Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e. V.

Preprint ISSN 0946 – 8633

Inverse scattering of electromagnetic waves by multilayer ed structures: Uniqueness in TM mode

Johannes Elschner, Guanghui Hu

submitted: October 19, 2010

Weierstrass Institute for Applied Analysis and Stochastics Mohrenstr. 39 10117 Berlin Germany E-Mail: johannes.elschner@wias-berlin.de guanghui.hu@wias-berlin.de

No. 1549 Berlin 2010

2010 Mathematics Subject Classification. 35R30, 78A46.

Key words and phrases. Inverse electromagnetic scattering, uniqueness, piecewise homogeneous medium, TM mode, periodic structure.

The second author gratefully acknowledges the support by the German Research Foundation (DFG) under Grant No. EL 584/1-2. The authors would further like to thank Prof.Bo Zhang at AMSS, CAS for his many valuable suggestions and remarks improving the paper.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: +49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

Assume a time-harmonic electromagnetic wave is scattered by an infinitely long cylindrical conductor surrounded by an unknown piecewise homogenous medium remaining invariant along the cylinder axis. We prove that, in TM mode,the far field patterns for all observation directions at a fixed frequency uniquely determine the unknown surrounding medium as well as the shape of the cylindrical conductor. A similar uniqueness result is obtained for the scattering by multilayered penetrable periodic structures in a piecewise homogenous medium. The periodic interfaces and refractiveindices can be uniquely identified from the near field data measured only above (or below) the structure for all quasiperiodic incident waves with a fixed phase-shift. The proofsare based on the singularity of the Green function to a two dimensional elliptic equation with piecewise constant leading coefficients.

1 Introduction

The reconstruction of an obstacle from its far field pattern is of great importance in inverse scattering problems. In practical applications, the background might not be homogenous or known and then can be modeled as an unknown layered medium. Inthis paper, we consider the scattering of time-harmonic electromagnetic waves by amultilayered structure. Such a structure is allowed to be either an infinitely long cylinderor a penetrable multilayered periodic structure, which is stratified by an unknown piecewise homogeneous medium. All the media under consideration are supposed to be isotropic and invariant in x_3-direction. In TM mode where the magnetic field is transversal to the(x_1, x_2)-plane, this problem can be reduced to two dimensions and modeled by the Helmholtz equation with the TMtransmission condition. The transmission coefficient on an interface in this model only depends on the refractive indices (or wave numbers) corresponding to the regions on both sidesof the interface.

The first half of this paper investigates uniqueness in determining the shape of a cylindrical conductor and the unknown piecewise homogenous background medium. There have been few results on the inverse scattering of acoustic or electromagnetic waves by multilayered scatterers. If the wave numbers for characterizing the piecewise homogenous medium and the transmission coefficients on the interfaces are known, it was proved that the buried obstacle and the interfaces of the background can be uniquely determined from the measurements of far field for all incident directions at a fixed frequency; see [24, 29] for the scattering of acoustic waves and [25] for electromagnetic waves. If the background medium is unknown, Hähner [13] proved that, in TE mode, the Cauchy data of the scatteredwaves for all incident waves and an interval of frequencies uniquely determine an impenetrable obstacle and its surrounding inhomogeneity. We do not know other papers for reconstructing an obstacle (penetrable or impenetrable) buried in an unknown inhomogeneous medium. Note that an obstacle or a penetrable inhomogeneous media can always be uniquely determined by the far field data at a fixed frequency if the outside inhomogeneity is known in advance; see, e.g., [20, 23, 26].

One aim of this paper is to prove that, in the case of TM polarization and a piecewise homogeneous background, the far field data from all incident directions at a fixed frequency can uniquely determine the cross-section of the cylindrical conductor and its layered surroundings. Our proof is based on the Green function G(x; y) to the scattering problem by multilayered obstacles (see [29]), which satisfies an elliptic equation with piecewise constant leading coefficients; see also [5] for using the fundamental solutionsin inverse scattering problems. In the 2D case, we will investigate the asymptotic behavior ofG(x; y) as x, y → y_0 when y_0 is located on an interface, analogously to the treatment by Ramm [1, 29] inR^3. However, we deal with the problem in a completely unknown background, without establishing the orthogonality relation used in [1, 29, 33], and provide a rigorous mathematical analysis. Furthermore, we significantly simplify the existing proofs by avoiding the mixed reciprocity relation used in [23] and the a prioriestimates of the solutions on the interfaces essentially required by [24] (see also [21]). The idea of this paper dates back to Druskin [8] in1982 who used point sources to prove uniqueness in determining a piecewise constant conductivity for a three dimensional electrical surveying problem; see also [16, Theorem 5.7.1.]. In Section 2.4 of this paper, we will extend this idea to prove uniqueness under general transmission conditions with unknown transmission coefficients.

In the second half of this paper, the previous argument is carried over to the inverse scattering by a multilayered periodic structure. In the case of TE polarization and one periodic interface, Elschner and Yamamoto [11] proved that measurements corresponding to a finite number of refractive indices above or below the grating profile uniquely determine the periodic interface. This extended the uniqueness result by Hettlich and Kirsch on Schiffer’s theorem [14] to the inverse transmission problem. For two periodic interfaces with an inhomogeneity between them, it was proved in [31] that the interfaces and transmission coefficients can be uniquely identified from the scattered waves for all quasi-periodic incident waves, and so can the refractive index of the inhomogeneity if it only depends onx_1 and the interfaces are parallel to the x_2-axis. Note that the measurements in [11, 31] must be taken both above and below the structure. In this paper, we prove that the scattered fields in the TM mode measured only above (or below) the structure for all incident quasi-periodic incident waves (with a fixed phase-shift) are enough to uniquely identify a multilayered diffraction grating, including all the interfaces and refractive indices.

For numerical aspects, we refer to [6, 32] and the references therein for reconstructing an obstacle buried in a layered background medium, and [2, 22] for recovering a periodic interface separating two homogenous materials in the TE mode via the optimization or factorization method. Note that the uniqueness issue is always required in order to proceed an efficient inversion algorithm.

The paper is organized as follows. In Section 2.1, mathematical formulations are presented for the inverse scattering by infinitely long multilayered cylinders. In Section 2.2, the Green function is introduced and its singularity is investigated. Our main uniqueness result under the TM transmission conditions for cylinders is proved in Section 2.3, and it is extended to general transmission conditions in Section 2.4. Finally, Section 3 is devoted to the uniqueness for multilayered periodic structures in a piecewise homogenous medium; see Section 3.1 for the mathematical model and the uniqueness result, and Section 3.2 for the proof.

2 Inverse scattering by infinitely long multilayered cylind ers

Assume a time-harmonic electromagnetic wave (with time variation of the formexp(− iωt ), ω > 0) is incident on an infinitely long perfect cylindrical conductor surrounded by an unknown piecewise homogenous medium. The cylinder axis is supposedto coincide with thex_3-axis, so that the cylinder can be represented as D × R with the cross-section D belonging to the (x_1, x_2)-plane. For simplicity, and without loss of generality, we restrict ourselves to the case of three layered structures by assuming D = D_1 ∪ D_2 ∪ D_3 with twoC^2-smooth interfaces Γ_3 := ∂D_3, Γ_2 := D_2 ∩ D_3, where D_3 denotes the cross-section of the interior impenetrable perfect cylindrical conductor. ThusD can be also considered as a multilayered obstacle in R^2 with the impenetrable coreD_3. Let Γ_1 := ∂D be a C^2-smooth boundary, and letD_0 denote the complement ofD, that is, D_0 := R^2\D; see Figure 1.

Figure 1: A multilayered obstacleD = D_1 ∪ D_2 ∪ D_3 with the impenetrable coreD_3.

