A substitute for the maximum principle for singularly perturbed time-dependent semilinear reaction-diffusion problems II. Upper and lower solutions for problems with Neumann boundary conditions

Simona B. Savescu

submitted: November 17, 2010

Weierstraß-Institut für Angewandte Analysis und Stochastik Mohrenstr. 39 10117 Berlin Germany E-Mail: Simona.B.Savescu@wias-berlin.de

Weierstraß-Institut

für Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint No. 1566 Berlin 2010

2000 Mathematics Subject Classification. 35B50, 35K57, 65L11, 35K58, 65N06. Key words and phrases. Time-dependent semilinear reaction-diffusion, singular perturbation, maximum principle (lack of), upper and lower solutions, boundary function.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Leibniz-Institut im Forschungsverbund Berlin e. V. Mohrenstraße 39 10117 Berlin Germany

Fax: +49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

The boundary function method for a singularly perturbed time dependent reactiondiffusion problem with Neumann boundary conditions is modified by means of a small parameter (p) featuring in the layer functions, which allows the indication of their exponential decay rates. These functions derived by first order perturbation theory are the ingredients of upper and lower solutions providing existence of solution in the absence of a maximum principle. This solution is also unique.

Outline

The singular perturbation approach is an analytical tool for systems in which some states change faster than others, in that a full system can be divided into two time-scale systems - reduced (slow) and layer (fast) models, for instance, processes involving both electrical and mechanical phenomena, where electrical phenomena evolve much faster than the mechanical ones. In electroanalytical chemistry, singularly perturbed problems model diffusion processes complicated by chemical reactions. In physical chemistry or chemical engineering the singular perturbation parameters multiplying the highest derivatives describe the diffusion coefficients of substances, while reaction terms vary with temperature or chemical concentration in a reactor and their sign denote exothermic or endothermic reactions, respectively [5]. Discrepancies between magnitude orders of different components of a phenomenon are described by small parameters within the mathematical model (singular perturbation parameters). They induce extremely narrow regions in the solution, namely layers, which are difficult to compute by standard methods. Based on perturbation theory, the boundary function method of Vasil’eva [10] prescribes problems for functions depending on rescaled variables which describe the layers. We begin our analysis with the uniqueness of the solution. In Section 2 we define the lower and upper solutions. An asymptotic analysis is performed in Section 3 and perturbing the asymptotic expansion from [11], the upper and lower solutions are set. The main result encompassed by Theorem 3.6 is the existence of solution in a vicinity of the asymptotic expansion.

1 Uniqueness of solution and assumptions

For sufficiently smooth real functions u = u(x, t ), φ (x) and f = f (x, t, u ), consider the non(semi)-linear initial-value problem with Neumann boundary conditions

F u ≡ ε^2 [u_t − u_{xx} ] + f (x, t, u ) = 0 , (x, t ) ∈ (0, 1) × (0, T], (1)

u(x, 0) = φ (x), x ∈ [0, 1], (2) ∂u ∂x (0, t) = ∂u ∂x (1, t) = 0 , t ∈ (0, T]. (3)

The small positive parameter ε ≪ 1 induces initial and corner layers and a weak boundary layer at x = 0 . For simplicity we neglect the boundary layer at x = 1 .

Proposition 1.1. Problem (1), (2), (3) has at most one solution.

Proof. Assume that ū and u are two solutions of (1), (2), (3). Set d = u − ū, which is solution of the problem

ε^2 [d_t − d_{xx} ] + f (x, t, u ) − f (x, t, ū) = 0 , (x, t ) ∈ (0, 1) × (0, T], (4)

d(x, 0) = 0 , x ∈ [0, 1], (5) ∂d ∂x (0, t)0 = ∂d ∂x (1, t), t ∈ (0, T]. (6)

Further setting

p(x, t ) :=

�_1 0 f_u (x, t, u + sd)ds,

by the mean value theorem, (4) yields

ε^2 � ∂ ∂t − ∂^2 ∂x^2 � d + d p(x, t ) = 0 .

For some positive constants K_1 and K_2 , which may depend on ε and T, |u| and |ū| are at least K_1 , hence f_u ≥ − K_2 in [0, 1] × [0, T] × [− K_1 , K_1 ]. By means of the transformation y := d e^{− tK 2 /ε 2} , which satisfies � � � � � � ε^2 � ∂ ∂t − ∂^2 ∂x^2 � y + ( K_2 + p)y = 0

y(x, 0) = 0 ∂y ∂x (0, t) = 0 = ∂y ∂x (1, t),

the maximum principle [8] yields y = 0 for all (x, t ).

We consider the problem (1), (2), (3) under the following assumptions: A1. The reduced equation, obtained by setting ε = 0 in (1)

f (x, t, u (x, t )) = 0 , (x, t ) ∈ (0, 1) × (0, T) (7)

has a sufficiently smooth solution u_0 (x, t ) that is stable, i.e., for some positive γ

f_u (x, t, u_0 (x, t )) > γ^2 > 0 ∀ (x, t ) ∈ [0, 1] × [0, T]; (8)

A2. The initial condition belongs to the domain of attraction of the reduced solution u_0 :

f (x, 0, u_0 (x, 0) + s) s > 0 ∀ s ∈ (0, φ (x) − u_0 (x, 0)], x ∈ [0, 1], (9)

with φ (x) − u_0 (x, 0) ≥ 0, otherwise (9) is satisfied for s ∈ [φ (x) − u_0 (x, 0), 0). We further assume the compatibility conditions

φ_x (0) = 0 , φ_x (1) = 0 . (10)

Differentiating (1) with respect to x, we obtain

ε^2 (u_{tx} (x, t ) − u_{xxx} (x, t )) + f_x (x, t, u (x, t )) + f_u (x, t, u (x, t ))u_x (x, t ) = 0 ,

where we set (x, t ) = (0 , 0) and use (3) and the first condition in (10). Thus, skipping the first term of order O(ε^2 ), we also impose the compatibility condition

f_x (0, 0, φ (0)) = 0 . (11)

2 Sub-solutions and super-solutions

Definition 2.1. Let α (x, t ) and β(x, t ) be functions continuously mapping [0, 1] × [0, T] into R. Function α (x, t ) is sub-solution of the problem (1), (2), (3) and β(x, t ) is super-solution of the problem if:

α (x, t ) ≤ β(x, t ) ∀ (x, t ) ∈ [0, 1] × [0, T]; (12)

F α ≤ 0, F β ≥ 0 ∀ (x, t ) ∈ [0, 1] × [0, T]; (13) − ∂α ∂x (0, t) ≤ 0 ≤ − ∂β ∂x (0, t), ∂α ∂x (1, t) ≤ 0 ≤ ∂β ∂x (1, t) ∀ t ∈ [0, T]; (14)

α (x, 0) ≤ φ (x) ≤ β(x, 0) ∀ x ∈ [0, 1]. (15)

Adapting Pao’s theorem from [7], we prove that existence of sub-solutions and super-solutions provides existence of a unique solution of problem (1), (2), (3) located between them. Theorem 2.1. Existence of sub-solutions α and super-solutions β provides existence of a solution u (x, t ) of the problem (1), (2), (3), with α (x, t ) ≤ u (x, t ) ≤ β(x, t ). (16) Proof. While u is in the sector [α, β ], the function f_u (x, t, u ) is bounded by K (x, t ) = max

u ∈ [α,β ]

|f_u (x, t, u )|

because it is continuous. Then for all (x, t ) ∈ (0, 1) × (0, T), and , α ≤ u_2 ≤ u_1 ≤ β, f (x, t, u_1 ) − f (x, t, u_2 ) ≥ − (u_1 − u_2 )K (x, t ). (17) Function K (x, t ) being continuous, B (x, t, u ) ≡ K (x, t )u − f (x, t, u ) (18) is also continuous in [0, 1] × [0, T] × [α, β ] and monotone nondecreasing in u ∈ [α, β ] : B (x, t, u_1 ) − B (x, t, u_2 ) ≥ 0, β ≥ u_1 ≥ u_2 ≥ α. (19) Following [7], we define the operator L[u] ≡ ε^2 [u_t − u_{xx} ] + K (x, t )u (20) and consider the differential equation L[u] = B (x, t, u ) (21) with B given by (18), which is equivalent to (1), and the same initial and boundary conditions ∂u ∂x (0, t) = ∂u ∂x (1, t) = 0 , u(0, x) = φ (x). (22)

The sub-solutions and super-solutions of the problem (21), (22) must satisfy the same conditions as in Definition 2.1 for (1), (2), (3), with the only difference that in (13) the operator F is replaced by L. We construct the sequences { α^{(k )} } by L[α^{(k )} ] = B (x, t, α^{(k − 1)} ), α^{(0)} = α (23) and { β^{(k )} } by L[β^{(k )} ] = B (x, t, β^{(k − 1)} ), β^{(0)} = β, (24) where k = 1 , 2, ..., with the boundary and initial conditions ∂α^{(k )} ∂x (0, t) =

∂α^{(k )} ∂x (1, t) = 0 ,

α^{(k )} (0, x) = φ (x), (25)

∂β^{(k )} ∂x (0, t) =

∂β^{(k )} ∂x (1, t) = 0 , β^{(k )} (0, x) = φ (x), (26) and refer to them as lower and upper sequences. We prove that (i) Each α^{(k )} is a sub-solution and each β^{(k )} is a super-solution; the lower and upper sequences possess the monotone property

α ≤ α^{(k )} ≤ α^{(k +1)} ≤ β^{(k +1)} ≤ β^{(k )} ≤ β in [0, 1] × [0, T]. (27) Let w = β^{(0)} − β^{(1)} = β − β^{(1)} . In (13) of Definition (2.1) we replaced the operator F by L, yielding L[w] = L[β^{(0)} ] − B (x, t, β^{(0)} ) ≥ 0.

From (24) and (26) ∂w ∂x (0, t) = ∂β ∂x (0, t) −

∂β^{(1)} ∂x (0, t) ≤ 0, ∂w ∂x (1, t) = ∂β ∂x (1, t) −

∂β^{(1)} ∂x (1, t) ≥ 0,

w(x, 0) = β(x, 0) − φ (x) ≥ 0. By the maximum principle [8, ch. 3], w(x, t ) ≥ 0, so β^{(1)} ≤ β^{(0)} . Similarly, α^{(1)} ≥ α^{(0)} . Let w^{(1)} = β^{(1)} − α^{(1)} . From (23), (24), (25), (26) and the monotone property of B in (19) we have L[w^{(1)} ] = B (x, t, β^{(0)} ) − B (x, t, α^{(0)} ) ≥ 0, ∂w^{(1)} ∂x (0, t) = 0 ,

∂w^{(1)} ∂x (1, t) = 0 , w^{(1)} (x, 0) = φ (x) − φ (x) = 0 and from the maximum principle it follows that w^{(1)} ≥ 0 in [0, 1]× [0, T]. Hence α^{(0)} ≤ α^{(1)} ≤ β^{(1)} ≤ β^{(0)} in [0, 1] × [0, T].

Assume now by induction that

α^{(k − 1)} (x, t ) ≤ α^{(k )} (x, t ) ≤ β^{(k )} (x, t ) ≤ β^{(k − 1)} (x, t ) in [0, 1] × [0, T]. Then by (23), (24), (25), (26) and from the monotone property of B in (19), w^{(k )} = β^{(k )} − β^{(k +1)} satisfies Lw^{(k )} = B (x, t, β^{(k − 1)} ) − B (x, t, β^{(k )} ) ≥ 0 and the boundary and initial conditions as for w^{(1)} . Hence w^{(k )} ≥ 0 and β^{(k +1)} ≤ β^{(k )} .

Similarly, α^{(k +1)} ≥ α^{(k )} , β^{(k +1)} ≥ α^{(k +1)} .

