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Abstract We describe the large-time moment asymptotics for the parabolic Anderson
model where the speed of the diffusion is coupled with time, inducing an acceleration or
deceleration. We find a lower critical scale, below which the mass flow gets stuck. On this
scale, a new interesting variational problem arises in the description of the asymptotics.
Furthermore, we find an upper critical scale above which the potential enters the asymptotics
only via some average, but not via its extreme values. We make out altogether five phases,
three of which can be described by results that are qualitatively similar to those from the
constant-speed parabolic Anderson model in earlier work by various authors. Our proofs
consist of adaptations and refinements of their methods, as well as a variational convergence
method borrowed from finite elements theory.

1 Introduction

We consider the solution u®: [0,00) x Z? — [0,00), t > 0, to the Cauchy problem for the
heat equation with random coefficients and t-dependent diffusion rate,

agu“)(s, 2) = k(1) Au® (s, 2) + £(2)uP(s,2), s>0, z € Z%, (1.1)
s

u(t)(o’ ) — ]10,

where A is the discrete Laplacian,

Af(z)= > [f@) - f2)],

z€Z%: |x—2z|=1

(€(2)),eza is a field of independent and identically distributed random variables, and
k: [0,00) — [0,00) is a function with lim;_, () = co. Our main goal is to understand
the asymptotic behaviour as t — oo of the expected total mass at time ¢,

Ut)=Y_ u?(tz2).

z€7Z4

The total mass may be represented in terms of the famous Feynman Kac formula,

U(t) = E [exp { /Otg(xs) dsH, (1.2)

where (X;)se(0,00) 15 @ random walk with generator 2dk(t)A, starting from zero under E(’.
Denoting by (-) the expectation with respect to the random potential £, we will study the
logarithmic asymptotics of (U(t)) for various choices of the diffusion function ¢ — £(t).

The model with constant diffusion rate x(¢) = 1 has been analysed in [GM98] and [BK01]
for three important classes of tail distributions of £(0), see also |[GKO05| for a survey and
[CM94] for more background. In [HKMO6] a classification of all potential distributions into
four universality classes was made out such that the qualitative behaviour of (U(¢)) in each
of the classes is similar. This classification holds under mild regularity assumptions and
depends only on the upper tails of the potential. Heuristically, the main effect in each of
these classes is the concentration of the total mass on a so-called intermittent island the
size of which is t-dependent and deterministic. The (rescaled) shape of the solution and the
potential on this island can be described by a deterministic variational formula. The thinner
the tails of the potential distribution are, the larger the islands are, ranging from single sites
to large areas, however still having a radius < /.

In (1.1), the diffusion is coupled with time so that it is accelerated if the diffusion function
t — k(t) grows or decelerated if it decreases. Now an interesting competition between the
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speed of the diffusion and the thickness of the tails of the potential distribution arises: the
faster k(t) is, the stronger the flattening effect of the diffusion term is. One rightfully expects
that if the speed of this function is not too extreme, then similar formulas should be valid
as for constant diffusion rate. Indeed, we will identify a lower critical scale for x(t), which
depends on the upper tails of the potential distribution, and marks the threshold below
which the mass does not flow unboundedly far away from the origin in the Feynman Kac
formula, see below Assumption 2.1. Then we are in the case of [GM98]. Furthermore, we
will see that if x(t) is above this lower critical scale 2/ presents an upper critical scale
in the sense that, for x(t) < t?/¢, the main contribution to the total mass comes from
extremely high potential values, while for x(t) ~ t*/¢, it comes from just super-average, but
not extreme, values. This is reflected by the fact that the asymptotics can be described in
terms of the upper tails of the potential distribution in the former case (then we find the
formulas derived in [BKO01] and [HKMO06]), but all the details of this distribution are required
in the latter. (If the speed is even faster, then, conjecturally, only a rough mean behaviour
of the potential values will influence the asymptotics.)

The paper is organised as follows. In Section 2, we formulate our assumptions on the
potential and on the function k. Then we state our results for the moment asymptotics
of U(t) in Section 3. Our main result will be the identification of five phases with qualitatively
different behaviour, which we will describe informally in Section 3.1 and rigourously in
Section 3.2 (for four of them). We will also give a proposition concerning the convergence of
a discrete variational formula to the corresponding continuous version, representing one of
the main tools used in the proof of the asymptotics. In Sections 4 6, we give sketches of the
proofs of this proposition and of the theorems. The details are rather lengthy and involved;
they may be found in the second author’s thesis [S10].

