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Abstract

We investigate the regularity of the weak solution to elliptic transmission problems that
involve two layered anisotropic materials separated by a boundary intersecting interface.
Under a compatibility condition for the angle of contact of the two surfaces and the bound-
ary data, we prove the existence of square-integrable second derivatives, and the global
Lipschitz continuity of the solution. We show that the second weak derivatives remain in-
tegrable to a certain power less than two if the compatibility condition is violated.

1 Introduction

The paper is concerned with the Lipschitz continuity of weak solutions to a class of elliptic
equations with transmission conditions that occurs in manifold areas of mathematical physics.
We consider a bounded domain €2 C R? partitioned by a 2—dimensional interface S into two
disjoint subdomains €2; (i = 1, 2) that represent two materials, or two different phases or the
same material. The materials are layered, in the sense that the interface S is a free surface,
whose intersection with the outer boundary I" of the domain {2 is a closed curve. We study the
regularity of the function v : {2 — R that solves the problem

—div(kVu) = f in{, 1)
ou
[U]SIO, |:_K8—n5:|s:0 onS, (2)

in connection to one of the following boundary conditions on the surface I" := 02:

ou
—K o @ onT[= Problem (Py)], (3)
u=u, onI[= Problem (Pp)]. 4)

In the equation (1), f is a function, and the coefficient « is assumed to be material-dependent,
that means
Kk =kKi(x) ifxe, (5)

with (at least) continuous mappings x; : €; — R3*3 (i = 1,2). The conditions (2) are the
transmission conditions. The symbol [-]s denotes the jump of a quantity across S, and ng is
the unit normal to the surface S that points into €.

In our regularity analysis, we want to include the boundary condition (3) where the flux () is
prescribed (Neumann problem ( Py )), as well as the Dirichlet boundary condition (4) (= (Pp)).



Conditions of Robin type such as Q = 3 (u — u.), or even Q = 3 (u* — u?) (in the context
of heat-transfer), are also contained in the analysis via standard fixed-point arguments. We
address the problem (1), (2), with either (3) or (4) as (P). The problem (P) is a classical elliptic
transmission problem that for instance occurs in the context of phase transitions. For Stefan type
problems, precisely for stationary heat transfer problems with a liquid-solid phase transition, it
is essential to obtain bounded temperature gradients. But the relevance of (P) is obviously
not restricted to the context of phase transitions, and there is a corresponding amount of worth
mentioning mathematical studies.

For transmission conditions near surfaces of class C2, it has been known for a relatively long
time that the solution is globally in W22 up to the interface (the paper [Sav98] gives the refer-
ence [Sta56] as the pioneering work for this result; the transmission problem with interfaces in
C? and scalar, piecewise C'" coefficients was also studied as an auxiliary problem in [LS60]; the
full anisotropy was considered in Ch. 3, paragraph 16 of the book [LU68]). Lipschitz continuity,
for the case that the jumps of the coefficients occurs at not intersecting surfaces of class C2,
was proved in the book [LU68] Ch. 3, paragraph 16, and for surfaces of class W24, ¢ > 3 in
the paper [LRU66]. These results were recently confirmed in [LVOO] for interfaces of class C%*
(ae > 0). The cle assumption is crucial, since for anisotropic materials, the Lipschitz continuity
seems to go lost if the interfaces are only of class C'.Inthe paper [ERSOQ7], it was proved that
Vu € WhH for all q < o0 if the discontinuity of the coefficients occurs at not intersecting
interfaces of class C!.

For transmission conditions at piecewise smooth surfaces, the higher integrability of Vu to a
power larger than two is known to become arbitrary little near interior edges, in dependence
on the opening angle of the interface, and on a so-called 'quasi-monotonicity condition’ for the
coefficient matrix: see [EKRSO07], [ERSO07]. From this point of view, the Lipschitz continuity result
in [LVOQ] in two space dimensions, section 8, where the interface is given by two circles that
intersect in a point (cusp point), exhibits somewhat exceptional behaviour.

The junction I'N S of an interface and the outer boundary does not behave as bad as an interior
edge. The research on regularity up to such junctions in three dimensions has recently attained
very important successes.

In [Sav98], section 5, an analogon to the problem (P) is studied in general Lipschitz domains
() with a scalar coefficient . Besov space methods are applied to prove that if I and S are
Lipschitz surfaces, and if a local cone condition holds at every point of the curve I' N .S, then
u € WS’2(Q) globally, for s < 3/2 arbitrary. The paper [NS99] investigate a similar problem
in a polyhedral domain. The methods of edge and corner asymptotics are applied to obtain the
global W3/2+572(Q) regularity of the solution. In the model problem studied in the recent paper
[HDKRSO08], the outer boundary I' is polyhedral, and the interface .S is planar, but matrix-valued
coefficients x and mixed boundary conditions are also admitted (see also [EKRSO07] for the
Dirichlet problem). Via diffeomorphic transformations, very general constellations of curvilinear
polyhedral domains with C interfaces are covered. In these papers the integrability of Vu to a
power gy > 3 is proved.

Beside the singularity of the outer boundary I, the problem that more than two materials are
meeting each other near I' (multimaterial edges), and even in the interior of ) (intersecting
surfaces), is another topic present in recent research on transmission problems. It seems that



the integrability of Vu to a power ¢y > 3 can be proved in very general settings ([EKRS07],
[HDKRS08]), or the TW*2 regularity ([Mer03]).

In the context of crystallization problems however, one has to rely on the Lipschitz continuity of u
(see [LU70Q], [Ura73], [SS76]). On the one hand, regularity results near globally smooth surfaces
can at most be used in the context of (P) to prove the regularity in domains U C () that have
a positive distance to the curve I' N S. This is also the case for the generalized transmission
problem of [Sch60], even though the interface is smoothly embedded in the boundary of two
touching C*°—domains. On the other hand, the optimal results valid for Lipschitz domains, the
W2 regularity (s < 3/2 + 6) or the W14 regularity with gy > 3, are still far away from the
goal.

It therefore seems that sufficient conditions for the existence of square-integrable second deriva-
tives, and for the boundedness of Vu near to the intersection of two C? surfaces is not yet
investigated, and that to our best knowledge, the results of the present paper are new. Besides,
they rely on the recent advances of [HDKRSO08].

2 Notations and statement of the main result

2.1 Notations

Throughout the paper, €2 denote a bounded domain with boundary I" of class C?. There are a
free hypersurface S C 2 of class C? such that S N I is a closed curve, and two disjoint open
sets €; C Q (i = 1, 2) such that the partition 2\ S = 4 U Q5 is valid.

The outward unit normal to I is denoted by nr, and ng denotes the unit normal to .S that points
into Q2. We set I'y := 0Oy N T, ' := 00y NT'. The angle of contact o € [0, 7] of the
surfaces I and S is defined on the curve I' N S via

cosa :=ng-nr, sina:=+vV1—cos2a onl'NS. (6)

Remark 2.1 (Data extension). Since S is of class C?, we loose no generality in assuming that
S is also defined outside of (). Otherwise, we always will find an extension surface S’ € C?
such that S is compactly included in the interior of the surface S’. For p > 0, define €2, :=
{z € Q : dist(x, S) < p}. Choosing p < po(S) sufficiently small, there is for all z € €, a
unique projection y(z) € S such that |x — y| = dist(z, S). Moreover, since S is defined in a
neighbourhood of €2, the point y belongs to the interior of S. In £, set ng := V dist(-, S) so
that ng € [C1(€,,)]? (IGTO1], Lemma 14.16). From the neighbourhood 2,,,, it is then possible
to extend ng to the rest of {2 in order to obtain

ns € [CY Q). @)

The normal nr has by similar arguments a continuously differentiable extension into €2 (cp. for
instance [GT01], Lemma 14.16). Due to (6), the functions cos & and sin « also possess natural
extensions into ). In order to track the dependence on the surfaces I" and .S in the regularity
estimate, we introduce

PO

90 = [IVnr i@y + [[Vnslzs @y - ®



Particular systems of tangential vectors arise naturally to derive estimates near the curve 'S’
Those are

FO .= 8 X , T® = (ns X np) X nr onI", 9)
‘HSXHF‘ | nsxnp) an‘

T .= X , T® .= (ng x nr) x ng onS. (10)
|ng X nr| |(ng X nr) X ng|

The Lemma C.3 in the appendix states the elementary relationships of these vectors. The or-
thogonal matrix that transforms the standard euclidian basis of R? into the orthonormal system
{T(l), T®, ns} is denoted by O. Further relevant matrices are, at first, the matrix A :=
O™ Kk O, the entries of which are given by,

kT 7@ @)l
A= | gT®.TO g7 .7 KT . ng 7 (11)
Rng - T(l) RNng - T(2) RNng - Ng

and, at second, the perturbation % of the matrix x defined by
all 2gb2 9413
k:=0 0 a*? a3 oT. (12)
0 ad? 33
For B € R3*3, the minors m“J(B) (i, j = 1, 2, 3) are the numbers
m™ (B) = det(B") B := {V"'}ys14; fork, 1,4, j=1,23, (13)
Since almost exclusively the minors of the matrix A (cf. (11)) are needed in the paper, we define
mh = m"(A)fori, j =1,2,3. (14)

