Regularization of statistical inverse problems and the Bakushinskii veto

Saskia Becker

submitted: November 15, 2010

Weierstrass Institute for Applied Analysis and Stochastics Mohrenstr. 39 10117 Berlin Germany E-Mail: saskia.becker@wias-berlin.de

Weierstraß-Institut

für Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint No. 1564 Berlin 2010

2000 Mathematics Subject Classification. 62, 60. Key words and phrases. statistics, inverse problem, stochastical noise, regularization, Bakushinskii.

The author would like to thank Peter Mathé, WIAS Berlin, and Markus Reiß, Humboldt-Universität zu Berlin, for helpful discussions.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Leibniz-Institut im Forschungsverbund Berlin e. V. Mohrenstraße 39 10117 Berlin Germany

Fax: +49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

In the deterministic context Bakushinski ĭ’s theorem excludes the existence of purely data driven convergent regularization for ill-posed problems. We will prove in the present work that in the statistical setting we can either construct a counter example or develop an equivalent formulation depending on the considered class of probability distributions. Hence, Bakushinski ĭ’s theorem does not generalize to the statistical context, although this has often been assumed in the past. To arrive at this conclusion, we will deduce from the classic theory new concepts for a general study of statistical inverse problems and perform a systematic clarification of the key ideas of statistical regularization.

1 Introduction

We consider statistical inverse problems, where an unknown signal x should be reconstructed from indirect noisy measurements y_{noise} = T x + noise . The problem is assumed to be illposed, i.e. the operator T is not continuously invertible such that we can only approximate the signal. In classic inverse problems the noise is supposed to be deterministic and bounded. Nevertheless it is well-known that various applications cannot be modeled appropriately in this way. Therefore, stochastic models have been introduced, where the noise is taken as random variable or stochastical process [2, 7, 17, 18]. In some studies, e.g. [10, 17, 32], not only the noise but also the operator or the signal are stochastic.

In both the deterministic and the stochastic setting one crucial point is the knowledge of the noise level which is often not available in application. However, the Bakushinski ĭ veto [1] states for classic inverse problems the equivalence of the ill-posedness of the problem and the nonexistence of purely data driven reconstruction methods, for which the approximated solution tends to the exact signal x when the noise vanishes. This theorem is of particular importance since it constitutes the need of supplemental information, as for instance the noise level.

For statistical inverse problems the situation is ambiguous as we will discuss in the paper at hand. To study the existence of such reconstruction methods we need explicit definitions of the involved objects. While an extensive theory for classic inverse problems has been developed [11, 15, 32], only selected aspects of statistical inverse problems have been analyzed so far. Additional difficulties, arising from the possible unboundedness of stochastic noise, are the need of new error and convergence criteria [7, 12, 18, 27]. Cavalier explained in [9] how concepts of nonparametric statistics, e.g. the white noise model, risk estimation and model selection, can be applied to inverse problems. We will proceed in reverse by studying how the key ideas of the classic inversion theory have to be modified for beeing suitable for a statistical setting.

First of all we give a brief recapitulation of the classic regularization theory, in which we suggest in particular a reduction of the usually required convergence properties. Our statistical setting is introduced in section 3.1 being followed by the presentation of the main concepts and central definition in section 3.2. There we propose to link the noise to the asymptotic of the noise level, which will turn out to be the deciding idea for definition 3.20 of convergent statistical regularization methods and our main result stated in section 4: We prove an equivalent formulation and give a counterexample to Bakushinski ĭ’s theorem depending on the considered class of probability distributions.

2 Classic inverse problems

We consider the usual setting of classic inverse problems. Let H_1 and H_2 denote separable Hilbert spaces with scalar products ⟨., .⟩_{Hi} and the induced norms ‖.‖_{Hi} , i = 1 , 2. Further let

T : H_1 → H_2 be a linear, compact and bounded operator with a nonclosed range R (T). We

are interested in the problem

y_δ = T x + δξ, (2.1)

where x ∈ H_1 denotes the unknown signal, δ > 0 is the noise level and the normalized noise

ξ ∈ H_2 satisfies ‖ξ‖_{H2} ≤ 1. With ker(T)^⊥ as orthogonal complement of the kernel of T we

can define the generalized inverse T^+ as the linear extension of the inverse of T|_{ker( T )}⊥ . A motivation and some properties of the generalized inverse can be found e.g. in [11]. Since the range of T is assumed to be nonclosed, T^+ is discontinuous and x^+ := T^+ y ∈ H_1 has to be regularized.

In the following subsection we will not present the common definition of (convergent) regularization methods given in [11], but the definitions introduced by Hofmann and Mathé in [19]. Research has shown that purely data driven regularization methods can yield remarkably good results, see for instance [3, 11], although these methods are not convergent as the Bakushinski ĭ veto proves. This teaches us to distinguish convergent and arbitrary regularization schemes as is done in the following approach.

2.1 Linear and convergent regularization schemes

Notation 2.1 (Singular value decomposition (SVD) of T [11]). Let { (s_j ; v_j , u_j )}_{j ∈ N} denote the singular system of the operator T, where { s_j }_{j ∈ N} is arranged in decreasing order with

lim_{j →∞} s_j = 0 . The following series expansion holds:

T x = ∑ j ≥ 1

s_j ⟨x, v_j ⟩_{H1} u_j

Definition 2.2 (Linear regularization [19]) . A family F := { F_α }_{α> 0} of linear and bounded operators F_α : [ 0, ‖T‖^2 ] → R is called regularization (filter) if the following properties hold:

1 The associated bias family { b_α }_{α> 0}, where b_α (ϑ) := 1 − ϑF_α (ϑ), converges pointwise to zero: lim

α → 0 b

α (s^2_j ) = 0 for all s_j > 0.

2 The bias family is uniformly bounded by some γ_0 > 0, i.e. sup

α ≤ α_0

sup_{s j > 0} | |b_α (s2_j ) | |≤ γ_0.

3 There is a constant γ_∗ > 0 such that the parameter family can be normalized for all

α ∈ (0, ∞ ) and s_j > 0 by s_j | F_α (s^2_j ) | < γ_∗/ √ α . In this case, the family R := { R_α }_{α> 0} of linear and bounded operators R_α : H_2 → H_1 with

R_α y := x_α := F_α (T^∗T)T^∗y = ∑ s_j > 0

F_α (s^2_j )s_j ⟨y, u_j ⟩_{H1} v_j , y ∈ H_2, (2.2)

is called linear regularization scheme (in short: regularization), where the last equation follows from the functional calculus described in [11].

Notation 2.3. Below, we will use without further comments the notations

F := { F_α }_{α> 0} and R := { R_α }_{α> 0} .

Example 2.4 . The given definition is satisfied by many of the known linear regularization in terms of [11] such as spectral cut-off, which is defined by

F_α (ϑ) := ϑ^{− 1} χ(_{α, ‖T ‖}2 )(ϑ) such that x_α = R_α y = ∑ s^2_j >α

s^{− 1}_j ⟨y, u_j ⟩ v_j ,

where χ denotes the indicator function, α, ϑ ∈ ( 0, ‖T‖^2 ] , and Tikhonov regularization with

F_α (ϑ) := 1 /(α + ϑ), such that x_α = R_α y = ( αI + T^∗T)^{− 1}T^∗y.

Remark 2.5 .

1 Later on we will require a stricter bound instead of property (3) of definition 2.2: sup 0<ϑ ≤‖ T ‖^2

|F_α (ϑ)| ≤^γ_α , γ > 0. (2.3)

It is easy to show, that the given examples satisfy this property too. In [32] it is shown, that (3) follows if (2) and (2.3) hold.

2 As generalization we could also require that the index family of F is an arbitrary subset of the real numbers with at least one accumulation point, say h ∈ R. Then property (1) has to be reformulated in the following way: lim

α → h

b_α (s^2_j ) = 0 for all s_j > 0. We cannot

skip it completely because it yields the following important proposition.

Proposition 2.6 (Pointwise convergence to T^+ [23]). Let R denote a linear regularization and

D(T^+ ) the domain of the generalized inverse T^+ of T.

1 If y ∈ D (T^+ ), then sup

α ≤ α_0

‖x_α ‖_{H1} < ∞ and x_α = R_α y → T^+ y when α → 0.