2 Assumptions and Preliminaries

2.1 Model Assumptions

Let
H(t) = log(e'€(®), t >0,

be the logarithmic moment generating function of £(0). We assume H (t) < oo for all ¢ > 0,
which is sufficient for the existence of a nonnegative solution of (1.1) and the finiteness of
all its positive moments [GM90]. Now we recall the discussion on regularity assumptions in
[HKMO06, Section 1.2]. If we assume that ¢t — H(t)/t is in the de Haan class, then the theory
of regularly varying functions provides us with an asymptotic description of H that depends
only on two parameters v and p, see [BGT87] and [HKMO06, Proposition 1.1]. This leads to
the following assumption which will be in force throughout the rest of this paper.

Assumption 2.1 There ezist parameters v > 0 and p > 0 and a continuous function
Kp: (0,00) — (0,00), regularly varying with parameter v, such that, locally uniformly in
y € [0,00),

H(ty) —yH@) =

Jim Knl) pH (y), (2.1)
where
R ylogy ify=1,
= ity AL

The scale function Ky roughly describes the thickness of the potential tails at infinity. As
we will see later, the function t — Ky (t)/t presents a lower critical scale for the diffusion
function (). The following lemma is a consequence of [BGT87, Theorem 3.6.6].



Lemma 2.2. Let Assumption 2.1 hold.

(a) If esssup&(0) € {0,000}, then H is regularly varying with index ~.
(b) If (¢(0)) = 0, then H is regularly varying with index vV 1.

Now we formulate some mild regularity assumptions on the speed function k.

Assumption 2.3 The following limits exist:

11 ﬂe[()oo]

tr(t
lim tk(t) = oo, lim r(t) Jim o7

t—00 t—o00 KH (t)

€ [0, o],

We also need a scale function «: [0,00) — [0, 00), which will be interpreted as the order
of the radius of the relevant island. While we can define @ = 1 in the results for Phases 1
and 2 of our classification, we will need the following fixed point equation in Phase 3:

KH(aif) - Z;(fg (2.3)

Let us state existence and some important properties of a solution of (2.3).

Lemma 2.4. Let £(t) be regularly varying with index 3 € (v — 1,2/d). Then there exists
a regularly varying function o such that (2.3) holds for all large t. Any solution a(t) = oy
satisfies limy oo oy = 0o. Furthermore, t/al > 1 and of < tk(t) for each v < d + 2.

Proof. Similar to the proof of [HKMO06, Proposition 1.2]. For details, see [S10, Lemma 2.1.5].

From the assumptions of Theorem 3.1(c) below, we will see that the interval for the index
of regular variation for x is not a hard restriction in Phase 3.

2.2 Variational Formulas

The following variational formulas will play a role in our results. Here, H' (R?) is the Sobolev
space on R and M (Z%) is the space of probability measures on Z¢. The inner product
on Z% is denoted by (-,-). All integrals are with respect to Lebesgue measure. We always
have p,0 > 0 and v > 0.

)= int | wal e 2= [ 6 (2.4)
geH'( Rd
Follact’

X (p) = mf /IVglz—p/ gzloggz’}, (2.5)

g€H
llgll2= 1

oA
oA
x®® (p) inf { (AP, VD) —p(p,logp)} (2.6)
{
oA

pEMl(Zd
(OB)( ) f (A Ty Pl o
Xy ( pGJ\l/lnl(Zd VD \/_ + ( b, )}7 27
0= e / Vol - 9/ Hog} (2.8)

qEH
llgll= 1

If v = 0, then we use the interpretation [,,¢*" = |suppg| and (p?,1) = [suppp|. We
sometimes refer to the formulas that are defined in R? (that is, x, x*® and x§""") as
to ‘continuous’ formulas and to the others as to the ‘discrete’ ones. Clearly, X and x“®
are the continuous variants of x{*® and x®®, respectively. Note that x{ is degenerate in
the case v > 1+ 2/d (which we do not consider here).



The formulas x®®, x*® and x{ are already known from the study of the parabolic

Anderson model for constant diffusion x(¢) = 1 in three universality classes, see the sum-
mary in [HKMO6]. Our notation refers to the names of these classes introduced there: ‘DE’
for ‘double-exponential’, ‘AB’ for ‘almost bounded’, and ‘B’ for ‘bounded’. Informally, the
functions g2 and p, respectively, in the formulas have the interpretation of the shape (up to
possible rescaling and vertical shifting) of those realisations of the solution u (¢, -) that give
the overwhelming contribution to the expected total mass, (U(t)). If the total mass comes
from an unboundedly growing island, then a rescaling is necessary, and a continuous formula
arises, otherwise a discrete one.

In [S09] the existence, uniqueness (up to shift) and some characterisations of the minimiser
of x§ are shown for v < 1, in [HKMOG6] it is shown that the only minimiser of x*® is
an explicit Gaussian function, and in [GM98] and [GH99|, the minimisers of x®®(p) are
analysed, which are unique (up to shifts) for any sufficiently large p. Formula ;""" is a
rescaling of the Legendre transform of a variational formula which appeared in the study of
large deviations for the random walk in random scenery in [GKS07], see (6.2). Its properties
have not been analysed yet.

