WeierstraB-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 0946 — 8633

The classical solvability of the contact angle problem for

generalized equations of mean curvature type

Pierre-Etienne Druet’

submitted: 15 Dec 2010; revised: 03 Jul 2012

' Weierstrass Institute
for Applied Analysis and Stochastics
Mohrenstr. 39
10117 Berlin
Germany
E-Mail: druet@wias-berlin.de

No. 1576
Berlin 2010

I\
SNl

2010 Mathematics Subject Classification. 35J93, 35B65, 58J99.
Key words and phrases. Generalized mean curvature equation, contact angle problem, classical solvability.

This research is supported by DFG Research Center "Mathematics for Key Technologies"Matheon in Berlin.



Edited by

WeierstraB-Institut fir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

Mohrenstra3e 39

10117 Berlin

Germany

Fax: +49 30 2044975

E-Mail: preprint@wias—berlin.de

World Wide Web: http://www.wias-berlin.de/



Abstract

Mean curvature equations of general quasilinear type in connection with contact-angle boundary
conditions are considered in this paper. We investigate the existence, uniqueness and continuous
dependence of the solution in classical function spaces. On the one hand, a survey of techniques
and ideas developed in the seventies and eighties, mainly by Uraltseva, is presented. On the other
hand, extensions of these results are also proposed: we formulate growth conditions for the general
dependence of the potential on the x 41— variable, and we extend the existence and uniqueness
statements to this case. Moreover, the regularity assumptions on the right-hand side are relaxed, and
alternative proofs for the higher-order estimates and the existence result are provided.

1 Introduction

We consider the problem to determine in a domain @ C RM*! (N > 2 the space dimension) a
N —dimensional hypersurface S C €2, obeying the relation

divs oy(z, v) + o.(z, v) = ®(z, V), (1)

where divg is the surface divergence operator, and v denotes a unit normal to S. The potential o :
Q x RN - R, (x,q) — o(z,q) is given and one-homogeneous in the g—variable. The right-hand
side ® : O x RV — R is a given function. In the case of isotropic data o(z, ¢q) = o(z) |q| and
®(x, q) = P(x), the equation (1) reduces to the problem of surfaces with prescribed mean curvature.
We consider on the boundary S N 0f) the generalized contact-angle condition

a4(2) - n(zr) = w(z), ()

where n is the outward unit normal to 9€2, and « : 0{2 — R is given.

More specifically, we are interested in graph solutions to the problem (1), (2). A graph solution can be
defined (after a suitable change of coordinates) if 2 = G x R with a bounded domain G C R, and if
S is represented as the graph of a function v : G — R. The problem (1), (2) on the manifold .S reduces
to boundary value problem posed in the domain G. Define for (Z, xx41) € G X Randforp € RY

5-<j7 TNA41,5 p) = O'(Q_J, IN+1, —P,s 1) (3)

and introduce a function ® : G x R x R" via

_ i/ JIFP (i=1,....N
B(z. Tyer, p) = BT, 2yer, v(p). vilp) = ﬂrm'f' SRR



In the domain (=, (1), (2) is equivalent to the contact angle problem

—divo,(z, ¥, VY) = &(z, ¢, Vi) inG, (5)
—0,(Z, Y, VY) -n(Z) = k(Z, V) on 0G . (6)

Physical applications of the model (1), (2) respectively (5), (6) are to find in thermodynamical contexts,
where (1) is to interpret as the first variation of a surface free energy. The equation (1) is known as
generalized Gibbs-Thomson relation: The surface S typically represents a phase transition, and o is the
surface tension on S; The right-hand side ® in (1) may involve quantities such as chemical potential,
temperature and mechanical stresses on S: see the book [Vis96], Ch. IV for models in crystallization, or
[LM89], [GK10] for related mathematical developments. Technical applications for the model (1) are for
instance processes in industrial crystal growth, where curvature effects on the crystallization interface are
assumed to be responsible for the formation of defects (cf. [DDENO08]).

Equations of mean curvature type were thouroughly studied in the seventies, in connection both with
the Dirichlet and the contact angle problem: see [Gia74], [Ger74], [Giu76] among others for the BV
approach, see [Fin65], [Ser69], [Ura73], [Ura75], [Ura82], [SS76] a. o. for the classical approach, which
is going to retain our attention in this paper.

The existence of graph solutions essentially relies on the gradient estimate for the function ). To our
knowledge local estimates were obtained first in [Mir67], [BDM69] for the problem of minimal surfaces
(® =0, 0(q) = |q|)- The local boundedness of the gradient was proved for general quasilinear equations
in [LU70] on the basis of profound results of geometric measure theory. Local estimates employing other
methods were also derived early (cf. [Tru73]) by the authors of [GTO1] (see Chapter 16). It is to note
that the a priori estimate derived in these papers for C? solutions being local, they did not lead to the
solvability of (5), (6).

The global estimate on the gradient for the contact angle problem (5), (6) was first obtained in the papers
[Ura71, Ura73, Ura75] for general o = o(q), mainly via extension of the methods of [LU70]. In [Ura71]
the validity of these results was restricted to (strictly) convex C*“—domains G, a vanishing angle of
contact. The theory for convex domains and a constant nonvanishing angle of contact x was introduced
in [Ura73]; The results were extended in [Ura75] to variable © = (Z) and nonconvex C*—domains,
but only for the case ¢ = |q| (mean curvature equation). In these papers, it is assumed that ® =
®(x). Other approaches to the results of [Ura75] for the mean curvature equation were discussed in
the papers [SS76], Th. 3 or in [Ger79], that states the gradient estimate for (nonconvex) C* domains.
The boundedness result for gradient of solutions to the general quasilinear mean curvature equation with
contact angle k = k(Z, x 1) was proved in [Ura82]. In the latest paper o is allowed to depend on the
N1 —Vvariable, but only in a very particular way.

The arguments on existence, uniqueness and a priori estimates for the problem (5), (6) are spread in
the literature (mostly in papers by Uraltseva). The paper [Ura82], where the general quasilinear case is
treated, deals indeed only with the gradient estimate. In this paper, we aim at a complete overview on
the classical solvability of the problem (5), (6) in smooth settings. We also propose two generalizations:
A growth condition for the z 11 —dependence of the function o is formulated, and shown to yield well-
posedness; The regularity assumptions for ® are weakened.