By the principle of induction, assertion (i) is established for all k. To prove that each element of the lower sequence is sub-solution, from (23) and (25) we have ε^2 [α^{(k )}_t − α^{(k )}_{xx} ] = K (x, t )(α^{(k − 1)} − α^{(k )} ) − f (x, t, α^{(k − 1)} ) = K (x, t )(α^{(k − 1)} − α^{(k )} ) + [ f (x, t, α^{(k )} ) − f (x, t, α^{(k − 1)} )] − f (x, t, α^{(k )} ), so by (17) and (27) F α^{(k )} = ε^2 [α^{(k )}_t − α^{(k )}_{xx} ] + f (x, t, α^{(k )} ) ≤ 0.

Hence (13) is satisfied. Due to the boundary and initial conditions (25), (14) and (15) are satisfied by α^{(k )} . From (24) and (26) we have ε^2 [β^{(k )}_t − β^{(k )}_{xx} ] = K (x, t )(β^{(k − 1)} − β^{(k )} ) − f (x, t, β^{(k − 1)} ) = K (β^{(k − 1)} − β^{(k )} ) + [ f (x, t, β^{(k )} ) − f (x, t, β^{(k − 1)} )] − f (x, t, β^{(k )} ), so by (17) and (27) F β^{(k )} = ε^2 [β^{(k )}_t − β^{(k )}_{xx} ] + f (x, t, β^{(k )} ) ≥ 0.

From the boundary and initial conditions (26) it follows that (14) and (15) are satisfied by β^{(k )} and from (27), that α^{(k )} ≤ β^{(k )} . Therefore, by Definition (2.1), α^{(k )} is sub-solution and β^{(k )} is super-solution of (1), (2), (3). (ii) The pointwise limits lim k →∞

β^{(k )} (x, t ) and lim

k →∞

α^{(k )} (x, t ) (28) exist and satisfy in [0, 1] × [0, T] α (x, t ) ≤ α^{(k )} (x, t ) ≤ α^{(k +1)} (x, t ) ≤ lim

k →∞

α^{(k )} (x, t ) ≤ ≤ lim

k →∞

β^{(k )} (x, t ) ≤ β^{(k +1)} (x, t ) ≤ β^{(k )} (x, t ) ≤ β(x, t ). (29) Indeed, since by (i) the sequence { β^{(k )} } is monotone nonincreasing and is bounded from below and the sequence { α^{(k )} } is monotone nondecreasing and is bounded from above, the pointwise limits of these sequences exist and satisfy (29). (iii) If the limits (28) are solutions of (1), (2), (3), then lim k →∞

β^{(k )} (x, t ) = lim_{k →∞} α^{(k )} (x, t ) and is the solution in the [α, β ]. Indeed, let d = lim_{k →∞} α^{(k )} (x, t ) − lim

k →∞

β^{(k )} (x, t ) ≤ 0. Then d satisfies the relation ε^2 [d_t − d_{xx} ] = − f (x, t, α ) + f (x, t, β ) ≥

≥ − K (x, t )[ lim

k →∞

β^{(k )} (x, t ) − lim

k →∞

α^{(k )} (x, t )] = K (x, t )d and the boundary and initial conditions ∂d ∂x (0, t) = 0 , ∂d ∂x (1, t) = 0 for t ∈ [0, T]; d(x, 0) = 0 for x ∈ [0, 1].

By the maximum principle d ≥ 0 in [0, 1] × [0, T], yielding lim k →∞

β^{(k )} (x, t ) = lim_{k →∞} α^{(k )} (x, t ).

3 Asymptotic analysis

We construct the sub-solutions and super-solutions by perturbing the asymptotic expansion from [11]. Assume that ∂u_0 ∂x (1, t) = 0 , (30) so there is no boundary layer at x = 1 . We shall see that there is a weak boundary layer at x = 0 . Performing a variable stretching ξ = x/ε and τ = t/ε^2 and denoting by v_0 and v_1 the terms of the boundary layer function, q_0 and q_1 the terms of the corner function and w_0 the initial layer function, we write an asymptotic expansion of order one of the solution:

u_{as} = u_0 (x, t ) + v_0 (ξ, t) + εv_1 (ξ, t) + w_0 (x, τ ) + q_0 (ξ, τ) + εq_1 (ξ, τ). (31) We define the functions F (x, t, s ) := f (x, t, u_0 (x, t ) + s), F̃ (x, t, s ; p) = f (x, t, u_0 (x, t ) + s) − ps. (32) The perturbed function F̃ , with |p| < ε, is used in the setting of perturbed zero-order terms of the boundary-layer and initial-layer functions, which will be included in the construction of sub-solutions - for negative small values −| p| - and super-solutions - for positive small values |p|. The following properties of F yield from u_0 being a reduced solution: F (x, t, s ) = F (x, t, 0) + O(s) = O(s), (33) F_x (x, t, 0) = F_{xx} (x, t, 0) = F_t (x, t, 0) = 0 , (34) giving

|F_x (x, t, s )| ≤ C|s|, |F_{xx} (x, t, s )| ≤ C|s|, |F_t (x, t, s )| ≤ C|s|. (35) with C a positive constant. Analogously, F̃ (x, t, 0) = 0 implies F̃_x (x, t, 0) = 0 and F̃_t (x, t, 0) = 0 , so F̃_x (x, t, s ) − F̃_x (x, t, 0) = s F̃_{xs} (x, t, ŝ) and

|F̃_x (x, t, s )| ≤ C|s|, |F̃_{xx} (x, t, s )| ≤ C|s|, |F̃_t (x, t, s )| ≤ C|s|. (36)

For any differentiable function g, with the notations g � �^b_a = g(b) − g(a), g � �^c_{a ;b} = g(c) − g(b) − g(a), (37)

since g(a + b) − g(a) − g(b) + g(0) = a b g^{′′}(θ), if g(0) = 0 , then g � �^{a + b}_{a ;b} = O(|ab|).

Therefore, F̃ (x, t, 0) = 0 implies

F̃ (x, t, ·)�^{a + b}_{a ;b} = O(|ab|). (38)

3.1 Boundary-layer function

From (31) and the left boundary condition we obtain

∂u_0 ∂x (0, t) + 1 ε ∂(v_0 + εv_1 ) ∂ξ (0, t) = 0 ,

i.e., 1 ε ∂v_0 ∂ξ (0, t) +

∂v_1 ∂ξ (0, t) = −

∂u_0 ∂x (0, t) (39)

and equalize the terms in (39) containing same powers of ε :

ε^{− 1} terms :

∂v_0 ∂ξ (0, t) = 0

ε^0 terms :

∂v_1 ∂ξ (0, t) = −

∂u_0 ∂x (0, t). (40)

Set the zero-order term of the boundary-layer function v_0 (ξ, t) as the solution of � � � � � � �

∂^2 v_0 ∂ξ^2

= F (x, t, v_0 ) ∂v_0 ∂ξ � ξ=0 = 0

v_0 |_{ξ→∞} = 0 .

(41)

Homogeneous boundary conditions in (41) and F (x, t, 0) = 0 imply that v_0 = 0 is solution of (41). This is not the case for a problem with Dirichlet boundary conditions [9, 2] . Therefore, the boundary-layer component of the asymptotic expansion is v_0 + εv_1 = εv_1 , so we deal with a weak boundary layer. Now set the boundary layer term of order one v_1 (ξ, t) as solution of � � � � � �

− ∂^2 v_1 ∂ξ^2

+ v_1 F_s (0, t, v_0 (x, t )) + ξF_x (0, t, v_0 (0, t)) = 0 ∂v_1 ∂ξ |_{ξ=0} = −

∂u_0 ∂x v_1 |_{ξ→∞} = 0 .

(42)

With (30) and v_0 vanishing, (42) becomes � � � � �

− ∂^2 v_1 ∂ξ^2

+ v_1 F_s (0, t, 0) = 0 ∂v_1 ∂ξ |_{ξ=0} = −

∂u_0 ∂x (0, t)

v_1 |_{ξ→∞} = 0 .

(43)

For v_0 we have a nonlinear autonomous ordinary differential equation, whereas for v_1 , a linear ordinary differential equation. Assumption A1 ensures existence of v_0 and existence and asymptotic properties of v_1 . Using assumption A1 to set γ^2_L := min_{t ≥ 0} f_u (0, t, u_0 (0, t)) > γ^2 , (44)

for some positive δ and γ_L we have the upper bounds

|v^{(k )}_1 | ≤ C_δ e^{− (γ L − δ)ξ} for ξ ∈ [0, ∞ ), k = 0, 4. (45)

A proof for this estimate features in [2] for the problem with Dirichlet boundary conditions, while the property F_s (0, t, 0) ≥ γ^2_L in our case simplifies the argument therein. Also, the following estimates hold true: � � � ∂^kṽ_0 ∂ξ^k � � �+ � � � ∂^lṽ_0 ∂t^l � � �+ ∂ṽ_0 ∂p ≤ C_δ e^{− (γ L − √ p 0 − δ)ξ} (46)

for ξ, t ≥ 0, k = 0 , ..., 4, l = 0 , 1, 2;

ε^2 � ∂ ∂t − ∂^2 ∂x^2 � (εv_1 ) + F (x, t, εv_1 ) = O(ε^2 ). (47)

3.2 Initial-layer function

Using the stretched variable τ = t/ε^2 , we construct a initial-layer function and its perturbation to describe the solution near t = 0 . We define w_0 (x, τ ) as the solution of the initial-value problem

∂w_0 ∂τ = − F (x, 0, w_0 ), τ > 0, w_0 (x, 0) = φ (x) − u_0 (x, 0) (48)

and set the perturbed function w̃_0 (x, τ ; p) with w̃_0 (x, τ ; 0) = w_0 (x, τ ) as solution of the initial-value problem

∂w̃_0 ∂τ = − F̃ (x, 0, w̃_0 ; p) τ > 0, w̃_0 (x, 0; p) = φ (x) − u_0 (x, 0). (49)

The problem for w_0 � w_{0,τ} (x, τ ) = − F (x, 0, w_0 (x, τ )) w_0 (x, 0) = φ (x) − u_0 (x, 0)

(50)

has a solution satisfying w_0 (x, ∞ ) = 0 and the problem for the perturbed initial layer function � w̃_{0,τ} (x, τ, p) = − F (x, 0, w̃_0 (x, τ, p)) + pw̃_0 (x, τ, p) w̃_0 (x, 0, p) = φ (x) − u_0 (x, 0)

(51) also has a solution satisfying lim_{τ →∞} w̃_0 (x, τ, p) = 0 . In comparison with a problem with Dirichlet boundary conditions where the zero-order term of the initial-layer function in x = 0 is 0, for our problem the initial-layer function in 0 does not vanish. Let

γ^2_0 := min

x ∈ [0,1]

f_u (x, 0, u_0 (x, 0)) > γ^2 , (52)

where γ is the positive constant from assumption A1. The non-negative value γ_0 will feature in the construction of layer-adapted meshes and in the following

Proposition 3.1. (i) There exists p_0 ∈ (0, γ^2_0 ) such that for all p with |p| ≤ p_0 , problem (51) has a solution. (ii) The initial-layer function w_0 and the perturbed initial-layer function w̃_0 satisfy w_0 (x, τ ) ≥ 0,

∂w̃_0 ∂p ≥ 0 ∀ x ∈ [0, 1] ∀ τ ≥ 0. (53)

For an arbitrarily small but fixed δ ∈ (0, γ^2_0 − p_0 ), there exists a positive constant C_δ such that for k = 0, 4 and l = 0, 2 the following estimate holds true: � � � ∂^l w̃_0 ∂τ^l � � �+ � � � ∂w̃_0 ∂x^k � � �+ � � � ∂w̃_0 ∂p � � �≤ C^δ e^{− (γ} 2 0 −| p_0 |− δ)τ ∀ x ∈ [0, 1] ;∀ τ ≥ 0. (54)

The proof from [2] for the initial-layer function of the problem with Dirichlet boundary conditions is fully valid here and is based on the following result which we shall also use in the next subsection to estimate the derivatives of the corner function:

Lemma 1. Consider the initial value problem d dτ ω = − ϕ(ω ) for τ > 0, ω (0) = ω_0 ≥ 0, ω (∞ ) = 0 , (55)

Let a sufficiently smooth function ϕ satisfy

ϕ(0) = 0 , ϕ^′(0) > 0, ϕ(s) > 0, ∀ s ∈ (0, ω_0 ]. (56)

1. Then the problem (55) has a solution 0 ≤ ω ≤ ω_0 and for any arbitrarily small, but fixed δ ∈ (0, ϕ^′(0)) , there exists a constant C_δ such that

|ω | + |ω^′| + |ω^{′′}| ≤ ω_0 C_δ exp[− (ϕ^′(0) − δ)τ] for τ ≥ 0. (57)

2. Set

ω̂ := � � � ω ω_0 if ω_0 > 0

e^{− ϕ ′(0) τ} if ω_0 = 0 .

