_{t j}

t_{j − 1}

⟨ℓ̇_0(s), q_∗(t_j )⟩ ds.

Rearranging and summing over j ∈ { 1, ..., N } gives

E_0(T, q_∗(T)) + N� j =1

R_0(q_∗(t_j )− q_∗(t_{j − 1})) ≥ E_0(0, q_∗(0)) −

�_T 0 ⟨ℓ̇_0(s),q_∗(s)⟩ ds,

where q_∗ is the piecewise constant interpolant with the value q_∗(t_j ) for t ∈ ]t_{j − 1}, t_j ]. Taking the fineness of the partitions to 0 the right-hand side converges while the left-hand side can be estimated from above giving the desired lower energy estimate

E_0(T, q_∗(T)) + Diss_{R 0} (q_∗, [0, T]) ≥ E_0(0, q_∗(0)) −

�_T 0 ⟨ℓ̇_0(s), q_∗(s)⟩ ds. (3.19)

Together with the results of Steps 3 and 4 we conclude that q_∗ is equal to the unique energetic solution q_0 for (Q , E_0, R_0) with q_0(0) = q^0 .

Step 6: Improved convergence. We already have established weak convergence instead of the the strong convergence stated in (3.5a), see (3.15). Using (3.3d) the convergence (3.5d) follows immediately. The convergences (3.5b) and (3.5c) follow, since we have the obvious liminf estimate for both of them. However, Steps 4 and 5 show that the sum converges to the correct limit. This implies that each of them converges to the desired limit.

Using the energy convergence (3.5b) and the weak convergence q_ε (t) ⇀ q_0(t) we see that q_ε (t) is a recovery sequence for q_0(t) for B_ε^M−→ B_0. Thus, using Proposition 3.2(ii) we conclude the strong convergence q_ε (t) → q_0(t) as stated in (3.5a).

4 Justification of the elastoplastic plate model

In this section we provide the proof of the limit passage stated in Theorem 2.4. The main step is the Mosco convergence of the quadratic forms B_ε defined in (2.9) for ε > 0 and (2.17) for ε = 0, respectively. All notions of convergence (weak and strong) as well as the norm will relate to the basic Hilbert space Q ⊂ H^1(Ω; R^3) × L^2(Ω; R^{3× 3}_{dev} ). The proof is similar to the approach devised in [BC^∗92], but needs to be repeated as we use a more general material law involving also the plastic variable.

Proposition 4.1 Under the assumptions of Section 2 we have the Mosco convergence B_ε^M−→ B_0.

Proof: Liminf estimate for weak convergence . For all sequences Q_ε ⇀ Q_0 we have to show B_0(Q_0) ≤ lim inf_{ε→ 0} B_ε (Q_ε ).

First consider the case U_0 ∉U_{KL} . Since U → ‖ E^3(U)‖^2_L2 is convex and lower semicontinuous, we find lim inf_ε ‖E^3(U_ε )‖_L2 > 0. Using the coercivity of B_ε in (2.10) we conclude

B_ε (Q_ε ) ≥ c‖S_ε E (U)S_ε ‖^2_L2 ≥ c ε ‖E^3(U_ε )‖^2_L2 → ∞ = B_0(Q_0).

For U_0 ∈ U_{KL} we use B_0(Q_0) = B(Q_0) and employ estimate (2.15) giving B_ε (Q) ≥ B(Q). Since B is convex and lower semicontinuous, we conclude via

lim inf

ε→ 0 B

ε (Q_ε ) ≥ lim inf

ε→ 0 B(Q

ε ) ≥ B(Q_0) = B_0(Q_0).

Limsup estimate for strongly converging recovery sequences. The result is trivial for U_0 ∉U_{KL} as B_0(Q_0) = ∞ , since we may take Q_ε = Q_0.

For U_0 ∈ U_{KL} we have to do a nontrivial construction. We use the splitting of W into W and W_2 as given in (2.16). This leads to the splitting

B_ε (Q) = B(Q) + J

�_1 ε S_ε E^3(U)− N (E^{1,2}(U), P ) � with J (b) = � Ω W_2(b(x))d x.