2 Notations and statement of the main results

Let N > 2 denote the space dimension, and G C RY be a bounded domain of class C>%, o > 0,
) := G x R. Throughout the paper, the function o is assumed to satisfy

o€ C}G xR x (RVT1\ {0})). (7)
We assume that there exist positive constants A; (7 = 0,2) and p; (2 = 0,...,4) such that for all
(z, q) € 2 x RNV+!
Xolgl <oz, q) < polq] (8a)
log(z, q)] < (8b)
A\ N+1 I
2 2 2 2
ek ; " arki (8¢)
forall € € RV suchthaté - g =0
n+1
Zaqi,qj(x, q)qgj =0 fori=1,...,.N+1 (8d)
j=1
042 (@, )| < 3, 10gee(, @) < pa. (8e)

The hypotheses (8a), (8b), (8¢c) and (8d) are well-knwon, and in particular satisfied if o is convex and
positively homogeneous of degree one in the g variable (cf. [LU70], [Ura71] for a proof). We need special
assumptions on the x .1 —derivatives of the function o. We assume that

’CZN 1’2
|UIN+1 (3:’ Q)| + |UIN+1,IN+1 (.CE, Q)| S s ’;‘ (93-)
|QN 1|
|0-3_5733N+1| + |0-33N+17Q| + |0-587$N+17q’ + |0-$N+17$N+17q + |O-wN+17qu| < He |q—i|_ . (9b)

One purpose of the paper is also to relax the requirement of continuous differentiability of the right-hand
side. We shall require that ® € V' C W1°(Q x R¥*1), where V is any closed linear subspace of
W12 that allows for V® to have bounded traces on both sides of smooth submanifolds (for instance,
V& € Cpy, oreven VO € TW.}). We assume that

PeVOQxRY ke CH0G xR) (a>0), (10)
is required. Special assumptions are needed in connection with the z 511 —derivatives of these functions:

esssup ¢

Sup < —7 <0, Ka i1 >0. (11)
QxR

TN+1

Choosing )\ as in (8a), there is a compatibility condition between the functions x and o

sup k| < Ao, 7= Ao — K] Le@axm) > 0. (12)
OG xR



For the existence and uniqueness of the solution, we have to assume that the parameters 7y, A2 and
s, e in the conditions (11), (8d) and (9) satisfy

(15 + 16 + [|Pgll e (@xmn1))?

>
Yo P

(13)

The main result on existence, uniqueness and regularity for the problem (5), (6) is formulated in the
following theorem.

Theorem 2.1. Let all the assumptions of this section be satisfied for the domain G and the functions o,
® and k. Then, the problem (5), (6) possesses a unique solution 1) € CQ’Q(G). Denoting S the graph
of the function 1), there is a constant c depending on all the data in their respective norm, such that

1D*%llga@ < ¢ (1@llgas) + 16llcras)-

A second result of the paper concerns the gradient estimate for solutions to (5), (6), which is the most
essential step of the proof. In comparison to the result of [Ura82], we allow for a x ;1 dependence of o,
and we formulate the assumptions for the function ® as integrability conditions.

Proposition 2.2. Assumptions of Theorem 2.1 (the inequality (13) being not needed). Assume that ) €

C?(@) is a solution to (5), (6). Let p and s be real numbers such thatp > N/2 and s > max{p, ;ﬂ

P-N/J-
Then, there is a continuous (polynomial) function c such that

Sup L+ VY2 < o(X, [ ssy, | P2lnecs), | Pqllrzecs))

where X depends on all the data in their respective norm, but not on ®.

Preliminary propositions We terminate this section by stating explicitely a few elementary conse-
quences of the hypotheses formulated in the preceding section (see [LU70] or [Ura73] for similar consid-
erations). Due to (8a) and the Taylor formula, there is for all (x, q) € Q x R¥*1\ {0} a A €]0, 1] such
that'

1
0= O'(ZE, O) = O'(ZE, Q) - O'q(ZE, Q)q + §OQi,Qj(x’ /\q) qi Qj .

The properties (8d) and (8a) therefore implies for all ¢ € RV 1\ {0} that
o(z, q) = o4(x, q) - q, o4z, q) ¢ > Nolql. (14)

Forp € RY, q:= (—p, 1), it follows from (14) and the definition (3) that

5—p(x7 p) p= Uq(xv q) g — O_qN+1(x7 q)

= U(I7 (]) — Ognt1 (I7 (]) .
Using (8a) and (8b), one therefore obtains from the previous assumptions on the growth of ¢ that

Gp(x, p) - p> Ao/ 1+ |p2—p forall (z,p) € 2 x RY. (15)

"Whenever confusion is impossible, we use the convention that repeated indices imply summation.



Since 0,(z, q) - ¢ = o(x, q), the assumption (8e) also implies that
|02(x, q)] < pslg| forallg e RY*!. (16)
For &, p € RY, the relation (8c) elementarily implies that
M e pa €7
VI+P VI+pP

Here, &7 = ¢7(p) :={ — & (€ &) € RN with € := (&1, &v,0) and g := (—p, 1).

We also need extensions into GG of the data n and x given on 0G x R.

5pi,pj (SL’, p) 52 éj <

Remark 2.3 (Data extension). Since G has a C*>® boundary, the unit normal has an extension n :=
V dist(:, OG) into G such thatn € [CH*(G)]N. Setting ny 11 = 0 and extending n.(Z) by a constant
in the N + 1—direction, we obtain thatn € [CY*(G x R)]*1. Under the assumption (10), it is possible
to assume thatk € C' 170‘(6 X IR). We can ensure that the inequality (12) is preserved.