2.1 Mathematical formulations in TM mode

We focus on the TM mode of the above scattering problem by assuming all fields are propagating perpendicular to thex_3-axis. Letu(x_1, x_2) be the third component of the magnetic field, i.e., H = (0 , 0, u(x_1, x_2)). Then, we have

Δ u + k^2_j u = 0 in D_j , j = 0 , 1, 2; (2.1)

u_+ = u_− , 1 k^2_{j − 1}

∂u_+ ∂n = 1 k^2_j

∂u_− ∂n on Γ_j , j = 1 , 2; (2.2) ∂u ∂n = 0 on Γ_3. (2.3)

Here, k^2_j = ( ε_j + iσ_j /ω )μ_j ω^2 are distinct wave numbers corresponding to the regions D_j (j = 0 , 1, 2) in terms of the space independent electric permittivityε_j > 0, magnetic permeabilityμ_j > 0 and electric conductivityσ_j ≥ 0; the homogenous medium in D_0 has vanishing conductivity, that is,σ_0 = 0 , implying thatk_0 > 0; n denotes the unit outward normal to the boundary Γ_j ; u_+ ,^{∂u+}_{∂n} (resp. u_− ,^{∂u−}_{∂n} ) denote the limits ofu on Γ_j from the exterior (resp. interior) ofD_j . Note that the transmission conditions onΓ_j (j = 1 , 2) in (2.2) and the Neumann condition (2.3) onΓ_3 are derived from the continuity of the tangential components of the electric and magnetic fields when getting across the interfaces in the case of TM polarization. The total fieldu(x_1, x_2) can be decomposed as the sum of the incident plane wave u^i and the scattered wave u^s , i.e.,

u = u^i + u^s in R^2\D_3, (2.4)

where u^i takes the form ofu^i = exp( ik_0x ·d) for some incident directiond = (cos θ,sin θ) with the incident angle θ ∈ [0, 2π), and u^s is required to satisfy the Sommerfeld radiation condition

lim_{r →∞} √ r ( ∂u^s ∂r − ik_0u^s ) = 0 with r = ||x||, (2.5)

uniformly in all directionŝx := x/||x||. The radiation condition (2.5) gives rise to the following asymptotic behavior of the scattered field

u^s (x; d) = e^{ik 0 ||x||} � ||x|| � u^∞ (^x; d) + O( 1 ||x|| ) � , as ||x|| → ∞ , (2.6)

where the functionu^∞ (^x; d) defined on the unit sphere S := { x ∈ R^2 : ||x|| = 1 } is known as the far field pattern for the observation direction^x ∈ S and the incident directiond ∈ S. There always exists a unique solutionu ∈ H^1_{loc} (R^2\D_3) to the above scattering problem (2.1)- (2.5); see [1, 23, 24, 25] for the acoustic or electromagnetic scattering problem by a piecewise homogenous medium with a penetrable or impenetrable core. For notational simplicity, we write D = (Γ_1, Γ_2, Γ_3, k_1, k_2) to indicate the dependence of the obstacle D on the outmost boundary Γ_1, the interior interfacesΓ_2, Γ_3 and the wave numbers k_1, k_2. Now we formulate the inverse scattering problem as follows: Inverse Problem (IP): Given the wave number k_0 and the far field pattern data u^∞ (x̂; d) for all observation directionsx̂ ∈ S and all incident directionsd ∈ S, determine the multilayered obstacle D = (Γ_1, Γ_2, Γ_3, k_1, k_2). The main theorem of this section is

Theorem 2.1. Assume D = (Γ_1, Γ_2, Γ_3, k_1, k_2) and D̃ = ( Γ̃_1,Γ̃_2,Γ̃_3,k̃_1,k̃_2) are two multilayered obstacles, and u^∞ (x̂; d),ũ^∞ (x̂; d) are the far field patterns corresponding to D, D̃, respectively. If

u^∞ (x̂; d) = ũ^∞ (x̂; d) for all x̂, d ∈ S, (2.7)

then D = D̃ , that is, Γ_j = Γ̃_j , j = 1 , 2, 3, and k_i = k̃_i , i = 1 , 2.

2.2 Green’s function of the scattering problem

Before proving the theorem, we notice that the equation (2.1) together with the transmission conditions in (2.2) can be reformulated as follows: Find a weak solutionu ∈ H^1_{loc} (R^2\D_3) such that

Lu = L(u, ∂) := ∇ · (a∇ u) + u = 0 in R^2\D_3, (2.8) u_+ = u_− , a^+

∂u_+ ∂n = a^−

∂u_− ∂n on Γ_j , j = 1 , 2, (2.9)

where

a(x) = 1 k^2_j

, x ∈ D_j . (2.10)

This motivates us to introduce the Green functionG(x; y) to the scattering problem (2.1)-(2.5), which satisfies the radiation condition (2.5), the transmision conditions in (2.9) and

L_x G(x; y) = − δ(x − y), x, y ∈ R^2\D_3, x ≠ y, y /∈ Γ_1 ∪ Γ_2, ∂G(x; y) ∂n = 0 on Γ_3,

where L_x (·) := L(·, ∂_x ),^{∂G(x;y)}_{∂n} := n(x) · ∇_x G(x; y) with n(x) being the unit normal onΓ_3 pointing intoD_2. We assume that, for all y ∈ R^2\D_3, y /∈ Γ_1 ∪ Γ_2, the function

x → (1 − χ(||x − y||ϵ^{− 1}))G(x; y)

belongs to H^1_{loc} (R^2\D_3) ∩ H^2_{loc} (D_j ) (j = 0 , 1, 2) for each ϵ > 0. Here χ(t) is a smooth function on [0, + ∞ ) satisfyingχ(t) = 1 for t ≤ 1/2 and χ(t) = 0 for t ≥ 1.

Lemma 2.2. For y ∈ R^2\D_3, y /∈ Γ_1 ∪ Γ_2, the Green functionG(x; y) exists and is unique.

Proof. If G_1(x; y) and G_2(x; y) are two Green functions for a fixedy ∈ R^2\D_3, y /∈ Γ_1 ∪ Γ_2, then G̃ = G_1 − G_2 is infinitely smooth in a small neighborhood ofy and satisfies the radiation condition (2.5), the transmission conditions in (2.9) and the Neumann condition onΓ_3. It follows from Green’s second theorem applied to each domainD_j (j = 0 , 1, 2) and the Rellich identity that G̃ = 0 in R^2\D , whence one obtains G̃ = 0 R^2\D_3 as a consequence of Holmgren’s uniqueness theorem. To verify the existence of the Green function, we may assume y ∈ D_0 without loss of generality, and make the ansatz

G(x; y) = H (x; y) + k^2_0 Ψ̃( x; y) with Ψ̃( x; y) := � Ψ( x; y) for x ∈ D_0\{ y}, 0 for x /∈ D_0, where Ψ( x; y) denotes the fundamental solution to the Helmholtz equation△ u + k^2_0 u = 0 in the whole two dimensional space given by

Ψ( x; y) := i 4 H^{(1)}_0 (k_0|x − y|). (2.11)

Note that H^{(1)}_0 (t) is the Hankel functionof the first kind of order zero. We observe thatH (·; y) satisfies the boundary value problem △ H + k^2_j H = 0 in D_j , j = 0 , 1, 2,

H_+ − H_− = k^2_0 Ψ( ·; y),

∂H_+ ∂n − k^2_0 k^2_1

∂H_− ∂n = k^2_0

∂Ψ_+ (·; y) ∂n on Γ_1,

H_+ − H_− = 0 ,

∂H_+ ∂n − k^2_0 k^2_1

∂H_− ∂n = 0 on Γ_2, ∂H ∂n = 0 on Γ_3.

Since H (·; y) satisfies the radiation condition andΓ_j is C^2-smooth, the above boundary value problem forH (·; y) can be transformed into an equivalent boundary integral equation system, and the existence of the solution in the Hölder space C^2(D_j ) ∩ C^{1,α} (D_j ) for j = 0 , 1, 2 can always be guaranteed by the Fredholm alternative and the uniqueness of G(·; y). We refer to [24, Theorem 2.3] for a treatment in the case of one interface and [25] using the integral equation method applied to the Maxwell equations with general inhomogeneous transmission conditions for several interfaces. The existence and uniqueness of G(x; y) when y /∈ D_0 can be proved analogously. � We denote by G^∞ (x̂; y) the far field pattern of G(x; y) as ||x|| → + ∞ , and similarly by G̃(x; y), G̃∞ (x̂; y) the Green function and its far field pattern corresponding toanother obstacle D̃ . Let u(y; − x̂) := exp( − ik_0y ·x̂) + us (y; − x̂) be the unique solution to the direct scattering problem (2.1)-(2.5) for the incident wave with the direction − x̂. The far field pattern G^∞ (x̂; y) is related to u(y; − x̂) via the following lemma.

Lemma 2.3. For ally ∈ D_0, G^∞ (x̂; y) = ηk^2_0 u(y; − x̂), where η =^{eiπ/ 4√}_{8πk 0} .