Since B is strongly continuous on Q and J on L^2(Ω; R^3), it remains to be shown that for each Q_0 ∈ Q there exist Q_ε ∈ Q such that

Q_ε = ( U_ε , P_ε ) → Q_0 in Q and^1_ε S_ε E^3(U_ε ) − N (E^{1,2}(U_ε ), P_ε ) → 0 in L^2(Ω; R^3). (4.1)

We construct Q_ε in the form

Q_ε = ( U_ε , P_0) with U_ε = U_0 + εS^{− 1}_ε W^ε ,

where W_ε is constructed as follows. Set n^0 = N (E^{1,2}(U_0), P_0) ∈ L^2(Ω; R^3) and define the regularization n^ε = ( n^ε_1, n^ε_2, n^ε_3) via the unique solutions of the elliptic equations

− εΔ n^ε_j + n^ε_j = n^0_j in Ω; n^ε_j = 0 on ∂Ω .

Standard elliptic estimates give the a priori estimates

ε‖∇ n^ε_j ‖^2_L2 + ‖n^ε_j ‖^2_L2 = ‖n^0_j ‖^2_L2 and n^ε → n^0 in L^2(Ω; R^3). (4.2)

Now W^ε = ( W^ε_1 , W^ε_2 , W^ε_3 ) is defined via integration over x_3, namely

W^ε_j (x) = c_j

�_{x 3} − 1 n^ε_j (x_1, x_2, ξ)dξ, where (c_1, c_2, c_3) = (2 , 2, 1).

This implies ‖W^ε ‖_L2 + ε^{1/2}‖∇ W^ε ‖_L2 ≤ C, and we conclude ‖Q_ε − Q_0‖ = ‖εS^{− 1}_ε W^ε ‖_H1 ≤ ε^{1/2}C → 0, which is the first condition in (4.1).

Moreover, using U_0 ∈ U_{KL} we find 1 ε S_ε E^3(U_ε ) = 0 +^1_ε S_ε E^3((εW^ε_1 , εW^ε_2 , ε^2W^ε_3 )^T ) = n^ε +^ε_2 (∂_{x 1} W^ε_3 , ∂_{x 2} W^ε_3 , 0)^T .

Thus, we obtain the estimate

‖^1_ε S_ε E^3(U_ε ) − N (E^{1,2}(U_ε , P )‖_L2 = ‖n^ε +^ε_2 (∂_{x 1} W^ε_3 , ∂_{x 2} W^ε_3 , 0)^T − n^0 − N (E^{1,2}(εS^{− 1}_ε W^ε ), 0)‖_L2 ≤ ‖ n^ε − n^0‖_L2 + ε‖∇ W^ε_3 ‖_L2 + ε|N |‖∇ W^ε ‖_L2 ≤ ‖ n^ε − n^0‖_L2 + Cε^{1/2}.

Using (4.2) we obtain the second convergence stated in (4.1).

Proof of Theorem 2.4: We show that the abstract result presented in Theorem 3.1 can be applied. For this we need to check that the assumptions (3.3) are satisfied for the elastoplastic problem discussed in Section 2. Note that for this case we have ℓ_ε (t) = L(t) and R_ε = R , since no dependence on ε is present. The conditions (3.3a) and (3.3b) are obviously satisfied. Condition (3.3c) holds after taking (2.10) into account.

The Mosco convergence B_ε^M−→ B_0 was established in Proposition 4.1, thus (3.3d) holds since ℓ_ε = L is independent of ε.

For the ε-independent dissipation potential R_ε = R the continuous convergence R_ε^c⇝ R_0 reduces to strong continuity of R , cf. the definition in (3.2). By condition (2.3) the strong continuity of V → R (V) for V ∈ L^2(Ω; R^{3× 3}_{dev} ) is obvious. The Mosco convergence R_ε^M−→ R , additionally asks for weak lower semicontinuity, which follows immediately from convexity and strong continuity. Hence (3.3e) is established as well.

Thus, Theorem 2.4 follows as a direct consequence of Theorem 3.1.

5 Discussion of the elastoplastic plate model

In this section we show that the limit model obtained in Section 2.3 can be reduced to a two-dimensional elastic problem coupled to plastic effects that can either be described by a three-dimensional model without memory or by a Prandtl-Ishlinskii operator associated to each point y ∈ ω .

For notational simplicity, we will restrict now to the special isotropic energy W and its relaxed stored energy density W treated in the Examples 2.1 and 2.5. Thus, we are also in the same framework as [GKS08], and can compare the results easily.