Finally, we recall some notations associated with the surface S. For ¢y € C?(G), the graph S ¢ RV*!
of Y isthe set S := {(Z, xy41) € G xR : x4 = ¥(Z)}. A unit normal on the surface S is given by
v(Z, ¥(z)) := v(Vy(z)) with v(p) like in (4). The natural surface measure on the surface S is given
by dHy = /1 + |[V|2d\y. For f € CY(RNT1), the differential operator

O0f=Vf—=(Vf-v)v, (18)

is identical on .S with the surface gradient. Throughout the paper, we denote 0S5 = {(Z, xn41) €
0G x R : xx11 = ¢(Z)}. The tangential gradient of ¢ on G given by ¢, := Vi — (V) - n) n on
OG. If o denotes the angle of contact between .S and G X R (thatis, cos a := =V -n/y/1 + |V |?
on 0G), then

| L+ |2 \ Y2
= ——— . 1
sin «v (1 VP on 0G (19)

Denote dH y_, the standard surface measure on OG. Then, a natural surface measure on 05 is defined
by

ds =+/14 | |?dHy_1 =sina/1+ |VY|>?dHy_; . (20)

3 Global L>°— estimate on V)

In this section, we are concerned with a priori estimates satisfied by V1 in L>°(G) for a function ¢ €
C’Q(@) satisfying (5), (6). The assumptions considered for the data are those of section 2. For local
gradient estimates, we refer to the publications mentioned in the introduction. A gradient estimate up
to the boundary of S was first proved in [Ura71], [Ura73] for convex domains G C R¥ of class C><,
o =0(q), ® = ®(x), and k = const. The proof was extended in [Ura75] for o(q) = |g| to nonconvex
C3 domains, kK = k(Z). For the later case, results are also to find in [SS76], [Ger79]. A worth-noticing



difference is the following: thanks to the Sobolev embedding theorem up to the boundary of S, Uraltseva
allows for the limiting case vy = 0 (cf. the condition (11)), while the proof in the last two papers can be
carried out from more elementary considerations. Finally, Uraltseva extended her methods in the paper
[Ura82] to general quasilinear mean curvature equations, k = k(Z, Tn.1), and G of class C2.

In this section, we present a proof of the gradient estimate using Uraltseva’s methods. We slightly extend
the result of [Ura82] allowing for a general x .1 dependence of o via the conditions (9), and tracking the
dependence on the right-hand side in the gradient bound in terms of integrability conditions.

Throughout the section, S C RY¥*! denotes a N — dimensional submanifold that satisfies (1), (2). We
abbreviate 0 = o(x, v) and & = P(z, v) on S. We start with a method to estimate integrals over
0S which was the new ingredient for the advances in [Ura82] with respect to the former contributions
[Ura71, Ura73].2 In the following two lemmas, we recall the proof of this fundamental statement.

Lemma3.1. LetS C RY*! denote a N — dimensional manifold that satisfies (1), (2). Taking into account
the assumptions (8b) and (8e) and the Remark 2.3, introduce the function ay := |®| + 2 1 |Vn| + ps.
Then, for every nonnegative f € C1(RYN*1)

d
/ FU < (/|5f|dHN+/aodeN>,
98 S1n S S

where 0 is defined by (18). The function sin «v and the measure ds are defined in (19) and (20).

Proof. On the surface S, define a vector field 7' := —(n - v) o, + (0, - v) n. Note that 7" is tangent
on S. Denote moreover v/ := sina ' (n — (v - n) v) the conormal on 9.S. We use the identity [ 7" -
0 fdHy + [gdivgT fdHy = [,4(T - V') f ds. One easily verifies that

T -V =sina (o, —Kkn) v 1)
Z ()\0 — ||/€||Loo(as)) sina_l on dS.
We compute
dive T = 0;((04 - v)n; — (v - n) oy,)
=n; 0,0, -Vv+o0,-vdiven—v-§no, — (v-n)divso, (22)
+n; 0;v-0,—n-0;voy,.
Using the equation (1), it follows that divg 0, = ® — 0, - v. Using the symmetry of the matrix {J; I/j},
we show thatn; d;v -0, —n-6;vo, = 0.Fori € {1,...,n}, the property (8d) and the identity (14)
yield §; 04 - v = 0, 5, Vj + 0g,.q 05 V1 Vj = Oy, 5,Vj = Os,, Where 05, = 0, — (V - 0,) ;. Thus

diveT =n;05, + 0, -vdivgn—v-0;no, —(v-n)(®—0,-v), (23)

and the estimate | divg 7'| < a is an easy consequence of the contitions (8). The claim follows combin-
ing (21) and (23). O

Note the following elementary precision concerning Lemma 3.1.

2Some references on the original idea are also to find in [Ura82].



Lemma 3.2. Assumptions of Lemma 3.1. Thensin v > 7y /11 on 0S.

Proof. Denote n’ = sina~! (v — cosan). Itis easy to verify that |n/| = 1 on 9.S. From the conditions
(8), it follows that yi; > o -0’ =sina ™ (6 — (v-n) k) > sina™ (Ao — ||5]| L= (as))- O

We now turn to the core of the proof of the gradient estimate. It was noticed for the first time in [Ura73]
that under the condition (12), it is both convenient and sufficient to estimate the quantity

(@) == vy (0(z, v) = K(2) (v-n(z), z€S (24)
since the conditions (8a) and (12) imply the inequalities

NVI+H VY2 <o <ym/14+|VYPPonS, = (1o + |6l e@axr)) - (25)

The following Lemma provides the corner stone for the gradient estimate. We perform the computations
for continuously differentiable ®@. In the case that ® € V' (cf. (10)), the same is valid usign either the right
or the left trace of V® on S.

Lemma 3.3. Let S be a N— dimensional hypersurface that satisfies (1), (2), such that vy, > 0
on S. Let v be defined by (24) on S. Then, there are functions ay, as, by, ...,bx.1 such that for all
n € CY(S), the relation

ds
/ V721+1 04qi.q; 5j v 51'77 - / (1)33N+1 UN4+1 V1) + / Reyia VN+1UT)
S S 98 sin o (26)
ds
= [ vnp{an+b-0nt+ | vnpiaen—,
S 98 S ¢
is valid. There are constants c;,© = 1, ... ,4 depending only on the constants in the conditions (8), (9),

on || kg || L= (s) and on the domain G, such that

—)\?
a1§72|5u|2+01 (1+|<I>x|—|—|<I>q|)—|—02|<I>q|1/N+1|5v|, (12§03 |b|§C4 (27)

Proof. Throughout the proof, o, = aq(:z:, v) on S. Due to the assumption vx,1 > 0, S is the graph
of a function ¢» € C?(G). For k = 1,..., N, we denote d}, the tangential differential operator dj, :=
Ouy, + Yy Ouy,, o0 S. Forp € CHR™), we denote 74, := 7, - u¥ with the tangent vector field
uf i=o0ffori=1,...,N,ul =1y

Fork = 1,...,N + 1, we introduce & := 04, — kng, and (g := Vil Vg, thatis, o = —tby, for
k=1,...,N,and (x4+1 = 1. The identity (14) yields