(58)

Then the linear problem d dτ χ + χϕ^′(ω ) = ψ (τ) for τ > 0; χ (0) = χ_0 ; χ (∞ ) = 0 , (59)

where |χ_0 | ≤ C and

|ψ (τ)| ≤ C(1 + τ^m )ω̂ (x, τ ) for some m ≥ 0, (60)

Figure 1: Phase plane: the horizontal axis is ω (x, τ ); the vertical axis is ω^′(τ). There exists a trajectory that leaves the point (ω 0 , − ϕ(ω 0 )) and enters the point (0, 0). The fact that ω > 0 and ω^′ < 0 means that the plot of ω^′ versus ω enters the origin from quadrant IV. Hence ω becomes zero at infinity

has a solution that satisfies

|χ (τ)| ≤ C(χ_0 + 1 + τ^{m +1} )ω̂ (x, τ ). (61)

If we also have χ_0 = 0 and ψ ≥ 0, then χ ≥ 0 for all τ ≥ 0.

We only sketch the part of the proof which is going to be used in the corner function; for the remaining part of the proof we refer the reader to [2].

Proof. 1. If ω_0 = 0 , then ω (x, τ ) = 0 for all τ and the assertion follows. If ω_0 > 0, from (56) this gives ϕ(s) > 0, s ∈ (0, ω_0 ]. Consider the phase plane (ω, ω^′) for the equation ω^′ = − ϕ(ω ). By (56), there exists a trajectory that leaves the point (ω_0 , − ϕ(ω_0 )) and enters the point (0, 0), as shown by Figure 1. Furthermore, since ϕ(ω ) > 0 for all ω ∈ (0, ω_0 ], this entire trajectory lies in the quarter plane { ω > 0, ω^′ < 0}. Therefore the corresponding solution ω (x, τ ) is positive and decreasing to zero. It remains to show that the solution trajectory enters (0, 0) as τ → ∞ and also the exponential decay estimates (57). By the definition of the derivative as a limit,

ϕ^′(0) = lim_{s → 0} ϕ(s) − ϕ(0) s − 0 , where ϕ(0) = 0 , so

lim_{s → 0} ϕ(s) s = ϕ^′(0),

i.e. that for any δ ∈ (0, ϕ^′(0)) , there exists s_δ ∈ (0, ω_0 ) such that � � �ϕ(s) s − ϕ^′(0) � � �≤ δ ∀ s ∈ [0, s_δ ]

which is ϕ^′(0) − δ ≤ ϕ(s) s ≤ ϕ^′(0) + δ, ∀ s ∈ [0, s_δ ]. (62)

Furthermore, there exists τ_δ > 0 such that ω (x, τ_δ ) = s_δ . (63) Otherwise, if ω is bounded away from zero, ω (x, τ ) > s_δ for all τ, let m = min

ω ∈ [s_δ ,ω_0 ]

ϕ(s). We will use the function ϕ in its particular form ϕ(s) = f (x, 0, u_0 (x, 0) + s). Assumption A2 implies m > 0 and ϕ(ω ) ≥ m ∀τ yields ω^′ = − ϕ(ω ) ≤ − m ∀ τ.

We have ϕ(ω ) ≥

�_m

ω_0 ω for ω ∈ [sδ , ω 0 ]

(ϕ^′(0) − δ)ω for ω ∈ [0, s_δ ],

(64) i.e. ϕ(ω ) ≥ Cω ∀ω ∈ [0, ω_0 ], so − ϕ(ω ) = ω^′(τ) ≤ − m, which yields ω (x, ∞ ) = −∞ , in contradiction with (55). Hence (63) is established.

• Case τ ≥ τ_δ

The function ω (x, τ ) is decreasing, so ω (x, τ ) < ω (x, τ_δ ) = s_δ , thus ω (x, τ ) ∈ (0, s_δ ) which implies that (62) holds true ϕ^′(0) − δ ≤ ω^′ ω ≤ ϕ^′(0) + δ. (65) Integrating (65) from τ_δ to τ we obtain [ϕ^′(0) − δ](τ − τ_δ ) ≤ (ln ω )|^τ_δ ≤ [ϕ^′(0) + δ](τ − τ_δ ) e^{− [ϕ ′(0)+ δ](τ − τδ )} ≤ ω (x, τ ) ω (x, τ_δ )

≤ e^{− [ϕ ′(0) − δ](τ − τδ )} , ∀τ ≥ τ_δ . (66) As ω (x, τ_δ ) ≤ ω_0 , the estimates for ω and ω^′ in (57) follow from (66) and (65).

• Case 0 ≤ τ ≤ τ_δ As a decreasing function, ω ≤ ω_0 and for C_∗ := e^{[ϕ ′(0) − δ]τδ} we have |ω | ≤ C_∗ ω_0 e^{− [ϕ ′(0) − δ]τδ} ≤ C_∗ ω_0 e^{− [ϕ ′(0) − δ]τ} yielding the estimate for ω and from (64), where ϕ(ω ) = − ω^′, also the estimate for ω^′.

3.3 Corner-layer function

The terms of order zero and one of the corner layer function q_0 + εq_1 are characterized by lim ξ→∞ q_0 (ξ, τ) = 0 , lim

τ →∞

q_0 (ξ, τ) = 0 , (67) lim ξ→∞ q_1 (ξ, τ) = 0 , lim

τ →∞

q_1 (ξ, τ) = 0 . (68) Introducing (31) in (2) yields the compatibility condition v_0 (ξ,0) + εv_1 (ξ,0) + q_0 (ξ,0) + εq_1 (ξ,0) = 0 .

Equalizing the terms containing the power − 1 of ε, we obtain q_0 (ξ,0) = − v_0 (ξ,0) (69) and the terms containing the power 0 of ε give q_1 (ξ,0) = − v_1 (ξ,0). (70) Introducing (31) in (3) yields the compatibility condition ∂w_0 ∂x (0, τ) + 1 ε q_0 + εq_1 ∂ξ (0, τ) = 0 . (71)

Equalizing the terms with the same powers of ε in (71), we have ∂q_0 ∂ξ (0, τ) = 0 (72) and ∂q_1 ∂ξ (0, τ) = −

∂w_0 ∂x (0, τ). (73) Using the equation from (41) − ∂^2 v_0 ∂ξ^2

+ F (0, t, v_0 ) = 0

and (48), equation − ∂^2 ∂ξ^2 v_0 (ξ,0) + ∂ ∂τ w_0 (0, τ) + � ∂ ∂τ − ∂^2 ∂ξ^2 � q_0 +

+ f (0, 0, u_0 (0, 0) + v_0 (ξ,0) + w_0 (0, τ) + q_0 ) = 0 becomes � ∂ ∂τ − ∂^2 ∂ξ^2 � q_0 = − F (0, 0, v_0 (ξ,0) + w_0 (0, τ) + q_0 ) + F (0, 0, w_0 (0, τ)) − F (0, 0, v_0 (ξ,0)). (74) By v_0 = 0 and F (0, 0, 0) = 0 , the right-hand side of equation (74) becomes − F (0, 0, v_0 (ξ,0) + w_0 (0, τ) + q_0 ) + F (0, 0, w_0 (0, τ)) − F (0, 0, v_0 (ξ,0)) = = − F (0, 0, w_0 (0, τ) + q_0 ) + F (0, 0, w_0 (0, τ)).

In the horizontal part of the corner layer, along ξ, where τ = 0 , we have

u_0 (x, 0) + v_0 (ξ,0) + εv_1 (ξ,0) + w_0 (ξ,0) + q_0 (ξ,0) + εq_1 (ξ,0) = φ (x), (75)

which yields the initial condition for q_1 :

q_1 (ξ,0) = − v_1 (ξ,0). (76)

Due to the initial value w_0 (x, 0) = φ (x)− u_0 (x, 0), (75) yields the initial condition for q_0 q_0 (ξ,0) = − v_0 (ξ,0). (77) A boundary condition for q_0 is given by (72) and the initial condition is given by (69). Therefore, the problem for the zero-order term of the corner layer function q_0 (ξ, τ) is � � � ∂q_0

∂τ −^{∂2 q0}_{∂ξ2} + F (0, 0, w_0 (0, τ) + q_0 ) − F (0, 0, w_0 (0, τ)) = 0 q_0 (ξ,0) = − v_0 (ξ,0) = 0

∂q_0

∂ξ (0, τ) = 0 .

(78)

Having homogeneous initial and boundary condition, a solution of (78) is q_0 = 0 .

The first-order term of the corner layer function, q_1 (ξ, τ) is obtained by formally introducing

u_{as} = u_0 (εξ, ε^2 τ) + v_0 (ξ, ε^2 τ) + εv_1 (ξ, ε^2 τ) + w_0 (εξ, τ) + εq_1 (ξ, τ)

in the original equation (1):

ε^2 � ∂ ∂t − ∂^2 ∂x^2 � [u_0 (εξ, ε^2 τ) + v_0 (ξ, ε^2 τ) + εv_1 (ξ, ε^2 τ) + w_0 (εξ, τ) + εq_1 (ξ, τ)]+

+ F (εξ, ε^2 τ, v_0 (ξ, ε^2 τ) + εv_1 (ξ, ε^2 τ) + w_0 (εξ, τ) + εq_1 (ξ, τ)) = 0 . Here we have ε^2 � ∂ ∂t − ∂^2 ∂x^2 � u_0 = O(ε^2 ).

We use the estimates from [2]

ε^2 � ∂ ∂t − ∂^2 ∂x^2 � (v_0 + εv_1 ) + F (x, t, v_0 + εv_1 ) = O(ε^2 ). (79) and ε^2 � ∂ ∂t − ∂^2 ∂x^2 � w_0 + F (x, t, w_0 ) = O(ε^2 ). (80)

ε(q_{1,τ} − q_{1,ξξ} ) − F (εξ, ε^2 τ, w_0 (εξ, τ)) − F (εξ, ε^2 τ, v_0 (ξ, ε^2 τ) + εv_1 (ξ, ε^2 τ))+ + F (εξ, ε^2 τ, v_0 (ξ, ε^2 τ) + w_0 (εξ, τ) + εv_1 (ξ, ε^2 τ) + εq_1 (ξ, τ)) + O(ε^2 ) = 0 .