Proof. For a fixed y ∈ D_0, G(x; y) satisfies the equation △_x G(x; y) + k^2_0 G(x; y) = − k^2_0 δ(x − y) in R^2\D_3, (2.12) in a distributional sense. It follows from Green’s second theorem and the Sommerfeld radiation condition that

u^s (y; − x̂) = 1 k^2_0 � Γ_1

u^s_+ (z; − x̂)

∂G_+ (z; y) ∂n − G_+ (z; y)

∂u^s_+ (z; − x̂) ∂n ds(z) = 1 k^2_0 � Γ_1

u_+ (z; − x̂)

∂G_+ (z; y) ∂n − G_+ (z; y)

∂u_+ (z; − x̂) ∂n ds(z) − 1 k^2_0 � Γ_1

e^{− ik 0x̂·z}

∂G_+ (z; y) ∂n − G_+ (z; y)

∂e^{− ik 0x̂·z} ∂n ds(z). (2.13)

Applying Green’s second theorem to the regionD and making use of the transmission conditions foru(z; − x̂), G(z; y) on Γ_j (j = 1 , 2) and the Neumann condition onΓ_3, we obtain � Γ_1

u_+ (z; − x̂)

∂G_+ (z; y) ∂n − G_+ (z; y)

∂u_+ (z; − x̂) ∂n ds(z) = k^2_0 k^2_1 � Γ_2

u_+ (z; − x̂)

∂G_+ (z; y) ∂n − G_+ (z; y)

∂u_+ (z; − x̂) ∂n ds(z) = k^2_0 k^2 � Γ_3

u_+ (z; − x̂)

∂G_+ (z; y) ∂n − G_+ (z; y)

∂u_+ (z; − x̂) ∂n ds(z)

= 0 ,

which together with (2.13) leads to

k^2_0 u^s (y; − x̂) = � Γ_1

G_+ (z; y)

∂e^{− ik 0x̂·z} ∂n − e^{− ik 0x̂·z}

∂G_+ (z; y) ∂n ds(z). (2.14)

It is seen from (2.12) and Green’s second theorem applied toG(x; y) that

G(x; y) = � Γ_1

G_+ (z; y)

∂Ψ( x; z) ∂n − ∂G_+ (z; y) ∂n Ψ( x; z)ds(z) + k^2_0 Ψ( x, y), x ∈ D_0

where Ψ( x; y), which is defined by (2.11), has the asymptotic behavior

Ψ( x; y) = η e^{ik 0 ||x||} � ||x|| � e^{− ik 0x̂·y} + O( 1 ||x|| ) � as ||x|| → ∞ . (2.15)

Inserting (2.15) into the above representation ofG(x; y), we obtain the following asymptotic behavior ofG(x; y) as ||x|| → ∞ : η e^{ik 0 ||x||} � ||x|| � � Γ_1

G_+ (z; y)

∂e^{− ik 0x̂·z} ∂n − e^{− ik 0x̂·z}

∂G_+ (z; y) ∂n ds(z) + k^2_0 e^{− ik 0x̂·y} + O( 1 ||x|| ) � . From (2.14) and the definition of the far field pattern in (2.6), we conclude that

G^∞ (x̂; y) = η � � Γ_1

G_+ (z; y)

∂e^{− ik 0x̂·z} ∂n − e^{− ik 0x̂·z}

∂G_+ (z; y) ∂n ds(z) + k^2_0 e^{− ik 0x̂·y} �

= ηk^2_0 u(y; − x̂).

The proof is thus complete. � Based on Lemma 2.3, we may establish a relation between the fundamental solutions G(x; y) and G̃(x; y) for the two multilayered obstaclesD and D̃ .

Lemma 2.4. Ifu^∞ (x̂; d) = ũ^∞ (x̂; d) for allx̂, d ∈ S, then

G(x; y) = G̃(x; y) for all x ≠ y, x, y ∈ Ω ,

where Ω denotes the unbounded connected component of R^2\D ∪ D̃ .

Proof. By Rellich’s lemma [4], the assumptionu^∞ (x̂; d) = ũ^∞ (x̂; d) for allx̂, d ∈ S implies that u(y; − x̂) = ũ(y; − x̂) for ally ∈ Ω ,x̂ ∈ S. Recalling Lemma 2.3, we haveG^∞ (x̂; y) = G̃^∞ (x̂; y) for ally ∈ Ω , and thus applying Rellich’s lemma again gives the relationG(x; y) = G̃(x; y) for all x ≠ y, x, y ∈ Ω . � Given two functionsf (x) and g(x), we say that f (x) ∼ g(x) as x → x_0 iflim_{x→ x 0} f (x)/g(x) = 1. Obviously, iff (x), g(x) → ∞ as x → x_0 and f (x) − g(x) is bounded in a neighborhood of x_0, then f (x) ∼ g(x) as x → x_0. Analogously, given two sequencesf_n and g_n , we say that f_n ∼ g_n as n → + ∞ iflim_{n →∞} f_n /g_n = 1 . Our idea of proving Theorem 2.1 is to analyze the singularityof G(x; y) as y → y_0, x → y_0 for some y_0 ∈ R^2\D_3. If y_0 ∈ D_j for some j ∈ { 0, 1, 2}, it can be readily deduced from the fundamental solution to the two dimensional Laplace equation that

G(x; y_0) ∼ − k^2_j 2π ln ||x − y_0|| as x → y_0,

only depending on the wave numberk_j corresponding to D_j . In the following we are going to investigate the singularity of that wheny_0 ∈ Γ_j (j = 1 , 2), which turns out to depend on both k_j and k_{j − 1}. Thus, with the help of Lemma 2.4, a contradiction can alwaysbe derived if two different multilayered obstacles generate the same far field data for all incident directions. This will be carried out in Section 2.3. We need to pay attention to the Green functionG(x; y), which exists ify does not belong to the interfaces Γ_j (j = 1 , 2). In the case of y_0 ∈ Γ_j for some j ∈ { 1, 2}, we define a sequence y_n by

y_n = y_0 + 1 n n(y_0), n = 1 , 2, · · ·. (2.16)

By the symmetry ofG(x; y), we can define G(y_n ; y_0) with some fixedn in the following way

G(y_n ; y_0) := G(y_0; y_n ) = lim

m → + ∞

G(y_0 + 1 m n(y_0); y_n );

note that the limit exists because Γ_j is C^2-smooth and the functionG(·; y_n ) is continuous up to Γ_j . The following lemma plays an important role in this paper.

Lemma 2.5. For a fixed y_0 ∈ Γ_j withj ∈ { 1, 2}, we have

G(y_n ; y_0) ∼ − k^2_j k^2_{j − 1} π(k^2_{j − 1} + k^2_j ) ln ||y_n − y_0|| as n → + ∞ ,

where the sequence y_n is defined by (2.16).

Before proving Lemma 2.5, we introduce the following auxiliary transmission problem in a half-space for the Laplace equation

△_x G(x; y) = − k^2_{j − 1}δ(x − y), x ∈ R^2_+ := { x_2 > 0}, (2.17) △_x G(x; y) = − k^2_j δ(x − y), x ∈ R^2_− := { x_2 < 0}, (2.18)

G(x; y)_+ = G(x; y)_− , 1 k^2_{j − 1}

∂G(x; y)_+

∂x_2 = 1 k^2_j

∂G(x; y)_− ∂x_2 on x_2 = 0 , (2.19) with the following condition at infinity lim ||x||→ + ∞

G(x; y) = 0 . (2.20)

Lemma 2.6. The unique solutionG(x; y) to (2.17)-(2.20) withy = O = (0 , 0) is given by

G(x; O) = − 1 π^2 k^2_j k^2_{j − 1} k^2_j + k^2_{j − 1} � � R ln(|t|x_2| + x_1|)

1 + t^2 dt + γπ � , x ≠ O,

where γ denotes the Euler-Mascheroni constant. In particular,

G((0, x_2); (0, 0)) = − 1 π k^2_j k^2_{j − 1} k^2_j + k^2_{j − 1}

(ln |x_2| + γ).

Proof. Throughout the paper, we define the Fourier and inverse Fourier transformation of an integrable functionf (t) by

F [f ](ξ) = f̂ (ξ) := 1 √ 2π � R f (t)e^{− iξ·t} dt, F^{− 1}[f̂ ](t) = f (t) := 1 √ 2π � R f̂ (ξ)e^{iξt} dξ.

Denote by S the Schwartz space or space of rapidly decreasing functions on R and by S^′ its dual space. The Fourier transform gives a homeomorphism ofS onto itself. Given a tempered distributionT ∈ S^′, we define the Fourier transform ofT by

T̂(φ ) = T(φ̂ ) for all φ ∈ S .