N+1

v:Z(aqk—nyk)Ckzg-QonS. (28)
k=1

For k € {1,...,n}, we can differentiate the equation (5), multiply the result with n o b = n(z, 1)
(n € C*(S) arbitrary), and use integration by parts to obtain that

do,, d do,,
/ dzxy, d:z:‘l oY= / e w+/3G i dxy,




which is nothing else but the identity

ds
— / UN+1 dpog, din = / UNt1 dpPn — / UN+41 dpOg, i ) ——— , (29)
with summation over ¢ = 1, ..., N. Choosing &, 1 as testfunction in (29), it follows that
ds
— [ Ung1 & drog din = | Ungr (drog dile + & di®)n — | N1 &k drog,nin ——,  (30)
S S 98 Sl &«
with summation over i,k = 1,..., N. Using the symmetry of the matrix {J, ;} and the fact that
Yz, UN+1 = —Vj, One verifies that
dpVj = 0p Vj + Yy, ON41V5 = —UN41 05 Vs, J=1,...,N+1. (31)
Fori € {1,..., N}, the latest yields
&k droq, = &k Ogpa, + & Ogiqy (O Vj + Yy Ony1 V5) @2)
=&k Ogpdy, — VN+10q;.q; 05 Vuy
Forjel,...,N+1,usingthat (.1 = 1 on S, we see that
N N+1 N+1
S 0t b= 0= —0(C )+ G b (33)
k=1 k=1 k=1
Using (8d), we compute that
VN1 (k 53‘ gk = OQle Vi 5j 14 + Vi (qu’(;]. — (5](nk H)) (34)
= vk (0gy5;, — 0;(ni k) ,
with summation over £ = 1,..., N + 1. Using (32), (33) and (34), we obtain fori € {1,..., N} the
identity
N N N+1
Z dko_%‘ & = Z &k Ogidi — VN+10¢;,q; <_ 53' v+ Z Cr (U%ﬁj - 5j(nk ’f)))
k=1 k=1 k=1
N N+1 (35)
= guqy (U1 G0+ 05) + ) &g b= — Y vk (0g.5 — 85(n k).
k=1 k=1
. N N+1 .
Due to (8d), we easily see that ) ;" ; 0y, 4. dif) = D ;" 0g,q; 0i7. Thus, we obtain that
N
/ VN1 &k drog, din = / UN410g,.q; (V41 050 4 bj) 0;m + / UN+1 Z §k Ogsd, din - (36)
s s s

k=1

We easily verify that

ds
/ UN+1 8k Ogdy, dil) = — / Un41 di (& 0g;a,) 1+ / UN+1 &k Ogydy, i ——— -



with summation over k,7 = 1, ..., N, and we can rewrite (30) as

/ UN+1 Ogig; (Unt1 050+ b)) 61 =/ UN+1 (di(Ek 0g;dy) — A0y, ik — Ep de®) 7
S S
(37)

ds
+ / UN+1 (gk dko-qi - gk O-qz',ﬂfk) ni 1
oS

sina

Observe that d;(&x 04;.0,) = ik 0g;.a, + A1 With Ay := & d;0,, 4,. On the other hand, using the
relation (31) dko-qi dsz = UQi,dk dsz — A2

Ay = UN+10g;,q; 5j ¢$k (qu,di - di(’ink) — UN+10g,q, 5j 1/)581) . (38)
Due again to (31), we also have
§p di® = & (g, + Py, divj) = & (Pay + &k Yy, Payy) + Vs Py, & 05 G,
1

with summation over k = 1,...,Nand j = 1,..., N + 1. Observe that {; 1, = —v + ¢y, ,. It

follows that &, dj,® = —v @, + As,

N N+1
Ag = ka q)xk + UQN+1 q)mN-H + VN1 (I)Qj (5] v — (I)qj Z 14% (O-(Ilm(;j — (SJ(an)) . (39)
k=1 k=1

Finally, observe that & dxo,, n; = & di(o, - n) — & din - 0. Using the fact that & dj; is a tangential
differential operator on 0.9, it follows from the boundary condition (2) that

§k dpog, ny = & dik — & din - oy

= & Ky, + (Ognsy — V) Bayyy — & dpn - og, (40)

with summation over k = 1,..., N. Thus (& droy, — &k 0gynp) i = —V Ry, T Q2 With
a2 =&k Ky + Ognis Koy — S dint - 0g — &k (0g 0 + Vg Ogransy) T - (41)
Fori=1,...,n,wedefine b; := g, 4 Ej, and we set a; := A;+ A+ As. Then the representation (26)

follows from (37). It remains to prove the estimates (27). Using the definition (35) of b and the assumptions
(8), (10), we easily prove that |b| < ps (|o4.| + | d(kn)|). We compute

Al = gk {O-qmmk’zi + wmz Og;,xp,2N+1 + Ozxy.4:,95 diV]' + 0gi,xn41 (_ 51' Ck + Cz 5N+1 Ck)
- Ck’ (Uﬂﬁi,ﬂﬁN-H,qz‘ - CZ 0, tN+1,ZN41 + OxN11,8i,05 diVJ')} )
with summation over i, k = 1, ..., N. We use the formula (cp. (14))

n N+1
§ : _ } : _ |

O-qiaxj wwl - U%Jj CZ + O-QN+17I‘]' - VN+1 O-Z'j + O-QN+1axj ’
i=1 i=1

and analogously, that Zf\il Ogizja Yoy = —V&}H Oz 2 + Ogni, ;2,5 10 prove with the help of (31)
that

A1l <€l (logzz] + 02w V]:fi—l + 10gns1,zl) + V41 [0z,q4] | 0C]

+ |0-f1733N+1| |5C| + <|O-QN+1~’DN+1| + |O-37N+1’ V]?/}H) | 5n+1 C‘

+ |C‘ (0—567%231\7“ - V]:f}i-l Orni1,ZN+1 + OgN+1,ZN+1,TN+1 + UN+1 |01‘N+17q,Q| ’ 5CD .