A function v € L*°(Q) is called piecewise Lipschitz continuous if there are v; € W1H>(€;)
such that v = v; in §; (z = 1, 2). For piecewise Lipschitz continuous v, the jump across S is
the quantity

Vs(z) = wa(z) —1i(x) forx € S. (15)

Since the functions v; always have Lipschitz continuous extensions to Q, the symbol [1/]5 still
makes sense outside of S and

[V]s € COH(Q). (16)

For symmetric and positive definite B € R3*3, and for § €]0, [ define

cot i + Gl for (Py)
fal®, Byi= " mlA(B) Tmb(B) an
cot 0 b33 4 32 for (Pp),



that plays the fundamental role with respect to compatibility conditions near I' N S. We finally
introduce some functional spaces. For 1 < ¢ < oo, we denote by ¢’ the number conjugated
to ¢ €]1,4o00] in the sense that 1/¢g + 1/¢' = 1. The usual Lebesgue spaces L9(2), the
Sobolev spaces W 14(€2), and their trace spaces W/79(952), are needed. The definition and
relevant properties of these spaces are to find in standard monographes (for instance [KIJF77]).
Maybe less well-known are the subspaces of Wl/q/’q(F) associated with the linear operators
of extension by zero. Define

Y (u) == {“ e ) = {0 ol (18)

0 only u only

VD) == {u € WY YT) « 4~ (u) € WYT9(T)},

B (19)
[ullvamy = ||u||wl/q’,q(r) + Iy (U)le/q’,q(p)-

Relevant properties of the 1/ spaces are recalled in the appendix, Lemma B.2.

2.2 Statement of the main result

To investigate the regularity of the solution to (Py) or (Pp), we at first formulate the required
mathematical assumptions on the data. The surfaces I" and .S, and their angle of contact «,
must satisfy

[,SeC® acWhTnS), acl0,mfonl'NS. (20)
Let moreover the matrix () be symmetric for all z € 2, and satisfy
ko n|> < k(z)n-n <ki|n|* forallz €Q, nelR?, (21)

with two constants 0 < kg < k; < oo. The matrix A (cf. (11)) is then also symmetric, and the
matrices A and & (cf. (12)) uniformly satisfy the inequality (21) with the same constants kg, k7.
For the matrix ~, we furthermore assume that

1= VA=) + |Vl Lo, < 00. (22)
The right-hand side f of equation (1) is supposed to have the regularity
feLin). (23)

In (23), and also in the integrability conditions formulated hereafter, we focus on the cases
q = 2 (for the w2p analysis), and ¢ = q¢ > 3 (for the Wieo analysis). We come now to the
compatibility conditions that are essential for the higher regularity. The angle of contact o and
the matrix ~ (resp. the matrix A) must satisfy the compatibility condition

[fala, A)ls = fala, Az) — fala, A1) >0 onI'N S, (24)



where A; := A‘Q,. For the problem (PN), we additionally require on the surface I that

CL3’3 Q

3Q1 € WD), Qo € VAT) ¢ [g)s = = [fulo s Q1+ Qs (25)
2,1
g, € Wh(T) - [%]S = g1 [fala, A)ls. (26)

For the problem (Pp), we require that

Vu, € WY99T) and 3U; € WY T, U, € VIT) -

@ .V, (27)

[a"?)s (71 Vue) — [a*?]s = [fale, A)ls Uy + Vs .

sin o
The main result of the paper is contained in the following theorem.

Theorem 2.2. Letu € TW'?(£2) denote the unique weak solution to (Pp) or to (Py). Assume
that the conditions (20), (21) and (22) are satisfied, and that (23) is valid with ¢ = 2. Assume
that the condition (24), and either (25), (26) for the problem ( Py ), or (27) for the problem (Pp),
are valid with ¢ = 2. Then u € W22(Q;) (i = 1,2).

Assume moreover that (23), and either (25), (26) for the problem (PN), or (27) for the problem
(Pp), are satisfied for ¢ = qo > 3. Then u € W1>°(Q).

For the case that the principal hypothesis (24) of Theorem 2.2 is violated, we can still prove that
the weak solution to (P) has second derivatives at least integrable to the power 6/5.

Theorem 2.3. Except for (24), same assumptions as in Theorem 2.2 with ¢ = 2. Let u €
W'2(Q)) denote the unique weak solution to (Pp) or to (Py). Then, there is ¢go > 3 such
that Vu € L%()). Define so := min{qo,6}. Then, for 1 < p < 25¢/(so + 2) arbitrary,
Vu e WhP(Q;) @ = 1,2).

2.3 Interpretation of the compatibility conditions

A few remarks can help better understand the conditions (24), (25) and (27).

In the case that x is a scalar, one can verify that f; := cot « [m]s, so that the condition (24)
reduces to

cota [k]s < Ofor (Py), cotalk|s > 0for (Pp) onl'NS. (28)

Elementary consequences of (28) for the isotropic problem are the following:

(1) For given data (H, a), the result of Theorem 2.2 cannot be used to prove the regularity for
the Neumann problem and for the Dirichlet problem, unless o = 7T/2 onI'NS. Otherwise,
the choice which quantity to prescribe on the outer boundary I" has to follow the condition
(28).

(2) If k is moreover piecewise constant (that is, if k1, k2 € R), then the angle of contact « is
not allowed to change the sign along I' N S



We now briefly comment on the conditions (25) and (27). In the scalar case, the condition (25)
reduces to

[K]s Q =cosa [k s Q1 +sina@y onT, (29)
and (27) reduces to
—[xls 7® . Vu, = cos [klsUp +sinals onl. (30)

Thus, if |cosa| > § > 0 on ' N S, the condition (25) is trivially satisfied for every ) €
WYda(I): set Q) = —kg k1 Q/ cosaand Qg = 0. Similarly, set Uy := —73) -V, / cos a,
U, = 0 to obtain (27). The compatibility conditions (25) and (27) are therefore only needed for
the limiting case that the function [ f;(c, A)]s tends to zero on some part of I' N S.

The compatibility conditions shall be not easy to verify in practice. In particular, since the function
[fa(a, A)]s is only given on I N S, the representations (25) and (27) depend on the choice of
its extension to I'. However, assuming additional regularity of the data (), u., we show in the
following Lemma that (25) and (27) more intrinsicly amount to require a certain decay along the
curve I' N S. To this aim denote

K:=I'nS, Ky:={zeK :|[fala,A)]s| >0},
d,(x) == dist(z, K\ Ky) forx € K.

For s € R, the properties of the spaces W*2(U), U € R™ have been studied in [LM68]. It
is impossible to expose in a few lines the localization arguments that justify to extend these
properties to the case that U is a C?>—submanifold. We recall that our aim is here only to throw
some light on the compatibility conditions, and that the next lemma does not affect in any respect
the proof of the main result.

Define W*(T') as the space W (I'y) @ Wi*(Iy). If s > 1/2, every function g € W*?(T")
has a trace tr(g) € W*~1/22(K) (see [LM68], Th. 9.4).

Lemma 2.4. Assume that there are 3 €]0, 1] and constants 0 < ¢; < ¢, such that ¢; df{o <
[fala, A)ls < o df{o on Ky. Assume that g € W*2(T"), s > 1/2is such that

tr(g) € 31
(9) WEPHB2 (K ) otherwise. 1

{Wgo—l/“ﬁ’z(Ko) its —1/2+0=j+1/2forajeN,
0

Then, for each extension of the function [f4(cv, A)]s to T, there are g; € W*?(T') and go €
W32(T) such that g = [fa(cr, A)ls g1 + go-
Proof. Define g, := g/[fa(a, A)]s on Ky and g; := 0on K \ K. Then

g1 e WVHK) . (32)

To prove (32), we at first verify that the application g — d;{f g is continuous from W) ’2(K0) into
L2(K) and from Wy 2 (K,) into WY2(K) if 5 # 1/2. Otherwise, we verify that g +— d;{f g



is continuous from TWj*(Ky) into L2(K) and from Wy "?(Ky) into WH2(K) ([LM68], Th.
11.7).

For ¢t € [0, 1], it follows from interpolation in Hilbert-spaces (cp. [LM68], Prop. 2.3) that

c ||g||W£O+ﬁ,2(KO) ift+08=j+1/2foraj e N,

il gllwrag) <
I Ko QHW“(K) = {CHQ||W5+B’2(K0) otherwise.

Choose t = s — 1/2, then in view of the assumptions (31), the property (32) follows.