By notation (37), this can be written as

ε(q_{1,τ} − q_{1,ξξ} ) + F (εξ, ε^2 τ,·) � �^{[v0 (ξ,ε 2 τ )+ εv 1 (ξ,ε 2 τ )]+ w 0 (εξ,τ )}

[v_0 (ξ,ε^2 τ )+ εv_1 (ξ,ε^2 τ )] ; w_0 (εξ,τ ) +

+ F (εξ, ε^2 τ,·) � �^{v0 (ξ,ε 2 τ )+ εv 1 (ξ,ε 2 τ )+ w 0 (εξ,τ )+ εq 1 (ξ,τ )}

v_0 (ξ,ε^2 τ )+ εv_1 (ξ,ε^2 τ )+ w_0 (εξ,τ ) = O(ε

2 ) (81) and becomes

ε(q_{1,τ} − q_{1,ξξ} ) + F (εξ, ε^2 τ,·) � �^{[εv 1 (ξ,ε 2 τ )]+ w 0 (εξ,τ )+ εq 1 (ξ,τ )}

[εv_1 (ξ,ε^2 τ )] ; w_0 (εξ,τ ) = O(ε

2 ). (82) Now set the function G(ε) as

G(ε) = F (εξ, ε^2 τ,·)

�_{[εv 1 (ξ,ε} 2_{τ )]+ w 0 (εξ,τ )+ εq 1 (ξ,τ )}

[εv_1 (ξ,ε^2 τ )] ; w_0 (εξ,τ ) .

Then G^′(ε) = = ξF_x (εξ, ε^2 τ,·) � �^{εv 1 (ξ,ε 2 τ )+ w 0 (εξ,τ )+ εq 1 (ξ,τ )}

εv_1 (ξ,ε^2 τ ) ; w_0 (εξ,τ ) +2 ετFt (εξ, ε

2 τ,·) � �^{εv 1 (ξ,ε 2 τ )+ w 0 (εξ,τ )+ εq 1 (ξ,τ )}

εv_1 (ξ,ε^2 τ ) ; w_0 (εξ,τ ) +

+[2 ε^2 τv_{1,t} (ξ, ε^2 τ) + v_1 (ξ, ε^2 τ) + ξw_{0,x} (εξ, τ) + q_1 (ξ, τ)]· ·F_s (εξ, ε^2 τ, εv_1 (ξ, ε^2 τ) + w_0 (εξ, τ) + εq_1 (ξ, τ))− − [2ε^2 τv_{1,t} (ξ, ε^2 τ) + v_1 (ξ, ε^2 τ)] ·F_s (εξ, ε^2 τ, εv_1 (ξ, ε^2 τ))− − ξw_{0,x} (εξ, τ) ·F_s (εξ, ε^2 τ, w_0 (εξ, τ)) (83) and G(0) = F (0, 0, ·) � �^{w 0 (εξ,τ )}

0; w_0 (εξ,τ ) = 0 .

A calculation shows that

G^′(0) = [ v_1 (ξ,0) + q_1 ]F_s (0, 0, w_0 (0, τ)) − v_1 (ξ,0)F_s (0, 0, 0). Using the conditions (70) and (73), q_1 is given by the linear problem � � � ∂q_1

∂τ −^{∂2 q1}_{∂ξ2} + q_1 F_s (0, 0, w_0 (0, τ)) = − v_1 (ξ,0)F_s (0, 0, ·) � �^{w 0 (0 ,τ )} 0 q_1 (ξ,0) = − v_1 (ξ,0)

∂q_1

∂ξ (0, τ) = −^{∂w0}_{∂x} (0, τ).

(84)

Note that, by (46) and (54) � �− v1 (ξ,0)F s (0, 0, ·)

�_{w 0 (0 ,τ )} 0 � �≤ C|v1 (ξ,0)||w0 (0, τ)| ≤ Cδ e^{− (γ L − δ)ξ− (γ 20 − δ)τ} , (85) i.e., the right-hand side of the first equation in (84) is exponentially decaying. From the initial condition in (50) for x = 0 , we obtain w_{0,x} (0, 0) = φ_x (0) − u_{0,x} (0, 0).

From (40) for t = 0 we have v_{1,ξ} (0, 0) = − u_{0,x} (0, 0).

Thus, by (10), i.e. φ_x (0) = 0 , we have v_{1,ξ} (0, 0) = w_{0,x} (0, 0), (86) i.e., compatibility at the corner (0, 0). We are going to investigate solutions of the problem (84).

3.3.1 Fundamental solution for the term of order one of the cornerlayer function We now construct the operator

L = −

∂^2 ∂ξ^2

+ λ(τ), (87)

where λ(τ) = F_s (0, 0, w_0 (0, τ)) (88) and in the half plane we consider the problem � z_t + Lz = b(ξ, τ), −∞ < ξ < ∞ , τ > 0 z(0, ξ) = 0 .

(89)

The solution of (89) is

ν(ξ, τ) =

�_τ 0 dτ_0

�_∞ −∞ dξ_0 G(ξ − ξ_0 , τ − τ_0 )b(ξ_0 , τ_0 ), (90)

where G is the Green’s function of problem (89), which will be explicitly defined by G(ξ, τ − τ_0 ) = 1 √ 2π √ π √ τ − τ_0 e^{− ξ} 2 4( τ − τ 0 ) = 1 √ 2 √ τ − τ_0 e^{− ξ} 2 4( τ − τ 0 ) . (91)

Note that we do not enjoy λ > 0, but λ = λ(τ) is a function of one variable, τ, which will facilitate our analysis. In the quarter plane we have � � � ν_τ + Lu = b(ξ, t), ξ > 0, τ > 0 ν(0, ξ) = 0 ν_ξ (0, τ) = 0 .

(92)

We shall define a solution of (92) in terms of the Green’s function G of (89). We extend the function b(ξ, τ) to the left quarter plane and denote it by b^∗ :

b^∗ (ξ, τ) = � b(− ξ, τ) if ξ_0 < 0 b(ξ, τ) if ξ_0 > 0.

(93)

This is an even continuation. Let ν^∗ (ξ, τ) satisfy � ν^∗_τ + Lu^∗ = b^∗ , ξ ∈ R, τ > 0 ν^∗ (ξ,0) = 0 .

(94)

Function b^∗ being even , ν^∗ will also be even with respect to ξ, so ν^∗ (ξ, τ) = ν^∗ (− ξ, τ). By (90), the solution of problem is (94), we have

ν^∗ (ξ, τ) =

�_τ 0 dτ_0

�_∞ −∞ dξ_0 G(ξ − ξ_0 , τ − τ_0 )b^∗ (ξ_0 , τ_0 ) =

�_{τ0} 0 dτ_0

�_0 −∞ dξ_0 G(ξ− ξ_0 , τ− τ_0 )b^∗ (ξ_0 , τ_0 )+

�_{τ0} 0 dτ_0

�_∞ 0 dξ_0 G(ξ− ξ_0 , τ− τ_0 )b^∗ (ξ_0 , τ_0 ), (95) where b^∗ is from (93). We make the variable change ξ^′_0 := − ξ_0 in the first integral of (95):

�_0 −∞ dξ_0 G(ξ − ξ_0 , τ − τ_0 )b^∗ (ξ_0 , τ_0 ) =

�_∞ 0 dξ^′_0 G(ξ + ξ^′_0 , τ − τ_0 )b(ξ^′_0 , τ_0 )

= �_∞ 0 dξ_0 G(ξ + ξ_0 , τ − τ_0 )b(ξ_0 , τ_0 ).

Hence

ν(ξ, τ) =

�_τ 0 dτ_0

�_∞ 0 dξ_0 [G(ξ + ξ_0 , τ − τ_0 ) + G(ξ − ξ_0 , τ − τ_0 )]b(ξ_0 , τ_0 ) (96) and ν(ξ, τ) =

�_τ 0 dτ_0

�_∞ 0 dξ_0 g(ξ_0 , ξ, τ_0 , τ)b(ξ_0 , τ_0 ), (97)

with g := G(ξ + ξ_0 , τ − τ_0 ) + G(ξ − ξ_0 , τ − τ_0 ). (98) Next, we focus on the problem (89) in the half plane, which we rewrite as � �_∂

∂τ −^{∂2}_{∂ξ2} � z + λ(τ)z = b, ξ ∈ R, τ > 0 z(ξ,0) = 0 .

(99)

An estimate of the solution of problem (99) features in [3, chapter IV, p. 320, 352]. We derive an estimate consistent to the one in [3], but with the precise specification of the exponential decay constant. Apply a Fourier transform to z : ẑ = ζ(s, τ ) = 1 √ 2π �_∞ −∞ z(ξ, τ)e^{− isξ} dξ.

Introducing it in the original equation, we obtain ∂ζ ∂τ (s, τ ) + ( λ(τ) + s^2 )ζ(s, τ ) = b̂(s, τ ).

The transformation ζ̃(s, τ ) defined by

ζ(s, τ ) := ζ̃(s, τ )e^{− s 2 τ} (100) yields ζ̃_τ (s, τ ) + λ(τ)ζ̃(s, τ ) = b̂(s, τ )e^{s 2 τ} , (101)

ζ̃(s, 0) = ζ(s, 0) = 1√ 2π �_∞ −∞ z(ξ,0)e^{− isξ} dξ = 0 . (102)

As w_{0,τ} < 0 is a particular solution of the homogeneous problem � �_∂

∂τ + λ(τ) � w_{0,τ} = 0 w_{0,τ} (0) = 0 ,

which follows by differentiating the equation and the initial condition in (50) and λ is defined in (88), we obtain

ζ̃(s, τ ) = w_{0,τ} (τ)

�_τ 0 b̂(τ_0 )es^2 τ0 w_{0,τ} (τ_0 ) dτ_0 . (103)

Denote the inverse Fourier transform by F^{− 1} . Then

z(ξ, τ) = F^{− 1} ζ = 1 √ 2π �_∞ −∞ ζ(s, τ )e^{isξ} ds,

where ζ = e^{− s 2 τ} � w_{0,τ} (τ)

�_τ 0 w^{− 1}_{0,τ} (τ_0 )b̂(s, τ_0 )e^{s 2 τ0} dτ_0 � . Then

z(ξ, τ) = 1 √ 2π �_∞ −∞ � e^{− s 2 τ} w_{0,τ} (τ)

�_τ 0 w^{− 1}_{0,τ} (τ_0 )b̂(s, τ_0 )e^{s 2 τ0} dτ_0 � e^{isξ} ds.

We have

z(ξ, τ) = 1 √ 2π �_∞ −∞ e^{− s 2 τ} w_{0,τ} (τ)

�_τ 0 w^{− 1}_{0,τ} (τ_0 )b̂(s, τ_0 )e^{s 2 τ0} dτ_0 e^{isξ} ds = = 1 √ 2π �_τ 0 w_{0,τ} (τ)w^{− 1}_{0,τ} (τ_0 )dτ_0

�_∞ −∞ � b̂(s, τ_0 )e^{− s 2 (τ − τ}0^) � e^{isξ} ds = = �_τ 0 w_{0,τ} (τ)w^{− 1}_{0,τ} dτ_0 · F^{− 1} [b̂(s, τ_0 ) ·Ĝ(s, τ − τ_0 )], (104)

where Ĝ(s, τ − τ_0 ) = e^{− s 2 (τ − τ0 )} . By the convolution theorem,

F^{− 1} [b̂(s, τ_0 )Ĝ(s, τ − τ_0 )] = b(ξ, τ_0 ) ∗ G(ξ, τ − τ_0 ) √ 2π , F^{− 1} [b̂(s, τ_0 )Ĝ(s, τ − τ_0 )] = 1 √ 2π �_∞ −∞ b(ξ_0 , τ_0 )G(ξ − ξ_0 , τ − τ_0 )dξ_0 , (105)

where

G(ξ, τ− τ_0 ) = F^{− 1} [Ĝ(s, τ − τ_0 )] = F^{− 1} [e^{− s 2 (τ − τ0 )} ] = 1 √ 2π �_∞ −∞ ds[e^{iξs − s 2 (τ − τ0 )} ].

Using [1, §4.3b], we obtain

G(ξ, τ − τ_0 ) = 1 √ 2π √ π √ τ − τ_0 e^{− ξ} 2 4( τ − τ 0 ) = 1 √ 2 √ τ − τ_0 e^{− ξ} 2 4( τ − τ 0 ) (106)

and (104) becomes

z(ξ, τ) = w_{0,τ} (τ) √ 2π �_τ 0 dτ_0 w^{− 1}_{0,τ} (τ_0 )

�_∞ −∞ G(ξ − ξ_0 , τ − τ_0 )b(ξ_0 , τ_0 )dξ_0 .