5.1 Coupling of stretching, bending, and plasticity

The main observation is that the Kirchhoff-Love displacements U ∈ U_{KL} can be characterized by functions defined only on the midplane ω . Thus, the energy E_0 can be reduced by integrating over the variable x_3. We will use the letter y to indicate points in ω . From now on, ∇ and Δ will only act on y ∈ ω , i.e. ∇ = ( ∂_{y1} , ∂_{y2} )^T , Δ = ∂^2_{y1} + ∂^2_{y2} , and D^2V_3 ∈ R^{2× 2}_{sym} denotes the Hessian of V_3 : ω → R. Moreover we will use the two-dimensional in-plane strain tensor

E^{1,2}(V) = 1 2 � ∇ V^{1,2}+( ∇ V^{1,2})^T � , where V^{1,2} = ( V_1, V_2)^T ,

which does not depend on V_3.

Concerning the variable P ∈ L^2(Ω; R^{3× 3}_{dev} ) we will use Ω = ω × ]− 1, 1[ and the identification

L^2(ω × ]− 1, 1[ ;R^{3× 3}_{dev} )^∼= L^2 � ω ; L) with L := L^2(]− 1, 1[ ;R^{3× 3}_{dev} ).

Thus, with each point y ∈ ω we associate an internal variable P (y, ·) ∈ L.

Using the isomorphism K between V and U_{KL} (see (2.12)) we see that the rateindependent system (RIS) ( Q, E_0, R_0) is equivalent to the RIS ( Q_{KL} , E_{KL} , R ) with

Q_{KL} := V × L^2(ω ; L), R (P ) = � ω 1� − 1 R(P (y, x_3))d x_3 dy,

E_{KL} (t, V, P ) := � ω W(E^{1,2}(V), D^2V_3(y), P (y))d y − ⟨ ℓ_{KL} (t), V⟩, where

W(E, H, P ) = W_{memb} (E, [P^{1,2}]_0]) + W_{bend} (H, [P^{1,2}]_1) + W_{plast} (P ), W_{memb} (E, Π) =^{2λμ}_{λ+2 μ} � (tr E )^2 − tr E tr Π � + 2 μ � |E |^2 − E :Π � , W_{bend} (H, Π) =^{2λμ}_{λ+2 μ}

�_1 3 (tr H )^2+ tr H tr Π � + 2 μ

�_1 3 |H |^2 + H :Π � , W_{plast} (P ) =^{λμ}_{λ+2 μ} ‖ tr P^{1,2}‖^2 + μ‖P^{1,2}‖^2 +^h_2 ‖P ‖^2,

⟨ℓ_{KL} (t), V⟩ = � ω G_{memb} (t, y) ·V^{1,2}(y) + g_{bend} (t, y)V_3(y) + G_{bend} (t, y) · ∇ V_3(y)dy,

G_{memb} (t, y) = [ F^{1,2}_{vol} (t, y, ·)]_0+ F^{1,2}_{surf} (t, y, 1)+ F^{1,2}_{surf} (t, y, − 1), g_{bend} (t, y) = [ F_{vol 3} (t, y, ·)]_0+ F_{surf 3} (t, y, 1)+ F_{surf 3} (t, y, − 1), G_{bend} (t, y) = F^{1,2}_{surf} (t, y, − 1)− F^{1,2}_{surf} (t, y, 1).

Here V^{1,2} = ( V_1, V_2)^T ∈ R^2, and E, H, Π ∈ R^{2× 2}_{sym} are placeholders for E^{1,2}(V), D^2V_3, and [P^{1,2}]_k , respectively, and we used the short-hand notations

A:B =^2 � i,j =1

A_{ij} B_{ij} , [g]_0 =

�_1 − 1 g(x_3)dx_3, [g]_1 =

�_1 − 1 x_3g(x_3)dx_3, ‖g‖^2 =

�_1 − 1 |g(x_3)|^2 dx_3.

The important structure in the form of W is that the membrane strains E = E^{1,2}(V) only couple to the (even) averages [ P^{1,2}]_0, while the bending strains H = D^2V_3 only couple to the (odd) averages [ P^{1,2}]_1.