We refer to [18] for basic properties of the Fourier transformation of tempered distributions, and [9, Appendices 2 and 3] for some elementary calculations related to the Fourier and inverse Fourier transforms in the subsequent analysis. Following Ramm’s approach in the three dimensional space (see [29]), we take the Fourier transformation of (2.17) and (2.18) with respect tox_1 to get

d^2 Ĝ(ξ, x_2) dx^2

− | ξ|^2 Ĝ(ξ, x_2) = � � � −^{k2j − 1√}_{2π} δ(x_2 − y_2) ifx_2 > 0, −^{k2j√}_{2π} δ(x_2 − y_2) ifx_2 < 0,

(2.21)

with the following boundary conditions onx_2 = 0 and at x_2 = ±∞ : lim x_2 → 0^+

Ĝ(ξ, x_2) = lim_x

2 → 0^−

Ĝ(ξ, x_2), lim

x_2 → 0^+ 1 k^2_{j − 1}

∂Ĝ(ξ, x_2)

∂x_2

= lim

x_2 → 0^− 1 k^2_j

∂Ĝ(ξ, x_2) ∂x_2

, (2.22) lim |x_2 |→∞

Ĝ(ξ, x_2) = 0 . (2.23)

Note that in (2.21)-(2.23) we writeĜ(ξ, x_2) = Ĝ((ξ, x_2); (0, y_2)) for simplicity. Assumey_2 > 0. Then the generalized solution to (2.21) and (2.23) is given by

Ĝ(ξ, x_2) = v(ξ, x_2) + Ce^{−| ξ||x} 2^| (2.24) with a constant C ∈ C and the distributionv(ξ, x_2) satisfying

d^2v(ξ, x_2) dx^2

− | ξ|^2v(ξ, x_2) = − k^2_{j − 1} √ 2π δ(x_2 − y_2), x_2 ∈ R.

Taking the Fourier transformation of the above equation with respect to x_2 yields

v̂(ξ, η) = F [v(ξ, x_2)](η) = k^2_{j − 1} 2π e^{iηy 2} η^2 + ξ^2 , and then by the inverse Fourier transformation with respectto η, we have

v(ξ, x_2) = F^{− 1}[v̂(ξ, η)](x_2) = k^2_{j − 1} 2π √ 2π F^{− 1}[e^{iηy 2} ](x_2) ∗ F^{− 1}[ 1 η^2 + ξ^2

](x_2) = k^2_{j − 1} 2π √ 2π √ 2πδ(x_2 − y_2) ∗ � π 2 1 |ξ| e^{−| ξ||x 2 |} = k^2_{j − 1} 2 √ 2π 1 |ξ| e^{−| ξ||x 2 − y2 |},

where ∗ denotes convolution. Inserting the above functionv(ξ, x_2) into (2.24), we deduce from the transmission conditions (2.22) that C = k^2_{j − 1} 2 √ 2π k^2_j − k^2_{j − 1} k^2_j + k^2_{j − 1} e^{−| ξ|y2} |ξ| , and thus

Ĝ(ξ, x_2) = k^{2j − 1} 2 √ 2π 1 |ξ| (e^{−| ξ||x 2 − y2 |} + k^2_j − k^2_{j − 1} k^2_j + k^2_{j − 1} e^{−| ξ|(|x 2 |+ y2 )} ) for y_2 > 0. (2.25)

Analogously, we obtain

Ĝ(ξ, x_2) = k^{2j} 2 √ 2π 1 |ξ| (e^{−| ξ||x 2 − y2 |} + k^2_j − k^2_{j − 1} k^2_j + k^2_{j − 1} e^{−| ξ|(|x 2 |− y2 )} ) for y_2 < 0. (2.26)

Next we need to calculate G((x_1, x_2); (0, y_2)) by taking the inverse Fourier transformations of (2.25) and (2.26) with respect toξ, and then to analyze the limit ofG((x_1, x_2); (0, y_2)) as y_2 → 0, x_1 → 0. By properties of the inverse Fourier transformation for tempered distributions, we first note that, for τ ∈ R^+ ,

J_1(x_1, τ) := F^{− 1}[ e^{−| ξ|τ} τ ](x_1) = 1 √ 2π F^{− 1}[ 1 |ξ| ](x_1) ∗ F^{− 1}[e^{−| ξ|τ} ](x_1) = 1 √ 2π − 2(ln |x_1| + γ) √ 2π ∗ � 2 π τ |x_1|^2 + τ^2 = − 2τ π √ 2π ( � R ln |t| + γ τ^2 + |x_1 − t|^2 dt), where γ denotes the Euler-Mascheroni constant. Note that � R ln |t| + γ τ^2 + |x_1 − t|^2 dt < + ∞ , for τ ∈ R^+ , τ ≠ 0 , x_1 ∈ R.

Then, taking the inverse transformation of (2.25) gives lim y_2 → 0^+

G((x_1, x_2); (0, y_2))

= lim_{y2 → 0+} F^{− 1}[G((ξ, x_2); (0, y_2))](x_1)

= lim_{y2 → 0+} k^2_{j − 1} 2 √ 2π � J_1(x_1, |x_2 − y_2|) + k^2_j − k^2_{j − 1} k^2_j + k^2_{j − 1}

J_1(x_1, |x_2| + y_2) �

= k^2_{j − 1} 2 √ 2π � J_1(x_1, |x_2|) + k^2_j − k^2_{j − 1} k^2_j + k^2_{j − 1}

J_1(x_1, |x_2|) �

= 1 √ 2π k^2_j k^2_{j − 1} k^2_j + k^2_{j − 1}

J_1(x_1, |x_2|). (2.27)

The same result as in (2.27) remains true when y_2 → 0^− by taking the inverse transformation of (2.26). Thus, employing some simple calculations we arrive at

G(x; O) = − 1 π^2 k^2_j k^2_{j − 1} k^2_j + k^2_{j − 1} � � R ln(|t|x_2| + x_1|) 1 + t^2 dt + γπ � . (2.28)

We end up the proof by calculatingG((0, x_2); (0, 0)). Clearly, � R ln(|t|x_2| + x_1|) 1 + t^2 dt|_{x 1 =0} = � R ln(|tx_2|) 1 + t^2 dt = � R ln |t| 1 + t^2 dt + ln |x_2| � R 1 1 + t^2 dt = π ln |x_2|,

which together with (2.28) yields the second assertion of Lemma 2.6 forG((0, x_2); (0, 0)). � Now, we are in a position to prove Lemma 2.5. Proof of Lemma 2.5. Let y_0 ∈ Γ_j for some j ∈ { 1, 2} be fixed. Since the Helmholtz equation remains invariant under coordinate translations and rotations, we may suppose that the origin is located at y_0 and the x_2-axis is tangent to Γ_j at y_0. Furthermore, without loss of generality, the unit normaln(y_0) to Γ_j at y_0 is supposed to coincide withe_2 := (0 , 1) so that the sequence y_n defined by (2.16) can be written as y_n = (0 , 1/n). To prove Lemma 2.5, we only need to show that

G((0, y_2); (0, 0)) ∼ − k^2_j k^2_{j − 1} π(k^2_{j − 1} + k^2_j ) ln |y_2|, as |y_2| → 0. (2.29)

From the assumption on the regularity ofΓ_j , it follows that the curveB_δ(y_0) ∩ Γ_j for some sufficiently smallδ > 0 can be represented as a C^2-smooth functionx_2 = f (x_1), x_1 ∈ (− a, a ) for some small a > 0, satisfying f (0) = 0 , f^′(0) = 0 . We next prove the lemma by flattening the curve in a neighborhood ofO.