However, formula x{*® (‘DB’ refers to ‘discrete bounded’) appears in the study of the
parabolic Anderson model for the first time in the present paper. Here are some of its
properties.

Proposition 2.5. (a) For any p > 0 and any v # 1 with 0 <y < max{1+1/d,1+p/(2d)},
there exists a minimiser for x*® (p).

(b) Let p be a minimiser for x?® (p). Then suppp is finite if and only if v < 1/2. In the

case v > 1/2 the support of p is the whole lattice.

Proof. See [S10, Prop. 2.1.8]. This uses ideas from [GK09, Lemma 3.2] for the existence and
from [GH99, p. 44] for the size of the support.

Similarly to the continuous analogue in [HKMO06, Proposition 1.16], it is possible to show

that lim,_1 X" (p) = X" (p), furthermore we have lim, .. X" (p) = 2d.

3 Results

In what follows, we will use the notation f; > ¢ if limy— fi/g¢ = o0 and f; =< g4 if
lim; o fi/g: exists in (0,00). We will always work under the assumptions made in Sec-
tion 2.1.

3.1 Five Phases

Depending on the ratio between the speed () and the critical scales K (t)/t and t2/¢, we
make out up to five phases. In the following, we resume heuristically our results for these
phases. Recall the Feynman Kac formula in (1.2).

Phase 1. x(t) < Ku(t)/t.

The mass stays in the origin, where the potential takes on its highest value. The expected
total mass behaves therefore like (U(t)) &~ (u®(¢,0)) ~ exp(H (t) — 2dtx(t)). This includes
the single-peak case of [GMO9S].

Phase 2. «s(t) < Ky (t)/t.
The radius of the intermittent island remains bounded in time, and consequently the mo-
ment asymptotics are given in terms of a discrete variational formula. Denoting k, =

lims o0 th(t)/ Kp (t),



X (p/ks) iy =1,

3.1
Xy (p/ke) ify # L (3.1)

Jim o log(U(0e ) = - {

While the case v = 1 is qualitatively the same as the case of the double-exponential dis-
tribution analysed in [GM98], the case v # 1 shows a new effect that was not present for
constant diffusion speed k(t) = 1. The diffusion is decelerated so strongly that the mass
moves only by a bounded amount.

Phase 3. Ky(t)/t < x(t) < t?/4.

The relation between ac-/deceleration and thickness of potential tails is so strong that the
mass flows an unbounded amount of order o defined by (2.3). Since the acceleration is not
too strong, the total mass comes from sites of extremely high potential values. Therefore,
we get the continuous analogue to (3.1), but on scale tx(t)/a?,

af _{ww%m if v =1,

lim (3.2)

log(U (t) exp(—af H (tay %)) =

Hence, for v = 1 we are in the almost-bounded case [HKMO06| and for v < 1 in the bounded
case [BKO1]. Note that we can have v € [0,1 + 2/d) here, which has never been considered
before in the parabolic Anderson model.

Phase 4. Ky (t)/t < k(t) =< t2/4.

As in Phase 3, the mass flows an unbounded distance away from the origin. The acceleration
reaches the critical level, such that this distance is of order ¢'/¢, which is much larger than
in Phase 3. Only so little mass reaches the sites in this large island that the potential is not
extremely large here, but only by a bounded amount larger than the mean. Therefore, the
characteristic variational formula does not only depend on the tails of the distribution, but
on all values of the logarithmic moment generating function H. This regime has strong con-
nections to the large deviation result for a random walk in random scenery model described
in [GKSOT].

Phase 5. x(t) > Kg(t)/t and s(t) > t¥/7.

The speed is so high that, conjecturally, the values of the potential influence the expected
total mass only via their mean, and the diffusion behaves like free Brownian motion with
some diffusion constant that depends on the potential distribution. We will not present
rigorous results for this phase in the present paper.

Note that, because of regular variation, K (t) = t77°(1). Hence, Phases 3 and 4 can only
appear if we have v < 14 2/d. The four universality classes for the constant-diffusion case
k(t) =1 are found in Phases 1 3 depending on whether v =1 or ~ # 1.

3.2 Moment Asymptotics

We now formulate our results. Recall the variational formulas defined in the Section 2.2 and
set

a_ )XY ity =1, e )X ity =1,

XV = (DB) H and X’Y = (B) H
X§® iy # 1, X§ iy # L
Then we have the following result for the first three regimes of our model.

Theorem 3.1 (Phase 1 — Phase 3). Assume esssup£(0) € {0, 00}.
(a) If K(t) < Ky (t)/t, then we have for t — oo

(U(t)) = exp (H(t) — 2dtr(t)(1 + o(1))). (3.3)
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(b) If k(t) < Kg(t)/t, then

p

(1)) = exp (H(1) = ()} (£) (1 4 0(1))) (3.4)
with k. = limy_.o0 th(t)/ K (t) € (0, 00).