Therefore, the solution of problem (99) is

z(ξ, τ) =

�_τ 0 �_∞ −∞ w_{0,τ} (τ)w^{− 1}_{0,τ} (τ_0 ) 1 2 � π(τ − τ_0 ) e^{− ( ξ − ξ 0 )} 2 4( τ − τ 0 ) b(ξ0 , τ0 )dξ0 dτ0 . (107)

and in the quarter plane the solution of (92) is

ν(ξ, τ) = 1 2 √ π �_τ 0 dτ_0

�_∞ 0 dξ_0 [G(ξ + ξ_0 , τ − τ_0 ) + G(ξ − ξ_0 , τ − τ_0 )]b(ξ_0 , τ_0 ) = 1 2 √ π �_τ 0 dτ_0

�_∞ 0 dξ_0 w_{0,τ} (τ)w^{− 1}_{0,τ} (τ_0 ) 1 � (τ − τ_0 ) � e^{− ( ξ − ξ 0 )} 2 4( τ − τ 0 ) + e−

( ξ + ξ 0 ) 2 4( τ − τ 0 ) � b(ξ_0 , τ_0 ).

(108)

3.3.2 Upper bounds for q_1 and its derivatives In the previous subsection we solved the problem (92) with homogeneous boundary conditions. However, the problem for the first-order term of the corner layer function satisfies nonhomogeneous boundary conditions. Consider thus the linear initial value problem with Neumann boundary condition � ∂ ∂τ − ∂^2 ∂ξ^2 � Φ( ξ, τ) + λ(τ)Φ( ξ, τ) = b(ξ, τ), (109)

Φ_ξ (0, τ) = η(τ), (110) Φ( ξ,0) = Φ_0 (ξ) (111) with η(0) = Φ^′_0 (0), (112) where λ(τ) is given by (88).

λ(τ) := F_s (0, 0, w_0 (0, τ)). In the quarter plane (x, t ) ∈ (0, 1) × (0, T] equation (109) is

ε^2 � ∂ ∂t − ∂^2 ∂x^2 � Φ( x, t ) + λ(τ)Φ( x, t ) = b(x, t ). (113)

A comparison principle and un upper bound for the solution of this problem feature in [6]. The bound is in the L^2 − norm and depends on the space derivative of the solution and on f_u (0, 0, w_0 (0, τ)). The following result from [4] is also worth mentioning.

Theorem 3.2. Let D be a bounded domain in R with a piecewise smooth boundary. A solution of the problem (109), (111) exists, is unique and satisfies the following estimate

||Φ ||_W 1 , 0_{2 (D × (0 ,T ))} ≤ c(T)[||Φ_0 (ξ)||_L 2_{(D )} + ||f ||_L 2_{(D × (0 ,T ))} ]. (114)

We shall prove

Lemma 2. The solution of the problem (109), (110), (111) is invariant in the maximum norm, i.e., the upper bound satisfied by the solution is satisfied by its derivatives, too.

More precisely,

Lemma 3. Let Φ( ξ, τ) be the solution of the problem (109), (110), (111) and satisfying (112). Define

γ^2_∗ = min { min

t ∈ [0,T ]

f_u (0, t, u (0, t)), min

x ∈ [0,1]

f_u (x, 0, u(x, 0))}. (115)

Assume that for some positive constant C and some small δ > 0 , we have

|η(τ)| + |η^′(τ)| ≤ Ce^{− (γ 2∗ − δ)τ} , (116)

|Φ_0 (ξ)| + |Φ^{′′}_0 (ξ)| ≤ Ce^{− (γ ∗ − δ)ξ} , (117)

|b| ≤ C min{ e^{− (γ 2∗ − δ)τ} , e^{− (γ ∗ − δ)ξ} }. (118) Then the pointwise estimate

|Φ | ≤ C min{ e^{− (γ 2∗ − 2δ)τ} , e^{− (γ ∗ − 2δ)ξ} } (119)

holds true.

Proof. Set

Φ̃ = Φ_0 (ξ)e^{− (γ 2}∗^{− δ)τ} + [ η(τ) − η(0)e^{− (γ 2}∗^{− δ)τ} ] � − e^{− (γ ∗ − δ)ξ} γ_∗ − δ � , (120)

so that, using (112), we obtain

(Φ − Φ̃) � �_{τ =0} = 0 , ∂ ∂ξ (Φ − Φ̃) � �_{ξ=0} = 0 and b̃ = � ∂ ∂τ − ∂^2 ∂ξ^2

+ λ(τ) � Φ̃ =

= − Φ_0 (ξ) e^{− (γ 2∗ − δ)τ} γ^2_∗ − δ − e^{− (γ ∗ − δ)ξ} γ_∗ − δ � η^′(τ) + η(0) e^{− (γ 2∗ − δ)τ} γ^2_∗ − δ � −

− Φ^{′′}_0 (ξ)e^{− (γ 2∗ − δ)τ} − η(τ) − η(0)e^{− (γ 2∗ − δ)τ} (γ_∗ − δ)^3 e^{− (γ ∗ − δ)ξ} +

+ λ(τ) � Φ_0 (ξ)e^{− (γ 2∗ − δ)τ} − [η(τ) − η(0)e^{− (γ 2∗ − δ)τ} ] e^{− (γ ∗ − δ)ξ} γ_∗ − δ � . (121)

We have |b − b̃| ≤ C min{ e^{− (γ 2∗ − δ)τ} , e^{− (γ ∗ − δ)ξ} }. (122) Then Φ − Φ̃ satisfies � ∂ ∂τ − ∂^2 ∂ξ^2

+ λ(τ) � [Φ − Φ̃] = b − b̃ = b̂. (123)

We have Φ − Φ̃ = 1 2 √ π �_τ 0 dτ_0

�_∞ 0 dξ_0 w_{0,τ} (0, τ) w_{0,τ} (0, τ_0 ) 1 √ τ − τ_0 � e^{− ( ξ − ξ 0 )} 2 4( τ − τ 0 ) + e−

( ξ + ξ 0 ) 2 4( τ − τ 0 ) � b̂(ξ_0 , τ_0 ).

(124) Using the proof of Lemma 1, for all τ ≥ τ_0

w_{0,τ} (0, τ) w_{0,τ} (0, τ_0 )

≤ Ce^{− (γ 2∗ − δ)( τ − τ0 )} . (125)

We introduce the function

Ψ̂( ξ_0 , τ,τ̂) = w^{0,τ} (0, τ) w_{0,τ} (0, τ − τ̂) b̂(ξ_0 , τ − τ̂), (126) where τ̂ = τ − τ_0 .

Thus we rewrite (124) in the new variable τ̂ as

Φ − Φ̃ = 1 2 √ π �_τ 0 dτ_0

�_∞ 0 dξ_0 1 √ τ̂ � e^{− ( ξ − ξ 0 )} 2 4(τ̂ ) + e−

( ξ + ξ 0 ) 2 4(τ̂ ) � Ψ̂( ξ_0 , τ,τ̂). (127)

In (127) we have

e^{− ( ξ − ξ 0 ) 24τ̂} + e^{− ( ξ + ξ 0 ) 24τ̂} ≤ 2e^{− ( ξ − ξ 0 ) 24τ̂} . (128)

By (122) and (125),

|Ψ̂ | = � � � � b̂(ξ_0 , τ_0 ) w^{0,τ} (0, τ) w_{0,τ} (0, τ_0 ) � � � � ≤ C min{ e^{− (γ 2∗ − δ)τ0} , e^{− (γ ∗ − δ)ξ0} } ·e^{− (γ 2∗ − δ)( τ − τ0 )} ≤

≤ C min{ e^{− (γ 2∗ − δ)τ} , e^{− (γ ∗ − δ)ξ0 − (γ 2∗ − δ)τ̂} }. (129)

Now (124) implies |Φ − Φ̃ | ≤

C min � e^{− (γ 2∗ − δ)τ}

�_τ 0 dτ̂ �_∞ 0 dξ_0 1 √ τ̂ e^{− ( ξ − ξ 0 ) 24τ̂} ,

�_τ 0 dτ̂e^{− (γ 2∗ − δ)τ̂}

�_∞ 0 dξ_0 1 √ τ̂ 2e^{− ( ξ − ξ 0 ) 24τ̂ − (γ ∗ − δ)ξ0} � . (130)

Write �_∞ 0 dξ_0 e^{− ( ξ − ξ 0 ) 24τ̂} e^{− (γ ∗ − δ)ξ0} =

= �_∞ 0 dξ_0 e^−

�_{ξ 2} 0 4τ̂ + (^{− 2 ξ}_{4τ̂} + γ_∗ − δ)ξ_0 +^{ξ 2}_{4τ̂} � = �_∞ 0 dξ_0 e^{− [a 1 ξ20 +2 a 2 ξ0 + a 3 ]}, (131)

where a_1 =^1_{4τ̂} , a_2 = −^ξ_{4τ̂} + ( γ_∗ − δ)/2, a_3 =^{ξ2}_{4τ̂} . The right-hand side of (131) becomes

�_∞ 0 dξ_0 e^− � a_1 � ξ_0 +^{a 2}_{a 1}

�_2

+ a_3 −^{a 2}_{a 1} � = e^{− a 3 + a} 2 2 a 1 �_∞ 0 e^− �√ a_1 � ξ_0 +^{a 2}_{a 1}

�_2

dξ_0 . (132)

A change of variable

ξ̂ = √ a_1 � ξ_0 + a_2 a_1 � , dξ̂ = √ a_1 dξ_0

yields in (132)

�_∞ 0 dξ_0 e^− � a_1 � ξ_0 +^{a 2}_{a 1}

�_2

+ a_3 −^{a 2}_{a 1} � = C a_1 e^{− a 3 + a} 2 2 a 1 �_∞ a 2 √ a 1 e^{− ξ̂2} dξ̂ ≤ C √ a_1 e^{− a 3 + a} 2 2 a 1 ,

(133) where

− a_3 + a^2 a_1 = − ξ^2 4τ̂ + 4τ̂ � − ξ 4τ̂ + ( γ_∗ − δ)/2)

�_2

= − ξ^2 4τ̂ + 4τ̂ � ξ^2 16τ̂^2

+ ( γ_∗ − δ)^2 /4 − (γ_∗ − δ) ξ 4τ̂ �

= − ξ(γ_∗ − δ) + ( γ_∗ − δ)^2τ̂ ≤ − ξ(γ_∗ − δ) + ( γ^2_∗ − δ)τ̂, as δ is sufficiently small. Therefore �_∞ 0 dξ_0 e^{− ( ξ − ξ 0 ) 24τ̂} e^{− (γ ∗ − δ)ξ0} ≤ C e^{− ξ(γ ∗ − δ)+( γ 2∗ − δ)τ̂} 1 2 √ τ̂ . (134)

In (130) we have |Φ − Φ̃ | ≤

C min � � � e^{− (γ 2∗ − δ)τ}

�_τ 0 dτ̂ �_∞ 0 dξ_0 e^{− ( ξ − ξ 0 ) 24τ̂} √ τ̂ , �_τ 0 dτ̂ e^{− (γ 2∗ − δ)τ̂} √ τ̂ e^{− ξ(γ ∗ − δ)+( γ 2∗ − δ)τ̂} 1 2 √ τ̂

� � � . (135) 1. We analyse the following term from (135) �_τ 0 dτ̂ e^{− (γ 2∗ − δ)τ̂} √ τ̂ e^{− ξ(γ ∗ − δ)+( γ 2∗ − δ)τ̂} 1 2 √ τ̂ ≤ Cτe^{− (γ ∗ − δ)ξ} . (136)

2. Next we analyse e^{− (γ 2∗ − δ)τ}

�_τ 0 dτ̂

�_∞ 0 dξ_0^{e −}

( ξ − ξ 0 ) 2 4τ̂ √ τ̂ . We claim that

�_τ 0 dτ̂ �_∞ 0 dξ_0 e^{− ( ξ − ξ 0 ) 24τ̂} √ τ̂ ≤ τ.