Set V(y_1, y_2) := G(y_1, y_2 + f (y_1); O),where G(x_1, x_2; O) is the fundamental solution of the scattering problem (2.8)-(2.9) in the new coordinate system with the origin centered aty_0 ∈ Γ_j for some j ∈ { 1, 2}. After some calculations, we see that V(y) fulfills

L̃V (y) = − k^2δ(y), in D̃ = D̃^+ ∪ D̃^− , D̃^+ = B_a (O) ∩ { y_2 > 0}, D̃^− = B_a (O) ∩ { y_2 < 0}, V(y) satisfies the transmission conditions in (2.9) fory ∈ (B_a (O) ∩ { y_2 = 0 })\{ O},

where

L̃V = L̃(V, ∂_y) := ∂^2V ∂y^2_1 + ∂^2V ∂y^2

(1 + f^′(y_1)^2) − 2f^′(y_1)

∂^2V ∂y_1∂y_2

− f^{′′}(y_1) ∂V ∂y_2

+ k^2V,

with k = k_{j − 1} in D̃^+ and k = k_j in D̃^− . Let U(x_1, x_2) := U(x; O) be the unique solution to (2.17)-(2.20) obtained in Lemma 2.6, and setW(y) = V(y) − U(y). Then, we see that L̃W = g, in D̃ = D̃^+ ∪ D̃^− , W(y) satisfies the transmission conditions in (2.9) fory ∈ (B_a (O) ∩ { y_2 = 0 })\{ O},

where

g(y) = − f^′(y_1)^2

∂^2U ∂y^2

+ 2 f^′(y_1)

∂^2U ∂y_1∂y_2

+ f^{′′}(y_1) ∂U ∂y_2

− k^2U,

Since U(y_1, y_2) is an analytic function inD̃^+ ∪ D̃^− , making use of the explicit form ofU as shown in Lemma 2.6, by direct computations one may check that | ∂^2U ∂y^2

|, |

∂^2U ∂y_1∂y_2 | ≤ C r^2 , | ∂U ∂y_2 | ≤ C r , |k^2U| ≤ C ln 1 r , in B_a (O),

for some C > 0, withr = ( y^2_1 + y^2 )^{1/2}. On the other hand, there exists some positive constant M (a) > 0 such that

f^{′′}(y_1) ≤ M, f^′(y_1) ≤ Mr, for |y_1| < a.

Combining the previous estimates, one obtains |g(y)| ≤ C^{′ 1}_r for some C^′ > 0, leading to g(y) ∈ H^{− ϵ}(D̃^+ ) ∩ H^{− ϵ}(D̃^− ) for some ϵ > 0. Since the differential operatorL̃ is uniformly elliptic inB_a (O) for sufficiently smalla > 0, the standard elliptic regularity implies thatW(y) ∈ H^{2− ϵ}(D̃^+ ) ∩ H^{2− ϵ}(D̃^− ) (see [12]). Applying the Sobolev imbedding theorem and recalling the transmission conditions forU and V on { y_2 = 0 } ∩ B_a (O) yield that W(y) ∈ C(B_a (O)), i.e., W(y) is continuous across the interface { y_2 = 0 } ∩ B_a (O). This implies thatV(y) ∼ U(y) as ||y|| → 0, and in particular V(0, y_2) ∼ U(0, y_2) as y_2 → 0. Noting that V(0, y_2) = G((0, y_2); (0, 0)) , we have proved (2.29) as a consequence of the second asserti on of Lemma 2.6. The proof is thus complete. �

2.3 Proof of Theorem 2.1

Relying on the asymptotic behavior ofG(x; y) as x → y, we next prove Theorem 2.1 by the following steps.

Step 1: Proof ofΓ_1 = Γ̃_1. Assume Γ_1 ≠ Γ̃_1. Let Ω be the unbounded connected component of R^2\(D ∪ D̃ ). Without loss of generality, we may assume that there exists y_0 ∈ Γ̃_1 ∩ (R^2\D ) ∩ ∂Ω . Let y_n be defined as in (2.16) and define two functionsF (x), F̃ (x) by

F (x) := −

2πG(x; y_0) ln ||x − y_0||

, F̃ (x) := −

2π G̃(x; y_0) ln ||x − y_0||

, (2.30)

where G(x; y) and G̃(x; y) are the Green functions corresponding to D = (Γ_1, Γ_2, Γ_3, k_1, k_2) and D̃ = ( Γ̃_1,Γ̃_2,Γ̃_3,k̃_1,k̃_2), respectively. Since y_n is contained in D_0 ∩ Ω for sufficiently large n, it follows from Lemma 2.5 that lim n → + ∞

F (y_n ) = k^2_0 , lim

n → + ∞

F̃ (y_n ) = 2k^{20} k̃2_1 k^2_0 + k̃^2_1 , leading to lim n → + ∞

[F (y_n ) − F̃ (y_n )] = k^2_0 (k^2_0 − k̃^2_1 ) k^2_0 + k̃^2_1

. (2.31)

However, by Lemma 2.4 we have F̃ (y_n ) = F (y_n ) for all sufficiently largen,

which contradicts (2.31) because k_0 ≠ ± k̃_1. Hence Γ_1 = Γ̃_1. Step 2: Proof ofk_1 = k̃_1. Choose y_0 ∈ Γ_1 = Γ̃_1, and define y_n , F (x), F̃ (x) in the same way as in (2.16) and (2.30). Combining Lemma 2.4 and Lemma 2.5 gives the identity

0 = lim

n → + ∞

[F (y_n ) − F̃ (y_n )] =

2k^2_0 k^2_1 k^2_0 + k^2_1 − 2k^2_0k̃^2_1 k^2_0 + k̃^2_1 = 2k^4_0 (k^2_1 − k̃^2_1 ) (k^2_0 + k^2_1 )(k^2_0 + k̃^2_1 ) , from whichk_1 = k̃_1 follows. Step 3: Proof ofΓ_2 = Γ̃_2, k_2 = k̃_2. Recall that Γ_1 = Γ̃_1 and k_1 = k̃_1. It follows from Holmgren’s uniqueness theorem and Lemma 2.4 that G(x; y) = G̃(x; y) for allx ≠ y, y ∈ D_0 = D̃_0 and x ∈ Ω_0, where Ω_0 denotes the unbounded connected component of R^2\((D_2 ∪ D_3) ∪ (D̃_2 ∪ D̃_3)). Making use of symmetries of G(x; y) and G̃(x; y), which can be readily proved by applying Green’s formula, wearrive at G(x; y) = G̃(x; y) for allx ≠ y, x, y ∈ Ω . Thus, analogously to Steps 1 and 2, one can prove Γ_2 = Γ̃_2 and k_2 = k̃_2 using Lemma 2.5. Step 4: Proof ofΓ_3 = Γ̃_3. Combining Steps 1-3 and Holmgren’s uniqueness theorem, we see that G(x; y) = G̃(x; y) for allx ≠ y, x, y ∈ Ω_1, where Ω_1 denotes the unbounded connected component of R^2\(D_3 ∪ D̃_3).

Assume Γ_3 ≠ Γ̃_3. Without loss of generality, we may assume that there existsy_0 ∈ Γ̃_3 ∩ (R^2\D_3) ∩ ∂Ω_1. Define a sequence y_n by

y_n := y_0 + 1 n n(y_0), n = 1 , 2, · · ·, (2.32)

where n(y_0) is the outward unit normal toΓ̃_3 at y_0, and define two functionsF_1(y), F̃_1(y) by F̃_1(y) = n(y_0) · ∇_x G̃(x; y)|_{x= y0} , F_1(y) = n(y_0) · ∇_x G(x; y)|_{x= y0} .

It follows from the Neumann boundary condition for̃G(x; y) on Γ̃_3 that F̃_1(y_n ) = 0 for all sufficiently largen ∈ N,

and from Lemma 2.5 that |F_1(y_n )| → + ∞ as n → + ∞ .

This contradiction implies thatΓ_3 = Γ̃_3. The proof is complete. �

2.4 Uniqueness under general transmission conditions

In acoustic scattering problems, one needs to consider a problem modeled by (2.1) and (2.4) with the following conditions

u_+ = u_− ,

∂u_+ ∂n = λ_j

∂u_− ∂n on Γ_j , j = 1 , 2; (2.33) B (u) = 0 on Γ_3; (2.34) lim_{r →∞} r^{N − 12} (

∂u^s ∂r − ik_0u^s ) = 0 . (2.35)

Here, the transmission coefficientλ_j denotes the ratio of mass densities in D_j and D_{j +1} satisfyingλ_j ≠ 1 and λ_j > 0; N represents the dimension of the space ( N = 2 or N = 3 ); and the boundary condition onΓ_3 may take one of the following forms:

B (u) := � � � u if the pressure vanishes on Γ_3 (D_3 is a sound-soft obstacle), ∂u ∂n if the normal velocity vanishes onΓ_3 (D_3 is a sound-hard obstacle), ∂u ∂n + iηu if the normal velocity is proportional to the pressure onΓ_3, where η > 0 is a constant. In this section, we extend the argument in Sections 2.1-2.3 to prove uniqueness under the general transmission conditions (2.33). Note that the results in this section are not limited to two dimensions. The Green functionG(x; y) in this case is defined as follows:

L_x G(x; y) = ∇ · (a(x)∇ G(x; y)) + b(x)G(x; y) = − δ(x − y), x ∈ R^N \D_3, y /∈ Γ_j ,(2.36) G_+ = G_− , a^+

∂G_+ ∂n = a^−

∂G_− ∂n on Γ_j , j = 1 , 2, (2.37) G(x; y) satisfies the boundary condition onΓ_3 and the radiation condition, (2.38) where

a(x) = � � � 1, x ∈ D_0, λ_1, x ∈ D_1, λ_1λ_2, x ∈ D_2;

b(x) = � � � k^2_0 , x ∈ D_0, λ_1k^2_1 , x ∈ D_1, λ_1λ_2k^2 , x ∈ D_2.