Due to the assumptions (8) and (9), we therefore have |A;| < ¢1 + ca 11| 0|
Using that 0, 4, di = 04, 4, O,, We readily see that
Ay =vnp 04;,95 0 Vg, (qu,:vi —di(Kng) — vny1 Oqy.q; d; Vg;)
2
< “UN1104g;,95 Oqr.q; 5j CZ 5j Ck + UN+1 (|Jq,f| + ‘ 5(”’”)‘) | (5<| :

The condition (8c) implies that oy, 4. 0; Ck 0g,.q, 01 G = 73 |9 C|?, yielding Ay < —A3v%,, |0C]> +
cvn+1 |6 C|. Using the conditions (8), we easily see that

(42)

| As| < g [ D] + [Rg| (|02 + [ (5 0)]) + vivga [Bgl [0 0]
Thus, for the function a; we have the following estimate:
ar < =Ny |0 (PP vRyy + Conin [ 0]+ @ vngr [ G 0] + O (1 + [y | +[@y]) 4

where the constants depend on G, ||k, || () and the constants of the conditions (8), (9). It follows from
Youngs inequality that

/\2
a1 < =PV + C (L4 ] + [B]) + C [P vnia [ 0]

Finally, we use the assumptions (9) to show that |as| < 11 (|ka| + [1a| + |0gz]) + v 0geny, i < C.
This concludes the proof. O

From Lemma 3.3, there are several ways to finish the proof. Uraltseva’s technique in [LU70, Ura71, Ura82]
is based on estimating w := log v. Assume that ®,,., < 0 and s, , > 0. Choosing nv with n
nonnegative as a testfunction in (26), and using (25), one easily deduces that

ds
/s%’qj d;w 5,~77+/Sy]2v+10%qj djvovn < C /S{(1+|5w|)77+|517|}+02 /857]

sina

Thus, Lemma 3.1 now yields [ 0,4, 0;w 6; < C [{(14]dw|)n+|dn|}. ltis possible to derive
the boundedness of w like in the standard Stampacchia proof for second order elliptic equation with
L coefficients, provided that a Sobolev embedding theorem is globally available on the manifold S’ (cf.
[LU70], [MS73] for local embedding results, [Ura71], [Ura82] for the extension to global embedding). Here
we rather show an elementary manner to finish the proof in the case that 7y > 0 in the condition (11).
Under this strong monotonicity condition, the estimate on V1 is only polynomial in the norm of the data.

Lemma 3.4. Same assumptions as in Lemma 3.3. Then, there is a constant K depending on the con-
stants in (8), (9), and on ||k || () and G such that forall 1 < q < oo

1
/w4ww—‘/¢WHwﬂéK/dW,dSLH®+@AH%F~ (43)
G q Ja G

Proof. Choose in Lemma 3.3 77 = v9. We obtain that

ds
2 g—1 . Ly q+1 g+1
q /VN+1 U™ " Og;,q; 0jv ;v /®1N+1 UNy1V +/ Keny VN1V .
S S as S1n &
ds
-1

:/VNH{alvq#—qb-(vaq }+/ Uni1 Qg 01 — )

S 98 S11 ¢
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Due to (8b), 0y, 4, 0;v 6;v > Ao |dv[%. Applying Young’s inequality, and using the bounds derived in
Lemma 3.3 for the functions a;, |b| we can estimate

A 3c2|P,|?
VNHalvqgcl(l—i—]@x]+]q)q])VN+1vq+—QqV?VH](Svqu’l—i——02| q pi~t
6 2)\2(]
A 3c?
qunsrb-dvviTh < 2(]’/12\f+1|5v|2 - 1+2—;\qvq_1'
2

Using the fact that k., > 0, and (25), we prove that

2q X
2 q—1 2 q+1
Vv 0T 0u]* = | @y, Unp 0
3 Js s

36%|(I)q|2 3ciq 1 / ds
< 14 |VP|))v? 1 :
< [CEE+ Tl v an 9o o+ [ oiafaafor £

We apply the estimates (25) and (27) and the Lemma 3.1 to estimate
ds

ds
q q—1
/ VN1 |az| v < 372 v .
98 S1n &« a8 S1n &«

§@w%W@—U/W”MM+/MWWU
S

A2 g 35y 1) _ _ _
= 6 VN+1|5U|2Uq + /{3221\2—7161%\/31 VI gy laol i

Using (25) again and the bound derived in Lemma 3.1 for the function ag, we derive the estimate

Q/VN+1Uq_2|5U|2_/(I>xN+1Uq <Cg/ A !
S S S

: (44)

where C' depends on all the data but not on ®. Note that [, vy41 v 2 [dvf* = [v??[0v]* >
Jo V1 v97? [Vol*. The claim follows using again (25). O

there exist a constant C dependlng on K, G, ag and p, and functions (g, (3 of ao and D such that
maxgv < C'(

)C ||UHLao(G)

Proof. Due to the condition (11), Lemma 3.4 implies that

/|Vv(q D212 < (q—2) /qu. (45)
G

We add Hv(q_Q)/QH%Q(G) on both sides of (45). Thanks to Hélder’s inequality, it follows that
K (q—2)? - _
/{\Vv(q_Q)/QIQ + [v]?72} < % / av? + meas(G)*1 HququG) : (46)
e G

11



Define qo := ao/p’, o’ = p/(p — 1). The choice of ay garanties that gy > N. Define x = 4= 3 é\g

if N > 2,and y €]p/, +o0] arbitrary if N = 2. The choice of aq implies that y > p’. We can also

verify that 2X4 < 2N for N > 3, 2"‘1 < oofor N = 2, forall gg < g < oo. It follows that the
q

2 = N2 —2
embedding W12(G) — L"(G) forr := 2 xq/(q — 2) is continuous, and that the embedding constants

are uniformly bounded. The relation (46) implies that

2
[vll935c = 1092216y < ¢ (g = 2)* K [l e 1Vl +meas(G)s™ o IIUIIW @)
_ 2,
< ¢ max{(q — 2)* K |l po(cy, meas(G)i ™% } max{ [0}, g [V ||L,,q(G } (47)
Form € N, set «,, := z% m—1, Ay = ||| Lam (). As @ consequence of (47) with ¢, = /', one
finds the recursive inequalities A,,, 11 < C%(quz) Af;; that imply
m—1
A1 < c%(‘lm 2) {H £z+1/ qi— }AH’ 051
=0 (48)
)\m = Im if Am >1 2 m—2
= am—2 = o= cl(gm — 2)° K ]l o) + meas(G)an i |
1 otherwise

We now provide rough bounds for the products appearing in (48). We abbreviate Y := x/p’ > 1. Note
first that

logH <Zlong g ))322,12§ QQZW}

Thus (o := [[:2, & satisfies the estimate (y < exp(2X/(go — 2)(x — 1)). Observe also that

m—1

log( T [ea)ée+ /(@2 Z S Joger),
i=0 (49)

log(c;) < logc+log(K ||allr(c)) + 2 log(g: — 2) + (— +

— 2) log meas(G) .