2 If y /∈ D (T^+ ), then lim

α → 0 ‖x

α ‖_{H1} = ∞ .

In particular we get for all y ∈ H_2 that lim

α → 0 T R

α y = T T^+ y = Qy, where Q : H_2 → R (T)

denotes the orthogonal projection onto R (T).

Remark 2.7 . A similar result can be found in [11, proposition 3.6].

Convergence in general and especially convergence rates are established quality criteria for the comparison of regularization schemes. Normally, one claims that the regularized solution x_α should converge uniformly to the exact one, if the error tends to zero:

Definition 2.8 (Parameter choice [23]) . Let R denote a linear regularization scheme and α :

(0, ∞ ) × H_2 → (0, ∞ ) a function. If for all y ∈ D (T^+ ) it holds

lim_{δ→ 0} ( sup { α (δ, y_δ) : y_δ ∈ H_2, ‖y − y_δ‖_{H2} ≤ δ }) = 0 ,

then α is called (classic) parameter choice. In particular we will say:

1 α is purely data driven or heuristic if it depends only on the data, i.e. α = α (y_δ). 2 α is (classic) convergent w.r.t. R if for all y ∈ D (T^+ ) it holds

lim_{δ→ 0} ( sup { ‖ ‖T^+ y − R_{α (δ,yδ )} y_δ‖_{H1} : y_δ ∈ H_2, ‖y − y_δ‖_{H2} ≤ δ }) = 0 .

The pair (R, α ) of a linear regularization R and a parameter choice α is called (classic) convergent regularization method of T^+ if α is convergent w.r.t. R.

Notation 2.9.

■ Here, we applied the usual error criterion for classic inverse problems:

e(R, α, x, δ ) := sup { ‖ ‖T^+ y − R_{α (δ,yδ )} y_δ‖_{H1} : y_δ ∈ H_2, ‖y − y_δ‖_{H2} ≤ δ } , where y = T x.

■ Many parameter choice strategies depend on the applied regularization scheme R which is why we should write α (R, δ, y_δ). However, we will use for simplicity α (δ, y_δ) instead.

Example 2.10 . The discrepancy principle [11, 26] is a good example of a parameter choice which is very common for classic inverse problems but cannot be applied in the statistical setting as we will explain in remark 3.8. It chooses the regularization parameter for a given regularization scheme R and a fixed constant τ > 1 by setting

α_∗ := sup { α ≤ ‖ A^∗A‖ , ‖AR_α y_δ − y_δ‖ ≤ τδ} .

Therein and in most of the established convergent methods the knowledge of the noise level δ is needed. In contrast, the quasi-solution of Ivanov [20] yields convergent regularization assuming instead of that an upper bound for the norm of the solution x_α . Well-known purely data driven parameter choices are the L-curve criterion of Hansen [16], the generalized cross-validation of Wahba [33] and quasi-optimality [30].

Theorem 2.11 (Bakushinski ĭ veto [1, 11]). A purely data driven (classic) convergent regularization method exists if and only if the generalized inverse T^+ is continuous.

Proof sketch. With a purely data driven (classic) convergent regularization method (R, α ) we get necessarily for exact data that T^+ y = R_{α (y)} y for all y ∈ D(T^+ ) such that for arbitrary sequences { y_n }_{n ∈ N} ⊆ D(T^+ ) with lim

n →∞ y

n = y it holds lim_{n →∞} T^+ y_n = lim_{n →∞} R_{α (yn )} y_n = T^+ y,

which yields the well-posedness of the problem.

2.2 Reduction of the requirements

In the statistical setting we cannot require uniform convergence as we do in the deterministic context since the noise may be unbounded. The resulting question is, if for classic inverse problems the convergence criterion could also be diminished. We want to ensure that the approximated solution of the problem converges to the exact one if the noise tends to zero. But for that purpose we do not need to include the supremum as is done in definition 2.8. It is only a technical simplification. Additionally we want to skip the requirement that the function α has to converge to zero if the noise vanishes. In fact, it is unimportant how α behaves as long as (2.4) is satisfied.

Definition 2.12 (Generally convergent regularization) . The pair (R, α ) of a linear regularization

R and a function α : (0, ∞ ) × H_2 → (0, ∞ ) is called (generally) convergent regularization of T^+ if the regularized solution converges in the following sense to the exact one: For all { y^{(k)} } k≥ 1 with y

(k) := y + δ^{(k)} ξ^{(k)} , δ^{(k)} > 0, ‖ ξ^{(k)} ‖ H_2 ≤ 1 and lim k→∞ δ^{(k)} = 0 we have

lim_{k→∞} ‖ T^+ y − R_{α (δ}( k )_{,y}( k )_) y^{(k)} ‖ H_1 = 0 . (2.4)

Remark 2.13 . In order to achieve an easier notation, one could be tempted to claim only pointwise convergence. But this would mean to fix the noise and vary only the noise level, which forms a considerable and unrealistic restriction. Conclusion 2.14 (The Bakushinski ĭ veto for general methods) . As the supremum is not necessary for the proof of theorem 2.11, an equivalent formulation can be varified analoguosly for generally convergent regularization.

3 Statistical inverse problems

In this section we provide new concepts for a general study of statistical inverse problems. As main idea we link the noise to the asymptotic of the noise level varying its probability distribution.

3.1 Statistical setting

In recent publications about statistical inverse problems one can find two models of stochastical noise, random variables [17, 18] and Hilbert-space processes [2, 7]. As every Hilbert-space valued random variable with finite second moment can be identified with a Hilbert-space process, we will concentrate mostly on the latter.

Definition 3.1. A Hilbert-space process is a linear and continuous operator

Ξ : H_2 → L^2(Ω , F , P), v → Ξ v =: ⟨Ξ , v⟩_{H2} ,

where (Ω , F , P) denotes a probability space, B_T the Borel- σ-algebra generated by the topological space T and

L^2(Ω , F , P) := { Z : (Ω , F , P) → (R, B_R) square-integrable random variable } .

Definition 3.2. The covariance Cov_Ξ : H_2 → H_2 of a Hilbert-space process Ξ is implicitly defined by

⟨Cov_Ξ y_1, y_2⟩_{H2} = Cov ( ⟨Ξ , y_1⟩_{H2} , ⟨Ξ , y_2⟩_{H2} ) , y_1, y_2 ∈ H_2.

Hence it is a bounded and linear operator. Example 3.3 . A centered Hilbert-space process Ξ with the unit matrix as covariance is called white noise process. In this case Ξ is Gaussian if the associated random variables are Gaussian, i.e. if ⟨Ξ , v⟩_{H2} ∼ N ( 0, ‖v‖^2_{H2} ) . Inverse problems with Gaussian white noise have been studied e.g. in [4, 18, 25].

Assumption 1. We assume Ξ : H_2 → L^2(Ω , F , P) to be a centered Hilbert-space process with E [ ⟨Ξ , v⟩_{H2} ] = 0 for all v ∈ H_2 and ‖Cov_Ξ ‖ < ∞ .

Notation 3.4 (Observation model) . Let Ξ be as in assumption 1. We consider the following abstract observation model:

Y_δ = y + δΞ , where y ∈ D (T^+ ) and δ > 0. (3.1)

Conclusion 3.5 . The realizations of Ξ and thus of Y_δ do not have to be in H_2 because Ξ is only a weak random element of H_2. As a consequence several basic concepts have to be revised:

Notation 3.6. We want to generalize the notation P^Ξ of image measures from random variables to Hilbert-space processes. Let Ξ be a Hilbert-space process. Then we interpret P^Ξ as the probability measure which is well-defined by its finite-dimensional marginal distributions on the space (R^{H2} , (B_R)^{⊗ H2} ), where R^{H2} denotes the space of all functions f : H_2 → R and

(B_R)^{⊗ H2} denominates the associated σ-algebra. The existence and uniqueness of P^Ξ is en-

sured by the Kolmogorov extension theorem [28].

Definition 3.7 (Noise level) . The definitions of the noise level of classic and statistical inverse problems differ significantly. The noise level δ of an inverse problem is defined as scale factor of the noise ξ or accordingly Ξ , such that

■ ‖ξ‖_{H2} ≤ 1 and therefore ‖y − y_δ‖_{H2} ≤ δ for all δ > 0 if y_δ as in (2.1), ■ E [ ‖Ξ ‖^2_{H2} ] ≤ 1 and therefore E [ ‖y − Y_δ‖^2_{H2} ] ≤ δ^2 for all δ > 0 if Y_δ ∈ L^2(Ω , H_2), ■ ‖Cov_Ξ ‖^{1/2} ≤ 1 if Y_δ as in notation 3.4.