(¢) Let the assumption of Lemma 2.4 hold, in particular we have Ky (t)/t < r(t) < t2/4.
Furthermore suppose K (t) > logt and v < 2. Then

W) = exp (o () = S (01 + o(1). 35)

t

Note that the assumption esssup £(0) € {0, 0o} is not restrictive, since a shift of the potential
would only lead to an additive constant in our results. The assumptions Ky (t) > logt and
v < 2 in part (c) of the theorem are purely technical, the first one only needed in the
case v = 0. Since v < 14 2/d in the respective phase (which follows from the assumption of
Lemma 2.4), v < 2 is only a restriction in dimension 1.

Now we come to Phase 4, where we will meet the variational formula x4 "*(0) defined
n (2.8). Since the result will no longer depend on the upper tails of the potential distribution,
it will make sense to have an assumption for the expectation of £(0) instead of its essential
supremum. Again, this is no loss of generality.

Theorem 3.2 (Phase 4). Assume (£(0)) = 0 and Ky (t)/t < r(t) < t*/¢. Let v € [0,1 +
2/d), v < 2. Then we have for t — oo

(U(1)) = exp (~tn x5 () (14 0(1))) (3.6)

with £* = limy_ o #(t)/t*/4 € (0, 00).

3.3 Variational Convergence

We now state a result which is both important in the proof of Theorem 3.1(c) and of
independent interest as a connection between the discrete variational formula xfiy (p) and its
continuous analogue x5 (p). In the case v = 1, this fact is stated in [HKMO6| and is derived
without difficulties from an explicit representation of x* (p). The proof for the case v # 1
is much more involved and uses techniques from the theory of finite elements.

Proposition 3.3. Let p > 0. As kK — oo, we have

d
Ko P2 (g) =x“®(p) + 5 log k + o(1) (3.7)

and for v € (0,14 2/d) \ {1}
1— kW

— +o(1) (3.8)

- p
RN (E> =x7(p) +p

. _ 1
with v = m

Note that (3.7) and (3.8) are consistent, as (3.7) is a continuous continuation of (3.8)
to v = 1. Proposition 3.3 shows that Phases 2 and 3 can be continuously transformed into
each other, i.e., the transition between them is actually no phase transition in the sense of
statistical mechanics.



4 Proof of Variational Convergence (Proposition 3.3)

The asymptotics (3.7) follows from the arguments in [HKMO06, p. 313]. To show (3.8), we
remark first that the summand ﬁ drops out in both (2.4) and (2.7). Therefore (3.8) is
equivalent to

hmﬁw'mf{4Amﬂ»nﬁ%7;¥@ﬁ=m@, (4.1)

K00 pEML(ZY) v

~ . 14 2
([t [
X+ (p) I Rdl gl T .7

llgll2=1

where

The proof of the upper bound of (4.1) is standard and we will here only give the idea.
To an approximate minimiser g for the infimum in ¥, (p) and for small € > 0, we define a
probability measure p. by

)= [ s ez,
ez+[0,e)¢

Assuming that g is smooth and compactly supported, we can make use of Taylor expansions
to see that, as ¢ | 0,

_5—2(A\/p—8, \/p—a) _,/ |Vg|2 and 40— Z pa(z)"* _ 927_
Rd

d
z€Z4 R

Recall v < 14 2/d. Putting ¢ = x~(1=9)/2 = x=1/C+d(=7)) | (0 as k — o0, this shows the
upper bound.

Let us now turn to the lower bound. This proof is pretty involved and comes in several
steps. The principal idea and main arguments are taken from [HKMO06, Proof of (5.3)].
However, we could not find an argument for the L2-normalisation of the limit function in their
approximation approach, since this involves interchanging integral and limit, which seems
to be hard to justify. Hence, we use a different construction. Furthermore, our consideration
of v > 1 causes some additional difficulties.

We will only treat the case v > 1. The structure for v < 1 is similar, for details we refer
to the proofs of [S10, Prop. 3.4.7 and Prop. 5.2.1]. We denote S(p) = —(A\/ﬁ, \/ﬁ)

Step 1. We choose minimising sequences x,, — oo and (py,), from M;(Z%) for the left
hand side of (4.1). Put a,, = K2 We now argue that we can assume, without loss of
generality, that
sup a2 S(py) < oo. (4.2)
neN

For this, we need the following discrete Sobolev inequality:

Lemma 4.1. Let v > 1 with v(d —2) < d. There exists a constant ¢ = ¢4 such that for all
pE Ml(Zd)

3" p(2)7 < eS(p) V2,

z€Z4

Proof. See [S10, Lemma 3.2.10].