Using the estimate &;+1 < qo/(qo — 2) for i € N we can bound

m—1 . ~ m—1 .
5 | | 1 1
Z Sir1 log _9)< qo ZZ og X + 0g8q0 _ QO 08 qo ZZ+

Tw-2= Xaw-2 " (@0-2?° = X
and ¢; = Y o0, STQ G = Do (,iiilg) ( + = 2) are obviously finite. Therefore, (49) implies that
[T [eé+1/@=2) < ey (qo) (K ||a| ey )41 + meas(G)@) , and the claim follows from (48). O

Everything is therefore reduced to estimating the L% —norm of v for a cvg > QQNZ]’V. We directly obtain

this bound, if we require the strong monotonicity condition (11). It trivially follows from (44) that for all
2<t< o0

C't
ol = Z=(A+ (@l + (22l + 1 @gllrzns) (50)

This achieves the proof of Theorem 2.2.
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4 Higher-order estimates

The gradient bound is crucial in the problem (5), (6). Higher-order estimates can be derived whenever a
L>°—bound on the derivatives of i) has been proved, since the equation (5) is then a uniformely elliptic
equation of quasilinear type, due to (cp. (17))

N
NP daleP

Z Tps,pj §i&j 2 \/TW —(1+ IVWQ)?’/Q

i.j=1

forall € € RY .

Define cg := supg v/ 1 + | V|2, The following Lemma states the Hoelder continuity estimate.

Lemma 4.1. Assume that G is a domain of class C2. Let ) € C*(G) be a solution to (5), (6). Then, for
all g € [0,1], there is ¢ = ¢(G, cg, () such that

VYl gos@ < ¢ (L+IV(nK)||Les) + 19 =cs)

Proof. Due to Remark 2.3 and Gauss’s divergence theorem, 1) satisfies
/(5p+/-cn)-V§:/(<i>—div(/<;n))§ veEe WHH(G). (51)
G G

Here and throughout the proof, the functions ¢ and ® are evaluated at (Z, ¥, V). In order to simplify
the discussion, we prove the regularity in a smooth open domain Gy C G, assuming that Iy := 0GNG,
is flat and such that the N — 1 first basis vectors are tangent on I'g and n = ey on I'y. In the general
case, it is possible to use the definition of a domain of class C? to locally map a neighbourhood of z € 0G
onto the model configuration.

Forl =1,...,N — 1, we insert the testfunction 9,,¢ for £ € C}(Go U T) in (51). Using integration by
parts, it follows that

- /G{a-pmpj aij,ml/(/} + 6-102'7331 + 5p¢,$N+1 89011/} + arz(’%nl)} aﬁbzg

(52)
+/ (Op; + kny) Oy, &y = /(<I> —div(kn)) 04€ .
oG a
Since n; = 0 on I'y, the choice of £ yields vanishing of the surface integral. Equivalently
/ Tp;,p; axj¢xz ang = / V-V¢g, (53)
G a

Vii= —0p,2) = Opianss O — O (N K) — (<T> —div(kn)) (5} fori=1,...,N. (54)

Using in particular the growth assumptions (8), and (9b), it follows that | V| < jio+p1 +pi6+|| V(K1) || Lo )+
||®]| o< (s)- According to classical linear regularity theory (cf. for instance the Theorem 3.16 in [Tro87]),
there is for 0 < [ < 1 arbitrary a constant ¢ depending only on (3, G, the ellipticity constant of the
matrix {7, », } and its norm in L> such that

Ve ll o8 (Goury) < €NV Iz @ - (55)

loc
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It follows that 1, := Vo) — (n- Vo) n € C (Gg U I'y). Using an open covering of 0G, and applying
the reasoning locally to each section, we obtain that ¢); € Coﬂ(aG) with corresponding norm estimate.
We show show that also v,, := n - V1 satisfies a Holder condition on OG. For € G, y € R, define

H(z, y) := 0p(T, Y(2), Yu(T) + n(T) y) - n(T) + K(T, ¥(T)).

Using the_growth condition (8b),
fil, Ty € G, Yy < R

(2, y)| < w1 + ||K]l=(syfor all (Z,y) € G x R. Moreover, for

|H (%1, y) — H(Z2, y)| Sl|opzllie |71 — Zo| + |0pay .y e [0(21) — ¥(22)|
+ [|oppll ([00:(21) = Pu(Z2)| + [y] [n(Z1) — n(Z2
+ [[Kzl| 2o |21 — Zo| + [[Kayy, Lo [0(21) — ¥(Z2)],

so that the following estimate holds:

|H(%1, y) — H(Za, y)|

ERSEAT: < c(I+ [[Yellcosoa + [yl Inllcos@)) - (56)
By virtue of the condition (8c), note that
OyH (T, y) = Ty, 15(T) (@) > Ao (14 [VOL) V2 (1= (v-0)?) = Aacg®. (57)

On the other hand, the boundary condition (6) implies that H (x, 1,,(x)) = 0 on OG. For z, ' € 0G
arbitrary, it follows that

Pn (')

Aa 65 (1 (@) — ul@)) < /Ip 0,H (s, 5) ds

n(@)
= H(z, (7)) — H(Z, ¥n(2)) = H(Z, $n(2') — H(Z', ¢n(Z')).

The latest yields

[¥u() — u(@)] _ [H(Z, ¢u(@)) - H(Z', $u(2))]

E-zP - - 7P 9
Therefore, taking (56) into account
[nllcosoa) < ¢+ [¥dllcos@) + o lInllcos@)) (59)

which finally implies that Vi € C%#(0G). Return to (53) for & € C}(Gy). With the help of regularity
results for linear equations (cf. for instance the Theorem 3.16 in [Tro87]), it now follow that 0,1 €
CoP(GoUTy) forl = 1,... N — 1 with corresponding norm estimate. Since the same relation is valid
for [ = N if the testfunction 5 vanishes on G (note: the operator (6p + kn) -V is tangent on 0G), we
can argue the same for v, in view of (59) O

The estimate in C'*“ is obtained with similar ideas.

Lemma 4.2. Same assumptions as in Lemma 4.1. Then, @ < C([®]lcags) + Ikl crags))
where C' depends on the constants in the conditions (8), (9), (12) and on cg.