Remark 3.8 (Discussion) . From a statistical point of view, only the third case is of interest. For instance, the discrepancy principle desribed in example 2.10 cannot be applied to observations with white noise since the term ‖ ‖AR_α Yδ(ω ) − Y_δ(ω ) ‖ ‖_{H2} could be infinite. For observations

with noise modelled as random variables it yields convergent methods by contrast. So, the second case is very close to the deterministic setting as we will support by proposition 3.26.

For the deterministic context we defined the regularization operators between the observed Hilbert-spaces. The following notation allows us to apply them also to Hilbert-space processes:

Notation 3.9. We observe a Hilbert-space process Ξ : H_2 → L^2(Ω , F , P) and a linear and bounded operator R : H_2 → H_1. Then, we will interpret the composition R Ξ as a Hilbertspace process on H_1, i.e. as R Ξ : H_1 → L^2(Ω , F , P) with v → R Ξ v =: ⟨R Ξ , v⟩_{H1} =

⟨Ξ , R^∗v⟩_{H2} .

Remark 3.10 . R Ξ is well-defined, since ⟨Ξ , R^∗v⟩_{H2} = Ξ( R^∗v) ∈ L^2(Ω , F , P). The linearity

of R yields further that R Y_δ = R y + δR Ξ .

As parameter choices do not have to be linear, we cannot interprete the term α (δ, Y_δ) in a similar way. That is why we will use, where necessary, the sequence space model, which was discussed for instance in [4, 9, 31]:

Notation 3.11 (Sequence space model) . Let { (s_j ; v_j , u_j )}_{j ∈ N} denote the singular system of the operator T. The sequence space model is defined by

Y_δ(ω ) := { Y_{δ,j} (ω )}_{s j > 0} with Y_{δ,j} (ω ) = ⟨y, u_j ⟩_{H2} + δ ⟨Ξ , u_j ⟩_{H2} (ω ), ω ∈ Ω . (3.2)

In application only finite data are available why we introduce additionally the following observation model, which is more realistic and has been studied for example in [8, 25]:

Notation 3.12 (Discretized data) . Let us consider the one-sided discretization of Y_δ:

QY_δ = QAx + δQΞ = n∑ j =1

Y_{δ,j} w_j with Y_{δ,j} (ω ) = ⟨y, w_j ⟩_{H2} + δ ⟨Ξ , w_j ⟩_{H2} (ω ), (3.3)

where ω ∈ Ω and Q denotes the projection onto the linear span of an orthonormal system

{ w_1, ..., w_n }.

Remark 3.13 .

■ We assume to have observations without repetitions. ■ (3.3) conforms to the well-known regression model with orthonormal design. ■ It is evident that this model leads to a supplemental error term, the discretization error, which changes the convergence rates but not the underlying convergence behaviour if we require that n = n(δ) with lim_{δ→ 0} n(δ) = ∞ .

To compare and qualify different methods we need an error criterion. Most authors use the mean squared error (MSE) and so will we. It is defined as follows:

Notation 3.14 (Error criterion) . Let Ξ satisfy assumption 1. We set

MSE (R, α, x, δ ) := ( E [‖ ‖T^+ y − R_α Y_δ ‖ ‖^2_{H1}

])_{1/2}

, where y = T x.

Proposition 3.15 (Finiteness of the mean squared error) . Let R_α , α > 0, denote a regularization operator with associated regularization filter F_α satisfying (2.3). If the operator T is Hilbert-Schmidt, the MSE of R_α is finite for all x ∈ H_1 and δ > 0.

Proof. By Parseval’s identity and Fubini’s theorem we get for all y ∈ D (T^+ ) the so called bias-variance decomposition of the mean squared error: E [‖ ‖T^+ y − R_α Y_δ ‖ ‖^2_{H1} ] = ‖ ‖T^+ y − R_α y ‖ ‖^2_{H1} + δ^2E [‖R_α Ξ ‖^2_{H1} ] (3.4)

The first term is the squared bias, which is related to the approximation error and specifies the difference between the exact solution and the expectation value of its estimate. It is finite for

all y ∈ D (T^+ ) and vanishes if α → 0 as we have shown in proposition 2.6. The variance

measures the variability of the estimate caused by the noise. Applying the singular system

{ (s_j ; v_j , u_j )}_{j ∈ N} of T with s_j ≤ ‖ T‖ we get E [ ‖R_α Ξ ‖^2_{H1} ] = ∑ s_j > 0 | F_α (s^2_j )s_j |_2 E [ Ξ^2_j ] ≤ ∑ s_j > 0 | F_α (s^2_j )s_j |_2 ≤^{γ 2}_{α 2} ‖T‖^2_{HS} . (3.5)

since from ‖Cov_Ξ ‖ ≤ 1 it follows that E [ Ξ^2_j ] ≤ 1 for all coordinates Ξ_j := ⟨Ξ , u_j ⟩_{H2} , j ≥ 1.

Assumption 2. In the following we assume the operator T to be Hilbert-Schmidt and any considered regularization filter to satisfy (2.3).

Remark 3.16 . We stress that the bound in (3.5) does not yield optimal order.

3.2 Regularization of statistical inverse problems

To define convergent statistical regularization methods we need a reasonable handling of the stochastical noise when studying the asymptotic of a regularization method for δ → 0. As crucial point we recognize that not only the realization of the observations could vary for changing noise levels but even the underlying probability distribution could alter.

Remark 3.17 ( Main idea: Linking the noise to the asymptotic of the noise level ). For a chosen class of probability distributions W we consider the asymptotic behaviour of a regularization method (R, α ) when the index k ≥ 1 tends to infinity, i.e. we study

lim_{k→∞} ‖ ‖T^+ y − R_{α (δ( k ) ,Y ( k ) )} Y^{(k)} ‖ ‖_{H1} for y ∈ D (T^+ ),

where Y^{(k)} := Y^{(k)} (y) := y + δ^{(k)} Ξ^{(k)} with Ξ^{(k)} ∼ P^{Ξ ( k )} ∈ W , δ^{(k)} > 0 and lim k→∞ δ^{(k)} = 0 .

Example 3.18 .

■ Let P^Ξ be any probability distribution and W := { P^Ξ }, i.e. we set Ξ^{(k)} := Ξ for all k ≥ 1. The assumed distribution can be interpreted as a priori knowledge of the noise

behaviour. The most popular example of this approach are observations with Gaussian white noise.

■ By setting W := { P^Ξ : Ξ ∼ P^Ξ centered Hilbert-space process with ‖Cov_Ξ < ∞} we approve arbitrary observations Y^{(k)} := y + δ^{(k)} Ξ^{(k)} where Ξ^{(k)} can be any Hilbertspace process satisfying assumption 1. Here the change to the stochastic context causes a loss of information.

■ As a compromise we could consider any subclass of W_0 such as the Dirac measures or the centered normal distributions with bounded covariance.

Remark 3.19 (Kinds of convergence) . In order to formulate the aspired definitions we still lack in a convenient kind of convergence. In consideration of definition 3.7 there are basically three possibilities available: convergence in mean square, convergence in probability and convergence in distribution. The latter is too weak to yield usefull results but convergence in probability should suffice for a lot of cases. Nevertheless the convergence in mean square is often prefered because of its technical advantages. One should decide as the case arises.

Definition 3.20 (Convergent statistical regularization) . Let R be a linear regularization scheme,

α : (0, ∞ ) × R^N → (0, ∞ ) a measurable function and W a class of probability distributions.

We set for any y ∈ D (T^+ )

M_W (y) := { Y_δ = y + δΞ : δ > 0, P^Ξ ∈ W and ‖Cov_Ξ ‖ ≤ 1 } . (3.6)

The pair (R, α ) is called convergent statistical regularization w.r.t. W if for all y ∈ D (T^+ ) and arbitrary observations { Y_δ}_{δ> 0} ⊆ M_W (y) the regularized solution converges P-stochastically to the exact one when δ → 0:

For all { Y^{(k)} } k≥ 1 ⊆ MW (y) with Y

(k) := y + δ^{(k)} Ξ^{(k)} and lim_{k→∞} δ^{(k)} = 0 we have

lim_{k→∞} P ({ ω ∈ Ω : ‖ T^+ y − R_{α (δ}( k )_{,Y} ( k )_{(ω ))} Y^{(k)} (ω ) ‖ H_1 > ϵ }) = 0 for all ϵ > 0.