Now suppose that (4.2) does not hold. Then, by Lemma 4.1 and because of d(y—1)/2 < 1,
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nh_)ngoan{s(pn)+ W 2 P }

zeZd

n—oo - 1

> lim sup {aiS(pn) — ch (ais(pn))d(77l)/2} =0

Since (pn)n is a minimising sequence, the lower bound would now be trivially satisfied.
Hence, we can assume (4.2).

Step 2. We compactify on a box Br,, = [~Ray, Ra,]? N Z% for R > 0. Consider the
periodised probability measures
pr(z) = Z pn(z+ k), 2z € BRa,.
k€(2Ra,+1)z4

In [GM98, Lemma 1.10], it was shown that S™(pf*) < S(p,) in the one-dimensional case,
where S™% is the Dirichlet form with periodic boundary condition. This holds as well in
higher dimensions, besides we have ﬁ ZZGBRM pl(z) < 5 >_.eza Pn(2)7 by subaddi-
tivity. Therefore it will be sufficient to prove that

lim inf lim inf ai{S”’R“" (pf) + La;%d(l_” Z ( 713(2))7} > x+(p)- (4.3)

R—oo mn—oo 1 - cB
2€BRan,

Since S™E(pk) < S(pn), (4.2) implies

sup a2 S™ (ph) < 0. (4.4)
neN

Step 3. Our goal is to construct potential minimisers for x,(p) that interpolate the values
of the rescaled step functions h,(z) = v/alpE(lan,z]) on the lattice {z = z/a, : z €
BRa, }- In the present step, we define piecewise linear interpolations g, € H*(Q%’) with
@ = [—R,R+a; )%, which we will slightly modify in Step 4 in order to obtain normalised
H'(R%)-functions.
We borrow a technique from finite elements theory, see e.g. [B07]. Consider the triangu-

lation
i=U U
2€BRa, 0€64
where G is the set of permutations of 1,...,d and T,(z) is the d-dimensional tetrahedron
defined as the convex hull of the points 2, 2 +e€,(1), ..., 2+ €5(1) + "+ €4(q), Where ¢; is the

i-th unit vector in R%. Note that the tetrahedra are disjoint up to the boundary. On each
tetrahedron T, (z), we define a function

gn,z,a( = bsg)z o Z bilk)z . anx,,(k) — Zg(k)), xr = (:El, RV Id) c Tg(z),
where the coefficients are given by
z
b o =\ adpl () = hn(—),
2%

b = \/ dpB(z +eoqy +- - Feom) — \/aﬁpff(z + ey + -+ eor-1))

for k = 1,...,d, where pf is continued periodically outside Bg,, . Then g, ., satisfies

Gnzo(Z/an) = hn(Z/a,) forall z € T,(2) NZ%
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The values of all functions ¢, ., on the common borders of their respective tetrahedra
coincide; see [BK10, Proof of Lemma 2.1] for a detailed argument. Hence, the function
In: (") — R given by

9n(T) = gn2o(x) if 2 €Th(2)

is well-defined and continuous, and g,, € H'(Q%).

A direct calculation for the gradient gives 0, ,, gn(7) = anby,’, , and thus

[ 1Vonlt = a7 (15)
R

Note that by (4.4) this is bounded in n. Now consider the L2-norm of g. Because of [
gl < 1and b, = a; ' 0, gn(2) We obtain

o 2
- w3 < a,? :
oo —ralogB <z [ (3 gron(@) o

By Jensen’s inequality, (Zle ci)? <d Zle c?. Since ||hn]1Q<n) l2 = 1, the triangle inequality
R

gives
lgntgglle — 1P < da® [ 19, (4.6)
. .

which tends to zero as n — oo by (4.5) and (4.4).
A similar calculation for the L2Y-norm results in

(00 = g 3 < @z [ [9gnf.
QR

Because of pfi(z) € [0,1], we have [b}), .| < a¥? and therefore [Vg,|? < dad+2. For v > 1,
this yields

2 _ P (d+2 [Vgn(z )|2 ! < 7 1g2vg—2—d1—) 2
Vgu(a)] S ) <D an g )

Now use triangle inequality to get

—2-d(1-v)

a0 ST (RE)T = Il 13 < (lgalggollzy + cnan ) .

2€BRa,

where ¢, = (d*77! me |Vgn )/ is bounded in n.
R

Step 4. In order to adapt our function g,, to zero boundary conditions, we introduce a cut off
function ¥g(x) = H?:l Yr(z), = (21,...,24) € RY where thgr = 1 on [-R++VR, R— VR,
Yr = 0 on R\ [—R,R] and it interpolates linearly in-between. Then 0 < ¢r < 1 and
[ < 1/V/R. Let us estimate the relevant terms for the H!(R?)-function g,,Wx (which is
zero outside Qp = [~ R, R]%). As for the gradient,