14



Proof. Consider the relation (53). Lemma 4.1 implies that &, ,, € C*?(G) for all § € [0,1]. Analo-
gously, ® € C%5(Q) for all 3 € [0, 1[ (cf. (4) and (7)).

The definition (54) together with Lemma 4.1 now implies that V' € [CO 0(6)] (cp. (54)). Thus, the linear
regularity theory (cf. Theorem 3.17 in [Tro87]) now yieldsfor [ = 1,..., N — 1

[P, liore@yy < ellV oy -
We are now allowed to differentiate the relation H( Y (Z)) = 0in any tangential direction 7 over G,
which yields 0, H(z, 1, (Z)) (T - Vib,) =7 - V3 H( (7)) for € OG. Due to commutation rules,
the mixed-derivatives 1), ,, belongs to o O“(G) with corresponding continuity estimates. In order to show
that also ¢, ,, € C% (@), we use the previous results in connection with equation (5) yielding on Iy
N-1 N—1
Tpn.pN djﬂm =0 - Z 5101'719;' 770901‘@;‘ —2 Z Opipn ¢Ii7$N — Opiei — Opians djl’z S CO@(G) :
ij=1 i=1
Since n; Gy, p, n; > A2cg°, the function (n; &, ,, n;) ™" belongs also to C%*(dG). We finally can
conclude that v, , € C**(I'g), and that ¢, , € C**(dG) due to localization arguments. Thus D%y €
C%*(9G), and the claim follows (Theorem 3.17 in [Tro87]). O

5 A priori estimates on ¢ in L™

The natural W! estimate, and the global boundedness of weak solutions to (5), (6) have been dis-
cussed in different papers. In the case that o and x do not depend on the x . variable, and that
¢ = O(Z, xn41) the inequality ||| L~@ve) < 1o and the condition (11) is known to be sufficient to
obtain these bounds. The arguments easily carry over to the general case.

Lemma 5.1. Assume thatv) € W' (Q) is a weak solution to (5), (6). Assume that (11) is valid. Assume
that p > 2N. Then, there is a constant depending on 2N — p, on GG, on the constants 111, vy and 7o,
and on ||kz(+, 0)|| Lo (¢ such that

Wllze) < c(L+112(Z, 0, V)| 1o(e)) -

Proof. Multiply the equation with & € W' (G) and integrate by parts. We add the zero |, div(x(z, 0)n&)—
Joc (%, 0) &, to obtain the identity

/G (04(T, &, V) + (. 0)n) - VE + / (k(z, ) — w(, 0)) €

oG

- / (B(z, 1, Vi) — B(z, 0, V) € + / (B(z, 0, Vi) — div(s(z, 0)n)) €.

G

Choose ¢ = (Y —k)*, k € RT.Dueto (11), (k(z, ¥) —k(Z, 0)) (v —k)* > 0,and (®(z, ¥, V1)) —
O(z, 0, Vb)) (¢ — k)T < —y0 1 (¢ — k)*. Using (15), and the constant y; from (12), we can prove
that

" /G V(¢ — B)*| — u meas(Ax) + o /G - k)
< / (18(z, 0, V)| + | div a(z, 0) m)]) (¥ — K)*
G
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where Ay := supp(1) — k) ™. Using Young’s and Hélder’s inequalties, we can prove that

i ) meas(Ay) + 1 /A (|®(z, 0, V)| + | div x(z, 0) n)|)?

i
YW = k) lwrae < (m + 5
Y0

2%
2 1 - . _ N-1

< (5 ) meas(Ay) + 5= (18(7, 0, V) o) + | div(s(7, 0) ) in(cy) meas(4) 7,

with € := 1/N — 2/p. It follows that ¢p < ¢ (1 + ||®(Z, 0, V)||70(c)) (Stampacchia’s Lemma, cf.

[Tro87], Lemma 2.9). We prove analogously a lower bound, and the claim follows. O

6 Existence

It was shown for the first time in [Ura71] that a priori estimates on the gradient of C? solutions to (5), (6)
joined to the Hoelder estimate of Lemma 4.1 leads to an existence theorem via continuation methods in
Banach-spaces exposed in [LU68], Ch. 10. Here, existence is obtained via the implicit function theorem.®
Note that we need somewhat weaker hypotheses on ® than usually in the literature. Moreover, the con-
dition (13) seems not to be yet known in the present context. At first, we formulate a simple continuation
Lemma.

Proposition 6.1. Let X, Y, Z be Banach spaces such that Y — X with compact embedding. For
a,b € R,a < b, letG: Xx]a, bj— Z be a Fréchet differentiable mapping, such that the derivative
0.G(xz*, \*) € L(X, Z) is an isomorphism for all (z*, \*) € X x]a, b[. Assume that there is K > (
such that for all A €|a, b|, all solutions x € X to the equation G(x, \) = 0 belong to Bk (0; Y). If
there is (xo, No) € X X]a, b[ such that G(xq, Ag) = 0, then the equation G(z, \) = 0 has a unique
solution in B (0; Y') for all A € [a, b].

Proof. Define M := {\ € [a, b] : 3o € X, G(z, \) = 0}. The set M is nonvoid since G(x¢, \g) =
0. Moreover \* := sup M belongs to M. To see this, choose {\; }ren C M, A\ — A*. By definition,
there is ), € X such that G(x, Ax) = 0. By assumption x; € B (0; Y) for all k& € N, and therefore,
there is a subsequence z; that strongly converges in X to some x*. Obviously, G(z*, \*) = 0, implying
A e M.

Seeking a contradiction, assume that A* < b. Then, due to the implicit function theorem (see [GTO01], Th.
17.6), there is an open neighborhood |\* —e, \*+¢[in ]a, b| such that the equation G(x, A) = 0 defines

a unique implicit vector-valued function A — x(\) € X. Therefore A* # sup M, the contradiction.
Analogously, one shows that inf M = a. This proves the existence.