Remark 3.21 . The convergence in probability could be replaced by the convergence in mean square. We call such schemes convergent statistical regularization in mean square w.r.t. W . Example 3.22 .

■ Random variables: Hofinger and Pikkarainen study in [17, 18] convergence rates of the Tikhonov regularization using the Ky-Fan metric as error criterion and allowing only observations whose noise can be modeled as random variable.

■ Statistical parameter choices: In addition to modifications of classic parameter choices, several strategies have been developed especially for the stochastic context. One of them was introduced by Lepski ĭ in [22] and since then adapted to various models as for example statistical inverse problems with Gaussian white noise [3, 25]. Another common parameter choice is cross-validation. In Tsybakov [31] it is presented in a regression model and in [33] one can find a δ-free version.

■ Gaussian white noise in the abstract model (3.1): In [3] the convergence in mean square of a Lepski ĭ-type parameter choice applied to spectral cut-off is proven for observations with white noise.

■ Gaussian white noise in the regression modell (3.3): Mathé and Pereverzev have shown in [25] that Lepski ĭ’s procedure converges also with Tikhonov regularization. Our analysis in section 4 will be based on this study. That is why we want to outline briefly the crucial results. In [25] the authors focused on discretized data with random noise as described in notation 3.12. They assumed that:

a) ⟨Ξ , w_j ⟩_{H2}^{iid}∼ N (0, 1), j = 1 , ..., n b) x^+ ∈ T_φ (R) := { x ∈ H_1 : x = φ (T^∗T)v, ‖v‖ ≤ R}, where φ : (0, ‖T‖^2] → R_+ is an increasing and operator monotone function with φ (0) = 0 .

c) The singular values of T satisfy s_j ≍ j^{− r} for all j ≥ 1 and some r > 0. d) There is a constant C > 1 such that ‖(I − Q)T : H_1 → H_2‖ ≤ C rank( Q)^{− r} .

Further, they set

1) R_α := ( αI + B^∗B )^{− 1}B^∗ with B := QT 2) α_0 := δ^2 and α_j := α_0 q^j , where q > 1 and j = 1 , ..., m := ⌈2 log_q(‖T‖^2/δ)⌉ 3) x_{j,δ} := R_{α j} Q y_δ = ( α_j I + B^∗B )^{− 1}B^∗QY_δ(ω ) 4) n = n(α ) ≍ ⌈ α^{− 1/2r} ⌉ and Q = Q_n , where α > 0 and Q the described orthonor-

mal projection onto span( { w_1, ..., w_n }) 5) Let C_Ψ , C_1 and C_2 > 0 be such that

Ψ( j ) := C_Ψ

√_1

4α_j rank( Q) ≥ E [ ‖R_{α j} QΞ ‖^2 ] (decreasing) and

Φ( j ) := C_1φ (C_2α_j ) ≥ ‖ T^+ y − R_{α j} QT x‖ (increasing) with j = 0 , ..., m

satisfy δΨ( α_0) ≥ Φ( α_0). Now, the regularization parameter is chosen according to α_∗ := α_{j ∗} with

j_∗ := max { j = 1 , ..., m : ‖x_{k,δ} − x_{j,δ} ‖ ≤ 4 κ δ Ψ( k) for all k ≤ j } , (3.7)

where κ := √ m. The idea of this choice is to approximate the parameter α_{opt} which

satisfies δΨ( α_{opt} ) = Φ( α_{opt} ). Finally, we get with Θ( t) := t^{(2r +1) /4r} φ (t), 0 < t ≤

‖T‖^2, and δ_0 > 0 sufficiently small, that sup x∈ T_φ (R ) ( E [ ‖x − x_{j ∗ ,δ}‖^2

])_{1/2} ≤ C_{all} √ ⌈2 log_q (‖T‖^2/δ)⌉φ ( Θ^{− 1}

(_δ R )) , δ ≤ δ_0,

what converges to zero when δ → 0. Remark 3.23 . For more details about the concepts of general source conditions and operator monotone functions we refer to [6, 24, 25] and the references therein.

3.3 Relation between classic and statistical regularization methods

As justification for section 3.2 and as preparation of section 4 we are interested in the connection of regularization methods of the two settings. In general, we have to modify at least the parameter choice α because of the changed domain of definition. In order to formulate sufficient criteria for the stochastical convergence of (R, α̃ ) we need to control the decay of α̃ (δ, Y_δ). The following notation will help us to describe it conveniently.

Notation 3.24 (Stochastic Landau-Symbol ) . Let (Z_n )_{n ∈ N} be a sequence of random variables on a probability space (Ω , F , P) and (c_n )_{n ∈ N} a sequence of real-valued constants. We denote

Z_n = o_P(c_n ) :⇐⇒ lim_{n →∞} P ( |^{Z n}_{cn} | > ϵ ) = 0 for all ϵ > 0.

Proposition 3.25. Let (R, α ) be any generally convergent regularization,

W ⊆ { P^Ξ : Ξ ∼ P^Ξ centered Hilbert-space process with ‖Cov_Ξ ‖ < ∞} =: W_0 (3.8) and M_W (y), y ∈ D (T^+ ), such as in (3.6). The modified method (R, α̃ ) constitutes a conver-

gent statistical regularization w.r.t. W for any measurable function α̃ : (0, ∞ ) × R^N → (0, ∞ ) if for arbitrary observations { Y^{(k)} } k≥ 1 with Y

(k) := y + δ^{(k)} Ξ^{(k)} ∈ M_W (y) it holds

lim_{k→∞} P ( α̃ (δ^{(k)} , Y^{(k)} ) > ϵ ) = 0 ∀ ϵ > 0 and (α̃ (δ^{(k)} , Y^{(k)} ))^{− 1} = o_P((δ^{(k)} )^{− 1}). (3.9)

Proof. Let y ∈ D (T^+ ), { Y^{(k)} } k≥ 1 ⊆ MW (y) with Y

(k) := y + δ^{(k)} Ξ^{(k)} and lim_{k→∞} δ^{(k)} = 0 .

Proposition 3.15 yields with assumption 2 for any number α > 0 the finiteness of the mean squared error: E [‖ ‖T^+ y − R_α Y^{(k)} ‖ ‖^2_{H1} ] ≤ ‖ ‖T^+ y − R_α y ‖ ‖^2_{H1} + (δ^{(k)} ‖T‖_{HS} γ/α)^2 < ∞ , k ≥ 1.

Now, we consider a measurable function α̃ : (0, ∞ ) × R^N → (0, ∞ ) satisfying (3.9) and insert

in place of the number α the function value α̃ (δ^{(k)} , Y^{(k)} (ω )), where Y^{(k)} (ω ) = { Y^{(k)}_{δ( k ) ,j} (ω )}_{j ≥ 1}

for ω ∈ Ω and k ≥ 1. In doing so we allow for a moment that the parameter choice and the reg-

ularization operator are applied to different realizations of Y^{(k)} , k ≥ 1. We get from proposition 2.6 that

lim_{k→∞} P ({ ω ∈ Ω : E [‖ ‖T^+ y − R_{α̃ (δ( k ) ,Y ( k ) (ω ))} Y^{(k)} ‖^2_{H1} ] > ϵ }) = 0 (3.10)

for any ϵ > 0 since the sum of two stochastical convergent sequences converges stochastically. So, we can say: For all ϵ > 0 there exists a subset Ω_ϵ ⊆ Ω with P(Ω_ϵ) ≥ 1 − ϵ, such that

lim_{k→∞} E [‖ ‖T^+ y − R_{α̃ (δ( k ) ,Y ( k ) (ω̃ ))} Y^{(k)} ‖^2_{H1} ] = 0 for allω̃ ∈ Ω_ϵ with P(ω̃ ) > 0.