Indeed, using ξ^′ =^{ξ− ξ0}_2^√_{τ̂} , we obtain �_∞ 0 dξ_0 e^{− ( ξ − ξ 0 ) 24τ̂} = 2 √ τ̂ �_∞

−^{ξ 0}_2 √_{τ̂}

e^{− ξ′2} dξ^′ ≤ C √ τ̂. (137)

Then �_τ 0 dτ̂ �_∞ 0 dξ_0 e^{− ( ξ − ξ 0 ) 24τ̂} √ τ̂ ≤ C �_τ 0 dτ̂ τ̂ √ τ̂ = Cτ. (138)

Cτe^{− (γ 2∗ − δ)τ} ≤ Ce^{− (γ 2∗ − 2δ)τ} . This gives

e^{− (γ 2∗ − δ)τ}

�_τ 0 dτ̂ �_∞ 0 dξ_0 e^{− ( ξ − ξ 0 ) 24τ̂} √ τ̂ ≤ Ce^{− (γ 2∗ − 2δ)τ} .

In view of (136), the estimate (135) becomes

|Φ − Φ̃ | ≤ C min{ τe^{− (γ ∗ − δ)ξ} , τe^{− (γ 2∗ − δ)τ} }.

If (γ^2_∗ − 2δ)τ ≥ (γ_∗ − 2δ)ξ, then

|Φ − Φ̃ | ≤ Cτe^{− (γ 2∗ − δ)τ} ≤ Ce^{(− γ 2∗ − 2δ)τ} .

Otherwise, if (γ^2_∗ − 2δ)τ ≤ (γ_∗ − 2δ)ξ, then

|Φ − Φ̃ | ≤ Cτe^{− (γ ∗ − δ)ξ} ≤ Cξe^{− (γ ∗ − δ)ξ} ≤ Ce^{− (γ ∗ − 2δ)ξ} .

These inequalities and (120) imply (119).

Lemma 4. Under the conditions of Lemma 3, if for some positive constant C and some small δ > 0 |η^{′′}(τ)| ≤ Ce^{− (γ 2∗ − δ)τ} (139) and |b_τ | ≤ C min{ e^{− (γ 2∗ − δ)τ} , e^{− (γ ∗ − δ)ξ} }, (140)

then the pointwise estimate

|Φ_τ | ≤ C min{ e^{− (γ 2∗ − 2δ)τ} , e^{− (γ ∗ − 2δ)ξ} } (141)

holds true.

Proof. We differentiate with respect to τ the solution Φ = Φ̃ + (Φ − Φ̃) , where Φ̃ is from (120), so

Φ̃_τ = − Φ_0 (ξ)(γ^2_∗ − δ)e^{− (γ 2}∗^{− δ)τ} + [ η^′(τ) + η(0)( γ^2_∗ − δ)e^{− (γ 2}∗^{− δ)τ} ] � − e^{− (γ ∗ − δ)ξ} γ_∗ − δ � . We use (117) and (116) to obtain

|Φ̃_τ | ≤ C min{ e^{− (γ 2∗ − 2δ)τ} , e^{− (γ ∗ − 2δ)ξ} }. (142)

and Φ − Φ̃ is from (127), so Φ − Φ̃ = = 1 2 √ π d dτ �_τ 0 dτ̂ �_∞ 0 dξ_0 1 √ τ̂ � e^{− ( ξ − ξ 0 ) 24τ̂} + e^{− ( ξ + ξ 0 ) 24τ̂} � Ψ̂( ξ_0 , τ,τ̂). (143)

In (143) we have 2 √ π(Φ − Φ̃)_τ = = �_∞ 0 dξ_0 1 √ τ � e^{− ( ξ − ξ 0 ) 24 τ} + e^{− ( ξ + ξ 0 ) 24 τ} � Ψ̂( ξ_0 , τ, τ)+

+ �_∞ 0 dξ_0

�_τ 0 dτ̂ √ τ̂ � e^{− ( ξ − ξ 0 ) 24τ̂} + e^{− ( ξ + ξ 0 ) 24τ̂} � d dτ Ψ̂( ξ_0 , τ,τ̂), (144)

where, by (126), we have

Ψ̂( ξ_0 , τ,τ̂) = w^{0,τ} (0, τ) w_{0,τ} (0, τ − τ̂) b̂(ξ_0 , τ − τ̂),

Ψ̂( ξ_0 , τ, τ) = w^{0,τ} (0, τ) w_{0,τ} (0, 0) b̂(ξ_0 , 0).

By (129), we have

|Ψ̂( ξ_0 , τ, τ)| ≤ C min{ e^{− (γ 2∗ − δ)τ} , e^{− (γ ∗ − δ)ξ0 − (γ 2∗ − δ)τ} } ≤ Ce^{− (γ ∗ − δ)ξ0 − (γ 2∗ − δ)τ} . (145) We combine (145) with (128) and (134) with τ̂ replaced by τ, which gives � � � �_∞ 0 dξ_0 1 √ τ � e^{− ( ξ − ξ 0 ) 24 τ} + e^{− ( ξ + ξ 0 ) 24 τ} � Ψ̂( ξ_0 , τ, τ) � � �≤ ≤ Ce^{− (γ 2∗ − δ)τ} 2 √ τ �_∞ 0 dξ_0 e^{− ( ξ − ξ 0 ) 24 τ − (γ ∗ − δ)ξ0} ≤

≤ Ce^{− (γ 2∗ − δ)τ} 2 √ τ e^{− (γ ∗ − δ)ξ0 +( γ 2∗ − δ)τ} 1 2 √ τ = Ce^{− (γ ∗ − δ)ξ0} . (146)

On the other hand, by (137), we have � � � � �_∞ 0 dξ_0 1 √ τ � e^{− ( ξ − ξ 0 ) 24 τ} + e^{− ( ξ + ξ 0 ) 24 τ} � Ψ̂( ξ_0 , τ, τ) � � � �≤ Ce^{− (γ} 2 ∗ − δ)τ 2√ τ �_∞ 0 dξ_0 e^{− ( ξ − ξ 0 ) 2τ} ≤

≤ Ce^{− (γ ∗ − δ)τ} . (147)

Combining (146) and (147), we obtain � � � �_∞ 0 dξ_0 1 √ τ � e^{− ( ξ − ξ 0 ) 24 τ} + e^{− ( ξ + ξ 0 ) 24 τ} � Ψ̂( ξ_0 , τ, τ) � � �≤ C min{ e^{− (γ} 2 ∗ − δ)τ , e− (γ_∗ − δ)ξ } ≤

≤ C min{ e^{− (γ 2∗ − 2δ)τ} , e^{− (γ ∗ − 2δ)ξ} }. (148)

Next, we estimate d dτ Ψ̂( ξ_0 , τ,τ̂) = b̂(ξ_0 , τ − τ̂) d dτ � w_{0,τ} (0, τ)

w^2_{0,τ} (0, τ − τ̂) � +

+ w_{0,τ} (0, τ)

w_{0,τ} (0, τ − τ̂) b̂_τ (ξ_0 , τ − τ̂).

Recall (125) and that the proof of Lemma 1 yields a similar estimate for d dτ � w_{0,τ} (0, τ)

w_{0,τ} (0, τ − τ̂) � . Combining this with (118), (140), then differentiating (121) with respect to τ and using (116) and (139), we obtain � � � � d dτ Ψ̂( ξ_0 , τ,τ̂) � � � �≤ C min{ e^{− (γ} 2 ∗ − δ)τ , e− (γ_∗ − δ)ξ }.

In view of this estimate, comparing the term featuring in (144) � � � � �_∞ 0 dξ_0

�_τ 0 dτ̂ √ τ̂ � e^{− ( ξ − ξ 0 ) 24τ̂} + e^{− ( ξ + ξ 0 ) 24τ̂} � d dτ Ψ̂( ξ_0 , τ,τ̂) � � � � with (127) and (129), in a similar manner as in the proof of Lemma 3 we obtain � � � �_∞ 0 dξ_0

�_τ 0 dτ̂ √ τ̂ � e^{− ( ξ − ξ 0 ) 24τ̂} + e^{− ( ξ + ξ 0 ) 24τ̂} � d dτ Ψ̂( ξ_0 , τ,τ̂) � � �≤

≤ C min{ e^{− (γ 2∗ − 2δ)τ} , e^{− (γ ∗ − 2δ)ξ} }. (149)

Combining the estimates from (148) and (149) with (144) and (142), the proof is completed.

Corollary 3.3. For a positive constant C and sufficiently small δ, the solution of (84) satisfies the pointwise estimate

|q_1 | ≤ C min{ e^{− (γ 2∗ − 2δ)τ} , e^{− (γ ∗ − 2δ)ξ} }. (150)

Proof. By (45) for v_1 , we have that q_1 (ξ,0) satisfies (117) of Lemma 3. By (54) for w_0 , we have that^{∂q1}_{∂ξ} (0, τ) satisfies (116) of the Lemma 3. By (85), the right-hand side of the equation for q_1 satisfies (118) of the Lemma 3. Now we check (112) for the initial and boundary conditions of (84) − ∂w_0 ∂x (0, 0) = −

∂v_1 ∂ξ (0, 0). (151)

This is the compatibility condition at the corner (0, 0) derived as (86). Therefore, we have (150).

Corollary 3.4. The following estimate holds true for the first order derivative of the corner layer function term q_1 : � � �∂q^1 ∂ξ (ξ, τ) � � �≤ C min{ e^{− (γ 2}∗^{− 2δ)τ} , e^{− (γ} ∗^{− 2δ)ξ} }, (152)

where C is some positive constant and δ > 0 is sufficiently small.

Proof. The first derivative q_{1,ξ} is the solution of the problem � ∂ ∂τ − ∂^2 ∂ξ^2

+ λ(τ) � q_{1,ξ} = − v_{1,ξ} (ξ,0)F_s (0, 0, ·) � �^{w 0 (0 ,τ )} 0 , (153)

where |v_{1,ξ} (ξ,0)| is exponentially decaying in ξ and � �F s (0, 0, ·) � �^{w 0 (0 ,τ )} 0 � � is exponentially decaying in τ, thus satisfying (118), subject to the initial condition

q_{1,ξ} (ξ, τ)|_{τ =0} = − v_{1,ξ} (ξ, t)|_{t =0} , (154)

where |v_{1,ξ} (ξ,0)| + |v_{1,ξξ} (ξ,0)| ≤ Ce^{− (γ ∗ − δ)ξ} , thus it satisfies (117), and the Dirichlet boundary condition

q_{1,ξ} (ξ, τ)|_{ξ=0} = − w_{0,x} (x, τ )|_{x =0} , (155)

which satisfies | − w_{0,x} (0, τ)| + | − w_{0,xτ} (x, τ )| ≤ Ce^{− (γ 2∗ − δ)τ} . Thus (116) is satisfied. By (151), the problem for q_{1,ξ} satisfies the zero-order compatibility condition at (0, 0). The analogue of Lemma 3 for the problem with Dirichlet boundary conditions is then applied to the problem for q_{1,ξ} .

