Scattering of plane elastic waves by three-dimensional diffraction gratings

Johannes Elschner, Guanghui Hu

submitted: November 10, 2010

Weierstrass Institute for Applied Analysis and Stochastics Mohrenstr. 39 10117 Berlin Germany E-Mail: johannes.elschner@wias-berlin.de guanghui.hu@wias-berlin.de

Weierstraß-Institut

für Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint No. 1565 Berlin 2010

2000 Mathematics Subject Classification. 74J20, 74B05, 35J55, 35B27. Key words and phrases. Elastic waves, diffraction gratings, Navier equation, variational formulation.

The second author gratefully acknowledges the support by the German Research Foundation (DFG) under Grant No. EL 584/1-2.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Leibniz-Institut im Forschungsverbund Berlin e. V. Mohrenstraße 39 10117 Berlin Germany

Fax: +49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

The reflection and transmission of a time-harmonic plane wave in an isotropic elastic medium by a three-dimensional diffraction grating is investigated. If the diffractive structure involves an impenetrable surface, we study the first, second, third and fourth kind boundary value problems for the Navier equation in an unbounded domain by the variational approach. Based on the Rayleigh expansions, a radiation condition forquasi-periodic solutions is proposed. Existence of solutions in Sobolev spaces is established if the grating profile is a two dimensional Lipschitz surface, while uniqueness is provedonly for small frequencies or for all frequencies excluding a discrete set. Similar solvability results are obtained for multilayered transmission gratings in the case of an incident pressure wave. Moreover, by a periodic Rellich identity, uniqueness of the solution to the first kind (Dirichlet) boundary value problem is established for all frequencies under the assumptionthat the impenetrable surface is given by the graph of a Lipschitz function.

1 Introduction

Since Lord Rayleigh’s original work [28], grating diffraction problems have received much attention in both the physical and mathematical communities. In recent years, the interest in them has grown immensely because of many industrial applications, e.g., in radar imaging, non-destructive testing, micro-optics or solar energy absorption. We refer to the monograph [9] for historical remarks and details of these applications. Consequently, the scattering of acoustic and electromagnetic waves has been studied extensively concerning theoretical analysis and numerical approximation, using integral equation methods (e.g., [32], [17], [30], [33]) or variational methods (e.g., [26], [16],[10], [7], [19], [20], [34], [8]). In particular, the variational approach appeared to be well adapted to the analytical and numerical treatment of rather general two-dimensional and three-dimensional periodic diffractive structures involving complex materials and non-smooth interfaces.

In contrast to the significant progress made for acoustic and electromagnetic waves, there have been only a few papers studying the scattering of elastic waves byunbounded surfaces. However, the relevant phenomena for elastic waves have a wide field of application.For instance, in the fields of geophysics and seismology, the problem of elastic pulse transmission and reflection through the earth is fundamental to the investigation of earthquakes and the utility of controlled explosions in search for oil and ore bodies (see, e.g., [1], [23], [24], [35] and references therein). Compared to acoustic and electromagnetic scattering, the elasticity problem is more complicated because of the coexistence of compressional and shear waves that propagate at different speeds. The first rigorous attempt to close this gap is due to T. Arens using the boundary integral equation method; see [3] and [4] for the scattering by two-dimensional diffraction gratings and [5], [6] by general one-dimensional rough surfaces. In particular, existence and uniqueness for the Dirichlet boundary value problem are established in the case that the grating profile

Λ is given by the graph of a smooth (C^2) periodic function [3]. The same Dirichlet problem in general

Lipschitz domains is investigated by Elschner & Hu [21] via the variational method. It is shown in [21] that, for either an incident pressure or shear wave, there always exists a quasi-periodic solution to the equivalent variational formulation and hence to the original scattering problem. Moreover, uniqueness can be guaranteed if the grating profile is given by a Lipschitz graph in R^2. Note that the variational approach can be applied to non-smooth domains, without excluding theRayleigh frequencies.

The aim of this paper is to provide solvability results for both impenetrable and penetrable gratings in three dimensions. Assume a time-harmonic (with time variation of the formexp (− iωt ), ω > 0) incident plane wave is scattered by a three dimensional diffraction grating in an isotropic elastic medium, where the grating profile is represented by a surface Λ which is 2π-periodic inx_1 and x_2. We will consider a broad class of incident plane waves (see (2.15) and (2.16)) under general boundary conditions. If the diffraction grating is impenetrable, the first, second, third and fourth kind boundary value problems for the Navier system are investigated in the unbounded domain above Λ , while the scattering by a multilayered transmission grating is modeled by a corresponding transmission problem on the whole space. We refer to the monograph [27] for an introduction of the boundary value problems of elasticity, including the boundary conditions of the third and fourth kinds. The paperis organized as follows.

In Section 2 we give mathematical formulations of the scattering problems in the case of an impenetrable grating. Following [3] and [21], we propose a radiation condition at infinity based on Rayleigh expansions of solutions to the Helmholtz equation; see Section 2.2. Note that the radiation condition of this paper is very similar to that imposed on acoustic waves for two-dimensional diffraction gratings; cf. [26].

In Section 3, we reduce the boundary value problem for the Navier system in the unbounded domain to an equivalent strongly elliptic variational problem in abounded periodic cell with a non-local boundary condition; see Section 3.1 for the equivalent variational problem, Section 3.2 for properties of the Dirichletto-Neumann map, and Section 3.3 for the proof of the strong ellipticity of the sesquilinear form generated by the variational formulation. In three dimensions, establishing the strong ellipticity is not trivial and requires a more intricate and careful analysis than for plane elasticity; cf. [21, Lemma 2].

Afterwards, in Section 4 we investigate the existence and uniqueness of quasi-periodic solutions for a broad class of incident elastic waves when one of the first, second, third and fourth kind boundary conditions is imposed on the impenetrable surface Λ . For a general Lipschitz profile, existence is established in Section 4.2.1 by using Korn’s inequality and applying theFredholm alternative, while uniqueness is proved in Section 4.2.2 but only for small frequencies. Using analytic Fredholm theory, the uniqueness result can be extended to all frequencies excluding a discrete set; see Theorem 3 (ii). In addition, by a periodic Rellich identity, uniqueness of the solution to the first kind (Dirichlet) boundary value problem is established for all frequencies under the assumption that Λ is given by a Lipschitz graph; see Section 4.3. Non-uniqueness examples under the boundary conditions of the second, third and fourth kinds are presented in Section 4.4.

Finally, in Section 5 we extend the solvability results fromSection 4.2 for impenetrable gratings to the case of scattering by multilayered transmission gratings with several elastic materials.

2 Mathematical formulations for an impenetrable grating

In this section and the following Sections 3 and 4, we assume the diffraction grating has an impenetrable scattering surface Λ which is 2π-periodic with respect tox_1 and x_2. Let Ω := Ω_Λ denote the region above Λ filled with an isotropic homogeneous elastic medium characterized by the Lamé constants λ, μ satisfyingμ > 0, λ + 2 μ/3 > 0. Suppose a time harmonic plane elastic wave u^{in} (with time variation of the formexp(− iωt ), ω > 0) is incident on the grating from above. We next formulate thescattering problem for the Navier equation and propose a new radiation condition.

2.1 Boundary conditions for the Navier equation

The propagation of time-harmonic elastic waves inΩ is governed by the Navier equation (or system)

(Δ^∗ + ω^2)u = 0 in Ω , Δ^∗ := μΔ + ( λ + μ) grad div , (2.1) u = u^{in} + u^{sc} in Ω , (2.2)

where u denotes the total displacement and u^{sc} stands for the scattered field. Let S^2 := { x ∈ R^3 :

||x|| = 1 }. The incident plane waveu^{in} is assumed to be either a plane pressure wave of the form

u^{in} = u^{in}_p (x) = θ̂ exp(ik_pθ̂ ·x) with θ̂ = (sin θ_1 cos θ_2, sin θ_1 sin θ_2, − cos θ_1) ∈ S^2, (2.3)

or a plane shear wave of the form

u^{in} = u^{in}_s (x) = θ̂^⊥ exp(ik_sθ̂ ·x) with θ̂^⊥ ∈ S^2, θ̂^⊥ ·θ̂ = 0 , (2.4)

where

k_p := ω/ � 2μ + λ , k_s := ω/ √ μ are the compressional and shear wave numbers respectively, and θ̂ ∈ S^2 denotes the incident direction with the incident angles θ_1 ∈ [0, π/2), θ_2 ∈ [0, 2π). Here we have assumed for simplicity that the mass density of the elastic medium is equal to one. Throughout the paper, we write x^′ := ( x_1, x_2)

and α = ( α_1, α_2) := k(sin θ_1 cos θ_2, sin θ_1 sin θ_2), where k = k_p for the incident pressure wave and k = k_s for the incident shear wave. Note that the incident fieldu^{in} is α -quasiperiodic in the sense that u^{in} (x) exp( − iα ·x^′) is 2π periodic with respect tox_1 and x_2. The periodicity of the structure and the

form of the incident waves imply that the solutionu must also be α -quasiperiodic, i.e.,

u(x_1 + 2 π, x_2 + 2 π, x_3) = exp(2 i(α_1 + α_2)π)u(x_1, x_2, x_3), x ∈ Ω . (2.5)

On the grating surface Λ , the total displacement u is assumed to fulfill one of the following boundary conditions:

The first kind (Dirichlet) boundary condition: u = 0; The second kind (Neumann) boundary condition: T u = 0; The third kind boundary conditions: ν ·u = 0 , ν × T u = 0; The fourth kind boundary conditions: ν × u = 0 , ν ·T u = 0;

� � � � � (2.6)

where ν := ( ν_1, ν_2, ν_3) denotes the unit normal vector onΛ pointing intoΩ and T u stands for the stress vector or traction having the form:

T u = T(λ, μ )u := 2 μ ∂_ν u + λ(div u) ν + μ ν × curl u. (2.7)

Here and in the following, the notation∂_ν u = ν · ∇ u is used, and the symbol ∂_j u denotes ∂u/∂x_j . By the Betti formula, the above stress operator plays the role of the normal derivative in the scalar Helmholtz equation; see [27] for a generalized Betti formula in the three-dimensional case.