Further we can deduce that for all ϵ, η > 0 and ω̃ ∈ Ω_ϵ with P(ω̃ ) > 0

lim_{k→∞} P ({ ω ∈ Ω : ‖ T^+ y − R_{α̃ (δ}( k )_{,Y} ( k )_{(ω̃ ))} Y^{(k)} (ω ) ‖_2 H_1 > η }) = 0 .

Finally, we achieve

lim_{k→∞} P ({ ω ∈ Ω : ‖ T^+ y − R_{α̃ (δ}( k )_{,Y} ( k )_{(ω ))} Y^{(k)} (ω ) ‖_2 H_1 > η }) ≤ ϵ for all ϵ, η > 0. Since ϵ is independent of η, we can conclude stochastical convergence.

Proposition 3.26. Any generally convergent regularization (R, α ), where α is measurable, satisfies definition 3.20 of convergent statistical regularization w.r.t.

W_1 ⊆ W_2 := { P^Ξ : Ξ ∈ L^2(Ω , H_2) with E [ ‖Ξ ‖^2_{H2} ] ≤ 1}. (3.11)

The converse holds if W_1 contains the Dirac measures.

Proof. Let (R, α ) be a generally convergent regularization method with measurable α , y ∈

D(T^+ ) and { Y^{(k)} } k≥ 1 with Y

(k) := y + δ^{(k)} Ξ^{(k)} , P^{Ξ ( k )} ∈ W_1, δ^{(k)} > 0 for all k ≥ 1 and lim_{k→∞} δ^{(k)} = 0 . We fix ϵ > 0, set C := ϵ^{− 1/2} and define for any ω ∈ Ω the set

K(ω ) := { k ≥ 1 : ‖ ‖Ξ^{(k)} (ω ) ‖ ‖_{H2} ≤ C } ⊆ N and the number

k(ω ) := argmin

k≥ 1 { ‖ ‖T^+ y − R_{α (δ( k ) ,Y ( k ) (ω ))} Y^{(k)} (ω )‖_{H1} ≤ ϵ ∀ l ∈ K (ω ) with l ≥ k } .

Then it follows from Chebychev’s inequality and the convergence of (R, α ) that P ({ ω ∈ Ω : ‖ T^+ y − R_{α (δ}( k )_{,Y} ( k )_{(ω ))} Y^{(k)} (ω ) ‖ H_1 > ϵ }) ≤ P ({ ω ∈ Ω : k /∈ K (ω )}) + P ({ ω ∈ Ω : k < k (ω )}) < 2ϵ

for k ≥ 1 sufficiently large and finally

lim_{k→∞} P ({ ω ∈ Ω : ‖ T^+ y − R_{α (δ}( k )_{,Y} ( k )_{(ω ))} Y^{(k)} (ω ) ‖ H_1 > ϵ }) = 0 for all ϵ > 0.

The proof is complete.

Proposition 3.27. Any purely data driven convergent statistical regularization (R, α ) w.r.t. W_0, induces a purely data driven generally convergent regularization (R, α̃ ).

Proof sketch. Let us contemplate deterministic observations of the form y^{(k)} := y + δ^{(k)} ξ^{(k)} ∈

H_2 with y ∈ D (T^+ ), ‖ ξ^{(k)} ‖ H_2 ≤ 1, δ

(k) > 0 for all k ≥ 1 and lim_{k→∞} δ^{(k)} = 0 . We define for any k ≥ 1 the following Hilbert-space valued random variable

Y^{(k)} (ω ) := { y^{(k)} , if ω ∈ Ω_1 − y^{(k)} , if ω ∈ Ω_2,

where P(Ω_1) = P(Ω_2) = 0 .5. Every random variable Y^{(k)} , k ≥ 1, can be identified with a centered Hilbert-space process, such that the function

α̃ : H_2 → (0, ∞ ), y^{(k)} → α ( { y^{(k)}_{δ( k ) ,j} } j ≥ 1 ) , where y^{(k)}_{δ( k ) ,j} := Y^{(k)}_{δ( k ) ,j} (ω ) for any ω ∈ Ω_1 and j ≥ 1, constitutes with the regularization R a purely data driven generally convergent regularization.

Remark 3.28 . The proposition holds also for methods w.r.t. a subclass W ⊆ W_0 if W allows for arbitrary deterministic observations { y^{(k)} } k≥ 1 of the above form the definition of a sequence { Y^{(k)} } k≥ 1 ⊆ MW (y) with P ({ ω ∈ Ω : Yk (ω ) = yk }) > η for η > 0.

4 The Bakushinski ĭ veto for statistical inverse problems

The following study was motivated by the paper ¨Regularization independent of the noise level: an analysis of quasi-optimality¨ by Bauer and Reiß [4], which raised the question of the transferability of the Bakushinski ĭ veto to statistical inverse problems.

Theorem 4.1.

1 A purely data driven convergent statistical regularization method w.r.t. W_0, see (3.8), exists if and only if the range R (T) of the operator T is closed.

2 For certain probability distributions P^Ξ there exist purely data driven convergent statistical regularization w.r.t. W := { P^Ξ } even if the problem is ill-posed.

Remark 4.2 (Generalization) . The first statement remains valid for sufficiently large subclasses

of W_0 such as W_2 of (3.11) or the class of all Dirac measures. We refer to remark 3.28.

For the proof of the second statement we need some preperation:

Notation 4.3 (Setting) . In order to construct an example supporting theorem 4.1 (2) let us focus on an operator T : L^2([0, 1]) → L^2([0, 1]) and data with Gaussian white noise modeled by

Y_δ(t) = T x(t) + δ Ξ_t , t ∈ [0, 1], which is consistent with (3.1). We consider the equidistant

decomposition Z_n := (0 = t_0 < t_1 < ... < t_n = 1) with t_j := j/n for j = 0 , ..., n and the orthornormal system { φ_j }_{j =1 ,...,n} , where φ_j := ( √ t_j − t_{j − 1})^{− 1} χ_{[t j − 1 ,t j )} . By projecting Y_δ onto the linear span of { φ_j }_{j =1 ,...,n} we get a finite set of coefficients

Y_{δ,j} := ⟨Y_δ, φ_j ⟩_L 2_{([0,1])} = (√ t_j − t_{j − 1}

)_{− 1} ∫^{t j}

t_{j − 1}

T x(s)ds + δϵ_j , ϵ_j^{iid}∼ N (0, 1)

with j = 1 , ..., n, such that

QY_δ(t) = n∑ j =1

Y_{δ,j} φ_j (t) = ( t_j − t_{j − 1})^{− 1}

∫_{t j}

t_{j − 1}

T x(s)ds + √ n δ ϵ_j for t ∈ [t_{j − 1}, t_j ) .

Remark 4.4 (Outline) . This setting conforms to the regression model with orthonormal design and without repetitions as discribed in notation 3.12. In example 3.22 we mentioned that Tikhonov regularization forms with a Lepski ĭ-type parameter choice a convergent statistical regularization method (R, α ) w.r.t. N (0, I ) [25]. Plugging in an estimation of the noise level into this method we can deduce a purely data driven one as we will verify now.

For that purpose we want to use the following estimator:

Definition 4.5 (The estimator [14]) .

δ̃^2_n := 1 2n^2 n∑ j =1

(QY_δ(t_j ) − QY_δ(t_{j − 1}))^2 (4.1)

Before studying its asymptotical behaviour we remind of the following notation:

Notation 4.6. ([5]) Let I denote an interval. A function f : I → R is called Hölder continuous with exponent s ∈ (0, 1] if for all t_0 ∈ I a neighborhood U ⊆ R exists, such that sup t,t^′∈ U∩ I,t ≠ t^′

|f (t) − f (t^′)|

|t − t^′|^s

< ∞ .

Assumption 3. Let y = T x ∈ L^2([0, 1]) be Hölder-continuous of order s ∈ (1/2, 1].

Example 4.7 . Assumption 3 is satisfied for any integral operator

T : L^2([0, 1]) → L^2([0, 1]), (T x)(t) =

∫_t 0 k(t, u )x(u)du,

with kernel k : [0, 1]^2 → R satisfying for some constant C > 0 sup u∈ [0,1]

|k(t, u ) − k(t^′, u)| ≤ C|t − t^′|^s , t, t^′ ∈ [0, 1].