Lemma 5. The following derivative estimates for the term q_1 of the corner layer function hold true:

a) |q_{1,ξξ} (ξ, τ)| ≤ C min{ e^{− (γ 2∗ − 2δ)τ} , e^{− (γ ∗ − 2δ)ξ} }, b) |q_{1,τ} (ξ, τ)| ≤ C min{ e^{− (γ 2∗ − 2δ)τ} , e^{− (γ ∗ − 2δ)ξ} }, c) |q_{1,ττ} (ξ, τ)| ≤ C min{ e^{− (γ 2∗ − 2δ)τ} , e^{− (γ ∗ − 2δ)ξ} }, d) |q_{1,ξξξ} (ξ, τ)| ≤ C min{ e^{− (γ 2∗ − 2δ)τ} , e^{− (γ ∗ − 2δ)ξ} }.

where in each case C is some positive constant and δ > 0 are sufficiently small.

Proof. a) The second- order derivative q_{1,ξξ} (ξ, τ) is the solution of the problem � ∂ ∂τ − ∂^2 ∂ξ^2 � q_{1,ξξ} (ξ, τ) + λ(τ)q_{1,ξξ} (ξ, τ) = − v_{1,ξξ} (ξ,0)F_s (0, 0, ·)|^{w 0 (0 ,τ )}

0 , (156)

with the initial condition

q_{1,ξξ} |_{τ =0} = − v_{1,ξξ} |_{t =0} , (157)

which is exponentially decaying in ξ. Also, | − v_{1,ξξ} |_{τ =0} | + | − v_{1,ξξξ} |_{τ =0} | is exponentially decaying in ξ, thus it satisfies (117). By extracting the second term from equation (153), we obtain for (156) the Neumann boundary condition ∂ ∂ξ q_{1,ξξ} � � �^{ξ=0} = � ∂q_{1,ξ} ∂τ + λ(τ)q_{1,ξ} � + v_{1,ξ} (ξ,0)F_s (0, 0, ·)

�_{w 0 (0 ,τ )} 0 � � �_{ξ=0} ,

i.e. ∂ ∂ξ q_{1,ξξ} � � �^{ξ=0} = � − ∂^2 w_0 ∂τ∂x

− λ(τ)

∂w_0 ∂x � � �_{x =0} + v^{1,ξ} (0, 0)F^s (0, 0, ·) � �^{w 0 (0 ,τ )} 0 (158)

≤ Ce^{− (γ 2∗ − δ)τ} , thus satisfying (116). The right-hand side of (156) satisfies (118). We now check whether η(0) = Φ^′_0 (0), i.e. whether � − ∂^2 w_0 ∂τ∂x

− λ(τ)

∂w_0 ∂x � � �_{x =0} + v_{1,ξ} (0, 0)F_s (0, 0, ·)�w 0 (0 ,τ ) 0 � � � �_{τ =0} = − v^{1,ξξξ} |^{t =0} . (159) Remind the problems for w_0 : � w_{0,τ} + F (x, 0, w_0 ) = 0 w_0 (x, 0) = φ (x) − u_0 (x, 0)

(160)

and for v_1 : � − v_{1,ξξ} + v_1 F_s (0, t, 0) = 0 v_{1,ξ} (0, t) = u_{0,x} (0, t).

(161)

Recall also that λ(τ) = F_s (0, 0, w_0 (τ)).

By (160), − ∂ ∂x ∂w_0 ∂τ � �_{(0 ,0)} = F_x (0, 0, w_0 (0, 0)) + F_s (0, 0, w_0 (0, 0))w_{0,x} (0, 0), (162) � − ∂^2 w_0 ∂τ∂x

− λ(τ)

∂w_0 ∂x � � �_{x = 0 ,}

τ = 0 = = F_x (0, 0, w_0 (0, 0)) + F_s (0, 0, w_0 (0, 0))w_{0,x} (0, 0) − F_s (0, 0, w_0 (0, 0))w_{0,x} (0, 0) = = F_x (0, 0, w_0 (0, 0)). (163) From (180) we obtain

v_{1,ξ} (0, 0)F_s (0, 0, ·) � �^{w 0 (0 ,0)} 0 = −

∂u_0 ∂x (0, 0)F_s (0, 0, ·) � �^{w 0 (0 ,0)} 0 (164) and − v_{1,ξξξ} (0, 0) = − v_{1,ξ} (0, 0)F_s (0, 0, 0) = u_{0,x} (0, 0)F_s (0, 0, 0). (165)

In view of (163), (164) and (165), we see that (159) is equivalent to

F_x (0, 0, w_0 (0, 0)) − u_{0,x} (0, 0)F_s � �^{w 0 (0 ,0)} 0 = u_{0,x} (0, 0)F_s (0, 0, 0); or F_x (0, 0, w_0 (0, 0)) − u_{0,x} (0, 0)F_s (0, 0, w_0 (0, 0)) = 0;

or, recalling the definition F (x, t, s ) = f (x, t, u_0 (x, t ) + s) and the condition u_0 (0, 0) = φ (0) f_x (0, 0, φ (0)) = 0 ,

which is satisfied by assumption (11). After cancellations and using u_{0,x} (0, 0) = 0, this is

f_x (0, 0, u_0 (0, 0)+ w_0 (0, 0))+[ u_{0,x} (0, 0)+ w_{0,x} (0, 0)]f_u (0, 0, u_0 (0, 0)+ w_0 (0, 0)) = 0 , (166) where u_0 (0, 0) + w_0 (0, 0) = φ (0) = 0 and u_{0,x} (0, 0) + w_{0,x} (0, 0) = φ_x (0) = 0 .

Hence (166) is equivalent to

f_x (0, 0, 0) = 0 , (167)

which is satisfied by (11) and φ (0) = 0 . Thus (159) is established. From (86) we have v_{1,ξ} (0, 0) = w_{0,x} (0, 0).

Thus we apply Lemma 3. b) For |q_{1,τ} |, we use the equation from (84)

|q_{1,τ} | ≤ � � � � ∂^2 q_1 ∂ξ^2 � � � �+ |q^1 λ(τ)| + � � �v1 (ξ,0)F s (0, 0, ·) � �^{w 0 (0 ,τ )} 0 � � �, where |λ(τ)| ≤ C and we use (85) and the estimates that we have obtained for |q_1 | in (150) and for |q_{1,ξξ} | in a) . c) We have

q_{1,ττ} = q_{1,ξξτ} − dλ dτ q_1 − λq_{1,τ} − v_1 d dt F_s (0, 0, ·) � �^{w 0 (0 ,τ )} 0 . (168)

Applying Lemma 4 for Φ = q_{1,ξξ} , we have that

q_{1,ξξτ} = dΦ dτ satisfies (141). In (168) we have that

�_{dλ} dτ � , |λ| and � �_{ddt} F_s (0, 0, ·)�w 0 (0 ,τ ) 0 � � are

bounded. For |q_1 |, |q_{1,τ} | and |v_1 | we use the estimates previously obtained. d) The third-order derivative satisfies the problem � ∂ ∂τ − ∂^2 ∂ξ^2 � q_{1,ξξξ} (ξ, τ) + λ(τ)q_{1,ξξξ} (ξ, τ) = − v_{1,ξξξ} (ξ,0)F_s (0, 0, ·) � �^{w 0 (0 ,τ )} 0 , where | − v_{1,ξξξ} (ξ,0)| is exponentially decaying in ξ and |F_s (0, 0, ·)

�_{w 0 (0 ,τ )} 0 | is exponentially decaying in τ, thus satisfying (118), with the initial condition q_{1,ξξξ} (ξ,0) = − v_{1,ξξξ} (ξ,0) which satisfies (117) and the Dirichlet boundary condition q_{1,ξξξ} (0, τ) given by the right-hand side of (158). This satisfies (116). Condition (112) is satisfied due to (159).

3.4 Perturbed asymptotic expansion and existence of solution

Using the stretched variables ξ = x/ε, τ = t/ε^2 , we set the super-solution as β(x, t, p ) = u_0 (x, t )+ εv_1 (ξ, t)+ w̃_0 (x, τ, p)+ εq_1 (ξ, τ)+ C_0 p[e^{− c0 x/ε} + e^{− c0 (1 − x )/ε} +1] := u_{as} + W + C_0 p[e^{− c0 x/ε} + e^{− c0 (1 − x )/ε} + 1] , (169) with p a sufficiently small perturbation parameter which is positive for the super-solution and negative for the sub-solution, C_0 , c_0 are positive constants and W = W (x, τ ; p) = w̃_0 (x, τ ; p) − w_0 (x, τ ). (170) By (54), |W | ≤ p

∂w̃_0 (x, τ ;p̃) ∂p = e^{− (γ 2∗ − δ)τ} O(p). (171) Due to u_{as} (x, 0) = φ (x), condition (15) of Definition 2.1 is satisfied: α (x, 0) ≤ φ (x) ≤ β(x, 0) ∀ x ∈ [0, 1]. (172) Denote the last term in (169) by ρ = e^{− c0 x/ε} + e^{− c0 (1 − x )/ε} + 1 , (173) which has the property 1 ≤ ρ ≤ 3. (174) The rapidly decaying function C_0 pρ has been chosen to capture the Neumann boundary conditions. (In the case of a similar problem with Dirichlet boundary conditions [2], a term of the form C_0 p would feature instead). Lemma 6. Let F be given by (1), u_{as} , β by (169) and ρ by (185). Then 1. F u_{as} = O(ε^2 ); 2. F β =

= C_0 pρF_s (x, t, 0)+ pw_0 (1+ C_0 ρλ) − pc^2_0 [e^{− c0 x/ε} + e^{− c0 (1 − x )/ε} ]+ O(ε^2 + p^2 ), where λ = λ(x, t ) = F_{ss} (x, t, ϑw_0 ) for some ϑ = ϑ(x, t ) ∈ (0, 1). Proof. 1. Write

F u_{as} = ε^2 (u_{as,t} − u_{as,xx} ) + f (x, t, u_{as} ) =

= ε^2 (u_{0,t} + εv_{1,t} + w_{0,t} + εq_{1,t} − u_{0,xx} − εv_{1,xx} − w_{0,xx} − εq_{1,xx} )+ + F (x, t, εv_1 (ξ, t) + w_0 (x, τ ) + εq_1 (ξ, τ)). (175) where F [u_0 (x, t )] = O(ε^2 ). (176) From F (u_0 + w_0 ) = O(ε^2 ) − F (x, t, w_0 ) + F (x, t, w_0 ) = O(ε^2 ). (177) we have F [u_0 (x, t ) + w_0 (x, τ )] = O(ε^2 ). (178) If v_1 (ξ, τ) is a solution of � � � � � − ∂^2 v_1 ∂ξ^2

+ v_1 F_s (0, t, v_0 ) = − ξF_x (0, t, v_0 ) v_1 (0, t) = 0 v_1 (∞ , t) = 0 .

(179)

then it is also a solution of � − v_{1,ξξ} + v_1 F_s (0, t, 0) = 0 v_{1,ξ} (0, t) = u_{0,x} (0, t),

(180)

From (79) F (u_0 + v_0 + εv_1 ) = O(ε^2 ), (181) where v_0 = 0 , we obtain

F [u_0 (x, t ) + εv_1 (ξ, t)] = O(ε^2 ). (182)

Recall (82):

ε(q_{1,τ} − q_{1,ξξ} ) + F (εξ, ε^2 τ,·) � �^{[εv 1 (ξ,ε 2 τ )]+ w 0 (εξ,τ )+ εq 1 (ξ,τ )}

[εv_1 (ξ,ε^2 τ )] ; w_0 (εξ,τ ) = O(ε

2 ).

Combining this with (176), (178), (182), we obtain

|F u_{as} | = O(ε^2 ).

2.Write F β = F � �^β_{u as} + F u_{as} .