[ Grom@) ar< [ (o) g [ g

\/—\// axlg” dx\//QRgn z,

where we used the properties of ¥ and the Cauchy Schwarz-inequality. Since all integrals
are bounded (recall (4.5), (4.6) and (4.4)), we find a constant ¢ > 0 such that for all n and
all R
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v 3:2da:</ o) de 4 ——.
I L e A e

Our basic tool for estimating the L2- and L?Y-norm of ¢,¥g is a variation of the shift
lemma [DV75, Lemma 3.4]. Indeed, using the shift-invariance of the variational problem
because of periodic boundary conditions, the mass of a nonnegative function on the boundary
Qr\ Qr_ g can, after suitable shifting, be estimated by its total mass on Qg times the
quotient of the volumes. Applying this to g2 + ¢g27, we may assume that

(4.8)

d
2 2y 2 2y
/(QR\QR\/E ( ) \/ﬁ QR ( )

Skipping the details, this leads to

d c
2y v 2y =
lgnml3] 2 (1= = )lonlgp 3] — (4.9)
and, with use of (4.6),
c
llgn@rl3 -1 < —= (4.10)

VR

for a suitable constant, not depending on n or R, which we also denote ¢ > 0.

Step 5. Now we put everything together to show (4.3). We use (4.5) and (4.7) and note
that 1 <~y <14 2/d to get

liminfai{S”’Ra"(p,}f)—FLanzd(lv) Z (pr}f(z))’y}

n—oo 1—
v z2€BRa,,

. P 2
> lnnsup(/ IVgnl? = ——1lgnl || 7)-
o Ty 1R

n—oo

Next, we plug in (4.8) and (4.9) obtaining

lim inf lim inf a%{S”’Ra” (p,]f) + La_2_d(l_7) Z (pf(z))w}

R—oo n—oo 1 - n .cBn
an,

> lim sup lim sup (/ IV (9.¥R)|* — L||9nWR||§::)
Rd 7-1

R—o0 n— oo

With the help of (4.10), we can replace g,¥r by its normalised version ¢,¥r/|gn¥r|2,
which is a candidate for the infimum in x,(p). This yields the assertion.

5 Proof for Phases 1-3 (Theorem 3.1)

The proof of (a) and (b) is analogous to the proof of [GM98, Theorem 1.2] (see [S10] for
details), therefore we only sketch the idea here and omit all details, like compactification,
cutting, or error terms.

Denote by #,(z) = fot Iy x,—-y ds the local time of the random walk path (Xs)cjo4 with
generator 2dk(t)A in the point z € Z¢. Starting from the Feynman Kac formula (1.2), we
apply the asymptotics (2.1) to the normalised local times ¢;/¢. Heuristically, this gives

(Ut))e 7O ~EY [exp (KH(t) 3 pﬂ(@) 1+ 0(1)))], t— oo.
Z€EZA
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Denote by P{’ the probability measure related to E{’. Under P{’, the process (¢;/t); satisfies
a large deviation principle on scale tx(t) with rate function p — —(A\/ﬁ, \/ﬁ) In part (a),
the scale Ky (t) is asymptotically smaller than tx(t), therefore the main contribution comes
from the event that the process (Xs)c(o,¢ stays in the origin, which leads to formula (3.3).
In part (b), because of Ky (t) < tk(t), an application of Varadhan’s lemma gives (3.4).

The proof of (c) follows mainly the arguments of [HKMO06] (who consider only v = 1),
adapting them to the new scale tk(t)/a?. The case v < 1 was treated in a similar way in
[BK01], whereas the case v > 1 did not appear originally in Phase 3. For convenience, we
give a universal derivation for all values v € [0,1+ 2/d).

By an adaption of [HKMO06, Prop. 3.4], the rescaled and normalised local times

ad
Li(y) = Stllow)), yeRY, (1)

with a4 defined by (2.3), satisfy under P’ (- Wisupp £,cQr}) @ large deviation principle in the
weak topology induced by test integrals against continuous functions, where we recall that
Qr = [-R, R]". The scale of the principle is ¢ (t)/o7f and the rate function is g% — [ |[Vgl|?
for g € H'(RY) with suppg C Qg and ||g|j2 = 1.

For a lower bound, we start again with (1.2) and insert the indicator on the event
{supp L+ C Qr}, using the notation IE&)R[ -]. After transforming

UB) 2 By |exp (3 Hu(:)]

Z€ZL2

:Egﬁ)R[exp (af/QRH(at Li(y )) dy)}

t t
e HC m(t)/ H( 7 Li(y)) — Le(y)H ()
=e , E07R[exp( o2 . KH(Q%) dy)},

(5.2)

t

we restrict the integral to the part where L;(y) < M for some M > 1, noting that the
integrand on the set {L:(y) > M} is nonnegative because of the convexity of H. Then we
apply the locally uniform asymptotics (2.1). Next, to get rid of the indicator on {L;(y) < M},
we introduce a Holder parameter n € (0,1) to separate the expectations over the whole
integral and over the difference set {L;(y) > M}. The expectation over the rest term can
be shown to be negligible on the exponential scale tx(t)/a? (see [S10, pp. 86f]; here we
use Lemma 2.2(a) and the assumption that v < 2). Finally, we apply the large dev1at10n
principle for L; and Varadhan’s lemma; the lower semi-continuity of g2 fQ Ho g% was
proved in [HKMO06, Lemma 3.5] for v = 1 and can be shown similarly for all positive ~.
Summarizing, we obtain for v > 0