Conclusion 4.8 . Assumption 3 implies in pursuance of [29, pages 212-213] that

(Qy(t_{j − 1}) − Qy(t_j ))^2 ≍ O(n^{− 2s} ), j = 1 , ..., n,

what from we can deduce the asymptotical unbiasedness of δ̃^2_n when n → ∞ :

E(δ̃^2_n ) = δ^2 + O(n^{− (1+2 s)} ) and E(δ̃^2_n ) ≥ δ^2

Remark 4.9 . In proposition 4.13 we need s > 1/2. Proposition 4.10 (Concentration inequality) . Let n = n(δ) ≍ ⌈ δ^{− η} ⌉ with 2 > η ≥ 2/(1+2 s),

δ̂ := τ δ̃_n and Ω_+ := Ω_+ (δ, τ, K) := { ω ∈ Ω : δ̂(ω ) ∈ [δ, Kτδ] } , τ, K > 1 appropriate. (4.2)

The following assertions hold for all δ ≤ δ_0 with δ_0 > 0 sufficiently small:

1 There are constants C_1, C_2 > 0 such that P(Ω \ Ω_+ ) ≤ C_1 exp (− C_2 n^2(α, δ) δ^2) . 2 It holds for α > 0 and some C_3 > 0 that sup T^+ y∈ T_φ (R ) ∫ Ω ‖T^+ y − R_α QY_δ‖^4dP ≤ C_3 δ^4α^{− 4}n^2(α, δ).

We want to use the following Lemma for the proof of proposition 4.10: Lemma 4.11.

1 Let X be a Gaussian random vector in a Banach space B and ‖X ‖_p := E [‖X ‖^p_B]^{1/p},

0 < p < ∞ , the L^p-norm of X . For all 0 < p, q < ∞ there is a constant K_{p,q} > 0

such that ‖X ‖_p ≤ K_{p,q} ‖X ‖_q. 2 Let X ∈ L^4(Ω , F , P) be nonnegative. It holds ∫ Ω X^4(ω )dP(ω ) = 4

∫_∞ 0 t^3 P(X > t )dt.

3 ‖(αI + B^∗B )^{− 1}B^∗B ‖ ≤ 1

Proof of lemma 4.11. The first statement can be found in [21, page 60] and the second one follows by a generalized version of partial integration, which is given in [13, chapter 5, § 6]. By spectral calculus we get the inequality in (3).

Proof of proposition 4.10.

1 Using Lemma 4.11 (1) we get with δ̃_n = ‖X_n ‖, where

X_n := ( √ 2 n)^{− 1} (QY_δ(t_1) − QY_δ(t_0), ..., QY_δ(t_n ) − QY_δ(t_{n − 1})) ∼ N (EX_n , I_n ),

that

P(Ω \ Ω_+ ) = P ({ ω ∈ Ω : τ δ̃_n (ω ) < δ }) + P ({ ω ∈ Ω : τ δ̃_n (ω ) > τ Kδ })

= P ( K^{− 1}_{2,1} ‖δ̃_n ‖_2 − δ̃_n > K^{− 1}_{2,1} ‖δ̃_n ‖_2 −^δ_τ )

+ P ( δ̃_n − K_{1,2}‖δ̃_n ‖_2 > Kδ − K_{1,2}‖δ̃_n ‖_2 )

≤ P ( |E [ δ̃_n ] − δ̃_n | > K^{− 1}_{2,1} ‖δ̃_n ‖_2 −^δ_τ )

+ P ( |δ̃_n − E [ δ̃_n ] | > Kδ − ‖ δ̃_n ‖_2 ) since the Cauchy-Schwarz inequality yields K_{1,2} = 1 . At this point, we would like to apply the concentration inequality (3.2) in [21, page 57] what for we have to ensure that

τ‖δ̃_n ‖_2 > K_{2,1}δ and Kδ > ‖δ̃_n ‖_2. The first requirement is satisfied for all τ > K_{2,1} as ‖δ̃_n ‖_2 ≥ δ. For the second we need that K ≫ 1 since we have for a constant c > 0

‖δ̃_n ‖_2 ≤ δ + cn^{− (1+2 s)/2} ≍ δ + c δ^{η(1+2 s)/2} ≤ (c + 1) δ for δ ∈ (0, 1).

Supposing that τ and K are appropriate it follows that for some constants C_1, C_2 > 0

P(Ω \ Ω_+ ) ≤ 2 exp ( −^2_{π 2} n^2(α, δ) [ K^{− 1}_{2,1} ‖δ̃_n ‖_2 − δ/τ

]_2)

+ 2 exp ( −^2_{π 2} n^2(α, δ) [ Kδ − ‖ δ̃_n ‖_2

]_2) ≤ C_1 exp ( − C_2 n^2(α, δ) δ^2 ) . 2 After lemma 4.11 (2) and (3) and the concentration inequality (3.5.) in [21, page 59] it holds for x^+ = T^+ y and some constant C_3 > 0 that ∫ Ω ‖x^+ − R_α QY_δ‖^4dP = 4

∫_∞ 0 t^3P ( ‖x^+ − R_α QY_δ‖ > t ) dt ≤ 4 ∫_{2‖x} +_{‖H1} 0 t^3dt + 16

∫_∞

2‖x^+ ‖_{H1}

t^3 P ( 2‖x^+ ‖ + δ‖R_α QΞ ‖ > t ) dt ≤ 16‖x^+ ‖^4_{H1} + 16

∫_∞

2‖x^+ ‖_{H1}

t^3 exp ( − (t − 2‖x^+ ‖_{H1} )^2/E ) dt = 16 ‖x^+ ‖^4_{H1} + 16

∫_∞ 0 ( t^3 + 6 t^2‖x^+ ‖_{H1} + 12 t‖x^+ ‖^2_{H1} + 8 ‖x^+ ‖^3_{H1} ) e^{− t 2 /E} dt

= 16 ‖x^+ ‖^4_{H1} +^1_2 E^2 +^3_2 √ π‖x^+ ‖_{H1} E^{3/2} + 6 ‖x^+ ‖^2_{H1} E + 4 √ π‖x^+ ‖^3_{H1} √ E ≤ 16‖x^+ ‖^4_{H1} + C_3 δ^4α^{− 4}n^2(α, δ),

where 0 < s_j ≤ ‖ T‖ yields

E := 8 E [ ‖δR_α QΞ ‖^2 ] = 8 δ^2 ∑ s_j > 0

|^{s j}_{α + s 2j} |^2E [ |⟨QΞ , u_j ⟩_{H2} |^2 ] ≤ 8δ^2‖T‖^2α^{− 2}n(α, δ).

The assertion follows for all δ ≤ δ_0 with δ_0 > 0 sufficiently small.

Remark 4.12 (Asymptotic behaviour of n). In example 3.22 we set n ≍ ⌈ α^{− 1/2r} ⌉, r > 0, but in proposition 4.10 it was more advantageous to link n to δ. Combining the two approaches we get n := n(α, δ) = max { n_1(α ), n_2(δ)}, where n_1(α ) ≍ ⌈ α^{− 1/2r} ⌉ and n_2(δ) ≍ ⌈ δ^{− η} ⌉. (4.3)

Due to the fact that we take another asymptotic behaviour of n as basis of our analysis than stated in example 3.22 we have to revise the convergence result.

Proposition 4.13. Let α_∗ := α_{j ∗} (δ, Y_δ) denote the regularization parameter according to Lepskiĭ’s principle as described in example 3.22. If we assume that n = n(α, δ) as in (4.3) with

η < 2 (instead of n = n(α ) ≍ ⌈ α^{− 1/2r} ⌉ as before) then

lim_{δ→ 0} ( sup T^+ y∈ T_φ (R ) E [ ‖T^+ y − R_{α ∗} QY_δ‖^2 ] ) = 0 .

Proof. Mathé and Pereverzev have shown in [25, Theorem 5] that under the assumptions and notations of example 3.22 it holds for some C_0 > 0 that sup T^+ y∈ T_φ (R ) E [ ‖T^+ y − R_{α ∗} QY_δ‖^2 ] ≤ C_0 √ ⌈2 log_q(‖T‖^2/δ)⌉φ (α̌ ),

where α̌ := αˇ_j with ǰ := max { j ≤ m : Φ( j ) ≤ δΨ( j )}. The proof of this bound does not depent on the asymptotic behaviour of n aside from the requirement of the existence of a constant D > 0 satisfying Ψ( j ) ≤ D Ψ( j + 1) for all j = 0 , ..., m − 1. Since this is fulfilled even for our new choice of n we cite the given inequality without further proof. The only modification which we made is a slight change of the definition of ǰ , which simplifies the notation. Now, we want to prove that the right hand side converges to zero. We follow the ideas in [25] and set

Θ_δ(t) := max {⌈t^{1/4s} ⌉, ⌈δ^{η/2}⌉} √ tφ (t), t > 0, and α^∗ := inf { α > 0 : Θ_δ(α ) ≥ δ} .