2.2 Radiation condition

Since the domain Ω is unbounded in the x_3-direction, a radiation condition must be imposed at infinity to ensure well-posedness of the boundary value problem (2.1)-(2.6). Following [3] and [21] in the twodimensional case, we put forward a radiation condition based on Rayleigh expansions for solutions to the scalar Helmholtz equation. Noting that the scattered fieldu^{sc} satisfies the Navier equation (2.1) inΩ , we begin with the decomposition ofu^{sc} into a sum of its compressional and shear parts (see [27])

u^{sc} = 1 i (grad φ + curl ψ ) with φ := − i k^2_p div u^{sc} , ψ := i k^2_s curl u^{sc} , (2.8)

where the scalar functionφ and the vector functionψ satisfy the homogeneous Helmholtz equations

(Δ + k^2_p ) φ = 0 and (Δ + k^2_s ) ψ = 0 in Ω . (2.9)

Now, we apply the usual outgoing wave condition (Rayleigh expansion) to φ and ψ by assuming (see, e.g., [26])

φ (x) = � n ∈ Z^2

A_{p,n} exp(iα_n ·x^′ + iβ_n x_3), ψ (x) = � n ∈ Z^2

Ã_{s,n} exp(iα_n ·x^′ + iγ_n x_3), (2.10)

for x_3 > Λ^+ := max_{x∈ Λ} { x_3}, where A_{p,n} ∈ C are constants and Ã_{s,n} ∈ C^3 are constant vectors. The

parameters β_n and γ_n in (2.10) are defined by

β_n = � (k^2_p − | α_n |^2)^12 if|α_n | ≤ k_p i(|α_n |^2 − k^2_p )^12 if|α_n | > k_p, γ_n = � (k^2_s − | α_n |^2)^12 if|α_n | ≤ k_s i(|α_n |^2 − k^2_s )^12 if|α_n | > k_s ,

(2.11)

respectively, withα_n = ( α^{(1)}n , α^{(2)}n ) := ( α_1 + n_1, α_2 + n_2) for n = ( n_1, n_2) ∈ Z^2. Inserting (2.10) into (2.8), we finally obtain a corresponding expansion ofu^{sc} into outgoing plane elastic waves:

u^{sc} (x) = � n ∈ Z^2 � A_{p,n} � α^⊤_n β_n � exp(iα_n ·x^′ + iβ_n x_3) + ( α_n , γ_n ) × Ã_{s,n} exp(iα_n ·x^′ + iγ_n x_3) � ,(2.12)

or equivalently,

u^{sc} (x) = � n ∈ Z^2 � A_{p,n} � α^⊤_n β_n � exp(iα_n ·x^′ + iβ_n x_3) + A_{s,n} exp(iα_n ·x^′ + iγ_n x_3) � , (2.13)

withA_{s,n} = ( A^{(1)}s,n , A^{(2)}s,n , A^{(3)}s,n ) := ( α_n , γ_n ) × Ã_{s,n} ∈ C^3 satisfying the orthogonality

A_{s,n} ·(α_n , γ_n ) = 0 , for all n ∈ Z^2. (2.14)

Throughout the paper, the symbol (·)^⊤ denotes the transpose of a vector in C^2 or C^3. The series in (2.13), which is referred to as the Rayleigh expansion for elastic waves, is the radiation condition we are going to use in the following sections. The constantsA_{p,n} ∈ C, A_{s,n} ∈ C^3 are also called the Rayleigh coefficients. Since β_n and γ_n are real for at most finitely many indices, we observe that only a finite number of plane waves in (2.12) propagate into the farfield, while the remaining part consists of evanescent (or surface) waves decaying exponentially as x_3 → + ∞ . Thus, the above expansion converges uniformly with all derivatives in the half-space{ x ∈ R^3 : x_3 ≥ a}, for any a > Λ^+ . Note that the radiation condition (2.13) is very similar to that imposed on solutions to the scalar Helmholtz equation for two-dimensional diffraction gratings, cf. [26]. Now, we can formulate our diffraction problem as the following boundary value problem.

Boundary value problem (BVP): Given a grating profileΛ ⊂ R^3 (which is2π-periodic inx_1 and x_2) and an incident field u^{in} of the form (2.3) or (2.4), find a vector functionu = u^{in} + u^{sc} ∈ H^1_{loc} (Ω)^3 that satisfies (2.1), (2.2), one of the boundary conditions in (2.6) and the radiation condition (2.13).

We will also consider a general incident pressure wave of theform

u^{in}_{(p)} (x) = 1 k_p � |α_n |<k_p

(α_n , − β_n )^⊤ exp[i(α_n ·x^′ − β_n x_3)] (2.15)

withα = k_p(sin θ_1 cos θ_2, sin θ_1 sin θ_2), or an incident shear wave taking the form

u^{in}_{(s)} (x) = 1 k_s � |α_n |<k_s � (α_n , − γ_n ) × Q_n

�_⊤ exp[i(α_n ·x^′ − γ_n x_3)] (2.16)

with α = k_s (sin θ_1 cos θ_2, sin θ_1 sin θ_2), Q_n = ( q^{(1)}n , q^{(2)}n , q^{(3)}n ) ∈ S^2, Q_n ⊥ (α_n , − γ_n ). Note that the incident pressure wave (2.3) resp. shear wave (2.4) is only one term of the finite sums in (2.15) resp. (2.16).

3 Variational formulation of (BVP)

In this section we propose an equivalent variational formulation of (BVP), following the approach of [26] and [21] for the scattering of acoustic or elastic waves by two-dimensional diffraction gratings. Since the unbounded domain Ω is periodic inx_1 and x_2, we will restrict ourselves to one periodic cell where the compact imbedding of Sobolev spaces can be applied. Then, with the help of Korn’s inequality, the strong ellipticity of the sesquilinear form generated by the variational formulation can be established. This considerably simplifies our mathematical argument, compared to the scattering of elastic waves by general rough surfaces (see [3] for the integral equation method applied to two dimensions). We also refer to [11], [12] and [13] for a rigorous mathematical analysis of rough surface scattering problems for the Helmholtz equation via the variational method in two andthree dimensions.

Introduce an artificial boundary

Γ_b := { (x_1, x_2, b) : 0 ≤ x_1, x_2 ≤ 2π} , b > Λ^+ ,

and the bounded domain

Ω_b = Ω_{Λ ,b} := { x ∈ Ω : 0 < x_1, x_2 < 2π, x_3 < b} .

For simplicity we still useΛ to denote one period of the grating surface; see Figure 1. We assume that Λ is a Lipschitz surface, so that Ω_b is a bounded Lipschitz domain inR^3.

Figure 1: An impenetrable diffraction grating inR^3.

3.1 An equivalent variational formulation

In this subsection we establish an equivalent variational formulation posed in the bounded periodic cell

Ω_b, which is enforcing the radiation condition onΓ_b. Let H^1_α (Ω_b) denote the Sobolev space of scalar functions on Ω_b which are α -quasiperiodic with respect to x_1 and x_2. Introduce the energy space

V_α = V_α (Ω_b) := { u ∈ H^1_α (Ω_b)^3 : u satisfies one of the boundary conditions in (2.6)} ,

equipped with the norm in the usual Sobolev spaceH^1(Ω_b)^3 of vector functions. By the first Betti formula, it follows that foru, φ ∈ V_α − � Ω_b

(Δ^∗ + ω^2)u ·φ dx = � Ω_b � a(u, φ ) − ω^2u ·φ � dx − � Γ_b

φ ·T u ds (3.1)

where the bar indicates the complex conjugate, T is the stress vector defined by (2.7) and

a(u, φ ) = 2 μ 3� j,k =1

∂_k u_j ∂_k φ_j + λ (div u)(div φ ) − μ curl u ·curl φ. (3.2)

Moreover, we may rewrite the stress operatorT u in (3.1) as

T u = T(λ, μ )u := 2 μ ∂_3u + λ(div u)e_3 + μ e_3 × curl u, on Γ_b. (3.3)

where e_3 = (0 , 0, 1)^⊤ . Now we introduce the Dirichlet-to-Neumann (DtN) mapT on the artificial bound-

ary Γ_b. For any u ∈ H^1_α (Ω_b)^3, it is seen from the trace theorem that v := u|_{Γ b} ∈ H^{1/2}_α (Γ_b)^3 , exp(− iα ·x^′) v ∈ H^{1/2}_{per} (Γ_b)^3

where H^s_α (Γ_b) and H^s_{per} (Γ_b) denote the Sobolev spaces of order s ∈ R of functions onΓ_b that are

α -quasiperiodic and periodic respectively. Note that an equivalent norm onH^s_α (Γ_b)^3 is given by

‖v‖_H s_{α (Γ b )}3 = � � n ∈ Z^2

(1 + |n|)^{2s} |v̂_n |^2

�_{1/2} , where v̂_n ∈ C^3 are the Fourier coefficients ofexp(− iα ·x^′) v(x^′, b).

Definition 1. For any v ∈ H^{1/2}α (Γ_b)^3, the Dirichlet-to-Neumann (DtN) operatorT v is defined as the traction T u^{sc} on Γ_b, where u^{sc} is the unique α -quasiperiodic solution of the homogeneous Navier equation

in { x_3 > b} which satisfies the radiation condition at infinity andu^{sc} = v on Γ_b.

Remark 1. The operator T is well-defined, since the solution is unique for the scattering by flat surfaces parallel to the(x_1, x_2)-plane under the Dirichlet boundary condition; see Corollary 5 or Theorem 4.

Next we introduce the sesquilinear formB (u, φ ) defined by

B (u, φ ) := � Ω_b

a(u, φ ) − ω^2u ·φ dx − � Γ_b

φ · Tu ds , ∀ u, ϕ ∈ V_α , (3.4)

withT u := T (u|_{Γ b} ). Applying Betti’s identity (3.1) to a solutionu = u^{sc} + u^{in} of (BVP) and using the fact that

T u = T(u^{sc} + u^{in} ) = T u^{sc} + T u^{in} = T u + f_0 , with f_0 := T u^{in} − T u^{in} ,

we obtain the following variational formulation of (BVP): Find u ∈ V_α such that

B (u, φ ) = � Γ_b

f_0 ·φ ds , ∀ φ ∈ V_α . (3.5)

Through direct calculations, it can be derived from the definitions ofT , T and u^{in} that

f_0 = f_{p,0} := T u^{in}_p − T u^{in}_p = i k_p

2ω^2β α^2 + γ β � − α^⊤ γ � exp(iα ·x^′ − iβb) (3.6)

for an incident pressure wave of the form (2.3), and

f_0 = f_{s, 0} := T u^{in}_s − T u^{in}_s = i k_s

2ω^2γ α^2 + γ β

(θ̂^⊥ × θ̂)^⊤ × � α^⊤ − β � exp(iα ·x^′ − iγb) (3.7)

for an incident shear wave of the form (2.4). Here and in the following sections,β and γ denote the values

of β_n and γ_n defined by (2.11) withn = (0 , 0), respectively. Analogously, for the incident shear wave

defined by

ũ^{in}_s := ( θ̂ × Q)^⊤ exp(ik_s x · θ̂), Q ∈ S^2, Q⊥ θ̂, (3.8)

one obtains that

f_0 = f̃_{s, 0} := Tũ^{in}_s − T ũ^{in}_s = i k_s

2ω^2γ α^2 + γ β

Q^⊤ × � α^⊤ − β � exp(iα ·x^′ − iγb).

Remark 2. The problems (BVP) and (3.5) are equivalent in the followingsense. If u ∈ H^1_{loc} (Ω)^3 is a solution of (BVP), thenu|_{Ω b} satisfies the variational problem (3.5). Conversely, a solution u ∈ V_α (Ω_b) of (3.5) can be extended to a solution u = u^{in} + u^{sc} of the Navier equation (2.1) forx_3 ≥ b, where

u^{sc} is defined as the unique α -quasiperiodic radiating solution of the homogeneous Navier equation in { x_3 > b} satisfyingu^{sc} = u − u^{in} on Γ_b.

3.2 Properties of the Dirichlet-to-Neumann map

In this subsection, we will show an explicit representationof the DtN mapT , and then utilize it to investigate properties of T . In contrast to the case of the scalar Helmholtz equation, the property

− Re � Γ_b

T u ·uds ≥ 0 for all u ∈ H^{1/2}_α (Γ_b)^3

does not hold for the Navier system; cf. [22, Section 3], [12,Lemma 3.2] and the following Lemma 2. Nevertheless, thanks to the periodicity of the structure, the sesquilinear formB appears to be strongly elliptic, since − Re T can be decomposed into the sum of a positive-definite operator and a finite dimensional operator over H^{1/2}α (Γ_b)^3. However, compared to the two-dimensional case, the arguments are much more involved; cf. Sections 3.2 and 3.3. In the following, the Fourier coefficients ofexp (− iα ·x^′)u(x^′, b) and

exp (− iα ·x^′)(T u)(x^′, b), denoted by û_n and ( T̂ u)_n respectively, will be frequently used.

Throughout the paper, we use C to denote a generic constant whose value may change in different inequalities.