2

htrLlloEf H(t)

log ((U(t)>efo‘?H(t°‘;d))

2

tr(t
; logE(({)R[exp( £(t)

> lim inf lim 1nf Pﬁ(Lt(y))]l{Lt(y)SM} dy )}

M—o0 00 () af Jon
>htIE><l>2ft ()logE(” [exp((l—n)m(;)/ pH(Li(y ))dy)]

> if {/ IVgl? — p(1 — 17 /Hog
gefﬂ(Rd) Qr

supp gCQr
llgll2=1

A standard argument shows that the compactified variational formula converges to x5 (p) as
R — oo and 7 | 0. For the case v = 0, we refer to [S10, pp. 85f].
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Now we prove the upper bound of (3.5). For technical reasons, we will not work with the
large deviation principle, but use a method derived in [BHKO7]. First, we compactify with
the help of an eigenvalue expansion described in [BK01] and applied in [HKMO6]. Replacing
carefully ¢ by ¢x(t) in their proofs, we find for R > 0

a? c a?
() log(U(t)) < =i ( ) log(UsRa, (1)) +0(1), t — oo, (5.3)

with some constant C' > 0, where Ug,, (t) = E&)R[efot §(X:)ds) - Gimilarly to (5.2), we can
write

U = 7 g [ (120 3 T g e ag)y)

t 2€BRay

where we recall that Bg = [—R, R]NZ%. We split the sum into the part where £,(z) < Mto; ?
and the rest where ¢;(z) > Mtat_d for some M > 1, separating the respective expecta-
tions with Holder’s inequality. The rest term can again be neglected on the exponential
scale tk(t)/a?, while an application of (2.1) in the main term leads to

o? —afH(L)
li —L_log ((Uga, ( R
grligpm() g(( Ray (1)) € )
tr(t) o rad
< ) —t ¢ A4
h?liljpt ( ] log Ej [ (p s ZGBERM H( . ft(Z)) ﬂ{et<z>gMa_g})]7 (5.4)

where p = p(1 +n) with the Hélder parameter n € (0,1). Next, we can omit the indicator
on the event {¢;(z) < Mta; ?} noting that the function H is nonnegative on [1, 00).

We now need the mentioned tool from [BHKQ07], namely an explicit description of the
local times density, which provides an upper bound on exponential functionals like in (5.4)
in the form of a variational formula: Define

Ge(p) = o, T N H(afp(2))

2€74

for p € My(Z%). Then, noting that our local times are related to a random walk with
generator 2dk(t)A, a respective adaption in the formulation of [HKMO06, Prop. 3.3] gives

IE&)R {exp (m( )p Gy (étt ))}

<exp(ta(t) s {5Gi(p) + (AVP, V) } ) (2dtk(1)) P | Ba, |
peMl(Zd)
supp pC BRra,

tﬂ(t) ~ O(lK 062
< exp (— 2 xa(p) ) e/,

t

where we put
xe(p) =—af sup  {pGi(p) + (AVP. VD) }-
pEM (Z%)
In the last step, we also used the properties of the scale function a; mentioned in Lemma 2.4
and the assumption K (t) > logt.
Now a direct calculation shows that
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D d
aix®® (%) +03 log o fory=1,
. t
xt(p) = = 1 —d(1—7)
2. ,(DB) p ) L=y £ 1
Xy (a?er(l'V) Tz v or v 7 1.
In both cases, we can apply Prop. 3.3 with k = aerd(l*’Y) — oo for t — oo, since y < 1+2/d.

Hence, x:(p) converges to x“™(p) in the case v = 1 and to x{”(p) in the case v # 1,
i.e. to x5(p) in both cases. In summary, (5.4) becomes

. of
lim sup

too th() < limsup(—x:(p)) < —x5(p)-

t—oo

tog ((Una, (e F)

By a scaling argument, one can see that x5(p) = x5(p(1 + 7)) converges to x5(p) for
n | 0. Together with (5.3), the assertion (3.5) is thus shown, which finishes the proof of
Theorem 3.1.