We analyze

F β − F u_{as} = ε^2 � ∂ ∂t − ∂^2 ∂x^2 � (W + ρ) + F (x, t, ·) � �^β_{u as} , (183)

where ε^2 � ∂ ∂t − ∂^2 ∂x^2 � W = − W F_s (x, t, w_0 ) + pw_0 + O(ε^2 + p^2 ) (184) and ρ_t = 0 yields

ε^2 � ∂ ∂t − ∂^2 ∂x^2 � C_0 pρ = ε^2 C_0 p(− ρ_{xx} ) = − pC_0 c^2_0 [e^{− c0 x/ε} + e^{− c0 (1 − x )/ε} ], so ε^2 � ∂ ∂t − ∂^2 ∂x^2 � ρ ≤ 2pc^2_0 . (185) We have F (x, t, ·) � �^β_{u as} = F (x, t, ·) � �^β_{u as + W} + F (x, t, ·) � �^{u as + W}

u_{as} , (186)

where from εv_1 + W + εq_1 = O(ε + p) we obtain

F (x, t, ·)

�_β

u_{as} + W = F (x, t, ·)

�_{u as + W + C 0 pρ}

u_{as} + W = C0 pρ[F s (x, t, w 0 ) + O(ε + p)] =

= C_0 pρ[F_s (x, t, 0) + λw_0 ] + O(ε^2 + p^2 ). (187) The second term in (186) is

F (x, t, ·)

�_{u as + W}

u_{as} = F (x, t, ·)

�_{εv 1 + w 0 + εq 1 + W}

εv_1 + w_0 + εq_1 = W F s (x, t, εv 1 + w0 + εq1 )+ O(p

2 ) =

= W F_s (x, t, w_0 ) + O(|W [ε(v_1 + q_1 )]| + p^2 ), (188) where |W | = O(p) and ε(v_1 + q_1 ) = O(ε), so O(|W ε(v_1 + q_1 )| + p^2 ) = O(ε^2 + p^2 ).

Combining (183), (184), (185), (186), (187) with F u_{as} = O(ε^2 ), we obtain F β = C_0 pρF_s (x, t, 0) + pw_0 (1 + C_0 ρλ) − pc^2_0 [e^{− c0 x/ε} + e^{− c0 (1 − x )/ε} ] + O(ε^2 + p^2 ).

Corollary 3.5. For all |p| ≤ p_0 there exist some positive constants c_0 , C_0 and C_1 such that F β � ≥^{C 0 pγ 2}_2 − C_1 (ε^2 + p^2 ) if p > 0 ≤ −^{C 0 |p|γ 2}_2 + C_1 (ε^2 + p^2 ) if p < 0.

(189)

Proof. In the term pw_0 (1 + C_0 ρλ) we have 1 ≤ ρ ≤ 3. and w_0 ≥ 0. Choose C_0 sufficiently small, such that 1 + C_0 ρλ ≥ 1 − 3C_0 |λ| ≥ 0, where we used (174). Then for p > 0 F β ≥ C_0 pγ^2 − 2pc^2_0 − C_1 (ε^2 + p^2 ).

Choosing c_0 sufficiently small, such that C_0 γ^2 2 − 2c^2_0 ≥ 0,

we obtain (189) for p > 0. The case p < 0 is similar.

We are now able to prove that β set by (169) satisfies Definition 2.1 of a super-solution, leading to the final result of existence of solution.

Theorem 3.6. There exist a sufficiently small ε_0 > 0 such that for all ε ≤ ε_0 , a solution u of problem (1), (2), (3) exists and is unique. Furthermore, for this solution and its asymptotic expansion we have

|u(x, t ) − u_{as} (x, t )| ≤ Cε^2 ∀ (x, t ) ∈ [0, 1] × [0, T]. (190)

Proof. We prove that β defined by (169) is super-solution and α defined by α (x, t ; p) = β(x, t ; − p), where 0 < p < p̄, is sub-solution of problem (1), (2), (3). Set p̄ = C_2 ε^2 , where C_2 ≥ 4C_1 /(C_0 γ^2 ) so that^{C 0 p̄γ 2}_4 ≥ C_1 ε^2 . We seek to have

C_0p̄γ^2 4 ≥ C_1p̄^2 , so p̄ ≤

C_0 γ^2 4C_1 , which is guaranteed by choosing ε_0 sufficiently small. Then, by Corollary 3.5 we obtain F β(x, t ; − p̄) ≤ 0 ≤ F β(x, t ;p̄). (191) Condition (15) is satisfied due to (172). We shall now deal with the boundary condition at x = 0 . We evaluate u_{as,x} (x, t ) in x = 0 and x = 1 :

u_{as,x} (0, t) = u_{0,x} (0, t) + w_{0,x} (0, τ) + v_{1,ξ} (0, t) + q_{1,ξ} (0, τ) = 0 , (192)

as u_{0,x} (0, t)+ v_{1,ξ} (0, t) = 0 and w_{0,x} (0, τ)+ q_{1,ξ} (0, τ) = 0 . Similarly, u_{as,x} (1, t) = 0. To prove (14), we note that for all |p| ≤ p_0 we have ∂β ∂x � x =0 = ∂ ∂x (u_{as} + W + C_0 pρ) � x =0 = ∂ ∂x W |_{x =0} + C_0 pρ_x |_{x =0} ,

where � � � � ∂ ∂x W � �_{x =0} � � � �≤ C^W |p| and − ρ_x � x =0 =

c_0 ε (1 − e^{− c0 /ε} ) ≥ c_0 2ε for sufficiently small ε_0 . Choosing ε_0 sufficiently small, we obtain for p > 0 − ε ∂β(x, t ; p) ∂x � �_{x =0} ≥ C^0 c^0 p 2 − εC_W p >

C_0 c_0 p 4 > 0. (193)

Similarly, − ε ∂β(x, t ; − p) ∂x � x =0 ≤ 0 ≤ − ε

∂β(x, t ; p) ∂x � x =0 , ∀p > 0, (194) and ε ∂β(x, t ; p) ∂x � �_{x =1} ≥ 0 ≥ ε ∂β(x, t ; − p) ∂x � �_{x =1} , ∀p > 0. (195)

Comparing (193), (194) and (195) with (14), (191) with (13), and having (172) and also (12), we obtain that β(x, t ;p̄) is a super-solution and β(x, t ; − p̄) is a sub-solution as defined in Definition 2.1; between them, applying [7, Theorem 5.2], we have existence of a solution u of (1), (2), (3):

β(x, t ; − p̄) ≤ u(x, t ) ≤ β(x, t ; p). (196)

Furthermore, Proposition 1.1 implies that this a unique solution. Since, by (169) and (171), we have

β(x, t ; ± p̄) = u_{as} + O(p̄) = u_{as} + O(ε^2 ),

then |u − u_{as} | ≤ Cε^2 .

References

[1] L. Evans , Partial Differential Equations , vol. 19, American Mathematical Society, Providence, R.I., 1998.

[2] N. Kopteva and S.-B. Savescu , Pointwise error estimates for a singularly perturbed time-dependent semilinear reaction-diffusion problem , IMA J. Numer. Anal., (2010). doi: 10.1093/imanum/drp032.

[3] J. Miller, E. O’Riordan, and G. Shishkin , Fitted Numerical Methods for Singular Perturbation Problems. Error Estimates in the Maximum Norm for Linear Problems in One and Two Dimensions , World Scientific Singapore, 1996.

[4] N.S. Bakhvalov and G. Panasenko , Homogenization: Averaging Processes in Periodic Media. Mathematical Problems in the Mechanics of Composite Materials , vol. 36 of Mathematics and Its Applications (Soviet Series), Kluwer Academic Publishers, 1989, p. 8.

[5] J. Ockendon, J. Howison, A. Lacey, and A. Movchan , Applied Partial Differential Equations , Oxford University Press, 2003, p. 271.

[6] P.A. Farrell, A.F. Hegarty, J.J.H. Miller, E. O’Riordan, and

G.I. Shishkin , Parameter-uniform numerical methods for a class of singularly perturbed problems with a Neumann boundary condition , Proc. 2nd Intl. Conf. NAA 2000 (L.Vulkov, J.Wasniewski and P.Yalamov eds.) / Lecture Notes in Computer Science, 1988 (2001), pp. 292–303.

[7] C. Pao , Nonlinear Parabolic and Elliptic Equations , Plenum Press, New York and London, 1992, p. 59.

[8] M. Protter and H. Weinberger , Maximum Principles in Differential Equations , Springer, 1984.

[9] S.-B. Savescu , A substitute for the maximum principle for a singularly perturbed time-dependent semilinear reaction-diffusion problem I , (2010). submitted to SIAM J. Math. Anal.

[10] A. Vasil’eva, V. Butuzov, and L. Kalachev , The Boundary Function Method for Singularly Perturbed Problems , vol. 14, SIAM Studies in Applied Mathematics, 1995.

[11] , The Boundary Function Method for Singularly Perturbed Problems , vol. 14, SIAM Studies in Applied Mathematics, 1995, p. 98.

Recent publications of the Weierstraß-Institut für Angewandte Analysis und Stochastik

1542: Alexander Mielke, Tomáš Roubí ček, Marita Thomas: From damage to delamination in nonlinearly elastic materials at small strains.

1543: Thomas Koprucki, Alexander Wilms, Andreas Knorr, Uwe Bandelow:

Modeling of quantum dot lasers with microscopic treatment of Coulomb effects.

1544: Gonca L. Aki, Jean Dolbeault, Christof Sparber: Thermal effects in gravitational Hartree systems.

1545: Wolfgang Dreyer, Jan Giesselmann, Christiane Kraus, Christian Rohde:

Asymptotic analysis for Korteweg models.

1546: Vladimir A. Panov: Estimation of the signal subspace without estimation of the inverse covariance matrix.

1547: Michael Aizenman, Sabine Jansen, Paul Jung: Symmetry breaking in quasi- 1D Coulomb systems.

1548: Klaus Fleischmann, Leonid Mytnik, Vitali Wachtel: Properties of states of super- α -stable motion with branching of index 1 + β .

1549: Johannes Elschner, Guanghui Hu: Inverse scattering of electromagnetic waves by multilayered structures: Uniqueness in TM mode.

1550: Simona Blanca Savescu: A substitute for the maximum principle for singularly perturbed time-dependent semilinear reaction-diffusion problems — Part I.

1551: Denis Belomestny, Volker Krätschmer: Central limit theorems for lawinvariant coherent risk measures.

1552: Wolfgang König, Sylvia Schmidt: The parabolic Anderson model with acceleration and deceleration.

1553: Adrian Schnitzler, Tilman Wolff: Precise asymptotics for the parabolic Anderson model with a moving catalyst or trap.

1554: Georgy Kitavtsev, Lutz Recke, Barbara Wagner: Center manifold reduction approach for the lubrication equation.

1555: Georgy Kitavtsev, Lutz Recke, Barbara Wagner: Asymptotics for the spectrum of a thin film equation in a singular limit.

1556: Andreas Münch, Barbara Wagner: Impact of slippage on the morphology and stability of a dewetting rim.

1557: Marcus Grote, Viviana Palumberi, Barbara Wagner, Andrea Barbero, Ivan Martin: Dynamic formation of oriented patches in chondrocyte cell cultures.

1558: Andreas Münch, Colin P. Please, Barbara Wagner: Spin coating of an evaporating polymer solution.

1559: Karsten Tabelow, Henning U. Voss, Jörg Polzehl: Modeling the orientation distribution function by mixtures of angular central Gaussian distributions.

1560: Konstantina Kostourou, Dirk Peschka, Andreas Münch, Barbara Wagner, Stephan Herminghaus, Ralf Seemann: Interface morphologies in liquid/ liquid dewetting.

1561: Natalia Rebrova, Guillaume Huyet, Dmitrii Rachinskii, Andrei G.

Vladimirov: An optically injected mode locked laser.

1562: Karsten Tabelow, Jörg Polzehl: Statistical parametric maps for functional MRI experiments in R: The package fmri.

1563: Jörg Polzehl, Karsten Tabelow: Beyond the diffusion tensor model: The package dti.

1564: Saskia Becker: Regularization of statistical inverse problems and the Bakushinskii veto.

1565: Johannes Elschner, Guanghui Hu: Scattering of plane elastic waves by three-dimensional diffraction gratings.