Lemma 1. For v = � n ∈ Z^2 v̂n exp(iα n ·x ′ ) ∈ H^{1/2}α (Γ_b)^3, we have

T v = T (ω, α )v = � n ∈ Z^2

iW_nv̂_n exp(iα_n ·x^′),

where W_n is the 3 × 3 matrix defined by

W_n = W_n (ω, α ) := 1 |α_n |^2 + β_n γ_n � � a_n b_n c_n b_n d_n e_n − c_n − e_n f_n

� � , (3.9)

with

a_n := μ[(γ_n − β_n )(α^{(2)}_n )^2 + k^2_s β_n ], b_n := − μα^{(1)}_n α^{(2)}_n (γ_n − β_n ), c_n := (2 μα^2_n − ω^2 + 2 μγ_n β_n )α^{(1)}_n , e_n := (2 μα^2_n − ω^2 + 2 μγ_n β_n )α^{(2)}_n , d_n := μ[(γ_n − β_n )(α^{(1)}_n )^2 + k^2_s β_n ], f_n := γ_n ω^2.

Proof. Assume u is a radiating solution of the form (2.13). Then the Fourier coefficients of exp(− iα ·

x^′)u(x)|_{Γ b} can be written as

û_n := � � α^{(1)}n 1 0 0 α^{(2)}n 0 1 0 β_n 0 0 1

� � � A_{p,n} e^{iβ n b}

A^⊤_{s,n} e^{iγ n b} � =: D_n A_n , (3.10)

or equivalently, by recalling the orthogonality relation (2.14), � û_n 0 � = � � � � � α^{(1)}n 1 0 0 α^{(2)}n 0 1 0 β_n 0 0 1 0 α^{(1)}n α^{(2)}n γ_n

� � � � �

� � � � � A_{p,n} e^{iβ n b} A^{(1)}s,n e^{iγ n b} A^{(2)}s,n e^{iγ n b} A^{(3)}s,n e^{iγ n b}

� � � � � =: D̃_n A_n . (3.11)

Through direct calculations, it follows from (3.11) that

A_n = D̃^{− 1}_n � û_n 0 � = D^{− 1}_n û_n , (3.12)

where D̃^{− 1}_n denotes the inverse matrix of D̃_n , and D^{− 1}_n is the 4 × 3 matrix defined by

D^{− 1}_n := 1 γ_n β_n + |α_n |^2

� � � � � α^{(1)}n α^{(2)}n γ_n γ_n β_n + ( α^2_n )^2 − α^{(1)}n α^{(2)}n − γ_n α^{(1)}n − α^{(1)}n α^{(2)}n γ_n β_n + ( α^{(1)}n )^2 − γ_n α^{(2)}n − α^{(1)}n β_n − α^{(2)}n β_n |α_n |^2

� � � � � .

On the other hand, applying the stress operator T (see (3.3)) to the radiating solutionu|_{Γ b} yields

T u = i � � � � � 2μβ_n α^{(1)}n 2μβ_n α^{(2)}n 2μβ^2_n + λk^2_p

� � A_{p,n} e^{iβ n b} + � � μγ_n 0 μα^{(1)}n 0 μγ_n μα^{(2)}n 0 0 2μγ_n

� � A^⊤_{s,n} e^{iγ n b} � � � e^{iα n ·x ′}.

This together with (3.12) allows us to write the Fourier coefficients of exp(− iα ·x^′)(T u)(x)|_{Γ b} as

^(T u)_n = i � � 2μβ_n α^{(1)}n μγ_n 0 μα^{(1)}n 2μβ_n α^{(2)}n 0 μγ_n μα^{(2)}n 2μβ^2_n + λk^2_p 0 0 2μγ_n

� � � A_{p,n} e^{iβ n b}

A_{s,n} e^{iγ n b} � (3.13)

=: iG_n A_n (3.14) = iG_n D^{− 1}_n û_n = iW_nû_n ,

where W_n := G_n D^{− 1}_n coincides with the matrix defined in (3.9). The proof is thus complete. �

For a matrix M ∈ C^{3× 3}, we define its real part by ReM := ( M + M^∗)/2, and write ReM > 0 if

Re M is positive-definite. HereM^∗ is the adjoint matrix ofM with respect to the scalar product (·, ·)_C3 in C^3.

Lemma 2. Let W_n be defined as in (3.9).

(i) Given a fixed frequencyω > 0, we have Re (− iW_n ) > 0 for all sufficiently large|n|.

(ii) There exists a sufficiently small frequencyω_0 > 0 such that

Re (− iW_n z, z)_C3 ≥ C |n| |z|^2 , ∀ z ∈ C^3 , ω ∈ (0, ω_0], n ≠ (0 , 0)

with some constant C > 0 independent of ω and n.

(iii) The DtN mapT is a bounded operator from H^{1/2}α (Γ_b)^3 to H^{− 1/2}

α (Γ_b)^3.

Proof. (i) For sufficiently large|n|, we first observe that β_n = i|β_n |, γ_n = i|γ_n |, and thus

iW_n = − 1 |α_n |^2 − | β_n ||γ_n | � � � a^′_n b^′_n − iα^{(1)}n c^′_n b^′_n d^′_n − iα^{(2)}n c^′_n iα^{(1)}n c^′_n iα^{(2)}n c^′_n f^′_n

� � � =:

− W^′_n |α_n |^2 − | β_n ||γ_n |

, (3.15)

where

a^′_n := μ[(|γ_n | − | β_n |)(α^{(2)}_n )^2 + k^2_s |β_n |] ∈ R, b^′_n := − μα^{(1)}_n α^{(2)}_n (|γ_n | − | β_n |) ∈ R, c^′_n := (2 μ|α_n |^2 − ω^2 − 2μ|γ_n ||β_n |) ∈ R, d^′_n := μ[(|γ_n | − | β_n |)(α^{(1)}_n )^2 + k^2_s |β_n |] ∈ R, f^′_n := |γ_n |ω^2 ∈ R.

Using Taylor expansions, one may check that, for fixedω > 0,

|α_n |^2 − | β_n ||γ_n | → k^2_p + k^2_s 2 as |n| → + ∞ . (3.16)

From the definition ofW^′_n in (3.15), we observe that ReW^′_n = W^′_n , that is, W^′_n coincides with tis real part. Hence it remains to prove that W^′_n is positive-definite for all sufficiently large|n|. To this end, we only need to verify that

(I) a^′_n > 0, (II) � � �a^{′n} b^{′n} b^′_n d^′_n � � �> 0, (III) det (W^′_n ) > 0, for all sufficiently large|n|.

Noting that |γ_n |^2 = |α_n |^2 − k^2_s , |β_n |^2 = |α_n |^2 − k^2_p for large |n|, we shall prove (I),(II) and (III) as follows.

(I) For sufficiently large|n|, it is obvious that

a^′_n = μ[(|γ_n | − | β_n |)(α^{(2)}_n )^2 + k^2_s |β_n |] = μ � (k^2_p − k^2_s )(α^{(2)}n )^2 |γ_n | + |β_n | + k^2_s |γ_n |^2 + k^2_s |γ_n ||β_n | |γ_n | + |β_n | �

= μ |γ_n | + |β_n |

[k^2_p (α^{(2)}_n )^2 + k^2_s (α^{(1)}_n )^2 + k^2_s |γ_n ||β_n | − k^2_s k^2_p ] (3.17)

> 0.

(II) By arguing as in (3.17), one arrives at

g_n := ( |γ_n | − | β_n |)|α_n |^2 + k^2_s |β_n | > 0, if|n| is sufficiently large. (3.18)

Thus, � � � � a^′_n b^′_n b^′_n d^′_n � � � � = a ′ n d^′_n − (b^′_n )^2

= μ^2[(|γ_n | − | β_n |)(α^{(2)}_n )^2 + k^2_s |β_n |] [(|γ_n | − | β_n |)(α^{(1)}_n )^2 + k^2_s |β_n |] − μ^2(α^{(1)}_n α^{(2)}_n )^2(|γ_n | − | β_n |)^2 = μ^2k^2_s |β_n | [(|γ_n | − | β_n |)|α_n |^2 + k^2_s |β_n |] (3.19) = μ^2k^2_s |β_n | g_n > 0.

(III) It can be verified that � � � � � a_n b_n − c_n b_n d_n − e_n c_n e_n f_n

� � � � � = � � � a_n b_n b_n d_n � � �f^n + ( a^n e^2n − 2b^n e^n c^n + d^n c^2n ).

Hence, from (3.19) and the definition ofW^′_n it follows that

det (W^′_n ) = � � �a^{′n} b^{′n} b^′_n d^′_n � � �f^′_n + � a^′_n (i α^{(2)}_n c^′_n )^2 − 2b^′_n (iα^{(2)}_n c^′_n ) (iα^{(1)}_n c^′_n ) + d^′_n (iα^{(1)}_n c^′_n )^2 �

= ( μ^2k^2_s |β_n | g_n ) (|γ_n |ω^2) + ( c^′_n )^2 � 2b^′_n α^{(1)}_n α^{(2)}_n − a^′_n (α^{(2)}_n )^2 − d^′_n (α^{(1)}_n )^2 � � � �

h_n

. (3.20)

In view of the definitions ofa^′_n , b^′_n , d^′_n at the beginning of the proof and that ofg_n in (3.18), there holds

h_n := 2 b^′_n α^{(1)}_n α^{(2)}_n − a^′_n (α^{(2)}_n )^2 − d^′_n (α^{(1)}_n )^2 = 2 μ(α^{(1)}_n α^{(2)}_n )^2 (|β_n | − | γ_n |) − μ(α^{(2)}_n )^2 � (α^{(2)}_n )^2(|γ_n | − | β_n |) + k^2_s |β_n |) � − μ(α^{(1)}_n )^2 � (α^{(1)}_n )^2(|γ_n | − | β_n |) + k^2_s |β_n |) � = μ(|β_n | − | γ_n |) |α_n |^4 − μk^2_s |β_n | |α_n |^2 = − μ |α_n |^2 � (|γ_n | − | β_n |)|α_n |^2 + k^2_s |β_n | � (3.21)

= − μ |α_n |^2 g_n .

Inserting (3.21) into (3.20) and recalling the definition ofc^′_n , we obtain

det (W^′_n ) = μ^3k^4_s |β_n | |γ_n | g_n − μ^3 � 2|γ_n | |β_n | − | γ_n |^2 − | α_n |^2

�_2

|α_n |^2 g_n

= μ^3g_n � |β_n | |γ_n |k^4_s − | α_n |^2 � 2|γ_n | (|γ_n | − | β_n |) + k^2_s

�_2�

= μ^3g_n |α_n |^2 � |β_n | |α_n |

|γ_n | |α_n | k^4_s − � 2|γ_n |(k^2_p − k^2_s ) |γ_n | + |β_n |

+ k^2_s �2� . (3.22)

Since

|β_n | |α_n |

→ 1,

|γ_n | |α_n |

→ 1,

2|γ_n |(k^2_p − k^2_s )

|γ_n | + |β_n |

→ k^2_p − k^2_s , g_n > 0 as |n| → + ∞ ,

we finally conclude from (3.22) and the fact0 < k_p < k_s that

det (W^′_n ) > 0 for all sufficiently large|n|.

This finishes the proof of assertion(i).