Due to (31) and to the trace theorem for TV *2, there exists g; € W*?(I") such that tr(g;) = ¢,
on K. Choosing an arbitrary extension of [f;(c, A)]s to I', we easily obtain that g, := g —

[fa(c, A)]s g1 belongs to Wi2(T). O

3 Method of the proof

To prove Theorem 2.2, we investigate a regularization of the problems (Py) and (Pp). For
p>0,t € R, define

0 ift<0
Ip(t) == q 5 fort €0, pl (33)
1 fort>p

For vy, v € L*°(12), define v := v; in ;. We introduce
L,(v)(x) :=w(x) + I,(dist(z, S)) (1a(x) —n(x)) € L=(Q). (34)
Note that
L,(v) — v everywherein Q2 \ S, (35)
and, also taking (7) into account, we obtain for piecewise Lipschitz continuous v that

VL,(v) = I(dist(z,S)) Vdist(-, S) + L,(Vv)(x)

- [V]Sp(x> by () ns(z) + Ly(V)(x) %)

In (36), we have abbreviated bp = X{o<dist(z,5)<p} (m) and Lp applies componentwise to
vector fields. We now introduce a regularization of  via the matrix A. For the problem (Pp),
we apply the regularization (33), (34) to introduce the coefficients

a;’j = Lp(ai’j) € Co’l(ﬁ) fore,j =1,2,3, (37)

where a’/ are taken from the matrix (11). For the problem (PN), we introduce

a:)’l = Lp(al’l), af’)’l = Lp(ag’l), m;’l = Lp(ml’l), (38)



where the relevant a*’ are taken from the matrix (11), and mbtis given by (14). The remaining
entries are defined in the following way:

3,3 2,3

a” a”
a} = mpt L), @ = L) s @t = (@) (my! o+ [)7))
m21
a?! = (a2?)7! (m;’l L”<—m171> + a2’ af’;l) : (39)
The construction (38), (39), has the properties

a3,3 a3,3 a2,3 a273 m2,1 m2,1

pll:Lp( 11>’ pllzLP( 11)7 /1)1:Lp< 11)- (40)
my m> my m> my m>

In view of (36), the regularized coefficients have, for both ( Py ) and (Pp), the important property
T® . Vah = L,(T® - Va™) fori,j=1,2,3andk = 1,2, (41)
and therefore, due to (22),
IT®) . Val| < ki fori,j=1,23andk=1,2. (42)
In view of (37), or of (38), (39), the matrix A, := {a}’}; j—1 3 satisfies (cp. (35))
A, — Aeverywherein Q\ S. (43)
Define £, := O A, OT, and, similarly, %, using (12). Then, k,, f, belong to C%1(€2; R3*3).

Moreover x, — k and k, — F& everywhere in Q \ S. We define u, € W?() to be the
unique weak solution to the following problem (P,):

— div(k, Vu,) = fin (, l_,gp %} =0ons, (44)
ans S
together with one of the conditions
ou,
— Kp o QonI [=(Pn,)], u,=uconl [=(Pp,)|. (45)

Lemma 3.1. Assume that r satisfies (21) and (22). Let f € L2(Q), Q@ € WH?(Q) and
u. € W2(Q). Denote by u € WH2(Q) (resp. u, € W'?(2)) the weak solution to (P)
(resp. (P,)). Then u, € W*%(Q), and

u, — uin WH2(Q). (46)

Moreover, there is a constant ¢, depending only on 2 and on k1 / ko, such that the function Up
satisfies the energy estimates

o (I l2) + 1@l 2ry) in case of (3),

||VUPHL2(Q) S C]{ZO
<c (ko_l ||f||L2(Q) + ||vue||L2(Q)) in case of (4).

||vup||L2(Q)



Proof. The matrix k, is symmetric and uniformely positive definite. Since x, € CO’I(Q; R?’X?’),

the standard regularity theory for second order elliptic equations in divergence form ([LU68],
Ch. 3, Paragraph 10 or [Tro87], Ch, 2, section 2.5, a. 0. ) proves the W22 regularity claim for
the solution to (Pp). The strong convergence (46) for the entire sequence is obvious due to the
uniqueness of the respective weak solutions to () and (F,). O

Our method will consist in deriving uniform estimates for the main components of Vu, with
respect to the system {T(l) T®, ng}, that means, the functions

¢V =170 Vu,, =T .Vu, ¥ =r,ng-Vu,. (47)

In the section 4, we reformulate the problem of regularity in a more suitable coordinate system.
The section 5 contains the core of the proof of the W22 regularity, whereas the section 6 is
dedicated to the boundedness of Vu.

4 Auxiliary results

This section mainly contains the technical rearrangements needed to, so to say, restate the
problem in a more convenient coordinates. Throughout the remaining sections, the matrices
Ap, Kk, are as defined in the section 3. In the following Lemma the basic relationships satisfied

by the functions 5,@ (z = 1,2, 3) are derived. We recall the notation (8).

Lemma 4.1. Let u, € W?2(2) denote the weak solution to (P,). Then, there are GS)
[L2(Q)) G = 1,2,3)and MY € [L3(€2))° such that

GO+ kg |G| < e (1fl+ gk [Vup)),  |MP] < chg! [Vl (48)

with ¢ = ¢(, k1 /ko, k7 / ko), and such that the following identities are valid almost everywhere
in €:

a3 2 ' ai3 32 4
kpVEY = G +(T@ — L sng) x VED = (a2t — L 3,3’3 ) (ns x VEW)
i=1
(49)
R, VED =G — 1M ><V£ (;ln at®TW) x velh

mpvgp = pl(Gg3> MPIVEN +TW x ve®)

Proof. First step. In the proof, g,, g, denote generic functions, and G, Gp generic vector
fields, that may change from line to line, but that satisfy the estimates

|gp| + |Gp| < cgo |Vup|a gp + |Gp| <c(|f]+ g0k |Vup|)> (50)

with a constant ¢ only dependent on k; /kq and k] /ko. An important device in the proof is the
orthonormality of the system {T(l), T(z), ng} everywhere in ). Every vector field V' defined
in €2 has a decomposition

2
V=> (19-V)TY + (ng - V)ns. (51)
j=1

10



We furtheron introduce the differential operators 9 := T".V fori = 1,2 and 9® := ng-V.
If V1, V5 are two vector fields among {T(l), T(2), ng}, the permutation formula

Vi-V(Va-Vu,) = Vo - V(Vi - Vu,) +[(Vi - V)Va = (Vo - V)W] -V,
is valid, so that, in view of the convention (50),
oW 9l up—ﬁjﬁ u,+g, fori,j=1,23. (52)
Second step. Due to (52) and the definition (47),
D — 9D e =g, fori,j=1,2. (53)

The definition of the function 5,()3), and the property (51) imply that

2
i=1

2
— 3 e+ a0
i=1

Thus

[\

0P, = —5 (€3 =N by, (54)
=1

and it follows for ¢ = 1, 2 from (54) and (52) that

2 a3
oY) =00 900w, + g, = 5 0 =3 500D +g,, (69
a’ﬁ j=1 ap
2 7j
gp =10 33 5(3 Z
The properties (41), (42) yield for: = 1, 2
2 3.4
i 1 Y 7 ky 5
a()T,g|+Z|a()%3|§3 k21’ (56)
ap — ap 0

which can be used to prove in (55) that g, still satisfies (50). Thanks to the property (41) and
the definition of §,§3>, similar arguments show, for 1 = 1, 2, the permutation formula

2
o® 523) — 9 (ai’;,?v 0% u, + Z a?;,j Y )

j—l

= a3 390 9 u + Z a* 9% 9 up + Gpi (57)

—a338(3 5(% +Zaaau 5 + G

7j=1

11



Third step. In (53), (55) and (57), we have obtained useful information about the derivatives
a@g,&” for ¢ # j. The idea of the proof is now to make use of the information contained in the

equation (44) about the symmetric derivatives oW 5},”’.
Decomposition of Vup according to (51), joined to the relation (54), yields

2 3, (3)
. oad
KoV, = Z 9 (k, 70 — —£5 Kpls) + 55 Kl -
— a, a,

Again decomposing the vectors mpT(i) (¢ =1,2),and x,ng it follows that

2 3 45,3 a3
o agtay
KoV, = E :(alpJ - pa3,3 )& T + § : §3 T +ng & (58)
i,j=1 P =1 ¢

According to Lemma 3.1, u, € W%2(Q), and — div(r, Vu,) = f almost everywhere in ).
Therefore, (58) implies that

2 ai’3 oxj’3
Z (a%7 — — Y oW €0 4 Z P a(J + 0B 5/()3) =3, (59)
i,j=1 P
at 3 ay,3 2 a3
=—f - Z div ( a3’3 )T(J — div( Z g ) 4 ng) 5(3
i,j=1 P —1 p

Due to (41), g, satisfies the estimate (50) again (cp. the computation (56)). Fix an indices 7 €
{1,2}, and define ¢’ by requesting that {i} U {¢'} = {1,2}. From (59), it follows for i = 1,2
that

N , 2. a7
(azp,z_ /;)’3 )a(z) g/()l) :gp_v@()) . (nS+Z %T(])
,oab3als N 2 L a’ 3 aﬂ 3 ©0
—(aj" — -~ 37; ) 8 5[()2) — Z(a;J e 2_)u) 5
ap =1 ap
In (60), permutation of ) and 9™ with the formula (52) yields
i 15T 6 o 3) ~ a7
(@' = —537) 0V &) =9, = V¢, '(n5+ZﬁTJ
a, — q, 1)
v P ) al o) e
_(apv _ /’373 )5()5}(})—2(% 33 )0()§£).
ap ap

Using the formula (57) we can also reexpress the term 1) §p in the formula (61) to obtain,
for s = 1, 2, the decomposition

ivi [“23]2 @) () _ = 3) ai’i ()
(a;;_ 3,3 )a gp :gp_V£p '(n5+ 3,3T )
ap ap
(62)
— V&é’) (a)! T +[2 ab’ — Pag’; | T® + ai,z ng).
P