Θ_δ is increasing in t such that for every δ > 0 there is a unique choice for α^∗. We notice that

δ Ψ( α^∗) = δ C_Ψ

√_{n (α ∗ ,δ)}

4α^∗ =

C_Ψ 2 δ ( max{⌈(α^∗)^{1/4s} ⌉, ⌈δ^{η/2}⌉} √ α^∗

)_{− 1} ≤^{C Ψ}_2 φ (α^∗).

This leads to α̌ ≤ α^∗ because of the definition of Φ and the monotonicity of Φ and Ψ . Finally, we can deduce

lim_{δ→ 0} ( sup T^+ y∈ T_φ (R ) E [ ‖T^+ y − R_{α ∗} QY_δ‖^2 ] ) ≤ lim_{δ→ 0} C_{all} √ ⌈2 log_q(‖T‖^2/δ)⌉φ (α^∗(δ)) = 0

since lim_{δ→ 0}α^∗(δ) = 0 if η < 2.

Remark 4.14 . The convergence rate given in the last equation has not to be optimal.

Finally, we achieve:

Proof of theorem 4.1. Any purely data driven convergent statistical regularization (R, α ) w.r.t.

W_0 induces the existence of a purely data driven convergent regularization (R, α̃ ) in terms of

definition 2.12, as shown in proposition 3.27. If so, the range R (T) of T is closed, see lemma 2.14. So, we turn to the second statement: We consider the setting desribed in notation 4.3 with T x satisfying assumption 3, the estimator δ̃^2_n given in definition 4.5 and the set Ω_+ introduced in (4.2). Let R_α , m, { α_j }_{j =0 ,...,m} ,

{ x_{j,δ} }_{j =0 ,...,m} , T_φ (R), Ψ , Φ and κ be as in example 3.22 and n := n(α, δ) as in (4.3). First

of all we want to verify if the assumptions of example 3.22 are satisfied. The first one follows by definition and the second if x^+ ∈ T_φ (R). The definition of the projection Q and the Hölder continuity of T x yield by [29, pages 212-213] asumption (d) since

‖(I − Q)T : H_1 → H_2‖ ≤ C rank( Q)^{− s} ,

where s ∈ (1/2, 1] denominates the Hölder exponent of T x. Assumption (c) has been used in [25] as basis of assumption (d) and in order to prove the order optimality of the convergence result, why we can ignore it. As a consequence we set r := s in n_1(α ) ≍ ⌈ α^{− 1/2r} ⌉ such that

n_1(α ) ≤ n_1(α_0) ≍ δ^{− 1/s} ≤ δ^{− η} ≍ n_2(δ) if η ≥ 1/s.

Now, we want to examine E [ ‖T^+ y − R_{α̂ ∗} QY_δ‖^2 ] = ∫ Ω_+

‖T^+ y − R_{α̂ ∗} QY_δ‖^2dP + ∫ Ω \Ω_+

‖T^+ y − R_{α̂ ∗} QY_δ‖^2dP,

where α̂_∗ := α_{j ∗} (δ̂, Y_δ) with δ̂ := τδ̃_n denotes the regularization parameter resulting from Lepskiĭ’s principle (3.7) when using the estimated noise level. It is quite evident that

Ω_+ ⊆ Ω_κ := Ω_κ (δ) := { ω ∈ Ω : max

j =1 ,...,m (δ) δ ‖R_{α j} Q_n Ξ( ω )‖_{H2} Ψ_δ (j ) ≤ κ }

if the constant C_Ψ > 0 in Ψ is sufficiently large. As α_{j ∗} (δ, Y_δ) and α̂_∗ lead on Ω_+ to the same asymptotic behaviour of R_α QY_δ we can deduce from proposition 4.13 that the first term on the right vanishes when δ → 0 if η < 2. Furthermore, the Hölder-inequality yields that ∫ Ω \Ω_+

‖T^+ y − R_{α̂ ∗} QY_δ‖^2dP ≤ ( ∫ Ω ‖T^+ y − R_{α̂ ∗} QY_δ‖^4dP

)_{1/2} (P(Ω \ Ω_+ ))^{1/2} .

Hence, it follows from proposition 4.10 that for all δ < δ_0 with δ_0 > 0 sufficiently small it holds with η := 1 /s ≥ 2/(1 + 2 s), where s ∈ (1/2, 1], that sup T^+ y∈ T_φ (R ) ∫ Ω \Ω_+

‖T^+ y − R_{α̂ ∗} QY_δ‖^2dP ≤ C_{all}⌈δ^{− (2+ η)} ⌉ exp ( −^1_2 C_2 δ^{2− 2η} ) , and finally

lim_{δ→ 0} ( sup T^+ y∈ T_φ (R ) E [ ‖T^+ y − R_{α̂ ∗} QY_δ‖^2 ] ) = 0 ,

which completes the proof.

Remark 4.15 (Numerical procedure) . The numerical procedure including the estimation of the noise level can be described with the notations of example 3.22 as follows:

Choose: τ > K_{2,1}; p > 1; q > 1; n ∈ N; m ∈ N; ϵ > 0; δ̂_0 := 0; k := 0;

Do: k := k + 1;

δ̂_k :=^1_2 τ n− 2 ∑^n_{j =1} (y_δ(j/n ) − y_δ((j − 1)/n))^2 ; α := δ̂^2_k ; n := max { n(α, δ̂_k ), p ∗ n};

While: ( (k < m )ϵ+ ( k > m ) max {|δ̂_k − δ̂_j |, j = k − m, ..., k} > ϵδ̂_k ) ; Adapt: κ := √ m; n = n(α, δ̂_k ); B := Q_n T; x_1 := ( αI + B^∗B )^{− 1}B^∗y_δ; k := 0;

Do: k := k + 1;

α := q ∗ α ; n := n(α, δ̂_k ); B := Q_n T; x_k := ( αI + B^∗B )^{− 1}B^∗y_δ;

While: ( ‖x_j − x_k ‖ ≤ 4κδ √ ψ (αq^{j − k} ), j ≤ k and α ≤ ‖ T‖^2 ) ; Return: x_{k− 1};

The second part is a modified version of the strategy presented in [25].

5 Conclusion

In this paper we have developed new concepts for the study of statistical inverse problems. The central idea was to link the noise to the asymptotic of the noise level δ → 0, varying its probability distribution, which is assumed to be an element of a fixed class W w.r.t. which the convergence of the considered regularization is required. By means of this approach we were able to disprove the often supposed general transferability of the Bakushinski ĭ veto to the stochastical context.

A lot of continuative issues arise out of this result: The estimation of the noise level gained in importance. In particular estimation methods which utilize just one data set are of special interest as the estimate can be incorporated into a regularization method. How does the various parameter choices react to the usage of an estimated noise level and how can we compensate unwanted behaviors? For which other classes of probability distributions does an analog statement to the Bakushinski ĭ veto hold and for which ones can we derive counter examples?

Bibliography

[1] A. B. Bakushinski ĭ. Remarks on the choice of regularization parameter from quasioptimality and relation tests. Zh. Vychisl. Mat. i Mat. Fiz. , 24(8):1258–1259, 1984.

[2] F. Bauer, T. Hohage, and A. Munk. Iteratively regularized Gauss-Newton method for nonlinear inverse problems with random noise. SIAM J. Numer. Anal. , 47(3):1827–1846, 2009.

[3] F. Bauer and S. Pereverzev. Regularization without preliminary knowledge of smoothness and error behaviour. European J. Appl. Math. , 16(3):303–317, 2005.

[4] F. Bauer and M. Reiß. Regularization independent of the noise level: an analysis of quasioptimality. Inverse Problems , 24(5):055009, 16, 2008.