(ii) To prove the second assertion for small frequencies, we need to analyze the asymptotic behavior

of Re (iW_n ) as ω → 0^+ . In the following, for a seuqence{ a_j }, we write a_j ∼ a_0 as j → + ∞ if

a_j /a_0 → 1 as j → + ∞ . Since

β_n = i � |α_n |^2 − k^2_p ∼ i|n|, γ_n = i � |α_n |^2 − k^2_s ∼ i|n| as ω → 0^+ , (3.23)

uniformly inn ≠ (0 , 0), the matrix iW_n with n ≠ (0 , 0) takes the same form as in (3.15) for small frequencies. Furthermore, it follows from the behavior ofβ_n and γ_n in (3.23) in combination with the identities in (3.17)-(3.19) and (3.22) that

a^′_n ∼ ω^2|n|C_1(λ, μ ), g_n ∼ ω^2|n|C_2(λ, μ ), (3.24) � � � a^′_n b^′_n b^′_n d^′_n � � �∼ ω^4|n|^2C^3(λ, μ ), det(W^′n ) ∼ ω^6|n|^3C^4(λ, μ ), (3.25) as ω → 0^+ uniformly inn ≠ (0 , 0), where C_j (λ, μ ) (j = 1 , 2, 3, 4) are positive constants only

depending on λ and μ; note that ω^2 = μk^2_s = ( λ + 2 μ)k^2_p . In addition, we get

δ_n := |α_n |^2 − | β_n | |γ_n | = ω^2

3μ + λ 2μ(2μ + λ)

+ O(ω^4) as ω → 0. (3.26)

From (3.24), (3.25) and (3.26), we then obtain the inequalities

a^′_n |n|δ_n

≥ C, 1 |n|^2(δ_n )^2 � � � � a^′_n b^′_n b^′_n d^′_n � � � �≥ C, det(W^′_n ) |n|^3(δ_n )^3

≥ C, (3.27)

uniformly inn ≠ (0 , 0), for all sufficiently smallω and some constant C > 0. Combining (3.26), (3.27) and (3.15) yields the second assertion.

(iii ) Since the asymptotic behavior in (3.23) remain valid as|n| → + ∞ , there holds

|β_n − γ_n | ∼ 1 |n|^2 k^2_s − k^2_p 2 as |n| → + ∞ .

It follows from (3.9) and (3.16) that

|a_n |, |b_n |, |c_n |, |d_n |, |e_n |, |f_n | ≤ | n|C(λ, μ ), for sufficiently large|n|,

with some constant C(λ, μ ) > 0, implying the inequality|(W_nv̂_n ,v̂_n )_C3 | ≤ C|n||v̂_n |^2 for some constant

C > 0 uniformly inn ∈ Z^2. By the definition of|| · ||_H s_{α (Γ b )}3 , the boundedness of T mapping H^{1/2}α (Γ_b)^3

into H^{− 1/2}

α (Γ_b)^3 follows in a standard way. �

3.3 Strong ellipticity

Let V^′_α denote the dual of V_α with respect to the L^2 scalar product. By Lemma 2(iii ), there exists a

continuous linear operatorB : V_α → V^′_α associated with the sesquilinear formB such that

B (u, φ ) = ( Bu, φ ) for all φ ∈ V_α . (3.28)

Definition 2. A bounded sesquilinear formB (·, ·) given on some Hilbert space X is called strongly elliptic if there exists a compact formq(·, ·) such that

|ReB (u, u)| ≥ C ||u||^2_X − q(u, u) ∀ u ∈ X.

The following theorem establishes the strong ellipticity of the sesquilinear formB defined in (3.4).

Theorem 1. Assume Λ is a Lipschitz surface. Then the sesquilinear formB is strongly elliptic overV_α under each of the boundary conditions in (2.6). Moreover, the operator B defined by (3.28) is always a Fredholm operator with index zero.

Proof. The bilinear forma(·, ·) defined by (3.2) can be written as

a(u, v) = λ div u div v + 2 μ 3� i,j =1

ε_{ij} (u) ε_{ij} (v), ε_{ij} (u) := ( ∂_j u_i + ∂_i u_j )/2 .

Under our assumptions on the Lamé constants, μ > 0, λ + 2 μ/3 > 0, we have the estimate (see [25, Chap. 5.4]) � Ω_b

a(u, u) dx ≥ C(Ω_b) 3� i,j =1

||ε_{ij} (u)||^2_L 2_{(Ω b )} , ∀ u ∈ H^1(Ω_b)^3 . (3.29)

By the well known Korn’s inequality (see e.g. [29, Chapter 10], [18, Chapter 3]), there holds 3� i.j =1

||ε_{ij} (u)||^2_L 2_{(Ω b )} + 3� i=1 ||u_i ||^2_L 2_{(Ω b )} ≥ C(Ω_b) ||u||^2_H 1_{(Ω b )}3 , ∀ u ∈ H^1(Ω_b)^3 . (3.30)

Hence, � Ω_b � a(u, u) − ω^2|u|^2 � dx ≥ C(Ω_b)||u||^2_H 1_{(Ω b )}3 − (C(Ω_b) + ω^2)||u||^2_L 2_{(Ω b )} .

The compactness of the imbedding H^1(Ω_b) → L^2(Ω_b) implies that the operatorK : V_α → V^′_α defined by (Ku, φ )_{Ω b} = � Ω_b

u ·φ̄ dx , ∀ u, φ ∈ V_α (3.31)

is compact. Thus, to prove the strong ellipticity of the formB defined in (3.4), it is now sufficient to verify that T is the sum of a finite dimensional operator and an operatorT_1 satisfying Re � − � Γ_b

u · T_1u ds � ≥ 0, ∀ u ∈ H^1_α (Ω_b)^3. (3.32)

To do so, we set

T_1u := � |n |≥ n_0

iW_n û_n , T_0u := T u − T_1u = � |n |<n_0

iW_n û_n

where the matrices W_n are defined as in (3.9), and n_0 ∈ N is sufficiently large so that by Lemma 2(i)

Re (− iW_n z, z)_C2 ≥ 0 , ∀ z ∈ C^2 , ∀ |n| ≥ n_0. (3.33)

Then we have the decomposition T = T_1 + T_0, where T_1 satisfies (3.32) and T_0 is a finite dimensional operator. This finishes the proof of the strong ellipticity of B over V_α , from which the Fredholm property

of B follows. �

4 Solvability results for impenetrable gratings

Relying on the strong ellipticity of the sesquilinear formB established in Theorem 1, we next show existence and uniqueness results for impenetrable gratings under the first, second, third or fourth kind boundary conditions. According to the Fredholm alternative, existence of solutions can always be guaranteed as long as uniqueness holds. However, as we will see in Section 4.4, uniqueness for all frequencies cannot be expected under the second, third or fourth kind boundary conditions, because this even does not hold for a flat grating. Using properties of the DtN map and Korn’s inequality, we can prove the uniqueness for small frequencies, and thus for all frequencies excluding adiscrete set by employing analytic Fredholm theory. Note that the non-uniqueness examples shown in Section 4.4 for flat gratings cannot occur ifω is sufficiently small. Moreover, existence for special incident waves can be established even if there is no uniqueness; see Section 4.2.1. In the case of the Dirichlet boundary condition, we shall prove uniqueness for all frequencies if the grating profileΛ is given by the graph of a Lipschitz function; see Section 4.3.

We begin with the following auxiliary lemma which plays an important role in the subsequent analysis.

4.1 An auxiliary lemma

Lemma 3. Assume u ∈ V_α is a radiating solution of the form (2.13). IfBu = 0 , then

A_{p,n} = 0 for |α_n | < k_p and A_{s,n} = 0 for |α_n | < k_s . (4.1)

Proof. Taking imaginary parts in the variational equation (3.5) with φ = u and f_0 = 0 yields

0 = Im(Bu, u) = ImB (u, u) = − Im � Γ_b

u · Tu ds. (4.2)

In the sequel, we are going to prove that

Im � Γ_b

u · Tu ds = 4 π^2 � � � |α_n |<k_p

β_n |A_{p,n} |^2 ω^2 + � |α_n |<k_s

γ_n |A_{s,n} |^2 μ � � , (4.3)

which together with (4.2) implies the lemma.

Recalling the Fourier coefficients ofexp(− iα ·x^′)u(x)|_{Γ b} , û_n := D_n A_n , defined as in (3.10), and those

of exp(− iα ·x^′)T u(x)|_{Γ b} , ( T̂ u)_n := iG_n A_n , defined as in (3.13) and (3.14), we have Im � Γ_b

u · Tu ds = Im � Γ_b

u ·T u ds = 4 π^2Im � n ∈ Z^2

(iG_n A_n , D_n A_n )_C3 (4.4)

= 4 π^2 � n ∈ Z^2

(Re (D^∗_n G_n )A_n , A_n )_C3 , (4.5)

where D^∗_n denotes the adjoint matrix ofD_n . By direct calculations, we see that

D^∗_n G_n = � � � � � 2μβ_n (|α_n |^2 + |β_n |^2) + λβ_n k^2_p μγ_n α^{(1)}n μγ_n α^{(2)}n μ(|α_n |^2 + 2β_n γ_n ) 2μβ_n α^{(1)}n μγ_n 0 μα^{(1)}n 2μβ_n α^{(2)}n 0 μγ_n μα^{(2)}n 2μβ^2_n + λk^2_p 0 0 2μγ_n

� � � � � .

To obtain the real part ofD^∗_n G_n , we decompose the above 4× 4 matrix into the sumJ_1 + J_2 + J_3, where

J_1 := � � � � 2μβ_n (|α_n |^2 + |β_n |^2) + λβ_n k^2_p 0 0 0 0 μγ_n 0 0 0 0 μγ_n 0 0 0 0 μγ_n

� � � � ,

J_2 := � � � � 0 μγ_n α^{(1)}n μγ_n α^{(2)}n μ(|α_n |^2 + 2β_n γ_n ) 2μβ_n α^{(1)}n 0 0 0 2μβ_n α^{(2)}n 0 0 0 2μβ^2_n + λk^2_p 0 0 0

� � � � ,

J_3 := � � � � 0 0 0 0 0 0 0 μα^{(1)}n 0 0 0 μα^{(2)}n 0 0 0 μγ_n

� � � � .

Then, using the relations

α^{(1)}_n A^{(1)}_{s,n} + α^{(2)}_n A^{(2)}_{s,n} + γ_n A^{(3)}_{s,n} = 0 , |α_n |^2 + β^2_n = k^2_p , |α_n |^2 + γ^2_n = k^2_s , for all n ∈ Z^2,

we obtain

(J_2A_n , A_n ) = ( J̃_2A_n , A_n ), (J_3A_n , A_n ) = 0 for all n ∈ Z^2, (4.6)

where J̃_2 is the 4 × 4 matrix whose (1, 4)^{th} entry is 2μ|α_n |^2 + 2 μβ_n γ_n − ω^2, its (4, 1)^{th} entry is

− 2μ|α_n |^2 − 2μβ_n γ_n + ω^2, and the other entries are zeros. Furthermore, we arrive at

((Re J_1)A_n , A_n ) = � � � ω^2β_n |A_{p,n} |^2 + μγ_n |A_{s,n} |^2 if|α_n | < k_p, μγ_n |A_{s,n} |^2 ifk_p ≤ | α_n | < k_s , 0 ifk_s ≤ | α_n | .

(4.7)

Noting that ReJ̃_2 = 0 , we conclude from (4.4)-(4.7) that the identity (4.3) holds. The proof is thus complete. �

Remark 3. If u ∈ V_α is a radiating solution of the form (2.12) and satisfiesBu = 0 , then the identity (4.3) takes the form

Im � Γ_b

u · Tu ds = 4 π^2ω^2 � � � |α_n |<k_p

β_n |A_{p,n} |^2 + � |α_n |<k_s

γ_n |Ã_{s,n} |^2 � � (4.8)

which also implies (4.1). Note that an analogous identity to(4.8) has been proved in [21, Lemma 4] and [3, Theorem 5.3] for two dimensional gratings.