12



In the case ¢« = 3, we conclude from (59) and (57) that

2 2,3

ooay a”?’ 2 adt
IV == S~ T~ e 4
i,j=1 P i=1 P
(63)
:_Z b QU ¢ Z a0 ¢V + g, = Zmp Y g,
i,j=1
Fourth step. For 1 = 1, 2, the relation
i _ 7 o) ) _ 3) (@) -
(ap —F)a Sp ——VSP -V,,—pr 'Wp+gp7 (64)
P
follows from (61) for the choice
2 a?”j
v, :nS_I_Z%T(j)’
j=1 4 (65)
o [a3,i’]2 p » a3 g3 )
Wp :(ap7 - p373 )T( )+2( - L 373p ) ()7
ap ap
whereas (64) is a consequence of (62) for the choice
CL3 )
V =ng + p T(Z)
p
(66)
i i (i iy i 3,
W, =a," T 4[24 — pag,gp [T + " ng.
]

We decompose the vector V&,(,i) in the way of (51) and we use the representation (55) to show
fort =1, 2 that
. L S, ad ay v
Vgé@) 10 5(@) (T(Z) _ 33 ng) + ot 5(2 (T(” ns)
@ a5’ (67)

- ng
+ 0(’) 5;3) 33 + gpns .
Qp

The representation (64) and the formula (67), imply for 2 = 1, 2 that

i a3 ) ) L b
Ve =(a! = —) (VY -V, = VED W+ g,) (T =~ ms)
P P
. . . 0,3’i/ . ns
HOOED I = Zms) 00D 5 + g (68)
Let B,gi) be the matrix that satisfies
o ad R [
BT = 25 ns) = (' = 55) 10
iy ’ (69)
i) _ % i 3,3
Bé)(T()—#nS):Wp, Bi'ng = a®*V,.
p

13



Multiply the relation (68) with B to see that

BYIVED = (=VE -V, = Ve W) TO 4+ 00 VW, + 09 €9V, + G,

= (T x V,) x VP + (TW x W,) x Ve + G, (70)
Fifth step. Inthe case i = 1, the formula (65) yields
a2,3 [a3’2]2
X V T(2 33 ng, T(l) X Wp = —(aff - p373 )ng . (71)
ap ap

Moreover, the conditions (69) imply the identity

0 —bﬁ,l) 0 Blad?  mbl
oT BS) O=A,+ bE,l) 0o 0|, bf)l) = ai’l — £ 373” = 53 )
0 0 0 @ @
Elementary calculations with the skew-symmetric matrix part show that
BIVEN =k, Ve + 600 (TP x TW) x vel) (72)

Observe that T® x T1) = —ng. Putting (72) and (71) into (70), the claim (49) follows for fél).

In the case i = 2, the formula (66) implies that
TO xV,=T® xng=-TW  T® xW,=a ng—al' TV (73)

Moreover, it can easily be shown that the matrix Béz), that is uniquely defined by the conditions
(69), is nothing else but the matrix &, introduced in section 3. The claim (49) for 5,()2) follows
from (70).

In the case i = 3, orthonormal decomposition and the formula (57) imply that

2

VED = (b 0¥ +Za’38 Ve TO 4+ 9O B ng + G,
i=1 (74)
_Zm ng - VEODTW 4 9® B ng 1+ G,
=1
Insert (63) into (74) to obtain the equivalent representation
2 p—
Ve = (wpns - VED T — 5, T; - VEY ns) + G,y (75)
i=1
The permutation formula (52) implies that
Kpng - VED T — Ty - VED ng =
(Kpns —a)! TW). V§(2 T® — (k,T® — a2 TW). ng’ ns
+a' T e T — 21T v ng + G, . (76)

14



From (75) and (76), it follows that
ng()ii) =(k,ng — ai,l Ty . Vglg?) 7@ _ (KpT@) — ai,l TWY. Vglg?) ng
+G,+ MPVED, 77)
~ o 1 2) (2
(ML) =T (gns)y = ns (5, TV 4+ @ TE); 4+ ap TP T

Let B,§3> be a matrix that satisfies

IiPT(z) —a?'rW Kpng — a>! W
B/gg)T(z) = e ; Br(>3)n5 = 1
mp mp

(78)

Apply BS” to (77), and define M,g?’) = B,()?’) M,Eg), then
BIVER = BOG, + MPIVED + (m)") ™ (BPng x BIT®) x veP)
Observe that
BPng x BIT® = [a2*]* (T x ng) + a2 a}® (ng x T?)
= (a®2 a3 — [ai,3]2) 71 — m}),1 (1)

p “p

We at last notice using (12) that the choice B,(,?’) = (my') " i, satisfies (78). The claim (49)

for 5,()3) follows easily. O

In the following Lemmas, we use the result of Lemma 4.1 to derive integral relations satisfied by
the functions 5,()2) (i=1,2,3).

Lemma 4.2. Same assumptions as in Lemma 4.1. Then, there is
GV e 2P, |GV <c(|fl+goki|Vu,|)aein®, (79)

such that for all v € W22((Q2)
/ Kp V&gl) -V = / GE}) - Vv — /(Fap nr - Vau,) (tW - V). (80)
Q Q r

Proof. Choose v € W?22(Q) arbitrary, and multiply the relation (49) for g,ﬁ” with Vv. Due to
integration by parts, and to the vector identity div(a x b) = curla - b+ curlb - a,

a2’3 a2,3
L@@ = 2ng x e vu=— [ (10 - %ng) v ve
Q a;p’ Q a;p’

2 ay’ 3 2 ay’ 3
:/chrl(T()—ﬁnS)-vaé)—/F(T()—ﬁng)XVU-npgl()).
P P
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With similar arguments, and abbreviating p; , := a2 — a%" a?/a’?, itfollows for i = 1,2 that

— / Pip (ng X VSS)) - Vo :/pi,p (ng x Vv) - nr féi)
Q r
— / curl(p; ,ng) - Vo 55)
Q

Choosing GE,I) as in Lemma 4.1, we define

32a32 2,3

G(1 Z curl(( ¢ 5—) Ng) 5(2 + curl(T® — Z3 5 ) 5(3

Forg € C%1(Q), observe that curl(g ng) = g ng+ Vg x ng. Thus, only tangential derivatives
of the regularized coefficients occur in the definition of C:L”, and (42) can be used to prove the
estimate (79). In order to reformulate the integrals over I', observe that

(ng x Vo) -nr = —(ng X nr) - Vo = —|ng X nr| M.y
(T® x Vo) -np = —(T?® x np) - Vo= (T® . 7). vy,

Lemma C.3 in the appendix implies that

2 3 3,2 2,3

. aytay , a
D (a)' = L) (ns x V) - np & — (TP — 5 ng) x Vo - np £
i=1 p p

2 ' a3 i a3 2 a3
= (—sina Z L)EW + 535(3 —cosa &) (rV - V).

Using orthonormal decomposition for the vector —x, nr - Vup, the relation (80) is obvious. [

Lemma 4.3. Same assumptions as in Lemma 4.1. Then, there are G_Yg), G_YS’) € [L*(Q)]? such
that

GO + ko |GP| < c(|f] + go k1 |Vuy|) a. e.in Q, (81)

and such that for all v € W%2(2)

/m,)vg@ Vv—/{G(2 abtng —al? TW) x VEWY - Vo

—/Fgg?’ (7 . Vo)

/Q [m R, VED Vo = /Q {GY + MPVeMY - Vo + /F ¢P (73 vo) . (83)

(82)

Proof. We multiply the relation (49) for 5,(,2) with Vv, v € W22(Q) arbitrary. Integration by
parts, and the fact that 7! x np = 7@, yield

/(T(l) x VEWD) . Vo = / curl TM . Vo ¢®) 4 /5/()3) @ . Vo, (84)
Q Q r
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Choosing Gf) as in Lemma 4.1, we define 65,2) = Gf curl 7 5 %) The estimate (81)
is readily checked. The relation (82) is obvious.

In order to prove (83), multiply the relation (49) for 5,(,3) with Vv, v € WQO(Q) arbitrary. As in

(84),
/(T(l) X fo)) Vv = / carl TW - Wy 5[()2) + /5[()2) @ . V.
Q Q r

Define GS’) = G( + curl T §p . The estimate (81) is readily checked, finishing the proof.
O

We now prove two Lemmas concerning the boundary data u, and (). The compatibility condi-
tions (25), (26), (27) come here into the play.

Lemma 4.4. In addition to the hypotheses of Lemma 4.1, assume that the conditions (25), (26)
are satisfied for the problem (Py ), or that (27) is valid for the problem (Pp). Then, there are
Q1 Q2 € WY22(T) and U, , € WH22(T') such that

2,1 3,3

6+ Q = fula, 4,) Quy+ G
1,1 Sp R a\ &, ) Ql,p + QZ,p (85)
mp my' sin
a>? .
ai”;l (7-(1) . Vue) — siga (7-(2) . Vue) — fd(a, Ap) U, + U2’p‘ (86)

Moreover, there is ¢ = ¢(£2, k;/ko) such that

1Ts pllwrrzeey <[1Usllvay + ¢ ki go [[Vaellwrrza ) + Chp s (87)
HQLPHWUM(F) <[@illwrrz2y + con ||§p lw/22ry (88)
Q2 w222y <c kgt (14 go) (1Qllwrr22iy + Q1 w2y

+(1+ g0) 157 lwrreemy) + 1Qallwr/zery + Cap s (89)

where C ,, Cs , — 0.