IfN = 2 , it follows from Lemma 2.5 that

G(x; y_0) ∼ − ln ||x − y_0||

2πa (y_0) as x → y_0, ify_0 ∈ D_j , j = 0 , 1, 2,

G(y_n ; y_0) ∼ − ln ||y_n − y_0|| π[a^+ (y_0) + a^− (y_0)] as n → + ∞ , ify_0 ∈ Γ_j , j = 1 , 2;

ifN = 3 , using an argument similar to Lemma 2.5 one obtains that (seealso [29])

G(x; y_0) ∼ 1 4πa (y_0)||x − y_0|| as x → y_0, ify_0 ∈ D_j , j = 0 , 1, 2,

G(y_n ; y_0) ∼ 1 2π[a^+ (y_0) + a^− (y_0)]||x − y_0|| as n → + ∞ , ify_0 ∈ Γ_j , j = 1 , 2;

where y_n is a sequence defined as in (2.16), and

a^+ (y_0) = lim_{j → + ∞} a(y_0 + 1 j n(y_0)), a^− (y_0) = lim

j → + ∞

a(y_0 − 1 j n(y_0)).

Recall that n(y_0) stands for the unit outward normal aty_0 ∈ Γ_j . Our inverse problem corresponding to (2.1), (2.4), (2.33)-(2.35) is: (IP’)Given the wave numbers k_j (j = 0 , 1, 2) and the far field pattern u^∞ (x̂; d) for allx̂, d ∈ S, determine the interfaces Γ_j (j = 1 , 2, 3), the transmission coefficients λ_j (j = 1 , 2) and the boundary condition onΓ_3. Note that the boundary condition onΓ_3 tells us the physical property of the impenetrable core D_3. Let D = (Γ_1, Γ_2, Γ_3, λ_1, λ_2, B) and D̃ = ( Γ̃_1,Γ̃_2,Γ̃_3,λ̃_1,λ̃_2, B̃ ) denote two multilayered obstacles with the boundary conditionsB , B̃ on Γ_3, Γ̃_3, respectively. Following the approach in Sections 2.2 and 2.3, we establish the uniqueness to (IP’) under the general transmission conditions (2.33).

Corollary 2.7. Assume N = 2 or N = 3 , and λ_j ,λ̃_j ≠ 1 for j = 1 , 2. Suppose u^∞ (x̂; d), ũ^∞ (x̂; d) are the far field patterns corresponding to D , D̃, respectively. If

u^∞ (x̂; d) = ũ^∞ (x̂; d) for allx̂, d ∈ S,

then D = D̃ , that is, Γ_j = Γ̃_j (j = 1 , 2, 3), λ_i = λ̃_i (i = 1 , 2) and B = B̃ .

Proof. From Rellich’s lemma, we see that Lemma 2.4 remains valid under the general transmission condition (2.33). Then, using the assumptions thatλ_j ≠ 1 ,λ̃_j ≠ 1 and repeating Step 1 of the proof of Theorem 2.1, we haveΓ_1 = Γ̃_1 and λ_1 = λ̃_1. Since the wave numbers k_1 and k_2 are given, we may proceed to justify thatΓ_2 = Γ̃_2 and λ_2 = λ̃_2. This implies that the surrounding media around D_3 and D̃_3 can be uniquely identified. To proveΓ_3 = Γ̃_3, we may define F_2(y_n ) := B (G(x; y_n ))|_{x= y0} and F̃_2(y_n ) := B̃ (G̃(x; y_n ))|_{x= y0} with y_n , y_0 defined in the same way as (2.32). Then, we obtain Γ_3 = Γ̃_3 by an argument analogous to Step 4 of the proof of Theorem 2.1 and B = B̃ as a consequence of Holmgren’s uniqueness theorem. �

Remark 2.8. In the case of the TM mode, Theorem 3.2 improves the uniqueness results in [23, 33] which both require a known piecewise homogenous background, while in three dimensions Corollary 2.7 improves those in [1, 24, 33] which suppose that the transmission coefficientsλ_j are known. In addition, for recovering the interfaces, the orthogonality relation used in [1, 33] and the a priori estimates of solutions on the interface essentially required by [24] are both avoided. If the background refractive indices and the transmission coefficients are not available in advance, we do not know how to prove uniqueness from the knowledge of the far field at a fixed frequency. We refer to Isakov [15, 17] and Kirsch& Kress [21] for uniqueness on the inverse scattering by a penetrable obstacle in a known homogeneous background medium.

3 Inverse scattering by multilayered periodic structures

In this section, we assume that a time-harmonic electromagnetic wave is scattered by a multilayered diffraction grating in a piecewise homogeneous isotropic medium. Suppose further that the grating is periodic inx_1-direction and constant inx_3-direction. We still restrict ourselves to the TM mode (transverse magnetic polarization), which means that the time-harmonic Maxwell equation can be reduced to a two dimensional scalar Helmholtz equation (△ + k^2)u = 0 where u = u(x_1, x_2) is the third component of the magnetic field.

3.1 Mathematical formulations

Without loss of generality, we assume the cross-sections ofthe grating profiles in the(x_1, x_2)- plane are given by twoC^2-smooth disjoint graphsΓ_j := { x_2 = f_j (x_1), x_1 ∈ R}, j = 1 , 2, which are 2π-periodic with respect tox_1. Denote the region above Γ_1 by D_0, the one below Γ_2 by D_2, and that between Γ_1 and Γ_2 by D_1; see Figure 2. The three distinct constant refractive

Figure 2: Multilayered periodic structures indices corresponding to D_i are denoted by k_i (i = 0 , 1, 2), respectively, satisfyingk_0, k_2 > 0, Rek_1 > 0 and Imk_1 ≥ 0. Let

Γ^+_1 := max_{x 1 ∈ R} { f_1(x_1)}, Γ^−_2 := min_{x 1 ∈ R}{ f_2(x_1)}.

Suppose that a plane wave in the (x_1, x_2)-plane given by

u^i = exp( i(αx_1 − βx_2)),

with(α, β ) = k_0(sin θ,− cos θ) for some θ ∈ (−^π_2 ,^π_2 ), is incident upon the grating from the top. Then, the total fieldu = u(x_1, x_2) satisfies

Δ u + k^2_j u = 0 in D_j , j = 0 , 1, 2, (3.39)

u_+ = u_− , 1 k^2_{j − 1}

∂u_+ ∂n = 1 k^2_j

∂u_− ∂n on Γ_j , j = 1 , 2, (3.40)

u = u^i + u^s in D_0, (3.41)

with the following two radiation conditions asx_2 → ±∞ :

u^s = � n ∈ Z

A^+_n exp(iα_n x_1 + iβ^+_n x_2), forx_2 > Γ^+_1 , (3.42) u = � n ∈ Z

A^−_n exp(iα_n x_1 − iβ^−_n x_2), forx_2 < Γ^−_2 , (3.43)

where α_n = n + α and

β^+_n := � (k^2_0 − α^2_n )^12 if |α_n | ≤ k_0, i(α^2_n − k^2_0 )^12 if |α_n | > k_0;

β^−_n := � (k^2 − α^2_n )^12 if |α_n | ≤ k_2, i(α^2_n − k^2 )^12 if |α_n | > k_2,

with i = √ − 1. Here n denotes the unit normal to Γ_j with a non-negativex_2-component; the expansions in (3.42) and (3.43) are the well-known Rayleighexpansions; A^±_n ∈ C (n ∈ Z) are called the Rayleigh coefficients. Obviously, inx_2 > Γ^+_1 resp. x_2 < Γ^−_2 , the scattered field u^s resp. u can be split into a finite sum of outgoing plane waves propagating into the far field and an infinite sum of exponentially decreasing functions asx_2 → + ∞ resp. x_2 → −∞ which are called surface or evanescent waves. Thus, the inverse diffraction grating problem always requires near-field measurement in order to reconstruct the grating profile. Note that the series in (3.42) resp. (3.43) and each derivative of it are uniformly convergent on the half space { x_2 ≥ c} for allc > Γ^+_1 resp. { x_2 ≤ c} for allc < Γ^−_2 . The periodic structure together with the form of incident waves motivates us to seekα -quasiperiodic solutions satisfying

u(x_1 + 2 π, x_2) = exp(2 iαπ )u(x_1, x_2). (3.44)

For a fixed θ ∈ (−^π_2 ,^π_2 ), let the admissible class of incident waves with the phase-shiftα be given by

I := { u^i_n = exp [ i(α_n x_1 − β^+_n x_2)] : n ∈ Z},

which consists of a finite number of incoming plane waves and infinitely many surface waves. We recall the following existence and uniqueness result fortwo periodic interfaces.