4.2 Solvability for general Lipschitz grating profiles

We assume the impenetrable grating profileΛ is a Lipschitz surface on which one of the boundary conditions in (2.6) is imposed. By (3.28), we rewrite the variational formulation (3.5) as

Bu = F_0, (4.9)

where F_0 ∈ V^′_α is defined by the right hand side of(3.5). The equation (4.9) is equivalent to the boundary value problem (BVP) in the sense of Remark 2. Lemma 3 tellsus that a radiating solution to the homogeneous equation (Bu, u) = 0 only has vanishing propagating modes. Obviously this does not imply the uniqueness. Next, we establish an existence result for the incident pressure waves (2.15) or the incident shear waves (2.16) for anyω > 0, and then present a uniqueness result for small frequencies.

4.2.1 Existence

Theorem 2. Let the grating profileΛ be given by a Lipschitz surface inR^3. Then, for all incident plane waves of the form (2.15) or (2.16), there always exists a solution u ∈ V_α to the variational problem (3.5) and hence to (BVP) under each of the boundary conditions in (2.6).

Proof. By Theorem 1, the equation (4.9) is solvable if its right handside F_0 is orthogonal (with respect to the duality(·, ·)_{Ω b} extending the scalar product inL^2(Ω_b)^3) to all solutionsv of the homogeneous adjoint equation B^∗v = 0 . Note that such v can always be extended to a solution of (2.1) in the unbounded domain Ω by setting

v(x) = � n ∈ Z^2 � A_{p,n} � α^⊤_n − β_n � exp(i α_n ·x^′ − iβ_n x_3) + A_{s,n} exp(i α_n ·x^′ − i γ_n x_s ) � , (4.10)

for x_3 ≥ b, where the Rayleigh coefficientsA_{s,n} ∈ C^3 fulfill the orthogonality relation

A_{s,n} ·(α^{(1)}_n , α^{(2)}_n , − γ_n ) = 0 ,

and A_{p,n} , A_{s,n} are determined by the n-th Fourier coefficientv̂_n of e^{− iα ·x ′}v|_{Γ b} via the following relation: � v̂_n 0 � = � � � � � α^{(1)}n 1 0 0 α^{(2)}n 0 1 0 − β_n 0 0 1 0 α^{(1)}n α^{(2)}n − γ_n

� � � � � � A_{p,n} e^{− iβ n b}

A^⊤_{s,n} e^{− iγ n b} � .

Analogously to Lemma 3, it can be derived from

(B^∗v, ψ )_{Ω b} = ( v, Bψ )_{Ω b} = B (ψ, v ) = 0 , ∀ ψ ∈ V_α (4.11)

that

A_{p,n} = 0 for |α_n | < k_p and A_{s,n} = 0 for |α_n | < k_s . (4.12)

This means that v has vanishing Rayleigh coefficients of the incoming modes, giving that

v̂_n = � (0, 0, 0)^⊤ if |α_n | < k_p < k_s ; (α^{(1)}n , α^{(2)}n , − β_n )^⊤ A_{p,n} exp(− iβ_n b) if k_p ≤ | α_n | < k_s .

On the other hand, through direct calculations we deduce that f_0 := T u^{in} − T u^{in} takes the form

f_0 = � |α_n |<k_p i k_p

2ω^2β_n |α_n |^2 + γ_n β_n � − α^⊤_n γ_n � e^{− iβ n b}e^{iα n ·x ′} =: � |α_n |<k_p

h_n e^{iα n ·x ′} (4.13)

for the incident pressure wave u^{in}_{(p)} defined in (2.15), which leads to

F_0(v) = � Γ_b

f_0 ·vds = 4 π^2 � |α_n |<k_p

h_n ·v̂_n = 0 .

For the incident shear wave u^{in}_{(s)} defined in (2.16), we obtain

f_0 = � |α_n |<k_s i k_s

2ω^2γ_n |α_n |^2 + β_n γ_n

Q^⊤_n × � α^⊤_n − β_n � e^{− iγ n b}e^{iα n ·x ′} =: � |α_n |<k_s

g_n e^{iα n ·x ′}, (4.14)

so that

F_0(v) = � Γ_b

f_0 ·vds

= 4 π^2 � |α_n |<k_s

g_n ·v̂_n

= 4 π^2 � |α_n |<k_s i k_s

2ω^2γ_n |α_n |^2 + β_n γ_n e^{− iγ n b} � Q^⊤_n × � α^⊤_n − β_n � · � α^⊤_n − β_n � A_{p,n} e^{iβ n b}

= 0 .

Therefore, the right hand side of equation (4.9) is always orthogonal to each solution of (4.11). Applying the Fredholm alternative, we finish the proof. �

4.2.2 Uniqueness

Theorem 3. Assume the grating profileΛ is given by a Lipschitz surface andu^{in} is an incident pressure wave (where α = k_p(sin θ_1 cos θ_2, sin θ_1 sin θ_2)). Then, under each of the boundary conditions in (2.6), we have

(i) There exists a small frequencyω_0 > 0 such that the variational problem (3.5) admits a unique solution

u ∈ V_α (Ω_b) for all incident angles and for all frequenciesω ∈ (0, ω_0].

(ii) For all but a sequence of countable frequenciesω_j , ω_j → ∞ , the variational problem (3.5) (with fixed incidence angles θ_1 and θ_2) admits a unique solutionu ∈ V_α (Ω_b).

Proof. (i) Assuming u ∈ V_α (Ω_b) is a solution to the homogeneous problem (3.5) so that (Bu, u) =

B (u, u) = 0 , we shall prove that u = 0 in Ω_b if ω is sufficiently small. We decompose the operatorB

into the sum ofA + K, where K and A are defined by

(Kv, φ )_{Ω b} = − ω^2 � Ω_b

v ·φ ds, (Av, φ )_{Ω b} = � Ω_b

a(v,φ ) dx − � Γ_b

φ · Tv ds, ∀ v, φ ∈ V_α .(4.15)

Since α = k_p(sin θ_1 cos θ_2, sin θ_1 sin θ_2) for an incident pressure wave, we have |α | = |k_p sin θ_1| < k_p for all θ_1 ∈ [0, π/2). Thus it follows from Lemma 3 that the(0, 0)-th Fourier coefficient of

exp (− iα ·x^′)u(x)|_{Γ b} is û_0 = (0 , 0, 0). By Lemma 2 (ii), there exists a sufficiently small frequency ω_0 > 0 and a constant C > 0 such that, for any ω ∈ (0, ω_0], Re � − � Γ_b

u · Tu ds � = 4 π^2 � n ≠0

Re (− iW_n û_n ,û_n )_C3 + 4 π^2 Re (− iW_0v̂_0,û_0)_C3

= 4 π^2 � n ≠0

Re (− iW_n û_n ,û_n )_C3

≥ C||u||^2_{H 1/2α (Γ b )3} (4.16)

where û_n are the Fourier coefficients of exp(− iα ·x^′) u(x^′, b) and C does not depend on ω and n. Using (3.30) and the arguments in the proof of [18, Chapter 3,Theorem 3.3], one can prove that

||v||^2_H 1_{(Ω b )}3 ≤ C(Ω_b) � ||v||^2_L 2_{(Γ b )}3 + 3� i,j =1

||ε_{ij} (v)||^2_L 2_{(Ω b )} � , ∀ v ∈ H^1(Ω_b)^3 .

Together with (3.29), this implies that

|v| := � � Ω_b

a(v,v) dx + ||v||_H 1/2_{α (Γ b )3}

�_{1/2}

is an equivalent norm ofv in V_α (Ω_b). Thus, combining (4.15) and (4.16) gives

0 = Re(Bu, u) ≥ C||u||^2_{Vα (Ω b )} − ω^2||u||^2_L 2_{(Ω b )}3 ,

where C > 0 does not depend on ω , whence u = 0 follows ifω is sufficiently small.

(ii) Relying on the above uniqueness result for small frequencies and employing analytic Fredholm the-

ory, one can prove the invertibility of the operatorB for all frequenciesω > 0 with the possible exception of a discrete set in (0, ∞ ). The proof is omitted since it can be carried out with minor modifications of that in Elschner & Hu [21, Theorem 6(ii)] for two dimensional transmission gratings. �

Remark 4. (i) For an incident shear wave(where α = k_s (sin θ_1 cos θ_2, sin θ_1 sin θ_2)), Theorem 3 holds under the additional assumption thatk_s sin θ_1 < k_p. This assumption ensures û_0 = (0 , 0, 0) in the proof of assertion (i) so that the estimate (4.16) remains true.

(ii) Under the second, third or fourth kind boundary conditions, Theorem 3 does not hold for all frequencies. Non-uniqueness examples will be presented in Section4.4 for flat gratings.

4.3 Uniqueness for the first kind (Dirichlet) boundary probl em

In this subsection, we assume the grating profile Λ is given by a Lipschitz graph,x_3 = f (x_1, x_2), where

f is 2π-periodic with respect tox_1 and x_2, and suppose the Dirichlet boundary conditionu = 0 is

imposed on Λ . Our main task is to prove the following uniqueness result for all frequencies.

Theorem 4. If Λ is a Lipschitz graph, then the operator B : V_α → V^′_α is invertible for the Dirichlet boundary value problem. In particular, the variational problem (3.5) and hence problem (BVP) have a unique solution for all incident waves under the Dirichlet boundary condition onΛ .

By Theorem 1, we only need to prove uniqueness. To this end, wefirst investigate the uniqueness for smooth graphs when f (x_1, x_2) is a C^2 function overR^2. In this case, the third component of the unit normal ν := ( ν_1, ν_2, ν_3) on Λ can be written as

ν_3 = 1 � 1 + |∇_x ′f (x^′)|^2

≥ C_f > 0

for some constant C_f > 0 depending only on the Lipschitz constant off , and by the standard elliptic regularity we have u ∈ H^2(Ω_b) ∩ V_α (Ω_b). We next establish a periodic Rellich identity for the Navier system in R^3.

Lemma 4. (Periodic Rellich identity for the Navier equation ) Ifu ∈ H^2_α (Ω_b), then 2Re � Ω_b

(Δ^∗ + ω^2)u ·∂_3u dx = � − � Λ + � Γ_b � � 2 Re (T u ·∂_3u) − ν_3 a(u, u) + ω^2|u|^2 � ds

Proof. Using integration by parts and the first Betti formula, we have

ω^2 � Ω_b

u ·∂_3u dx = ω^2 � − � Λ ν_3|u|^2ds + � Γ_b

ν_3|u|^2ds − � Ω_b

∂_3u ·udx � , and � Ω_b

Δ^∗u ·∂_3u dx = � − � Λ + � Γ_b � T u ·∂_3uds − � Ω_b

a(u, ∂_3u)dx = � − � Λ + � Γ_b � T u ·∂_3uds + � Ω_b

a(∂_3u, u)dx + � � Λ − � Γ_b � ν_3a(u, u)ds = � − � Λ + � Γ_b � 2Re(T u ·∂_3u)ds − � Ω_b

Δ^∗u ·∂_3udx + � � Λ − � Γ_b � ν_3a(u, u)ds.

Note that the contributions of the integrals over vertical surfaces cancel because of the α -quasi-periodicity

of u over Ω_b. The periodic Rellich identity for the Navier equation in Lemma 4 follows directly from the

previous two identities. �

We refer to [10] and [22] for the periodic Rellich identity for the scalar Helmholtz equation and to [21] for the two-dimensional Navier system. Here we have presented a more direct proof. See also [15, Proposition 2] for a general form of the Rellich identity in bounded domains.