Proof. The condition (27) is by assumption valid on I'. Recalling the definition (33), we multiply
(27) with the function 1,,(dist(+, S)), and we then add on both sides of the new relation the term

a! I a2 (7 . Vu,)/ sin or. We obtain that
(@ + 1, [6®5) €9 — a2 + 1, [%]5 () - Vu,)sina
= (cota (¥ +1, [ ] )+ (a3 + 1, [a*%)s)) Uy + 1, Uy (90)
+abt eV —a¥? (1@ . Vu,)/sina — (cot aad® + ai?) Uy

Due to (37), a3 + I, [a*!]s = a>' = L,(a®") (etc.), so that

ai’l e — ai’?’ (7@ . Vu,)/sina = (cota af’;?’ + ai’?’) U+ Us,

Uy, :=1,Uy +a}' €V —a}? (1@ - Vu,)/sina — (cot aa® +a3®) Uy,

17



which proves (86) on I'. Thanks to Lemma B.5 in the appendix, we verify that
1o Uallwirzey < |Ullveey + Crpy Crp — 0.

Using also Lemma B.1, the norm estimate (87) follows. In order to prove (85), use the assump-
tion (26) to define

21

Qup=Q1 + [ ] [fala, A)lg 5(1) =01+ a1 5;1)
Due to (B.1), we readily verify the estimate (88). It then follows from (25) that
m21
[faler, A)ls Qup = [faler, A)ls Qu + [ " 1]35
3 3 Q (1
= [le] sin o _Q2+[m1 1] 6 (91)

Multiply (91) with 1,,(dist(+, S), then with the help of (40), argue as previously (cf. (90)) to obtain
that

3,3 2,1
. a3 Q9 m? .
fd(aa Ap) Ql,p = pl 1 - i)l 5;()1) - QZ,p )
p’ S1n &« mp’
a33 Q a33 a2,3 2,1
1 My 1
Q2p =L, Qs+ —7—— — (cot @~y + 1) Qi+ I & (92)
my sina myt o omy m;

The construction of the regularization (38), (39) plays here the essential role. The inequality (89)
is derived in the same fashion as (87), using Lemma B.5, , Lemma B.1 and (88). O

Lemma 4.5. Same assumption as in Lemma 4.4. Let u, € W22(Q)) be the weak solution to
(P,). If u, satisfies the condition (3), then

33 g2
—5; = (cot a T + —5 1) (5;3) + Q1) +Q2, aeonl. (93)
my  my

If u, satisfies the condition (4), then

&7 = (cotaay® +ap?) (7 + Ur) + Ua, aeonl. (©4)

Proof. We recall the notations (9) and (10). If (3) is satisfied in the sense of traces, then
Q = —kpnr - Vu, = —(np - ng) kns - Vu, — (np - T®) 5,7® - Vu,,  (95)
thanks to orthonormal decomposition on I'. For the same reason, the equivalence (54) yields

2 32a32 32

ko T -V, = Z(ai’i - )5(2 + W 5(3

1=1

Using Lemma C.3 and the definition (47) of 5,()3), we easily deduce from (95) that

3,3 3,2 m2,1 a373
2) P P 3 4 1 4
—& = (cota —Fg + 1) € + 5 &Y + 7"
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and (93) follows from Lemma 4.4, (85). With the help of orthonormal decomposition, (54), and
Lemma C.3

@ Ty, = (7O T) D 4 (7). ng) (ng - Vu,)

. 2

S1n & i (i

= COSQS(Z) - a373 (5;3) - E ai’ 5;() )) .
P i=1

If (4) is satisfied in the sense of traces, then
33
5;3) = (cot ava’® + a2?) Ef) +al! ¢ — ﬁ 7@ . Vu,,

and (94) follows from Lemma 4.4, (86). O

5 W?? regularity

In this section, we prove the convergence of the approximation method (Pp) in the space w22,
In order to abbreviate in our estimates, we introduce for the problem ( Py ) the quantities

Ny = ks (1 Ly + 1@l
N, = kg (f 1 Loy + ||Q1||w1/q’,q(r) + 1Q2llve)) »

and for the problem ( Pp) the quantities

No =k [ flzaq + IVuelwro

Ny = Ny + Uy + Vel

Here, the functions (); and U; are taken from (25), (26) and (27). The main result of the section
is the following:

Theorem 5.1. Assume that S € C? and that f € L*({2). Let u be the weak solution to (P).
Assume that the condition (24) is valid, and that one of the following assumptions is satisfied:

(1) wu satisfies (3) on I', and the conditions (25), (26) hold with ¢ = 2.

(2) wu satisfies (4) on I'', and the condition (27) holds with ¢ = 2.

Then, u belongs to W22(€);) for i = 1,2 and moreover satisfies the continuous estimate
||D2u||L2(Q) S C (]_ + go) N2 . (96)

with a constant ¢ that depends on €2, k1 / ko, k' / ko, and additionally on ¢, for the problem (P ).

The proof of the theorem is carried out in the following four propositions.
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Proposition 5.2.  Assume that S € C? and that f € L?(2). Let u, be the weak solution to
(P,). Assume that u,, either satisfies (3) with Q € W1/22(T) or (4) with u, € W?*2%(T).
Then, there is a constant ¢, depending only on €2 and on k1 /Ko, such that

HV&S’HLQ(Q) <c(l+go)Ny. (97)

Proof. Let u, denote the solution to the problem (P,). We at first consider the boundary condi-
tion (3). For v € W22(Q), introduce the linear functional

FO(v) = / QM V). ©8)
r
The continuity estimate

S (0)] < ¢ gollQliwrza 170l 2oy ©9

follows from Lemma C.1, and implies (via standard density results for Sobolev spaces) that the
functional Fg) extends by density on T¥12(£2). Due to (80),

/ K, VED - Vo = / GV Vo + FY () Yue Wh(9). (100)
Q Q

In (100), we are allowed to choose v := 5;1). To derive (97) from the estimates (99) and (79)
and Lemma 3.1 is a straightforward exercise on Young's inequality.

For the boundary condition (4), we introduce the extension u, € W272(Q) of the boundary
data, and £ 1= 7 . Vu, € W2(Q). Due to (80),

/Q K V(W — €M) - Vo = /Q (G =k, VEM) - Vo Yo e W?(Q), (101)
and (97) follows. O

Ahead of the statement of the following Lemma, we recall the definition (17) of the function f;.

Lemma 5.3. Let the hypotheses of Proposition 5.2 be valid. Assume in addition that the condi-
tion (24) is valid. For u € W1%(Q), v € W22(Q), define

(By(u), v) == — /F fala, A)u (1 - Vo). (102)

Then, the mapping B, extends to an element of £(W12(Q2), [W12(Q2)]*). Moreover, there is
po = po(S, K2, K1, @) such that for all p < py the inequalities

(By(u), (u—m)™) <é(1+ go) /Fu (u—m)*, (103)
(B,(u), (u+m)~) <é&(1+ go) /Fu(u+m)_, (104)

are valid for all u € W12(Q) and all m € N, with ¢ := cky ! for (Py), and ¢ := c ky for (Pp).
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Proof. Due to Lemma C.1 and Lemma B.1,
[(By(u), v)| < cgollfala, Ap) ullwirzzm [[Vol 2@

< ¢ lullwrrzzmy [[VOll L2 (105)

for all w € W2(Q), v € W?%(Q). Therefore, the mapping B, extends by density to an
element of L(W2(Q), [W12(Q)]*).

Foru € W2(Q), m € N,
—1 2 +
(By(u), (u—m)*) == /Ffd(a, AN T ((utm) w—m)t).  @0)

For the (Py)—case of (17), integration by parts yields

2,3 (u+m)

a3 a
(By(u), (u—m)") = /(cotom-@) Vi + 7@ V—11) 5 (u—m)*
r mp myp
33 23
- /(din(cot at®) — + divp(7®) —7) @ (u—m)*. (107)
r mp mp
Using (36), the fact that 7@ . ng = —sina on I', and (40), we compute
a33 23
cotat® . Vg + @ . Vg = —sinab, p~" [fala, A)ls
mp mp
) 33 ) 23

Due to the uniform continuity of the data A;, As, «, there is a neighbourhood D of the curve
[' N S such that (24) is valid in the domain D N ). Therefore, if p < po( A1, Ay, @),

—sinab, p! [fala, A)ls (u+m)(u—m)* <0. (109)
The estimate
3,3 2,3 2 7.
2 a” 2 a” ki Ky
COtOéLp(T( ) VW)“—LP(’T( ) VW) S ]{,‘é 5

together with (108) and (109), yields

033 023 212 !
(cotar® . VLo 4+ 7@ VL) (ut+m)(u—m)t <L u(u—m)". (110
my my

The estimate (103) follows from (107) and (110). For the problem (PD), we can reformulate