Lemma 3.1. Suppose Γ_j (j = 1 , 2) are given by periodic graphs and k_0, k_2 > 0, Re k_1 > 0, Imk_1 ≥ 0 satisfy one the following conditions

(i) Imk_1 > 0; (ii) Imk_1 = 0 , k_0 > k_1 > k_2; (iii ) Imk_1 = 0 , k_0 < k_1 < k_2.

Then, for each incident waveu^i_n ∈ I , there always exists a unique solution u ∈ H^1_α ((0, 2π) × (− c, c)) for allc > max{| Γ^+_1 |, |Γ^−_2 |}. Here H^1_α (K ) denotes the quasi-periodic Sobolev space with phase-shiftα defined by

H^1_α (K ) := { u(x) : exp( − iαx_1)u(x_1, x_2) ∈ H^1(K )}, K = (0 , 2π) × (− c, c).

To prove Lemma 3.1, one can first establish a variational formulation in a bounded truncated periodic cell inR^2 by enforcing the TM transmission conditions and the Rayleigh expansions, and then prove that the sesquilinear form generated by the variational form is strongly elliptic. If Imk_1 > 0, the uniqueness follows using a simple integration by parts. If all the refractive indices are real, the uniqueness is obtained by applying a periodic version of the Rellich identity (see [3, 10]), the monotonicity condition(ii) or (iii ) imposed on the refractive indices and the fact that the x_2-component of the normaln does not change sign on Γ_j . Since this can be easily achieved in a piecewise homogenous medium, we omit the proof, referring to [3, 10, 30, 31] for a detailed presentation. Note that the above lemma is a special case of [30, 31] for two periodic interfaces and can be easily extended to multilayered diffraction gratings with piecewise refractive indices (see e.g. [10]).

Suppose the assumptions in Lemma 3.1 are fulfilled, and denote by u(x_1, x_2; n) (n = 1 , 2 · · ·) the unique solution to the scattering problem (3.39)-(3.44) corresponding to the incident wave u^i_n ∈ I . We assume k_0 is given, so that the multilayered diffraction grating can be written as D = (Γ_1, Γ_2, k_1, k_2). Now we formulate the inverse problem as follows: (IP ”) Let b > Γ^+_1 be a fixed constant. Given a fixed wave number k_0 > 0, determine the periodic interfaces Γ_j (j = 1 , 2) and the refractive indices k_j (j = 1 , 2) from the knowledge of the near field data u(x_1, b; n) (n = 1 , 2 · · ·) for allx_1 ∈ (0, 2π) corresponding to all incident plane waves u^i_n fromI .

Assuming D̃ := ( Γ̃_1,Γ̃_2,k̃_1,k̃_2) is another multilayered grating, we denote analogously by ũ(x_1, b; n) the unique total field corresponding tou^i_n ∈ I and D̃. The main result of this section is Theorem 3.2. Let b > max{ Γ^+_1 ,Γ̃^+_1 }, and assume β^+_n ≠ 0 for alln ∈ Z. If the identity

u(x_1, b; n) = ũ(x_1, b; n) for allx_1 ∈ (0, 2π) (3.45)

holds for all incident wavesu^i_n ∈ I , then Γ_j = Γ̃_j and k_j = k̃_j for j = 1 , 2.

3.2 Proof of Theorem 3.2

To prove the theorem, we need the free-space α -quasi-periodic Green functionΦ( x; y) defined by Φ( x; y) = � n ∈ Z i 4πβ^+_n e^{i[α n (x 1 − y1 )+ β +n |x 2 − y2 |]} (3.46)

for x, y ∈ R^2 withx ≠ y, noting that β^+_n ≠ 0 by assumption. It is known thatΦ( x; y) is weakly singular at x = y and satisfies the Helmholtz equation △ Φ + k^2_0 Φ = 0 in R^2 when x ≠ y. In addition,Φ has the same singularity as the fundamental solution Ψ of the two dimensional Helmholtz equation and the differenceΨ − Φ is even analytic in[(0, 2π) × R] × [(0, 2π) × R]; see [27].

Let Ω_b := { x ∈ R^2 : x_2 > b}, and let y = ( y_1, y_2) ∈ Ω_b be fixed with0 < y_1 < 2π. Define the incident wave u^i (x; y) := Φ( x; y), x ∈ R^2, due to a point source at y. By (3.46),u^i (x; y) can be written as

u^i (x; y) = � n ∈ Z

B_n u^i_n with B_n = i 4πβ^+_n e^{i(− α n y1 + β +n y2 )} for x_2 < b, (3.47)

which propagates downward fromD_0. Let u^s (x; y), u(x; y) resp. ũ^s (x; y),ũ(x; y) denote the scattered and total fields corresponding to D = (Γ_1, Γ_2, k_1, k_2) resp. D̃ = ( Γ̃_1,Γ̃_2,k̃_1,k̃_2). We conclude from (3.47) and the assumption (3.45) that

u(x_1, b; y) = ũ(x_1, b; y) for allx_1 ∈ (0, 2π), y ∈ Ω_b.

From the uniqueness of the exterior Dirichlet problem (see,e.g., [19]) and the unique continuation of solutions to the Helmholtz equation, it follows that

u(x; y) = ũ(x; y) for allx ∈ Ω := D_0 ∩ D̃_0, y ∈ Ω_b. (3.48)

Let the (− α )-quasiperiodic Green solutionG(x; y) to the scattering problem (3.39)-(3.44) be defined by

L_x G(x; y) = ∇ · (a∇ G(x; y)) + G(x; y) = − δ(x − y), G_+ = G_− , a^{+ ∂G+}_{∂n} = a^{− ∂G−}_{∂n} , on Γ_j , j = 1 , 2, G(x; y) satisfies the (− α )-quasiperiodic Rayleigh expansions(3.42), (3.43) and the (− α )-quasiperiodic condition (3.44),

� � � � � (3.49)

where a(x) = 1 /k^2_j for x ∈ D_j , j = 0 , 1, 2. Denote by G̃(x; y) the (− α )-quasiperiodic Green function corresponding toD̃. To reduce the argument to one periodic cell, we need the following notations

Ω^∗ := { x ∈ Ω : 0 < x_1 < 2π}, Ω^∗_b := { x ∈ Ω_b : 0 < x_1 < 2π}, Γ^∗_j := { x ∈ Γ_j : 0 < x_1 < 2π}, Σ_b := { x : 0 < x_1 < 2π, f_1(x_1) < x_2 < b}.

Analogously to Lemma 2.4, we are going to prove the followinglemma:

Lemma 3.3. Under the assumptions of Theorem 3.2, we have

G(x; y) = G̃(x; y) for allx, y ∈ Ω^∗, x ≠ y.

Proof. For x, y ∈ Ω^∗, it follows from Green’s second theorem applied to the periodic cellΣ_b for some b > Γ^+_1 and the Rayleigh expansions for u^s (x; y) and G(x; y) in x_2 > Γ^+_1 that

k^2_0 u^s (x; y) = � Γ^∗_1

u^s_+ (z; y)

∂G_+ (z; x) ∂n − G_+ (z; x)

∂u^s_+ (z; y) ∂n ds(z) (3.50) = � Γ^∗_1

u_+ (z; y)

∂G_+ (z; x) ∂n − G_+ (z; x)

∂u_+ (z; y) ∂n ds(z) − � Γ^∗_1

Φ( z; y)

∂G_+ (z; x) ∂n − G_+ (z; x)

∂Φ( z; y) ∂n ds(z). (3.51)

Note that in obtaining (3.50), we have used the identity � Γ^∗_b

u^s_+ (z; y)

∂G_+ (z; x) ∂n − G_+ (z; x)

∂u^s_+ (z; y) ∂n ds(z) = 0 , (3.52)

and the fact that the integrals over the vertical lines of∂Σ_b cancel because of the periodicity. The relation (3.52) follows from theα -quasiperiodic Rayleigh expansions foru^s_+ (z; y) and the (− α )-quasiperiodic Rayleigh expansions forG_+ (z; y) in z_2 > Γ^+_1 . Similarly,

G(y; x) = � Γ^∗_1

G_+ (z; x)

∂Φ( z; y) ∂n − ∂G_+ (z; x) ∂n Φ( z; y)ds(z) + k^2_0 Φ( x; y). (3.53)

Using the transmission conditions forG(z; x) and u(z; y) on Γ_j (j = 1 , 2) and their Rayleigh expansions in z_2 < Γ^+_2 , we obtain analogously by Green’s second theorem that � Γ^∗_1

u_+ (z; y)

∂G_+ (z; x) ∂n − G_+ (z; x)

∂u_+ (z; y) ∂n ds(z) = k^2_0 k^2_3 � Γ^∗_3

u_− (z; y)

∂G_− (z; x) ∂n − G_− (z; x)

∂u_− (z; y) ∂n ds(z)

= 0 . (3.54)

Combining (3.51)-(3.54) yields the relationG(y; x) = k^2_0 u(x; y) for allx, y ∈ Ω^∗, x ≠ y. Similarly, there holdsG̃(y; x) = k^2_0ũ(x; y) for allx, y ∈ Ω^∗, x ≠ y. In view of (3.48), we conclude that

G(y; x) = G̃(y; x) for allx ∈ Ω^∗, y ∈ Ω^∗_b, x ≠ y.