[5] H. Bauer. Wahrscheinlichkeitstheorie . de Gruyter Lehrbuch. [de Gruyter Textbook]. Walter de Gruyter & Co., Berlin, fifth edition, 2002.

[6] R. Bhatia. Matrix analysis , volume 169 of Graduate Texts in Mathematics . Springer-Verlag, New York, 1997.

[7] N. Bissantz, T. Hohage, A. Munk, and F. Ruymgaart. Convergence rates of general regularization methods for statistical inverse problems and applications. SIAM J. Numer. Anal. , 45(6):2610–2636 (electronic), 2007.

[8] L. D. Brown and M. G. Low. Asymptotic equivalence of nonparametric regression and white noise. Ann. Statist. , 24(6):2384–2398, 1996.

[9] L. Cavalier. Nonparametric statistical inverse problems. Inverse Problems , 24(3), 2008.

[10] L. Cavalier and N. W. Hengartner. Adaptive estimation for inverse problems with noisy operators. Inverse Problems , 21(4):1345–1361, 2005.

[11] H. W. Engl, M. Hanke, and A. Neubauer. Regularization of inverse problems , volume 375 of Mathematics and its Applications . Kluwer Academic Publishers Group, Dordrecht, 1996.

[12] S. N. Evans and P. B. Stark. Inverse problems as statistics. Inverse Problems .

[13] W. Feller. An introduction to probability theory and its applications. Vol. II. Second edition.

John Wiley & Sons Inc., New York, 1971.

[14] T. Gasser, L. Sroka, and C. Jennen-Steinmetz. Residual variance and residual pattern in nonlinear regression. Biometrika , 73(3):625–633, 1986.

[15] C. W. Groetsch. The theory of Tikhonov regularization for Fredholm equations of the first kind, volume 105 of Research Notes in Mathematics . Pitman (Advanced Publishing Program), Boston, MA, 1984.

[16] P. C. Hansen. Analysis of discrete ill-posed problems by means of the l-curve. SIAM Rev. , 34(4):561–580, 1992.

[17] A. Hofinger. Ill-Posed Problems: Extending the Deterministic Theory to a Stochastic Setup .

PhD thesis, Johannes-Kepler-Universität Linz, Trauner Verlag, 2006.

[18] A. Hofinger and H. K. Pikkarainen. Convergence rates for linear inverse problems in the presence of an additive normal noise. Stoch. Anal. Appl. , 27(2):240–257, 2009.

[19] B. Hofmann and P. Mathé. Analysis of profile functions for general linear regularization methods. SIAM J. Numer. Anal. , 45(3):1122–1141 (electronic), 2007.

[20] V. K. Ivanov, V. V. Vasin, and V. P. Tanana. Theory of linear ill-posed problems and its applications . Inverse and Ill-posed Problems Series. Second edition.

[21] M. Ledoux and M. Talagrand. Probability in Banach spaces , volume 23 of Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)] . Springer-Verlag, Berlin, 1991. Isoperimetry and processes.

[22] O. V. Lepski ĭ. A problem of adaptive estimation in Gaussian white noise. Teor. Veroyatnost.

i Primenen. , 35(3):459–470, 1990.

[23] P. Mathé. Principles of regularization in Hilbert spaces. Lecture Notes, 2010.

[24] P. Mathé and B. Hofmann. How general are general source conditions? Inverse Problems , 24(1):015009, 5, 2008.

[25] P. Mathé and S. V. Pereverzev. Regularization of some linear ill-posed problems with discretized random noisy data. Math. Comp. , 75(256):1913–1929 (electronic), 2006.

[26] V. A. Morozov. On the solution of functional equations by the method of regularization.

Soviet Math. Dokl. , 7:414–417, 1966.

[27] F. O’Sullivan. A statistical perspective on ill-posed inverse problems. Statist. Sci. , 1(4):502– 527, 1986. With comments and a rejoinder by the author.

[28] D. Revuz and M. Yor. Continuous martingales and Brownian motion , volume 293 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] . Springer-Verlag, Berlin, 1991.

[29] L. L. Schumaker. Spline functions: basic theory . John Wiley & Sons Inc., New York, 1981.

Pure and Applied Mathematics, A Wiley-Interscience Publication.

[30] A. N. Tikhonov and V. Y. Arsenin. Solutions of ill-posed problems . V. H. Winston & Sons, Washington, D.C.: John Wiley & Sons, New York, 1977. Translated from the Russian, Preface by translation editor Fritz John, Scripta Series in Mathematics.

[31] A. B. Tsybakov. Introduction à l’estimation non-paramétrique , volume 41 of Mathématiques & Applications (Berlin) [Mathematics & Applications] . Springer-Verlag, Berlin, 2004.

[32] G. M. Vaĭnikko and A. Y. Veretennikov. Iteratsionnye protsedury v nekorrektnykh zadachakh . “Nauka”, Moscow, 1986.

[33] G. Wahba. Spline models for observational data , volume 59 of CBMS-NSF Regional Conference Series in Applied Mathematics . Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1990.

Recent publications of the Weierstraß-Institut für Angewandte Analysis und Stochastik

1540: Carsten Brée, Ayhan Demircan, Günter Steinmeyer: Saturation of the alloptical Kerr effect.

1541: Alexander Mielke, Lev Truskinovsky: From discrete visco-elasticity to continuum rate-independent plasticity: Rigorous results.

1542: Alexander Mielke, Tomáš Roubí ček, Marita Thomas: From damage to delamination in nonlinearly elastic materials at small strains.

1543: Thomas Koprucki, Alexander Wilms, Andreas Knorr, Uwe Bandelow:

Modeling of quantum dot lasers with microscopic treatment of Coulomb effects.

1544: Gonca L. Aki, Jean Dolbeault, Christof Sparber: Thermal effects in gravitational Hartree systems.

1545: Wolfgang Dreyer, Jan Giesselmann, Christiane Kraus, Christian Rohde:

Asymptotic analysis for Korteweg models.

1546: Vladimir A. Panov: Estimation of the signal subspace without estimation of the inverse covariance matrix.

1547: Michael Aizenman, Sabine Jansen, Paul Jung: Symmetry breaking in quasi- 1D Coulomb systems.

1548: Klaus Fleischmann, Leonid Mytnik, Vitali Wachtel: Properties of states of super- α -stable motion with branching of index 1 + β .

1549: Johannes Elschner, Guanghui Hu: Inverse scattering of electromagnetic waves by multilayered structures: Uniqueness in TM mode.

1550: Simona Blanca Savescu: A substitute for the maximum principle for singularly perturbed time-dependent semilinear reaction-diffusion problems — Part I.

1551: Denis Belomestny, Volker Krätschmer: Central limit theorems for lawinvariant coherent risk measures.

1552: Wolfgang König, Sylvia Schmidt: The parabolic Anderson model with acceleration and deceleration.

1553: Adrian Schnitzler, Tilman Wolff: Precise asymptotics for the parabolic Anderson model with a moving catalyst or trap.

1554: Georgy Kitavtsev, Lutz Recke, Barbara Wagner: Center manifold reduction approach for the lubrication equation.

1555: Georgy Kitavtsev, Lutz Recke, Barbara Wagner: Asymptotics for the spectrum of a thin film equation in a singular limit.

1556: Andreas Münch, Barbara Wagner: Impact of slippage on the morphology and stability of a dewetting rim.

1557: Marcus Grote, Viviana Palumberi, Barbara Wagner, Andrea Barbero, Ivan Martin: Dynamic formation of oriented patches in chondrocyte cell cultures.

1558: Andreas Münch, Colin P. Please, Barbara Wagner: Spin coating of an evaporating polymer solution.

1559: Karsten Tabelow, Henning U. Voss, Jörg Polzehl: Modeling the orientation distribution function by mixtures of angular central Gaussian distributions.

1560: Konstantina Kostourou, Dirk Peschka, Andreas Münch, Barbara Wagner, Stephan Herminghaus, Ralf Seemann: Interface morphologies in liquid/ liquid dewetting.

1561: Natalia Rebrova, Guillaume Huyet, Dmitrii Rachinskii, Andrei G.

Vladimirov: An optically injected mode locked laser.

1562: Karsten Tabelow, Jörg Polzehl: Statistical parametric maps for functional MRI experiments in R: The package fmri.

1563: Jörg Polzehl, Karsten Tabelow: Beyond the diffusion tensor model: The package dti.