1
(By(u), (u—m)") = 3 /(cot ar?®. Val® + . Va2?) (u+m) (u—m)*
r
+ % /(divr(cot at?®) af’,’?’ + divp(7®) ai’g) (u+m)(u—m)*. (111)
r
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Under the assumption (24), we verify for p < pq (cf. (109)) that
(cot a7 . Val? + 7@ . Va?) < cki. (112)

Here again, the estimate (103) follows from (111) thanks to standard inequalities. Due to the
formula

(Bp(u), (u+m)”) = /fd o, Ay) 7V ((u = m) (utm)7),

we similarly verify (104). Finally, in view of the continuity property (105), the inequalities (103)
and (104) hold true for all u € W2(0Q). O

Proposition 5.4. Assume that S € C?(G), and that f € L*(€2). Let u, be the weak solution
to (Pp). Assume that u,, satisfies (3), and that the condition (24), (25), (26) are valid with ¢ = 2.
Then there is a constant ¢ = ¢(€2, k1/ko, k}/ko), and a sequence of numbers {C,, } that tends
to zero, such that

IVED I r2i) < ¢ (1+ go) Na+ C, . (113)

Proof. Thanks to the relation (93), the operator B3,, of Lemma 5.3, and to the functional

Fg) / Qo (1 V), (114)

(cf. (98), and (99) for a norm estimate on F@ ) (83) is equivalent to

/Q (mi)1 7, VED . Vo = /Q (GO + MOVED} Vot (B9 + Q). v)
+ Fg) (v), YveWh(Q), (115)

2,p

or, for the variable w,, := 5,()3) + Ql,p, to

Ly 5w, To = [ G0+ MOVED + ) 7,V G - Vo
Q
+(Bp(wp),v)+ch2> (v), VoeW" Q).  (116)

In the relation (116), it is possible to choose v := w,,. In view of (103) and (104) with m = 0,
and of the interpolation inequality (C.2),

(Bo(wp), w,) < erig (14 go) [[wpllZar)

9, -1 (117)
<ccyky (14 g0) [[wpll L2 [[Vwpl 20

Employing from now on Young's mequallty as in the proof of Proposition 5.2, Lemma 4.4 and
Proposition 5.2 to bound the quantities Q1 Y sz and 5,, , the estimate (113) immediately
follows. O
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Proposition 5.5.  Assume that S € C?, and that f € L*(). Let u, be the weak solution to
(Pp). Assume that u,, satisfies (24), and the condition (27) with ¢ = 2. Then there is a constant
c=c(Q, ki/ko, ki /ko), and a sequence C, that converges to zero, such that

||v€;()2)||L2(Q) S C(l + go) Ng + Cp . (118)

Proof. The proof is very similar to the proof of Proposition 5.4.

Using the relation (94), the operator B, of Lemma 5.3 and a functional FI(J? (cf. (114)), the
P
relation (83) is equivalent to

/Q RpVED Vo = /Q {GP + (a) ng — a¥' TW) x VEW} - Vo

p

+ (B2 + Uh),0) + F (v), YoeW™(9Q). (119)
P
For the variable w, := ,(,2) + Uy, it follows that

/ Fp Vw, - Vo = / {GD + (a)' ng — a3 TW) x VEV + &,VU } - Vo
Q Q

+ (By(w,),v) + Fy) (v), Yo e W (Q), (120)

where it is possible to choose v := w,. The estimate (118) follows with arguments similar to
the proof of Proposition 5.4. O

Proposition 5.6. Let the assumptions of Theorem 5.1 be satisfied. If u denotes the weak solu-
tion to (P), then u € W22(€),;) for i = 1, 2. Moreover

Sf()i) —~TW. Vyin Wh2(Q)(fori = 1,2), ¢ — kng - Vuin Wh3(Q).

p

Proof. Proposition 5.2, and either Proposition 5.4 in the case of (Pva), or Proposition 5.5 in the

case of (Pp ,), provide uniform bounds for the sequences {5,()1)}, and either {5,(,2)} or {523)},
in the space leQ(Q). Due to the gradient representations of Lemma 4.1, it then follows for both

problems that there is C' > 0 independent of p such that ||V§,(,i)HLz(Q) < Cfori=1,2,3.
Thanks to the reflexivity of //12(Q), we find £ € W2(Q) such that

¢ — D inWh(Q) fori =1,2,3.

On the other hand g,ﬁ") — TW . Vufori =1,2and 5,(,3) — kng - Vu almost everywhere in
() (cp. Lemma 3.1). Thus

TO.Vu=¢9 e WH(Q) (i = 1,2), #ng-Vue W (Q).
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6 W™ regularity

Theorem 6.1. Same assumptions as in the Theorem 5.1. Assume that there is gy > 3 such
that f € L%(€2). For the problem (3), let () satisfy (25) with ¢ = qo; for the problem (4), let u,
satisfy (27) with ¢ = go. Then Vu € L*®(2), and the estimate

IVl o) < ¢ Ny, ,

is valid, with a constant ¢ that depends continuously on 2, on gg, on ml/mo, on lill/lio, and also
on g for the problem (Py).

For the proof, we will show that the functions §(i), i = 1,2,3, belong to L>°(£2). However,
we cannot prove that the approximation method (P,) converges in the space W1>°(Q). For-
tunately, once the result of Theorem 5.1 is ensured, we can derive in the limit new regularity
properties that turn out to be sufficient for the result.

Proposition 6.2. Assume that S € C?. Let u denote the weak solution to (P). Assume that
thereis gy > 3suchthat f € L9(S2), and such that u either satisfies (3) with ) € TV 1/%:% (")
or (4) with u, € W2%(Q). Then £11) belongs to W19 ()) and satisfies the estimate

1€V Twra0 (@) < ¢ N - (121)
Here, the constant ¢ depends continuously on €2, on go, on k1 /ko, and on k7 / ko.

Proof. We let p — 0 in (80) to see in the case of the boundary condition (3) that 5(1) €
Wh2(Q) satisfies

/ kVEW .Yy = / {GY +curl(Q (7MY x np))} - Vo Yo e W22(Q), (122
Q Q

(1)

where Lemma C.1 was used to rewrite the functional FQ1 . The estimate (79) ensures that

1GD Lao @) < I fllzoo(@) + e go k1 [ Vull L) -

Since we can obtain a bound on || Vu|| za ) With the arguments of Lemma A.1, the right-hand

of (122) belongs to [/ 1+%(2)]*, with a corresponding norm estimate. The result now follows in

principle from the Theorem 1. 2 in [HDKRSO08]. We give the idea of the proof in the appendix,

Lemma A.1. In the case of the boundary condition (4), introduce &(31) =71 Vu, to see that
. 1y _ (1) . L

the function & &e satisfies

/ kV(ED — W) Vo = / {GD — xveY} . Vo, Vve WH(Q). (123)
Q Q

Here again, the right-hand of (123) extends by continuity to an element of the space [I/Vol’q6 Q)]
and the regularity follows from the same fundamental result in [HDKRS08]. O
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For the regularity of 5(2) and 5(3), we need to state a further properties valid on the surface I'.
We introduce a weighted space (cp. (19))
VD) = {ue WYTUD) : fyla, A)ue WYY},

(124)
lellvay = llullwraamy + | fala, A) wllyraar -

Lemma 6.3. Letu € W"?(£2) be the weak solution to (P). Assume that the hypotheses of
Theorem 6.1 are valid. If u is associated to ( Py ), then there are Q1, Qo € W1/%%(T") such
that

€ = —fi(a, A) (¥ + Q1) — Q2 aeonT (125)
fale, A) (€9 + Q1) € WD), (126)

If u is associated with (Pp), then there is Uy € W /%% (I") such that

3 = fi(a, A) (€D +U))+ U, aeonl, (127)
fala, 4) (€2 + Uy) € W2(D). -

Proof. The relations (125) and (127) are easy consequences of Lemma 4.5 and of the conver-
gence in Proposition 5.6. We recall the notations (18). Defining Ql, Qg, U2 as accumulation
points of the sequences Ql P Q2 P U2 ,p» the representations derived in Lemma 4.4 yield

Q1= + 01 5(1)

3,3 2,1
my

Qs = 7H(Q) + ;;MQ/sma—fd(a A1) Oy + 115

G = 7" (U3) + 0l €0 (r9 - V) fsina — flar Ar) U

e

Thus, the assumptions on 01, 2, Uy, Us, the result of Proposmon 6.2, and the property (B.1),
are sufficient to verify the W /4090 regularity of Ql, Qg, U2

Since 5(2 + Q2 € Wl/Z’Q(F), (125) directly proves (126). The proof of (128) is completely
similar. O

Lemma 6.4. Foru € V(') and v € W%2(Q), define the bilinear form
(Blu),v) =~ [ fula Au( - Vo). 129)
r

Then, B extends by density to an element of L(V2(T"), [W2(2)]*), and for 2 < g < 6, the
inequalities

(B(w), (u—m)") < &1+ go) llull 2aossry IV (= m) Tl g (130)

(B(u), (u+m)7) <1+ go) [lull p2aorary [V +m)" || g g (131)
are valid for all u € W%%(Q) such that u € V2(T'), and for all m € N. Here & := ck; ' for
(Py),and ¢ := ck; for (Pp).
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Proof. Foru € V(T') and v € W2?({2), Lemma C.1 implies the inequality