Lemma 5. Ifu ∈ H^{3/2+ ϵ}(Ω_b) for some ϵ > 0 and u = 0 on Λ , then

(i)ν ·∂_3u div u = n_3 |div u|^2, ∂_3u = ν_3∂_ν u on Λ ,

(ii)∂_ν u + ν × curl u − ν div u = 0 on Λ ,

(iii)T u ·∂_3u = μ|∂_ν u|^2ν_3 + ( λ + μ)|div u|^2ν_3 on Λ ,

(iv)a(u, u)ν_3 = μ|∂_ν u|^2ν_3 + ( λ + μ)|div u|^2ν_3 on Λ .

Proof. Since u ∈ H^{3/2+ ϵ}(Ω_b) for some ϵ > 0, ∇ u exists almost everywhere on Λ . By the assumption that u = ( u_1, u_2, u_3) = 0 on Λ , there holds ∇ × u_j = 0 for j = 1 , 2, 3, i.e.,

ν_2 ∂_3u_j − n_3 ∂_2u_j = 0 , ν_3 ∂_1 u_j − n_1 ∂_3u_j = 0 , ν_1 ∂_2u_j − ν_2 ∂_1u_j = 0 on Λ . (4.17)

The assertions (i), (ii) and (iv) can be proved directly by using (4.17), while the third one follows from

(ii) and the definition ofT in (2.7). �

Corollary 5. Suppose that the grating profile Λ is given by a C^2 graph and that a radiating solution

u ∈ V_α (Ω_b) satisfies Bu = 0 for the Dirichlet boundary condition. Thenu = 0 in V_α (Ω_b).

The uniqueness result of Corollary 5 was proved in [26] for the scalar Helmholtz equation and in [3] and [21] for the two-dimensional Navier system. See also T. Arens [5] for the uniqueness of scattering of elastic waves by a rough surface in R^2.

Proof of Corollary 5. Combining the Dirichlet boundary condition onΛ , Lemma 4 and Lemma 5 (iii )

(iv), we find � Λ � μ|∂_ν u|^2ν_3 + ( λ + μ)|div u|^3ν_3 � ds = � Γ_b � 2 Re (T u ·∂_3u) − ν_3 a(u, u) + ω^2|u|^2 � ds. (4.18)

Next we prove that the right hand side of (4.18) vanishes. Letu ∈ V_α be a radiating solution of the form (2.13) satisfyingBu = 0 . By Lemma 3, we know thatu takes the form

u = v + � |α_n |>k_p

A_{p,n} � α^⊤_n β_n � exp(iα_n ·x^′ + iβ_n x_3) + � |α_n |>k_s

A_{s,n} exp(iα_n ·x^′ + iγ_n x_3),

where

v(x) = � |α_n |= k_p

A_{p,n} � α^⊤_n β_n � exp(iα_n ·x^′) + � |α_n |= k_s

A_{s,n} exp(iα_n ·x^′).

One can see from the periodic Rellich identity that the righthand side of (4.18) does not depend on the choice of b. Thus, for anyϵ > 0, there exist c > 0 sufficiently large so that � Γ_b

2 Re (T u ·∂_3u) − ν_3 a(u, u) + ω^2|u|^2 ds − � Γ_b

2 Re (T v ·∂_3v) − ν_3 a(v,v) + ω^2|v|^2 ds = � Γ_c � (2 Re (T u ·∂_3u) − ν_3 a(u, u) + ω^2|u|^2) − (2Re (T v ·∂_3v) − ν_3 a(v,v) + ω^2|v|^2) � ds < ϵ,

since the integrand on the second line of the preceding formula only consists of exponentially decaying functions as c → + ∞ . This gives rise to the equality � Γ_b

2 Re (T u ·∂_3u) − ν_3 a(u, u) + ω^2|u|^2 ds = � Γ_b

2 Re (T v ·∂_3v) − ν_3 a(v,v) + ω^2|v|^2 ds.

Noting that∂_3v = 0 in R^3, by direct calculations one may readily check that � Γ_b � − a(v,v) + ω^2|v|^2 � ds = 0 .

Together with (4.18), this gives the identity � Λ � μ|∂_ν u|^2ν_3 + ( λ + μ)|div u|^2ν_3 � ds = 0 ,

from which∂_ν u = 0 on Λ follows. Finally, as a consequence of Holmgren’s uniquenes theorem, it holds that u = 0 in V_α (Ω_b) for any b > Λ^+ . �

Relying on the above uniqueness result forC^2 graphs, we adapt Nečas’ approach [31, Chap. 5] of approximating a Lipschitz graph by smooth surfaces to prove Theorem 4. In the following, we sketch the proof of Theorem 4, referring to Elschner & Hu [21, Theorem 3] for the details in the case of plane elasticity, which can be carried over to the 3D case.

Proof of Theorem 4:

Step 1 Choose C^∞ graphs Λ_j = Λ_{f j} := { x_3 = f_j (x^′) : x^′ ∈ (0, 2π) × (0, 2π)} such that the Lipschitz constants off_j are uniformly bounded inj , and

Ω^j_b = Ω_{Λ j ,b} ⊂ Ω_b , max{| f_j (x^′) − f (x^′)| : x^′ ∈ [0, 2π] × [0, 2π]} → 0 , as j → ∞ .

Consider the inhomogeneous boundary value problem

(Δ^∗ + ω^2 + i) u^j = iu in Ω^j_b , (4.19) u^j |_{Λ j} = 0 , T u^j − T (ω, α ) u^j = 0 on Γ_b ,

and its equivalent variational formulation � Ω^j_b � a(u^j ,φ ) − (ω^2 + i)u^j ·φ � dx − � Γ_b

φ · T(ω, α )u^j ds = − � Ω_b

iu ·φdx , (4.20)

forφ ∈ V_α (Ω^j_b). Analogously to Corollary 4, one can prove that there exits aunique solutionu^j ∈ V_α (Ω^j_b)

to the above variational formulation and hence to (4.19). Extending u^j by zero to Ω_b\Ω^j_b, we have u^j → u

in V_α (Ω_b) as j → ∞ .

Step 2 Rewrite the boundary value problem (4.19) as

(Δ^∗ + ω^2) u^j = h_j := i(u − u_j ) in Ω^j_b , (4.21) u|_{Λ j} = 0 , T u^j − T (ω, α ) u^j = 0 on Γ_b .

The unique solutionu^j to the above problem satisfies the identity � Ω^j_b � a(u^j ,u_j ) − ω^2|u^j |^2 � dx − � Γ_b

u^j · T(ω, α )u^j ds = − � Ω_b

h^j ·u^j dx . (4.22)

Then, taking imaginary part of (4.22) and using the identity(4.3), we get

I_j := 4 π^2 � � � |α_n |<k_p

ω^2β_n |A^j_{p,n} |^2 + � |α_n |<k_s

μγ_n |A^j_{s,n} |^2 � � = Im � Ω_b

h^j ·u^j dx,

where A^j_{p,n} and A^j_{s,n} are the Rayleigh coefficients ofu^j of the form (2.13). Noting thatu^j → u in V_α (Ω_b) from Step 1, we have I_j → 0 and thus |A^j_{p,n} |, |A^j_{s,n} | → 0 as j → ∞ .

Step 3 Applying the periodic Rellich identity (Lemma 4) to problem(4.21), we obtain

2 Re � Ω_b

h^j ·∂_3u^j dx = � Λ_j � μ |∂_ν u^j |^2 + ( λ + μ) |div u^j |^2 � ν_3 ds

+4 π^2 � � � |α_n |<k_p

ω^2β^2_n |A^j_{p,n} |^2 + � |α_n |<k_s

μ^2 γ^2_n |A^j_{s,n} |^2 � � , leading to � Λ_j

|∂_ν u^j |^2 ds → 0 , j → ∞ .

This together with the Dirichlet boundary conditionu^j |_{Λ j} = 0 , j ∈ N, yields that T u^j |_{Λ j} → 0 in

L^2(0, 2π)^3. Finally, by passing to the limit in Betti’s identity � Λ_j

φ ·T u^j ds = B (u^j , φ ) + � Ω_b

h^j ·u^j dx , ∀ φ ∈ H^1_α (Ω_b)^3 ,

we obtain B (u, φ ) = 0 for all φ ∈ H^1_α (Ω_b)^3 and thus T u|_Λ = 0 . Applying the unique continuation principle completes the proof. �

Remark 5. Assume Λ has a Lipschitz dissection Λ = Λ_D ∪ Σ ∪ Λ_I , where Λ_D and Λ_I are two disjoint and relative open subsets of Λ having Σ as their common boundary (see [29, p. 99]). Consider the mixed Dirichlet and Robin boundary conditions

u = 0 on Λ_D , T u − iηu = 0 on Λ_I , (4.23)

with a constant η ∈ C satisfying Reη > 0. If Λ_I ≠ ∅ and Λ is given by a Lipschitz surface, then, there always exists a unique solution u ∈ E_α := { u ∈ H^1_α (Ω_b)^3 : u = 0 on Λ_D } to (BVP) under the above mixed boundary conditions (4.23). Note that in this case, uniqueness follows easily from the Robin boundary conditions onΛ_I . See [21, Theorem 4] and [3] for the proof in the 2D case.

All the existence and uniqueness results in Section 4 remaintrue, ifΛ is given by a polyhedral surface (in Lemma 3, Theorem 2 and Theorem 3) or by the graph of a piecewiselinear function (in Theorem 4). Note that the Betti’s formula can be always applied to a polyhedral domain which is not necessarily a Lipschitz domain in R^3. To prove Theorem 4 for polyhedral gratings, one may directly obtain the uniqueness from Corollary 5, since in this case each solution belongs toH^{3/2+ ϵ}(Ω_b) for any ϵ > 0 so that Lemmas 4 and 5 are still valid. Moreover, Theorem 4 can be extended to apolyhedral profile on which the third component of the normal vanishes on a subset and has a positive lower bound on the other parts. Such a polyhedral surface may not be a graph, e.g., the cubic grating where the profile consists of a finite number of horizontal and vertical planes only.

4.4 Non-uniqueness examples under the second, third and fou rth kind boundary conditions

Assume Λ is flat grating given byΓ_0 := { (x_1, x_2, 0) : 0 < x_1, x_2 < 2π}. We shall present nonuniqueness examples for this flat grating Λ under the second, third and fourth kind boundary conditions.

To do this, we construct non-trivial solutions to the homogeneous problem (BVP) (foru^{in} = 0 ), provided that Rayleigh frequencies occur in the expansion (2.13).

Suppose that u is a radiating solution of the form (2.13) inx_3 > 0, and that the Neumann boundary condition is imposed on { x_3 = 0 }. Since the unit normal ν on Λ coincides with e_3, the boundary conditionT u = 0 on Λ can be written as

e_3 ·T u = 2 μ∂_3u_3 + λdiv u = λ(∂_1u_1 + ∂_2u_2) + ( λ + 2 μ)∂_3u_3 = 0 , e_3 × T u = 2 μe_3 × ∂_3u + μe_3 × (e_3 × curl u) = μ(− ∂_3u_2 − ∂_2u_3, ∂_3u_1 + ∂_1u_3, 0) = 0 .