If 21, 5 € X both solve G(x, A) = 0, then 9,G(x*, \) (z1 — z2) = 0 for some x* € [z, z3]. Due to
the assumption that 9,G is an isomorphism, the uniqueness follows. O

Theorem 6.2. Assumptions of the Theorem 2.1. Then, there is a unique v € CM(E) that solves (5),
(6)-

3We thank the referree for the indication that a similar simplification of the existence proof was already achieved in the
Second Edition (1972) of the book [LU68], which unfortunately was not translated into English.
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Proof. In the first step, we prove the existence claim assuming that ® € C1*(G x R x RY*). Let
0 < 8 < «. Define two mappings G, : C*?(G)x] — 1, 1[— CP(G) and Go(w, ) : C*#(G)x] —
1, 1[— C**(9G) via

Gi(w, \) = — xﬁpi(a‘:, w, Vw) — ®(z, w, Vw) + (1 — \) (0, 7,,(7, 0, 0) + &(z, 0, 0))

Go(w, ) = —0,,(Z, w, Vw) ni(z) — k(z, w) + (1 = X) (6,,(7, 0, 0) n;(z) + k(z, 0)) .
We define a mapping G(w, \) := (Gi(w, \), Ga(w, \)). Obviously, G(0,0) = 0. Moreover, due to
the regularity assumptions on o, ¢ and «, the mapping G is clearly Fréchet-differentiable. The derivative

DuG(w*, \*) at an arbitrary point (w*, \*) € C*#(G)x] — 1, 1[in the direction w € C*#(G) has the
expression

8wg(w*, )\*) w = { dxz< Y aij N Up AN+ ) ®;N+l w—= i);;z We; € Cf(a)
( Opi »Pj a ;W +ao p JEN41 w) nl(x) - "ixN-H w eC ﬂ(aG)

where the indice * means that the value is taken at (z, w*(Z), Vw*(Z)). In the Lemma 6.3 below, we
show that for every f € CP(G) x C1#(0G), the equation 9,,G(w*, \*)w = f has a unique solution
inw € C%P (@), that is nothing else but the invertibility of the Fréchet derivative 9,,G (w*, \*).

Moreover, any function w € C*#(G) := X satisfying G(w, \) = 0 solves the problem (1), (2) with
right-hand ®(z, q) := ®(x, q) + (1 — A) (0(, 0, 0) — ®(z,0,0)), and with contact angle %(z) :=
k(x) + (1 = X) (o4(, 0, 0) - n(Z) — x(Z,0)). Due to the results of the preceding sections 3, 4 and 5,
all solutions to the equation G(w, A) = 0 lay therefore in a bounded set of C**(G) =: Y.

The assumptions of the Lemma 6.1 are satisfied, and we obtain in particular the existence of a unique
1 € C**(G) such that G(w, 1) = 0, that is the claim.

In order to obtain the Fréchet differentiability of G, we had to assume in the first step of the proof that & €
C1?. In the second step, we have to show that this assumption can be removed. Let ® € V (cf. (10)). At
first, we apply the Sobolev extension operator outside of (7 in the £— variable, to obtain for arbitrary fixed
g € RV*! that ©(-, ¢) is in W22 (RN™). Obviously, supgyi1,gnvit Poy.y = Supgupnit Py, <
—%0- We choose ®.(z, q) := [pn:1 we(z —y) ®(y, q) dy, where w, is a smooth nonnegative mollifier.
Then, the sequence {®.(¢q )} C C°°(RN*1) is uniformly bounded in W (RV*1), and @ ,,,, <
—0- Moreover ®.(¢q) — ®(q) in W2(Q) forall 1 < p < .

For e > 0, let 1b. € C%%(G) denote the unique solution to (5), (6) with right-hand ®.. This solution
exists according to the first step. Moreover, the sequence {1} is uniformly bounded in 02@(6), since
the bounds obtained in the sections 3, 4 and 5 only depend on the W ° norm of ®, and on ~y,. The
claim follows letting € — 0. O

Lemma 6.3. Assumptions of Theorem 6.2. For every w* € C?5(G) and f € C?(G) x C*P(0G), the
equation 0,G (w*, \*)w = f has a unique solution inw € C*(G).

Proof. Existence is clear and follows from standard linear theory (cf. for instance the Theorem 3.28 in

[Tro87]). For the uniqueness, we assume that w; € C%P(G) is a solution for i = 1,2. Then, the
difference w satisfies 0,,G(w*, A*) 1w = 0. We abbreviate { := V. We moreover define ¢* :=
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*

(Vw*, —1) € RN*L ¢ = (£, 0) € RN*!, and the orthogonal part to ¢* via €7 := ¢ — (£ - \ZII) IZ*I'
Using also (14), we obtain that
a-;,INH 5 = —O0gqani1 (jv w*v q*) 5
* T * q* q* 2 * T * —1 _* T
= _O-q,.z’NJrl 5 - O-q,Z‘N+1 ’ ’q*’ ’q*’ ’ 5 = _O-q,xNJrl g + [qN-i-l} O-Q:N+1 5N+1 .
(60)

where o = value at (7, w*, ¢*). Using the assumptions (9), it follows that |5, , . - & < (s +
116) 1€"1/¢*|. On the other hand, it follows from (8d) that &}, , & &; > A2 [€7[?/|¢"|. Thus, employing
Young’s inequality, we obtain the inequality

€1 (15 + 16)* s

_ W
V 1+ |[Vw|? 4019

with 6, €]0, 1] arbitrary. On the other hand, using the definition (4) of v;(p) for j = 1,..., N + 1, we
compute forz = 1,..., N the derivative

a-;i’l’j & gj + 5-;1',15N+1€i w2 (1 - 51) A2 (61)

-1 ; oy )
\/W(éi_l}j_ﬁjz) fOI’]G{l,...,N}

api’/j(p> = —p;

(V/1+[p[2)3/2

We have for k = 1,..., N that 9, v (Vw*) & = & /|q*|. Since @), = By, 9, vk (p), we easily see
that [®5 &;| < [®][€7]/]g*|- It follows for 3 €]0, 1] arbitrary that

ifj=N+1.

’é‘TP + ’(1)4’2 ’LI)Q,
V14 Vw2 402X

Summarizing, (61) and (62) imply for 6; + do < 1 the inequality

|5, & 0] < dao

— % — % ~ * ~2 T * ~ (#5 +l’66)2 |CI)q|2 ~2
Opip; &i gj + O-pi,-’ENJrlgi w — q)acN+1 w- = q)pj gj w = (70 - A5, 0, + 452)\2) w. (63)

Due to the equation 0,,G(w*, A*) w = 0, we have the identity

/ (a7, ,, 0 050 + 5%, O —
G

Pi TN+1 IN+1

wQ—é;jajww}+/ Ky, W =0.
G

IN+1

Since £, , = 0, we can use (63) and the assumption to show that w = 0. O
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