[(B(u), v)| < cgollfale, A) ullwrzamy Vol (132)
so that B extends by density to an element of L(V2(T"), [W12(Q)]*).
Foru € W2?(T') such that u € V2(T), and for m € N (cp. (102))

(Bw), (u—m)") = lm(B,(u), (u—m)7), . (133)

The inequalities (130) and (131) therefore immediately follows from (103) and (104) and Hélder’s
inequality. Due to the density Lemma B.4 these inequalities remain valid for all u & Wl’Z(Q)
such that u € VA(T). O

Proposition 6.5.  Same assumptions as in Theorem 6.1 for the problem (Py). Then 5(3) be-
longs to L>°(£2) with estimate

Slsl.)p €@ <N, . (134)

Proof. Denote w := 5(3) +Q1. Passing to the limit p — 0 in the relation (116) for test functions
v € W22(Q), it follows that

/ M) AV w - Vo = / {@(3)+M(3)V§(1)+[m1’1]_1 RVQ1} -V
Q Q

a33
— /F(cotoz Tt m1 1) - V) /Qz Vo). (135)
In view of Lemma 6.4, (135) is equivalent to
/ (m*H) ™ AV - Vo = / (GO + MBOVED 4+ MM EVQ, )} - Vo
Q Q
+ (B(w), v) + F2(v),

where the choices v := (w —m)" and v := (w + m)~ are possible for all m € N. The claim
follows using Lemma C.4, in connection with the estimates (130), (131), (99), as well as (81)
and the Proposition 6.2. O

Proposition 6.6. Let the hypotheses of Theorem 6.1 for the problem (Pp) be valid. Then 5(2)
belongs to L>°({2) and satisfies the estimate

sgp 1P| < cN,,. (136)

Proof. Define w = 5(2) + U,. Passage to the limit in the relation (120) for test functions
v E ngf(Q), and Lemma 6.4 yield

/ VW - Vo = / {GP 4 (a*TW — M ng) x VEW + VUL } - Vu
Q Q
+ (B(w), v) + F2(v). (137)

We finish the proof as in Proposition 6.5. O
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We are now able to finish the proof of Theorem 6.1.

Proof of Theorem 6.1. We first consider the case of the boundary condition (3). Due to the
Propositions 6.2 and 6.5, 5(1), 5(3) are globally bounded in the domain €2. The relation (125)
and the triangle inequality yield

kq - .
sup €@ < kg SUP(|§ N +1Q1]) + | Q2| oo (ry - (138)

On the other hand, we can pass to the limit in the relation (82) to see that £(2) € W12(Q)
satisfies, for all v € W, ()

/fzvg@%wz/{c;@) (a®'TW — g1 ng) x VEW} . Vo
Q Q
Lemma C.4 implies that

1€ oo () < Sup 2]+ ¢ (IGP| Lo @) + 1VED || Lao(ey)

and the claim follows from the estimate (138) and Proposition 6.2.

In the case of the boundary condition (4), the Propositions 6.2 and 6.6 yield the global bound-
edness of the components 5(1), 5(2). Using the relation (127) and the triangle inequality,

sup €O < Ky sgp(\g(”\ +h]) + | Oal ) s (139)

and the claim follows from (83) and Proposition 6.2. O

7 W?P— regularity

This section is essentially devoted to the proof of the Theorem 2.3. In the case that the com-
patibility condition (24) is violated, it is still possible to prove the existence of second weak
derivatives for the weak solution to (P). This is based on the following observation.

Lemma 7.1. Let g € C''(R) be nonnegative and nondecreasing, and assume moreover that
M, = f_Jr;o [t| ¢’(t) dt < oo. Then the mapping B, of Lemma 5.3 satisfies for all u &
W12(Q) the inequality

(By(u), g(u)) < cM,. (140)

Proof. Fort € R, define G fo sg ds The function G is by assumption bounded by
the number M,, and for u € VV2 2(Q) arbltrary, the identity

(B, (u), glu)) = /F Fala, A,)7® VG (), (141)
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is valid. For the (PN)—case of (17), integration by parts yields (cp. (107))

(B,,(u),g(u)):/r(cotm v ”11+7 v“f’ll)a(u)

033 023
+ /(divr(cot at?) —A7 + divp () —7) G(u). (142)
r mp mp

Observe that under the assumptions of the present Lemma

pt / G(u) < M, p~ ' meas({x € T : dist(z,['N S) < p})
{zel : dist(z,I'NS)<p}
— M, meas(I'N S). (143)

Arguing as in (108), (110), the inequality (140) follows. The arguments for (PD) are completely
similar. In Lemma 5.3, we have already proved that the mapping Bp extends by density to an
element of L(W12(Q), [W12(Q)]*). In view of the continuity property (105), the inequality
(140) is valid for all u € W12(Q). O

Proof of Theorem 2.3. For § €]0, 1], consider the function

1

gs(t) :=sign(t) (1 — W) :

(144)

Then, g5(t) = (1+8) (14]¢])~27%, and it follows that M,,, < oo. We consider the relation (116)
in the case of (Py). In the case of (Pp ), we start from (120) and the arguments are completely
similar. In (116), choose v := g(;(wp) as the test function. Using in particular Lemma 7.1, we
can prove that there is C' independent of p such that

/ (mpy") ™" g5(w,) FpVw, - Vw, < C. (145)
Q

It is to note here that the uniform bounds on GS’) (Lemma 4.3), on sz (Lemma 4.4) and
on pr (Prop 5.2) are still valid since obtained independently of the condition (24). Denote
hs(t) :== fo \/g5(s) ds. The function hs is globally bounded, and the inequality (145) shows
that there is C mdependent of p such that || Vhs(w),)|| L2 < C. Therefore, hs(w,) — x €
W12(Q). Moreover, using Lemma 3.1 and Lemma 4.4, we can show that y = hs(w), where
w = 5(3) + Ql. Using the lower semicontinuity of the norm, the latest and (145) yield

/gg(w) Vw|? < C. (146)
0

Let p < 2. Then, Holder’s inequality and (146) imply that

(2—p)/2
INE ( / gg<w>|w|2) ( [lsstuire- P>)
Q
02/10 (/ |1+|w||p (2+9)/(2— p)) . (147)

28



The main Theorem of [HDKRSO08] implies, via arguments similar to Lemma A.1, that there is
o > 3 such that the weak solution to (P) satisfies u € W9 (Q). This yields £6) € L%(Q).
Thanks to Lemma 4.4, Q; € L%(9). Therefore, w € L*(), s = min{qo, 6}.1fp < 25/(s+
2), then there is 0 > 0 such that the right-hand of (147) is finite, which implies that Vw €
LP(£2). We obtain that £3) € L*(Q) N WP(Q). Due to Lemma 4.1, also £2) € L*(Q) N
Whe(Q). Therefore, Vu € WhHP(Q;) fori = 1, 2. O

A An auxiliary regularity result

Lemma A.l. Let F € [L®(Q)]® with 3 < gy < 3 4 6 (0 = a positive constant defined in the
paper [HDKRSO08]). Assume that u € leQ(Q) satisfies

/Wu-wz/ﬂw, YoeWh2(Q). (148)
Q Q

Then u belongs to W% (), and it satisfies the estimate

ullwrawo@) < c(1F|lzow + cs {1l z2@) + 1 Vullz2@)}) - (149)

The constant ¢ depends on €2, ko and k. The constant cg depends on the surface S only upon
its C' —norm, and on the matrices k; (¢ = 1, 2) upon their C'—norm.

Proof. For simplicity, we only prove the regularity in a neighbourhood D (D C R3 open) of
the curve I' N S, which is clearly the challenging point. For 2z, € I' N S, there are, due to
the definition of C? surfaces, a neighbourhood U of xy and a Cz—Diffeomorphism ¢ maps U
onto the unit cube 1, and such that ¢(zy) = 0, p(I'NU) =] — 1,1[x{0} x| — 1,1] and
H(SNU) =] —1,1[x] — 1,1[x{0}. Define ¢ := ¢~ 1.

To attain the model configuration of the paper [HDKRS08], consider for 0 < r < 1 a prism
P, = A, x] —r, r[C Qq, where A, is an equilateral triangle with sidelength = 7, and with
its base located in the line | — 1, 1[x{0} x {0}. Denote, I, := 0P,N] —1,1[x{0}x] —1,1],
and X, := 0P, \ I',.. Due to the choice of P,, there is ry = (.S, I') such that ¢(P,) C U
forall r < rg.

Transforming the formula (148), we obtain that

/ uVi - Vi = / F-Vio, YoeWy(P). (150)
where & = wu o 1, and p is the piecewise Lipschitz ~continuous, symmetric, and uniformely
positive definite matrix | det 1’| (¢') ™! x (¢')~T, and F is the vector field | det ¢'| (¢/)~T F.
Introduce the (in P,) piecewise constant matrix 1° such that pd := pu;(0) for i = 1,2. If

(UNS Wzlf(Pr), satisfies

/,uOVw-V@:/ F-Vi, VoeWg?(P), (151)
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the Theorem 1.2 in [HDKRSO08] implies that there is a constant ¢y = co(,uo) such that
W || wiao P) S Co [ L0 (Py) -
e llwranr,) < co || (152)

(The independence of ¢y on 7 is easy to check: use the transformation \Ilr(:c) := rx from the
unit prism P; onto P,, and apply on P; the Theorem 1.2 of [HDKRSO08]).