Applying the above two identities to the radiating solutionu of the form (2.13) and using the orthogonality relation (2.14), we obtain

0 = i � � � � � λk^2_p + 2 μβ^2_n 0 0 2μγ_n

2α^{(2)}n β_n 0 γ_n α^{(2)}n 2α^{(1)}n β_n γ_n 0 α^{(1)}n 0 α^{(1)}n α^{(2)}n γ_n

� � � � � � A_{p,n}

A^⊤_{s,n} � := iE_n A_n . (4.24)

It is not difficulty to check that

det(E_n ) = γ_n [(λk^2_p + 2 μβ^2_n )(|α_n |^2 − γ^2_n ) − 4μβ_n γ_n |α_n |^2]. (4.25)

Thus det (E_n )=0 ifγ_n = 0 , or β_n = 0 and γ^2_n = k^2_p . Ifγ_n = 0 , it follows from (4.24) that

A_{p,n} = 0 , A^{(3)}_{s,n} = 0 , α^{(1)}_n A^{(1)}_{s,n} + α^{(2)}_n A^{(2)}_{s,n} = 0 ,

leading to u = � γ_n =0

C_n (− α^{(2)}_n , α^{(1)}_n , 0)^⊤ exp (iα_n ·x^′) (4.26)

where C_n ∈ C are arbitrary constants. Ifβ_n = 0 and γ^2_n = k^2_p for some n ∈ Z^2, we deduce from (4.24) that

A^{(3)}_{s,n} = λk^2_p 2μγ_n

A_{p,n} , A^{(1)}_{s,n} = − λ 2μ α^{(1)}_n A_{p,n} , A^{(2)}_{s,n} = − λ 2μ α^{(2)}_n A_{p,n} .

In this case, we have u = � β_n =0 ,γ^2_n = k^2_p

A_{p,n} � α^⊤_n 0 � + λ 2μ � − α^⊤_n − k^2_p /γ_n � exp(iγ_n x_3) � exp (iα_n ·x^′), (4.27)

with A_{p,n} ∈ C. Thus the non-uniqueness examples for the second boundary value problem can be constructed from (4.26) and (4.27).

We next consider the third resp. fourth kind boundary conditions, which take the form

u_3 = ∂_3u_1 = ∂_3u_2 = 0 resp. ∂_3u_3 = u_1 = u_2 = 0 on { x_3 = 0 }.

Inserting the Rayleigh expansion (2.13) into the above boundary conditions and using the fact that

{ exp(iα_n ·x^′) : n ∈ Z^2} is an orthogonal basis of L^2((0, 2π) × (0, 2π))^3, one can prove that

Proposition 6. (1) Under the third kind boundary conditions,ν × T u = ν ·u = 0 , on { x_3 = 0 }, the nontrivial solution to the homogeneous problem (BVP) takesthe form u = � β_n =0

A_{p,n} (α^{(1)}_n , α^{(2)}_n , 0)^⊤ exp (iα_n ·x^′) withA_{p,n} ∈ C, in x_3 > 0,

provided that a Rayleigh frequency of the compressional part occurs, i.e., the set { n ∈ Z^2 : β_n = 0 } ≠ ∅ . (2) Under the fourth kind boundary conditions,ν ·T u = ν × u = 0 , on { x_3 = 0 }, the nontrivial solution to the homogeneous problem (BVP) takes the form

u = e_3 � γ_n =0

A^{(3)}_{s,n} exp (iα_n ·x^′) withA^{(3)}s,n ∈ C, in x_3 > 0,

provided that a Rayleigh frequency of the shear part occurs,i.e., the set { n ∈ Z^2 : γ_n = 0 } ≠ ∅ .

We omit the proofs of these results for the sake of brevity. Note that the solutions to the problem (BVP) for a flat grating under the boundary conditions of the third (resp. fourth) kind must be unique if Rayleigh frequencies of the compressional (resp. shear) part are excluded.

5 Solvability results for multilayered diffraction gratin gs

The aim of this section is to provide a solvability theory of multilayered diffraction problems for several elastic materials, extending the results for impenetrablegratings to transmission gratings. Suppose the whole space R^3 is divided by several disjoint interfacesΛ_j (j = 1 , 2, · · ·N ) into N + 1 sections

Ω_j (j = 0 , 1, · · ·, N ) which are filled with different homogeneous elastic materials. For simplicity we

assume throughout this section that N = 2 and Λ_j are Lipschitz surfaces which are periodic with respect

to x_1 and x_2; see Figure 2. We assume further that a time harmonic plane elastic wave U^{in} with the

incident angles θ_1 ∈ [0, π/2), θ_2 ∈ [0, 2π) is incident on the grating from the upper half spaceΩ_0, and that both the displacement and stress are continuous across each interface Λ_j .

We introduce the following notations for several elastic materials. Letμ_j , λ_j denote the Lamé coefficients

in Ω_j satisfying μ_j > 0 , λ_j + 2 μ_j /3 > 0; ρ_j > 0 denotes the mass densities in Ω_j , which are

positive constants; let k_{p,j} := ω � ρ_j /(2μ_j + λ_j ) , k_{s,j} := ω � ρ_j /μ_j denote the corresponding

compressional and shear wave numbers in Ω_j ; T_j stands for the stress operators defined as in (2.7), with

μ, λ replaced by μ_j , λ_j ; and β_{n,j} , γ_{n,j} (j = 0 , 2) are the parameters defined as in (2.11) with k_p, k_s

replaced by k_{p,j} , k_{s,j} ; Throughout this section, we assume U^{in} is either an incident pressure wave of the form (2.15) withk_p replaced by k_{p,0}, or an incident shear wave of the form (2.16) withk_s replaced by k_{s, 0}.

Then we are looking for the total displacement fieldu,

u = U^{in} + U_0 in Ω_0 , u = U_j in Ω_j , j = 1 , 2. (5.1)

satisfying theα -quasiperiodic Navier equations

(Δ^∗ + ω^2ρ_j ) U_j = 0 in Ω_j , j = 0 , 1, 2, (5.2)

Figure 2: A multilayered diffraction grating

with theα -quasi-periodicity condition

u(x_1 + 2 π, x_2 + 2 π, x_3) = exp( i2π(α_1 + α_2)) u(x_1, x_2, x_3) . (5.3)

Here α := k(sin θ_1 cos θ_2, sin θ_1 sin θ_2) with k = k_{p,0} for the incident pressure wave, or k = k_s for the incident shear wave. On the interfaces the continuity ofthe displacement and the stress lead to the transmission conditions

U^{in} + U_0 = U_1 , T_0(U^{in} + U_0) = T_1(U_1) on Λ_1 (5.4) U_1 = U_2 , T_1(U_1) = T_2(U_2) on Λ_2 (5.5)

Finally, we impose the following radiation conditions on the scattered field U_j (j = 0 , 2) (cf. (2.13)):

U_0(x) = � n ∈ Z^2 � A^+_{p,n} � α^⊤_n β_{n, 0} � exp(iα_n ·x^′ + iβ_{n, 0} x_3) + A^+_{s,n} exp(iα_n ·x^′ + iγ_{n, 0} x_3) � (5.6)

for x_3 > Λ^+_1 := max_{x∈ Λ 1} x_3, and

U_2(x) = � n ∈ Z^2 � A^−_{p,n} � α^⊤_n − β_{n, 2} � exp(iα_n ·x^′ − iβ_{n, 2} x_3) + A^−_{s,n} exp(iα_n ·x^′ − iγ_{n, 2} x_3) � (5.7)

for x_3 < Λ^−_2 := min_{x∈ Λ 2} x_3, where A^±_{s,n} ∈ C^3 fulfill the orthogonality relations

A^+_{s,n} ·(α_n , γ_{n, 0}) = 0 , A^−_{s,n} ·(α_n , − γ_{n, 2}) = 0 for all n = ( n_1, n_2) ∈ Z^2.

The diffraction problem for transmission gratings can now be formulated as the following boundary value problem.

Transmission problem (TP): Given two surfaces Λ_1, Λ_2 ⊂ R^3 (which are 2π-periodic inx_1 and x_2) and an incident plane pressure or shear wave U^{in} , find a vector functionu ∈ H^1_{loc} (R^3)^3 that satisfies (5.1)–(5.7).

Following the approach of Section 3, we reduce the problem (TP) to a variational problem in a bounded periodic cell inR^3, enforcing the transmission and radiation conditions. Introduce artificial boundaries

Γ^± := { (x^′, b^± ) : 0 ≤ x_1, x_2 ≤ 2π} , b^+ > Λ^+_1 , b^− < Λ^−_2

and the bounded domain

Ω_b := (0 , 2π) × (0, 2π) × (b^− , b^+ ).

The DtN maps T^± on the artificial boundariesΓ^± have the Fourier series representations (cf. Lemma 1 and (3.9))

T^± u^± := � n ∈ Z^2

iW^±_n û^±_n exp(iα ·x^′) , for u^± = � n ∈ Z^2

û^±_n exp(iα ·x^′) ∈ H^{1/2}_α (Γ^± )^3 , (5.8)

where the matrices W^±_n = W^±_n (ω, α ) are defined as in (3.9) withω, μ, λ replaced by ωρ_j , μ_j , λ_j (j = 0

for W^+_n and j = 2 for W^−_n ) respectively. Applying the first Betti formula on each sub-domain Ω_j ∩ Ω_b (j = 0 , 1, 2) to a solution of (TP), and using the transmission conditions(5.4) and (5.5) at the interface

and the DtN operators (5.8), we obtain the following variational formulation of (TP) on the bounded domain

Ω : Find u ∈ H^1_α (Ω)^3 such that

B (u, φ ) := � Ω � a(u, φ ) − ω^2ρ u ·φ � dx − � Γ^+

φ · T^+ u ds − � Γ^−

φ · T^− u ds = � Γ^+

f_0 ·φ ds , ∀ φ ∈ H^1_α (Ω)^3 . (5.9)

Here the domain integral is understood as the sum of the integrals 2� j =0 � Ω_j ∩ Ω_b � a_j (u, φ ) − ω^2ρ_j u ·φ � dx where the bilinear formsa_j are defined as in (3.2), with μ, λ replaced by μ_j , λ_j . The right hand side

f_0 := T(U^{in} ) − T (U^{in} ) takes the same form as in (4.13) or (4.14), withk_p, k_s , β_n , γ_n replaced by k_{p,j} , k_{s,j} , β_{n,j} , γ_{n,j} . As in (3.28), the sesquilinear formB defined in (5.9) generates a continuous linear

operator B fromH^1_α (Ω)^3 into its dual(H^1_α (Ω)^3)^′, with respect to the pairing(u, φ )_Ω = � Ω u ·φ̄dx , via

B (u, φ ) = ( Bu, φ )_Ω , ∀ u , φ ∈ H^1_α (Ω)^3 . (5.10)

The following lemma extends Lemma 3 to the transmission case.

Lemma 6. Let B be the operator defined in (5.10). If a radiating solutionu ∈ H^1_α (Ω)^2 satisfies Bu = 0 , then

A^+_{p,n} = 0 for |α_n | < k_{p,0} and A^+_{s,n} = 0 for |α_n | < k_{s, 0} ; A^−_{p,n} = 0 for |α_n | < k_{p,2} and A^−_{s,n} = 0 for |α_n | < k_{s, 2} .

The following results extend Theorems 1 and 2 to the transmision problem. For the proofs of Theorems 7 and 8, we refer to [21] in the case of plane elasticity which can be carried over to three dimensions.

Theorem 7. (i) The sesquilinear formB defined by (5.9) is strongly elliptic overH^1_α (Ω)^3, and the operator

B defined in (5.10) is Fredholm with index zero.

(ii) For an incident plane waveU^{in} of the form (2.15) or (2.16), there always exists a solution to the variational problem (5.9) and hence to problem (TP).

Theorem 8. Let U^{in} be an incident pressure wave of the form (2.15), whereα := k_{p,0}(sin θ_1 cos θ_2,

sin θ_1 sin θ_2).

(i) There exists ω_0 > 0 such that the variational problem (5.9) admits a unique solution u ∈ H^1_α (Ω)^3 for all incident angles and for all frequenciesω ∈ (0, ω_0]. (ii) For all but a sequence of countable frequenciesω_j , ω_j → ∞ , the variational problem (5.9) (with fixed incident angles θ_1 and θ_2) admits a unique solutionu ∈ H^1_α (Ω)^3.