To highlight the structure of the derived evolutionary system obtained via the RIS (Q_{KL} , E_{KL} , R ) we know write down the corresponding differential inclusion, cf. (2.7a) versus the energetic formulation (2.7c). It consists of two elliptic systems, one for the membrane part and one for the bending part, and the plastic flow law. Both elliptic systems are nontrivially coupled to the plastic part via the strain tensors

∂_E W_{memb} (E, Π) = Σ_0(2E − Π) ∈ R^{2× 2}_{sym} , ∂_H W_{bend} (A, p) = Σ_0(^2_3 H +Π) ∈ R^{2× 2}_{sym} , where Σ_0(E ) := ϱtr E I_2 + 2 μE with ϱ:=^{2λμ}_{λ+2 μ} . The system reads

0 = − div � Σ_0(2E^{1,2}(V))− [P^{1,2}]_0) � − G_{memb} (t, ·) in ω, (5.1a) 0 = div div � Σ_0(^2_3 D^2V_3+[ P^{1,2}]_1) � − g_{bend} (t, ·) − div G_{bend} (t, ·) in ω, (5.1b) 0 ∈ ∂R( Ṗ ) + dev � [[ Σ_0(P^{1,2}− E^{1,2}(V)+ x_3D^2V_3) || 0 ]] � + hP in Ω , (5.1c)

where we recall the notation [[ A || b]] ∈ R^{3× 3}_{sym} for A ∈ R^{2× 2}_{sym} and b ∈ R^3 from (2.13b).

We see that (5.1a) is a second-order membrane equation for the in-plane displacements V^{1,2} = ( V_1, V_2) with the average plastic strains [ P^{1,2}]_0 acting as plastic strains. The fourthorder equation (5.1b) for the out-of-plane displacement V_3 generalizes Kirchhoff’s plate equation, where now the first moments [ P^{1,2}]_1 (odd averages) act as plastic strains. The flow law (5.1c) is still posed on Ω = ω × ]− 1, 1[, but the important point is that the coupling with E^{1,2}(V) and D^2V_3 occurs only via special x_3-dependent profiles, namely 1 and x_3, respectively.

5.2 Nontrivial coupling of the membrane and bending mode via plasticity

We want to exemplify the nontrivial coupling by comparing two simple examples of loading, which would give the same result, if there is no coupling.

In Example 1, we first load and unload the plate in a uniaxial stretch in direction x_1. Then, we load in a bending mode and unload again. In Example 2 we first do the bending and then the uniaxial stretching.

In both situations we assume strains independent of y ∈ ω leading to the displacements

V(t, y) = ( δ(t)y_1, δ(t)y_2, γ(t)(y^2_1 + y^2 )/2)^T , (5.2)

where the scalar stretch δ and the the scalar bending γ(t) are to be determined. Clearly, we have E^{1,2}(V) = δ(t)I_2 and H (t) = D^2V_3 = γ(t)I_2.

Assuming that the dissipation potential R is of the form R( Ṗ ) = r | Ṗ |, we can now find a solution P of the flow rule (5.1c) in the form

P (t, y, x_3) = π(t, x_3) diag(1 , 1, − 2), π(t, x_3) = 0 . (5.3)

For this it is necessary and sufficient that π(t, x ) ∈ R solves the scalar hysteresis problem given by the differential inclusion

0 ∈ r Sign(π̇) +^2_3 (ϱ+ μ) � π − δ + x_3γ � + hπ. (5.4)

To simplify the computations, we choose r =^2_3 (ϱ+ μ) = 1 and h = 0.

Using the hat function χ(t) = max { 0, 2−| 2− t|}, Example 1 is given by the loadings δ(t) = χ(t) and γ(t) = χ(t− 4). The solution is given by

π^{(1)} (t, x_3) = � � � max{ 0, min{ t− 1, 1}} for t ∈ [0, 4], 1 − x_3(t− 4) for t ∈ [4, 6] and x_3 ≥ 0, 1 for t ∈ [4, 6] and x_3 ≤ 0, min{ 1, 1− 2x_3} for t ∈ [6, 8].

Now we consider Example 2 with stretching after bending, i.e. γ(t) = χ(t) and δ(t) = χ(t− 4). The solution reads

π^{(2)} (t, x_3) = � � � � max{ min{ 1− tx_3, 0}, − 1− tx_3} for t ∈ [0, 2], π(2, x_3) for t ∈ [2, 4], min{ 5− t, π (2, x_3)} for t ∈ [4, 6], − 1 for t ∈ [6, 8].

By comparing the two solutions, it is clear that the bending and stretching phases behave differently if they start from the unstressed initial condition from the pre-stressed state left over from the over phase.

We refer to [Lie08] for more details.