It has been shown for instance in [ERS07] that the Banach perturbation arguments implies the
existence of a positive ry = ro(,u), such that for all » < rq, and for u satisfying (150)

~ Co
IVallwroop,) < T()(IIFllmom )+ {||F||L2 p) HIVallze,)})

where f(r) := ||t — pol| L= (p,)-

The maximal allowed size of r depends only on the surfaces S, I', and on the uniform continuity
of the matrices «;, so that finite covering of a neighbourhood of the curve I' N S'is possible. O

B Auxiliary propositions concerning trace spaces

We at first note a useful elementary property of the spaces Wl/q"q(f‘).

LemmaB.1. Let 1 < ¢ < oo arbitrary. If u € W4 4(T") and g € C%'(T"), then g u belongs
to WW1/4-4(T"), and there is a constant ¢ = ¢(q, I') such that

g ullwisaay < cqllgllcorqy llwllwrraaqry

Proof. For g = oo the claim is obvious. Otherwise, the triangle inequality implies that

9l / / Do) L)L g, 4,
/\ ) ( ) |2+(q/)! dy)dzx +/\g %dy)dx.

Define ¢, := supxep(fF |z — y|~" dy)/9. Due to Lipschitz continuity of g, it follows that

gl ey < E 1Vl e allzoay + Ngllze Nl

and (B.1) follows easily. O

The following Lemma states basic properties of the spaces V4(T"), and of the operators 4+ and
7~ (cp. (18)).

Lemma B.2. Letu € L>(2) be piecewise Lipschitz continuous, that is, y := pu; € C%1(£2;)
fort =1, 2. Then,

(1) The mapping u — i u is continuous from V4(T") into W'/94(T") forall 1 < ¢ < oo.
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(2) Define d(x) := dist(z, T'NS)forz € I'. For 1 < ¢ < oo, a function u € W4T
belongs to V4(I") if,

ﬁHL‘I(H) < Q.

Proof. (1): On T, one has ppu = p1 vy~ (u) + p2 v+ (u). Due to Lemma (B.1) and the triangle
inequality, it follows that

el amy < ™ @llwaary + oz (@ =97 @) lwa/aa
< c([Jllwreemy + lp2llwieem)) lullvery - (153)

(2): The definition of v~ implies that

(@) — ()l o
@iy = [ [ T midedy +2 [ (o), ().

dr,(z) = (| |z —y| @YD qy)r/e zeT,.
I

There are constants ¢y, ¢, suchthat ¢; d(x) < dr,(z) < cod(x) onT'y, proving the claim. O

Remark B.3. The operators of extension by zero in spaces W9 (s € R, ¢ € [1, o0]) have
been extensively studied in. The elements of the space VQ(F) satisfy a critical decay property
u/d"7 € LI(I'y) (cp. [LM61], Cor. 5.1). In the case ¢ = 2, it is possible to relate the space

V(T to the space W, ™.

In the following Lemma, we note a density property of the space V.2(I") (cp. (124)).

LemmaB.4. Assume thatu € V.2(T'). Then, there is a sequence {v }ren C C(Q)NVE(T)
such that v, — win V2(T).

Proof. We first show some preliminaries. With the abbreviation o := fy(c, A), the definition
of V.2 implies that

||U||v§(r) = HuHWl/?’?(F) + [ uHWl/QO(F) )
and since pu = p1 7y~ (u) + pe v (u), it follows that
lullvawy < lullwizemy + 1oy~ (@llwirzeey + 27" (W) llwze - (154)
Lemma B.2, (2) and LemmaB.1 yield

iy~ (W) lwrvzay < i ullwrrzam, + e w/d?| 2,
< c|lplleorr) ||U||W1/272(r) + |l U/d1/2||L2(F1)

With similar arguments, it follows from (154) that

lullvairy < i (ullwzamy + o w/d? ey + llp2 w/dV? ] 2ey) - (155)
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To start the proof of the approximation property, consider at first the truncature Tk(u) =
sign(u) min{|u|, k}, at level & € N. Due to dominated convergence, note that

2,2

Wi
i (Ti) =)/ e, = [ o,
{z€l:|u(z)|>k}

Since it is well-known that T, (u) — u in W12(Q), respectively in W1/22(T"), the inequality
(155) shows that T}, (u) — win V.2(I') as k — oo. Therefore, there is no loss of generality in
assuming u € V2(T') N L>(T).

Since i € L*°(T"), (155) implies immediately that
[ullvery < e llullvamy, VAT) CVAT). (156)

In the second step, we prove that V2(T) is dense in V2(T').

For k € N, we choose a Lipschitz continuous function 1, € C%(£2) such that

=1 if dist(z, ’'NS)>1/k,
Yr(x) § €10, 1] if1/2k < dist(x, T NS) <1/k,
=0 i dist(e, TNS) < 1/2k,
V| <k, supp(Viy) C{x e Q : dist(z, T'NS) < 1/k}. (157)

Then the sequence {¢)}, u} is uniformly bounded in W%2(Q) and in W1/2%(T"), since
Ju Vil < lull ey b mes(supp(Vi5)) 7 < €

Since also ¢y, |u| < |u| on T, the inequality (155) shows that the sequence {1y u} is uniformly
bounded in V?(T") as well. Due to the Hilbert space structure of V.2(T'), ¢, u — u in V2(T)
for a subsequence.

Weak and strong closure are identical for convex sets (an argument sometimes called Mazur's
Lemma), and we can extract a sequence of convex combinations of 1/, u that strongly converges
towin V2.

In the third step, we show that C*°(Q) N V2(T") is dense in V2(T). If & € V2(T'), then the
extension by zero on S (same denotation) satisfies @ € W'/%2(0€);) for i = 1, 2. Therefore,
via extension into {2 with the trace theorem, there is a sequence {(;} C C°(€2\ S) such that
(e — @in W12(Q;). Thus, with the argument of Lemma B.2, (2)

17~ (G — a)HW1/272(F) = ||k — a||W1/2»2(891) — 0,
establishing the density in V2.

For ¢ > 0, there is thanks to the first and second steps of this proof a @, € V?(T'), such
that ||u — @c|lvzy < e Due to the third step, there is (. € C*°(Q) N V*(I") such that
¢ = tellv2(ry < €. It follows from (156) that

|u = Cellvzy < llu—tcllvery + 16 — Tellvar < (1+c2)e,

proving the approximation property. O
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LemmaB.5. Letpu, = Lp(,u) denote the approximation (34) of the coefficient x. Assume that
w € VH(T). Then, limy—o ||t ull w2y = I ullwzsm).

Proof. In the step three of the proof of Lemma B.4, we have proved that C'2°(€2\ S) is dense in
V2(T). Letuy, € C°(Q\ S), up — win V(T'). For k fixed and p sufficiently small, we have

pour = pu onT, [12p ukllvery = [l ullvery -

Since u, — win V(I), then puy, — puin W/22(I") due to Lemma B.2, (1), and the claim
follows. O

C Some useful properties

Lemma C.1. Let1 < g < oo arbitrary, let g € W4(Q), and let 7 € {7V, 7™} where 7!
is defined by (9). For v € W27 (Q),

/Fg(T-VU) _ /chrl(g ( x np)) - Vo, (158)

/Fg(T-Vv)

Proof. The representation (158) follows from integration by parts. The estimate (159) is obvious
due to Holder’s inequality. O

< (9o ll9llzec) + [IVgllLa@) V[l Lo () - (159)

Lemma C.2. Forallu € WH%(Q), we have the estimate
||“||%2(r) < o |Vl 2o Jull 2 - (160)
Proof. The inequality (160) is proved in [LU68], Ch. 2, Paragraph 2. O

The proof of the following Lemma follows from elementary vector identities.

Lemma C.3. Let T T'®) pe given by (10), and let 7(1), 7(2) be given by (9). Then, we have
onI’

TO . W =1 7O .;& =g TW.pr=0, (161)
T(2) . 7_(1) — 0’ T(z) . 7—(2) = cos T(z) -nr = sin« (162)
ng -7 =0, ng-7% =—sina, ng-nr=-cosa. (163)

Lemma C.4. Let gy > 3 be an arbitrary real number, and let my € N. For all mN such that
m > my, letu € WH2(Q) satisfy

Lq(l) (Q) Y (164)

/Q V(u—m) P < K| V(u—m)*|
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Then, there is a consant ¢ depending on {2 such that sup, © < mg + ¢ K. Under the same
conditions, let u satisfy

/ IV (u+m) |2 < K [[V(u+m)| (165)
Q

Lq(/) (Q) 9
Then, info u > —mgy — ¢ K with a constant ¢ depending on €.

Proof. Lemma C.4 follows from a (nowadays classical) Lemma by G. Stampacchia [Sta65].
Complements to the original proof are to find, for instance, in [Tro87], Ch. 2, Section 2.3. Similar
results were obtained in [LU68], Ch. 3, Paragraph 13. O
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