As functions ofy, both G(y; x) and G̃(y; x) satisfy the Helmholtz equation(Δ + k^2_0 )u = 0 in Ω^∗\{ x}. Recalling the unique continuation of solutions to the Helmholtz equation and the fact that Ω^∗_b ⊂ Ω^∗, we obtain G(y; x) = G̃(y; x) for allx, y ∈ Ω^∗, x ≠ y. � For a fixed y_0 ∈ Ω^∗\(Γ^∗_1 ∪ Γ^∗_2), the Green functionG(x; y_0) defined in (3.49) satisfies

(△_x + k^2_j )G(x; y_0) = − k^2_j δ(x − y_0) in D_j .

By the singularity of the free-space quasi-periodic Green function Φ( x; y), as mentioned at the beginning of Section 3.2, we know that

Φ( x; y_0) ∼ − 1 2π ln ||x − y_0|| as x → y_0,

implying that G(x; y_0) ∼ − k^2_j 2π ln ||x − y_0|| as x → y_0,

since the difference k^2_j Φ( x; y_0) − G(x; y_0) is smooth in a neighborhood ofy_0. By arguing as in Lemma 2.5, one can further obtain that

G(y_n ; y_0) ∼ − k^2_j k^2_{j − 1} π(k^2_{j − 1} + k^2_j ) ln ||y_n − y_0|| ify_0 ∈ Γ^∗_j , j = 1 , 2,

as n → + ∞ , where y_n := y_0 +^1_n n(y_0). Thus, relying on Lemma 3.3 and the above asymptotic properties of G(x; y) as y → y_0, x → y_0, we can carry over the arguments from Section 2.3 to the periodic case to complete the proof of Theorem 3.2. �

Remark 3.4. (i) From Theorem 3.2, we see that the near field measurements only above the grating are enough to determine the periodic interfaces as well as the piecewise constant refractive indices. This remains true if the measurements are taken only below the grating. (ii) Under the general transmission conditions (2.33), a uniqueness result similar to Corollary 2.7 can be obtained on identifying the interfaces and transmission coefficients if the waves numbers k_i (i = 0 , 1, 2) are known. (iii) Using point sources as incident waves, the argument inthis section can be extended to prove uniqueness for inverse scattering by general non-periodic C^2-smooth profiles which are given by graphs. Note that we require the regularity of the profile in order to tackle the singularity of the Green function in the half space.

References

[1] C. Athanasiadis, A. G. Ramm and I. G. Stratis 1998Inverse acoustic scattering by a layered obstacle, In Inverse Problem, Tomography and Image Processing (New York: Plenum) 1-8

[2] G. Bruckner and J. Elschner 2005 The numerical solution of an inverse periodic transmission problemMath. Methods Appl. Sci.28 757-778

[3] A-S Bonnet-Bendhia and F. Starling 1994 Guided waves by electromagnetic gratings and non-uniqueness. examples for the diffraction problemMath. Meth. Appl. Sci.17: 305–338.

[4] D. Colton and R. Kress 1998Inverse Acoustic and Electromagnetic Scattering Theory (Berlin: Springer)

[5] D. Colton and R. Kress 2006 Using fundamental solutions in inverse scattering Inverse Problems 22 R49-R66

[6] D. Colton and H. Haddar 2005 An application of the reciprocity gap functional to inverse scattering theory Inverse Problems 21 383-398

[7] D. C. Dobson 1994 A variational method for electromagnetic diffraction in biperiodic structures Model. Math. Anal. Numer.28 419–439.

[8] V. L. Druskin 1982 The unique solution of the inverse problem in electrical surveying and electric well-logging for piecewise-continuous conductivity Izvestiya Earthy Physics 18 51-53

[9] E. M. Stein and G. L. Weiss 1971Introduction to Fourier Analysis on Euclidean Spaces (Princeton, N.J.: Princeton University Press)

[10] J. Elschner and G. Schmidt 1998 Diffraction in periodicstructures and optimal design of binary gratings I. Direct problems and gradient formulasMath. Meth. Appl. Sci.21 1297–1342.

[11] J. Elschner and M. Yamamoto 2004 Uniqueness results foran inverse periodic transmission problemInverse Problems 20 1841-1852

[12] D. Gilbarg and N.S. Trudinger 1983Elliptic Partial Differential Equations of Second Order Second Edition (Berlin: Springer)

[13] P. Hähner 1998 A uniqueness theorem for an inverse scattering problem in an exterior domain SIAM J. Math. Anal.29 1118-1128

[14] F. Hettlich and A. Kirsch 1997 Schiffer’s theorem in inverse scattering for periodic structures Inverse Problems 13 351-361

[15] V. Isakov 1990 On uniqueness in the inverse transmission scattering problem Comm.

Part. Diff. Equat.15 1565-1587

[16] V. Isakov 2006Inverse Problems for Partial Differential Equations(New York: Springer)

[17] V. Isakov 2008 On uniqueness of domains and general transmission conditions in inverse scattering Comm. Math. Phys.280 843-858

[18] D. Kammler 2007A First Course in Fourier Analysis2nd eds. (New York: Cambridge University Press)

[19] A. Kirsch 1993 Diffraction by periodic structures In:Proc. Lapland. Conf. on Inverse Problems, eds. Päivärinta et al. (Berlin: Springer) 87-102

[20] A. Kirsch and L. Päivärinta 1998 On recovering obstacles inside inhomogeneities Math.

Meth. Appl. Sci.21 619-651

[21] A. Kirsch and R. Kress 1993 Uniqueness in inverse obstacle scattering Inverse Problems 9 285-299

[22] A. Lechleiter 2010 Imaging of periodic dielectricsBIT Numer. Math.50 59-83 [23] X. Liu, B. Zhang and G. Hu 2010 Uniqueness in the inverse scattering problem in a piecewise homogeneous medium Inverse Problems 26 015002 [24] X. Liu and B. Zhang 2010 Direct and inverse scattering problem in a piecewise homogeneous medium Preprint arXiv: 0912.1443v1 [25] X. Liu, B. Zhang and J. Yan 2010 The inverse electromagnetic scattering problem in a piecewise homogeneous medium Preprint arXiv: 1001.2998v1 [26] A. Nachman, L. Päivärinta and A. Teirilä 2007 On imagingobstacle inside inhomogeneous media J. Funct. Anal.252 490-516 [27] J. C. Nedelec and F. Starling 1991 Integral equation methods in a quasi-periodic diffraction problem for the time-harmonic Maxwell euqationSIAM J. Math. Anal.22 1679–1701 [28] A. G. Ramm 1986Scattering by Obstacles (Dordrecht: Reidel) [29] A. G. Ramm 1998 Fundamental solutions to some elliptic equations with discontinuous senior coefficients and an inequality for these solutionsMath. Inequalities and Applic.1 90-104 [30] B. Strycharz 1998 An acoustic scattering problem for periodic, inhomogeneous media Math. Methods Appl. Sci.22 969-983 [31] B. Strycharz 1999 Uniqueness in the inverse transmission scattering problem for periodic media Math. Methods Appl. Sci.22 753-772 [32] G. Yaman 2009 Location and shape reconstruction of sound soft obstacles buried in penetrable cylinders Inverse Problems 25 065005 [33] G. Yan 2004 Inverse scattering by a multilayered obstacle Computers and Mathematics with Applications48 1801-1810