5.3 Reduction to 2D model via Prandtl-Ishlinskii operators

We now show how the plastic flow law (5.1c) can be encoded into a hysteresis operator, which does not explicitly show the dependence on the variable x_3. This generalizes the idea in [GKS08].

We first note that (5.1c) can be rewritten in the form

0 ∈ ∂R( Ṗ ) + AP − L(t), P (0) = 0 , (5.5)

where R is as before and A is a symmetric and positive definite linear operator on R^{3× 3}_{dev} , while L ∈ C^{Lip} ([0, T];R^{3× 3}_{dev} ) is some loading. For simplicity we have added the trivial initial condition P (0) = 0 and we will further assume L(0) = 0. (In fact, it would suffice to assume the stability condition 0 ∈ ∂R(0) + AP (0) − L(0), cf. Theorem 2.2.)

For each loading L ∈ C^{Lip}_0 ([0, T];R^{3× 3}_{dev} ), where the subscript_0 stand for the initial condition L(0) = 0, there is a unique solution P ∈ C^{Lip}_0 ([0, T];R^{3× 3}_{dev} ). This defines the (vector-valued) play operator P (cf. [Vis94, BrS96, Kre99]) associated with E = ∂R(0) and A via P_E[L](t) := P (t).

We define the “parallel extension” of P_E from R^{3× 3}_{dev} to L = L^2(]− 1, 1[ ;R^{3× 3}_{dev} ) via

P_E[L](t, x_3) := P_E[L(·, x_3)](t),

where now L ∈ C^{Lip}_0 ([0, T];L). We call this a parallel extension as the play operators at different values of x_3 do not interact.

We want to use the play operator P_E to describe the coupled system (5.1) for the elastoplastic plate. We do this by superimposing such play operators by using the special coupling structure. Recall that the first two equations for V are coupled to P (t, ·) ∈ L = L^2(]− 1, 1[ ;R^{3× 3}_{dev} ) only via the averages [ P (t, ·)]_0 and [P (t, ·)]_1, and additionally the equation for P is forced by E = E^{1,2}(V) and H = D^2V only via the “dual construction”.

The forcing via E and H in (5.1c) can be described via the mapping M : � R^{2× 2}_{sym} × R^{2× 2}_{sym} → L = L^2(]− 1, 1[ ;R^{3× 3}_{dev} ),

(E, H ) → dev([[ Σ_0(x_3H − E ) || 0 ]] � .

A simply calculation shows that the adjoint mapping takes the form

M^∗ : � L = L^2(]− 1, 1[ ;R^{3× 3}_{dev} ) → R^{2× 2}_{sym} × R^{2× 2}_{sym} , P → � − Σ_0([P^{1,2}]_0), Σ_0([P^{1,2}]_1) � . Note that M^∗P contains exactly all the P -dependent terms occurring in (5.1a) and (5.1b).

Thus, we are able to define a generalized Prandtl-Ishlinskii operator as a generalized contraction of an infinite family of play operators as follows P : � C^{Lip}_0 ([0, T];R^{2× 2}_{sym} × R^{2× 2}_{sym} ) → C^{Lip}_0 ([0, T];R^{2× 2}_{sym} × R^{2× 2}_{sym} ), (E, H ) → M^∗P_E[M (E, H )].

The usage of M and M^∗ in the contraction means that the hysteresis operator P still has the usual symmetry properties and is compatible with the energetic formulation.

Denoting the components of P corresponding to E and H by P_E and P_H , respectively, we are now able to rewrite the coupled system (5.1) for the elastoplastic plate in terms of the elliptic partial differential equations only, since the plastic evolution law is hidden in the hysteresis operator P :

− div � Σ_0 � E^{1,2}(V) � + P_E � E^{1,2}(V), D^2V_3 � (t) � = G_{memb} (t, ·), (5.6a)

div div � Σ_0 � D^2V_3 � + P_H � E^{1,2}(V), D^2V_3 � (t) � = g_{bend} (t, ·)+ div G_{bend} (t, ·). (5.6b)

We can restrict to the pure bending case, as was done in [GKS08], if we assume that G_{memb} ≡ 0 and that P (t, y, ·) is odd. Then, V^{1,2} ≡ 0 for all times. Then, we can forget about E and restrict our attention to H only. This allows us to give P_H a more explicit form, which appear to be a true Prandtl-Ishlinskii operator. To see this, we use a classical scaling law for play operators, namely

P_E[α L] = α P 1_{α E}[L] for every constant α ≠ 0 .