Remark 6. In the case of an incident shear wave U^{in} of the form (2.16) withα := k_{s, 0}(sin θ_1 cos θ_2,

sin θ_1 sin θ_2), Theorem 8 holds under one of the following additional assumptions (a) k_{s, 0} sin θ_1 < k_{p,0}, or equivalently,^{sin 2 θ1}_{μ 0} <^1_{λ 0 +2 μ 0} ;

(b) k_{s, 0} sin θ_1 < k_{p,2}, or equivalently,^{sin 2 θ1 ρ0}_{μ 0} <^{ρ2}_{λ 2 +2 μ 2} .

Note that by Lemma 6, the(0, 0)-th Fourier coefficient ofexp(− iα ·x^′)U_0(x)|_Γ + vanishes if (a) holds, while that ofexp(− iα ·x^′)U_2(x)|_Γ − vanishes if (b) holds. Thus an analogous estimate to (4.16) on Γ^+

or Γ^− can be derived; see the proof of Theorem 3 (i) and Remark 4.

The uniqueness of (TP) does not hold for all frequencies, even in the special case of one interface Λ_1 :=

{ x_3 = 0 } dividingR^3 into two half spaces Ω_0 := { x_3 > 0} and Ω_1 := { x_3 < 0} with certain elastic

parameters λ_j , μ_j , ρ_j (j = 0 , 1). If all elastic waves are assumed to be propagating perpendicular to

the x_3-axis, this problem can be reduced to a problem of plane elasticity over the(x_1, x_2)-plane with

the continuity of the displacement and stress on the line{ x_2 = 0 } in R^2. It was shown in [2] that there may exist non-trivial solutions (Rayleigh surface waves) of the two-dimensional homogeneous problem that decay exponentially as x_2 → ±∞ . Hence additional conditions must be imposed on the elastic parameters or grating profiles to guarantee uniqueness for (TP). In this direction, we refer to [10] and [13] for non-trapping conditions on the refractive index in the case of the Helmholtz equation.

References

[1] I. Abubakar, Scattering of plane elastic waves at rough surface I,Proc. Cambridge Philos.Soc., 1962;

58: 136-157.

[2] J. D. Achenbach,Wave propagation in elastic solids., In: North-Holland series in Applied mathematics and mechanics Vol. 16, eds. Lauwerier HA and Koiter WT, North Holland: Amsterdam; 1973: 165–201.

[3] T. Arens, The scattering of plane elastic waves by a one-dimensional periodic surface,Math. Meth.

Appl. Sci., 1999; 22: 55–72.

[4] T. Arens, A new integral equation formulation for the scattering of plane elastic waves by diffraction gratings, J. Integral Equations Appl., 1999; 11: 275–297.

[5] T. Arens, Uniqueness for elastic wave scattering by rough surfaces, SIAM J.Math.Anal., 2001; 33:

461–471.

[6] T. Arens, Existence of solution in elastic wave scattering by unbounded rough surfaces, Math. Meth.

Appl. Sci., 2002; 25: 507–528.

[7] G. Bao, Finite element approximation of time harmonic waves in periodic structures,SIAM J. Numer.

Anal., 1995; 32: 1155–1169.

[8] G. Bao, Z. Chen and H. Wu, Adaptive finite-element method for diffraction gratings,J. Opt. Soc.

Amer. A, 2005; 22: 1106–1114.

[9] G. Bao, L. Cowsar and W. Masters eds,Mathematical Modeling in Optical Science, 2001; Philadelphia: SIAM.

[10] A. S. Bonnet-Bendhia and F. Starling, Guided waves by electromagnetic gratings and nonuniqueness examples for the diffraction problem,Math. Meth. Appl. Sci., 1994; 17: 305–338.

[11] S. N. Chandler-Wilde and J. Elschner, Variational approach in weighted Sobolev spaces to scattering by unbounded rough surfaces, SIAM J. Math. Anal., 2010;42: 2554-2580.

[12] S. N. Chandler-Wilde and P. Monk, Existence, uniqueness and variational methods for scattering by unbounded rough surfaces, SIAM J. Math. Anal., 2005; 37: 598–618.

[13] S. N. Chandler-Wilde, P. Monk and M. Thomas, The mathematics of scattering by unbounded, rough, inhomogeneous layers, J. Comp. Appl. Math., 2007; 204: 549–559.

[14] D. Colton and R. Kress,Inverse Acoustic and Electromagnetic Scattering, Springer: Berlin; 1998 (2nd eds).

[15] P. Cummings and X. Feng, Sharp regularity coefficient estimates for complex-valued acoustic and elastic Helmholtz equations, Mathematical Models and Methods in Applied Sciences, 2006; 16: 139–160.

[16] D. C. Dobson, A variational method for electromagneticdiffraction in biperiodic structures,Model.

Math. Anal. Numer., 1994; 28: 419–439.

[17] D. Dobson and A. Friedman, The time-harmonic Maxwell equations in a doubly periodic structure,J.

Math. Anal. Appl., 1992; 166: 507–528.

[18] G. Duvaut and J. L. Lions,Inequalities in Mechanics and Physics, Springer: Berlin; 1976.

[19] J. Elschner and G. Schmidt, Diffraction in periodic structures and optimal design of binary gratings I. Direct problems and gradient formulas,Math. Meth. Appl. Sci., 1998; 21: 1297–1342.

[20] J. Elschner, R. Hinder, F. Penzel, and G. Schmidt, Existence, uniqueness and regularity for solutions of the conical diffraction problem,Mathematical Models and Methods in Applied Sciences., 2000; 10: 317–341.

[21] J. Elschner and G. Hu, Variational approach to scattering of plane elastic waves by diffraction gratings, Math. Meth. Appl. Sci., 2010; 33: 1924-1941. doi: 10.1002/mma.1305.

[22] J. Elschner and M. Yamamoto, An inverse problem in periodic diffractive optics: reconstruction of Lipschitz grating profiles,Applicable Analysis, 2002; 81: 1307–1328.

[23] J. T. Fokkema, Reflection and transmission of elastic waves by the spatially periodic interface between two solids (theory of the integral-equation method),Wave Motion, 1980; 2: 375-393.

[24] J. T. Fokkema and P. M. van den Berg, Elastodynamic diffraction by a periodic rough surface (stressfree boundary), J. Acoust. Soc. Am., 1977; 62 (5): 1095-1101.

[25] G. C. Hsiao and W. L. Wendland,Boundary Integral Equations, Springer: Berlin; 2008. [26] A. Kirsch,Diffraction by periodic structures, In: Proc. Lapland Conf. Inverse Problems eds. Päivärinta et al., Springer: Berlin; 1993; 87–102.

[27] V. D. Kupradze et al.Three-dimensional Problems of the Mathematical Theory of Elasticity and Thermoelasticity, North-Holland: Amsterdam; 1979.

[28] J. W. S. Lord Rayleigh, On the dynamical theory of gratings, Proc. Roy. Soc. Lon. A. 1907; 79:

399-416. [29] W. McLean,Strongly Elliptic Systems and Boundary Integral Equations, Cambridge Univ Press:

Cambridge; 2000. [30] A. Meier, T. Arens, S. N. Chandler-Wilde and A. Kirsch, ANyström method for a class of integral equations on the real line with applications to scattering by diffraction gratings and rough surfaces, J. Integral Equations Appl., 2000; 12: 281–321.

[31] J. Nečas, Les Méthodes Directes en Theéorie des Équations Elliptiques, Masson: Paris; 1967. [32] J. C. Nedelec and F. Starling, Integral equation methods in a quasi-periodic diffraction problem for the time-harmonic Maxwell equation,SIAM J. Math. Anal., 1991; 22: 1679–1701.

[33] A. Rathsfeld, G. Schmidt and B. H. Kleemann, On a fast integral equation method for diffraction gratings, Communications in Computational Physics, 2006; 1: 984–1009.

[34] G. Schmidt, On the diffraction by biperiodic anisotropic structures, Applicable Analysis, 2003; 82:

75–92. [35] J. W. C. Sherwood, Elastic wave propgation in a semi-infinite solid medium,Proc. Phys. Soc., 1958;

71: 207–219

Recent publications of the Weierstraß-Institut für Angewandte Analysis und Stochastik

1540: Carsten Brée, Ayhan Demircan, Günter Steinmeyer: Saturation of the alloptical Kerr effect.

1541: Alexander Mielke, Lev Truskinovsky: From discrete visco-elasticity to continuum rate-independent plasticity: Rigorous results.

1542: Alexander Mielke, Tomáš Roubí ček, Marita Thomas: From damage to delamination in nonlinearly elastic materials at small strains.

1543: Thomas Koprucki, Alexander Wilms, Andreas Knorr, Uwe Bandelow:

Modeling of quantum dot lasers with microscopic treatment of Coulomb effects.

1544: Gonca L. Aki, Jean Dolbeault, Christof Sparber: Thermal effects in gravitational Hartree systems.

1545: Wolfgang Dreyer, Jan Giesselmann, Christiane Kraus, Christian Rohde:

Asymptotic analysis for Korteweg models.

1546: Vladimir A. Panov: Estimation of the signal subspace without estimation of the inverse covariance matrix.

1547: Michael Aizenman, Sabine Jansen, Paul Jung: Symmetry breaking in quasi- 1D Coulomb systems.

1548: Klaus Fleischmann, Leonid Mytnik, Vitali Wachtel: Properties of states of super- α -stable motion with branching of index 1 + β .

1549: Johannes Elschner, Guanghui Hu: Inverse scattering of electromagnetic waves by multilayered structures: Uniqueness in TM mode.

1550: Simona Blanca Savescu: A substitute for the maximum principle for singularly perturbed time-dependent semilinear reaction-diffusion problems — Part I.

1551: Denis Belomestny, Volker Krätschmer: Central limit theorems for lawinvariant coherent risk measures.

1552: Wolfgang König, Sylvia Schmidt: The parabolic Anderson model with acceleration and deceleration.

1553: Adrian Schnitzler, Tilman Wolff: Precise asymptotics for the parabolic Anderson model with a moving catalyst or trap.

1554: Georgy Kitavtsev, Lutz Recke, Barbara Wagner: Center manifold reduction approach for the lubrication equation.

1555: Georgy Kitavtsev, Lutz Recke, Barbara Wagner: Asymptotics for the spectrum of a thin film equation in a singular limit.

1556: Andreas Münch, Barbara Wagner: Impact of slippage on the morphology and stability of a dewetting rim.

1557: Marcus Grote, Viviana Palumberi, Barbara Wagner, Andrea Barbero, Ivan Martin: Dynamic formation of oriented patches in chondrocyte cell cultures.

1558: Andreas Münch, Colin P. Please, Barbara Wagner: Spin coating of an evaporating polymer solution.

1559: Karsten Tabelow, Henning U. Voss, Jörg Polzehl: Modeling the orientation distribution function by mixtures of angular central Gaussian distributions.

1560: Konstantina Kostourou, Dirk Peschka, Andreas Münch, Barbara Wagner, Stephan Herminghaus, Ralf Seemann: Interface morphologies in liquid/ liquid dewetting.

1561: Natalia Rebrova, Guillaume Huyet, Dmitrii Rachinskii, Andrei G.

Vladimirov: An optically injected mode locked laser.

1562: Karsten Tabelow, Jörg Polzehl: Statistical parametric maps for functional MRI experiments in R: The package fmri.

1563: Jörg Polzehl, Karsten Tabelow: Beyond the diffusion tensor model: The package dti.

1564: Saskia Becker: Regularization of statistical inverse problems and the Bakushinskii veto.