6 Proof for Phase 4 (Theorem 3.2)

Phase 4 is characterised by the fact that the space time scale ratio is constant: oy = t*/¢,
i.e. t/ad = 1. We rescale both local times and potential,

Li(y) = le(lowy)) and  &(y) = &(lewy)), y € R

Note that because of s(t) = x*t*/4(1 4 o(1)), the definition of the rescaled (and nor-
malised) local times is asymptotically equivalent to (5.1), hence we have again an LDP
under Py (- Uisupp ,cQp}) On scale tr(t)/of =< t with rate function ¢* — [5,|Vg]? for
g € HY(RY) satisfying suppg C Qg and ||g||2 = 1.

We will frequently make use of arguments from [GKS07], in particular their main result on
large deviations for the scalar product (Lt, ét) The time parameter ¢ in [GKSO07] is replaced
by ts(t) and our scale function a; = t'/¢ corresponds to the [GKS07]-scale at time tx(t)
multiplied by (k*)~'/(@+2) Thus, [GKS07, Thm. 1.3] reads

3

1 ~
lim n log Py x Prob((Ly, &) > u) = —(li*)d/(d"'z)x[gKSOﬂ (u) (6.1)

t—o0

for u > 0 such that u € (supp&(0))°, where Prob is the probability with respect to the
potential and

/ﬁm%m_mf{@WWW@ﬁgW—@HW%WM}

geH' (RY)
llgll2=1
. . .. (RWRS) .
By rescaling and duality, it turns out that the variational problem x that we wish to

find in this proof is essentially the negative Legendre transform of XEKSOH:

sup { fu GRS ()} = —g=2/dy (JWES) (giva/dy - g5 . (6.2)

Let us come to the lower bound of (3.6). A transformation of the Feynman—Kac for-
mula (1.2) gives

(U(t)) = (B [exp (t(Le, &))]) = /Rte“t Py’ x Prob((L¢, &) > u) du.
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With the help of (6.1), we can conclude for fixed w > 0 and € > 0 that
(U(t)) > ete PP x Prob((L¢, &) > u)
= exp (t[u — & = (+) TN @) (1 + 0(1)))

ast — oo. Now let € | 0, take the supremum over all w > 0 and use (6.2) for § = (n*)’d/(dﬁ)
to finish the proof of the lower bound.

For the upper bound, we can first derive an analogue formula to (5.3) to restrict the
support of the local times on a compact box (see [S10, Prop. 4.4.3] for details). Therefore,
it suffices to consider Ugq, (t) = Egy)R[exp(t(Lt,&))] for some large R > 0 instead of U(¢).
We will use a similar strategy as in the proof of the upper bound in [GKS07, Thm. 1.3]:
In order to be able to apply the LDP for the local times, we need to smooth the scenery,
which we can only do after cutting it. For M > 0, introduce &="" = (& A M) V (—M)
and &7 = (& — M)4. Then & < &= 4+ &~ . We want to work with the convolution
£="" % js with js = 6~%j(- /), where j > 0 is a smooth, rotational invariant, L'-normalised
function supported in Q1. For brevity, we will not explain in detail how to deal with the
remainder terms E’s[exp(t(Ly, &7"))] and ES plexp(t(Le, &= — §=™ % js))] (which can
be separated from the main term by Holder’s inequality). For the smoothing, one can apply
[GKSO07, Lemma 3.5], while the cutting is technically involved and follows the proof of [GK09,
(2.12)] (here we need Lemma 2.2(b) and < 2). Let us in the following take for granted
that it is enough to show

. . . 1
lim sup lim sup lim sup
M—oo 810 t—oo LK*

log(E(» Lexp (t(Le, & x 4s)) ])

1
< (5) 69

Denote (" (z) = ro,ye Lt x js(y/at) dy, then by rotational invariance of j, we have

HLe, &5 % Js) = 2 ega 67 (2)EEM (2), and €50 (2) = (EA M)V (=M) < €(2) V (=M).
Furthermore,

(EQ )y [eZ-et e&”<z>£<z>v<fM>}> < (B [eXen ei‘”<z>£<z>} Uje(sys—nry)

(B e M Zreat WO Uy apy).
The second summand is negligible on exponential scale ¢ for t — oo and M — oo because

of 3,0 i (2) = t. In the first summand, the definition of H and Jensen’s inequality (for
the probability measure 119 1y} dy) yield

(exp (D2 67(2)6(2))) < exp (1 / CH(Lix js(y) dy)-

z€Z4

Now we are ready to apply Varadhan’s lemma to derive for any M > 0

1 .
lim sup = log(E{ ), [e! Jea HLexds WD Y] e, 00 apy)

t—oo
- i 2 _ i/ 2
S gell{rllfRd) {w/]Rd |vg| pe - H(g *j[;(y)) dy}

supp gCQr
llgll2=1

Again Jensen’s inequality for the probability measure js and Fubini’s theorem show that
we receive an upper bound when omitting the convolution with js. Thus, we have arrived
at a compactified version of our variational problem Xg{WRS)(l//@*), which we can estimate

against the whole-space problem. This shows (6.3) and completes the proof of the theorem.
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