This leads to the final formula

P_H [H ] = [Σ_0(P_E[x_3 dev([[ Σ_0(H (·)) || 0 ]])])]_1

= Σ_0

� �_1 − 1 x^2_3 P 1_{x 3 E} � dev � [[ Σ_0(H (·)) || 0 ]] � dx_3 � , Thus, our hysteresis operator is just a simple transformation of the operator F derived at the end of Section 2.2 in [GKS08], namely P_E = Σ_0 ∘ F ∘ Σ_0.

Acknowledgments. This research was partially supported by the DFG within the Research Unit 797 Analysis and computation of microstructure in finite plasticity under Mi 459/5–2. The authors are grateful to Pavel Krejčí for helpful discussions.

References

[Alb98] H.-D. Alber . Materials with Memory , volume 1682 of Lecture Notes in Mathematics . Springer- Verlag, Berlin, 1998.

[AMM09] H. Abels, M. G. Mora, and S. M üller . The time-dependent von Kármán plate equation as a limit of 3d nonlinear elasticity. Calc. Var. Part. Diff. Eqns. , 2009. To appear. arXiv:0912.4135.

[Att84] H. Attouch . Variational Convergence of Functions and Operators . Pitman Advanced Publishing Program. Pitman, 1984.

[BC^∗ 92] F. Bourquin, P. G. Ciarlet, G. Geymonat, and A. Raoult . Γ-convergence and asymptotic analysis of thin plates. C. R. Acad. Sci., Paris, Sér. I , 315(9), 1017–1024, 1992.

[BrS96] M. Brokate and J. Sprekels . Hysteresis and Phase Transitions . Springer-Verlag, New York, 1996.

[Cia97] P. G. Ciarlet . Mathematical elasticity. Vol. II , volume 27 of Studies in Mathematics and its Applications . North-Holland Publishing Co., Amsterdam, 1997. Theory of plates.

[Cia00] P. G. Ciarlet . Mathematical elasticity. Vol. III , volume 29 of Studies in Mathematics and its Applications . North-Holland Publishing Co., Amsterdam, 2000. Theory of shells.

[CiD79] P. G. Ciarlet and P. Destuynder . A justification of the two-dimensional linear plate model.

J. Mécanique , 18(2), 315–344, 1979.

[CiL89] P. G. Ciarlet and H. Le Dret . Justification of the boundary conditions of a clamped plate by an asymptotic analysis. Asymptotic Anal. , 2(4), 257–277, 1989.

[CMM06] S. Conti, F. Maggi, and S. M üller . Rigorous derivation of Föppl’s theory for clamped elastic membranes leads to relaxation. SIAM J. Math. Analysis , 38(2), 657–680, 2006.

[Dal93] G. Dal Maso . An Introduction to Γ -Convergence . Birkhäuser Boston Inc., Boston, MA, 1993.

[FJM02] G. Friesecke, R. D. James, and S. M üller . A theorem on geometric rigidity and the derivation of nonlinear plate theory from three-dimensional elasticity. Comm. Pure Appl. Math. , 55(11), 1461–1506, 2002.

[FJM06] G. Friesecke, R. D. James, and S. M üller . A hierarchy of plate models derived from nonlinear elasticity by gamma-convergence. Arch. Ration. Mech. Anal. , 180(2), 183–236, 2006.

[FrM06] G. Francfort and A. Mielke . Existence results for a class of rate-independent material models with nonconvex elastic energies. J. reine angew. Math. , 595, 55–91, 2006.

[GiP06a] A. Giacomini and M. Ponsiglione . A Γ-convergence approach to stability of unilateral minimality properties in fracture mechanics and applications. Arch. Ration. Mech. Anal. , 180, 399–447, 2006.

[GiP06b] A. Giacomini and M. Ponsiglione . Discontinuous finite element approximation of quasistatic crack growth in nonlinear elasticity. Math. Models Methods Appl. Sci. , 16, 77–118, 2006.

[GKS08] R. B. Guenther, P. Krej čí, and J. Sprekels . Small strain oscillations of an elastoplastic Kirchhoff plate. Z. angew. Math. Mech. (ZAMM) , 88(3), 199–217, 2008.

[Grö78] K. Gr öger . Zur Theorie des quasi-statischen Verhaltens von elastisch-plastischen Körpern. Z.

Angew. Math. Mech. , 58(2), 81–88, 1978.

[KMR05] M. Kru žík, A. Mielke, and T. Roub íček . Modelling of microstructure and its evolution in shape-memory-alloy single-crystals, in particular in CuAlNi. Meccanica , 40, 389–418, 2005.

[Kre99] P. Krej čí. Evolution variational inequalities and multidimensional hysteresis operators. In Nonlinear differential equations (Chvalatice, 1998) , volume 404 of Chapman & Hall/CRC Res. Notes Math. , pages 47–110. Chapman & Hall/CRC, Boca Raton, FL, 1999.

[KrS07] P. Krej čí and J. Sprekels . Elastic-ideally plastic beams and Prandtl-Ishlinskii hysteresis operators. Math. Methods Appl. Sci. (MMAS) , 30(18), 2371–2393, 2007.

[LeR00] H. Le Dret and A. Raoult . Variational convergence for nonlinear shell models with directors and related semicontinuity and relaxation results. Arch. Ration. Mech. Anal. , 154(2), 101–134, 2000.

[Lie08] M. Liero . Herleitung eines elastoplastischen Plattenmodells mit Methoden der Γ-Konvergenz.

Institut für Mathematik, Humboldt-Universität zu Berlin. Diplomarbeit, Oktober 2008.

[MCH03] O. Millet, A. Cimetiere, and A. Hamdouni . An asymptotic elastic-plastic plate model for moderate displacements and strong strain hardening. Eur. J. Mech. A/Solids , 22(3), 369–384, 2003.

[Mie88] A. Mielke . Saint-Venant’s problem and semi-inverse solutions in nonlinear elasticity. Arch.

Rational Mech. Anal. , 102, 205–229, 1988. Corrigendum in 110 (1990) 351-352.

[Mie05] A. Mielke . Evolution in rate-independent systems (Ch. 6). In C. Dafermos and E. Feireisl, editors, Handbook of Differential Equations, Evolutionary Equations, vol. 2 , pages 461–559. Elsevier B.V., Amsterdam, 2005.

[Mie08] A. Mielke . Weak-convergence methods for Hamiltonian multiscale problems. Discr. Cont.

Dynam. Systems Ser. A , 20(1), 53–79, 2008.

[MiR09a] A. Mielke and T. Roub íček . Numerical approaches to rate-independent processes and applications in inelasticity. Math. Model. Numer. Anal. (M2AN) , 43, 399–428, 2009.

[MiR09b] A. Mielke and T. Roub íček . Rate-Independent Systems: Theory and Application . In preparation, 2009.

[MiT04] A. Mielke and F. Theil . On rate–independent hysteresis models. Nonl. Diff. Eqns. Appl.

(NoDEA) , 11, 151–189, 2004. (Accepted July 2001).

[MiT07] A. Mielke and A. M. Timofte . Two-scale homogenization for evolutionary variational inequalities via the energetic formulation. SIAM J. Math. Analysis , 39(2), 642–668, 2007.

[Mor59a] D. Morgenstern . Herleitung der Plattentheorie aus der dreidimensionalen Elastizitätstheorie. Arch. Rational Mech. Anal. , 4, 145–152, 1959.

[Mor59b] D. Morgenstern . Mathematische Begründung der Scheibentheorie (zweidimensionale Elastizitätstheorie). Arch. Rational Mech. Anal. , 3, 91–96, 1959.

[Mor77] J.-J. Moreau . Evolution problem associated with a moving convex set in a Hilbert space. J.

Differential Equations , 26(3), 347–374, 1977.

[MRS08] A. Mielke, T. Roub íček, and U. Stefanelli . Γ-limits and relaxations for rate-independent evolutionary problems. Calc. Var. Part. Diff. Eqns. , 31, 387–416, 2008.

[MRT10] A. Mielke, T. Roub íček, and M. Thomas . From damage to delamination in nonlinearly elastic materials at small strains. J. Elasticity , 2010. Submitted. WIAS preprint 1542.

[RSZ09] T. Roub íček, L. Scardia, and C. Zanini . Quasistatic delamination problem. Contin. Mech.

Thermodyn. , 21, 223–235, 2009.

[Vis94] A. Visintin . Differential Models of Hysteresis . Springer-Verlag, Berlin, 1994.