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Abstract

This paper deals with a sharp interface limit of the isothermal Navier-Stokes-Korteweg sys-
tem. The sharp interface limit is performed by matched asymptotic expansions of the fields
in powers of the interface width €. These expansions are considered in the interfacial re-
gion (inner expansions) and in the bulk (outer expansion) and are matched order by order.
Particularly we consider the first orders of the corresponding inner equations obtained by a
change of coordinates in an interfacial layer. For a specific scaling we establish solvability
criteria for these inner equations and recover the results within the general setting of jump
conditions for sharp interface models.

1 Introduction

Phase transitions in single substance flows are usually described by two kinds of models: the
sharp interface model and the diffuse phase field model. The conventional and physically more
intuitive approach is the sharp interface model. In the sharp interface approach, interfaces
separating the coexisting phases or structural domains are modeled as hypersurfaces at which
certain quantities such as the density or the pressure suffer jump conditions. Local quantities
at the interface are then determined from the boundary conditions or are calculated from the
driving force for interfacial motion. The structure of possible interfacial conditions is quite well-
founded from the view point of thermodynamics. However from the numerical point of view
the sharp interface approach involves the explicit tracking of the interface and becomes often
numerically impractical for complicated microstructures. Because of these disadvantages, the
phase field approach has emerged as a powerful method during the last twenty years. A phase
field model represents a microstructure, both the compositional domains and the interfaces, as
a whole. The interface between different phases is described by a small transition region, where
an order parameter, representing the phases, changes its state smoothly. The microstructural
evolution is modeled by a system of partial differential equations. The phase field model contains
the corresponding sharp interface description as a particular limit, i.e. if the interfacial thickness
tends to zero. An overview about a large class of phase field models and their sharp interface
limits can be found in [2]. For phase field models it is of overall interest to validate them, by
investigating the sharp interface limit in appropriate scaling regimes.

In this work we consider a sharp interface limit of the isothermal Navier-Stokes-Korteweg
phase field model for a particular scaling. The sharp interface limit is performed by matched
asymptotic expansions of the fields of these models in powers of the interface width €. These
expansions are considered in the interfacial region (inner expansion) and in the bulk (outer
expansion), and are matched order by order. This results in partial differential equations for the
diffuse field and a series of boundary conditions at the interface from which we achieve jump
conditions in the sharp interface limit.

We consider the case where the Mach number is of order O(1) and viscosity and capillarity
are both of order O(¢?). Our particular scaling of the viscosity leads to a no-entropy-dissipation
kinetic relation in the leading order O(1). The resulting sharp interface model is the isothermal
Euler model. In the first order O(e) we obtain a Young-Laplace law and a non-zero entropy
dissipation, which is determined by the viscosity. The fact that the surface tension is of order
O(e) is in agreement with the results obtained in [19], [18], [9] for equilibria. A different kinetic
relation was considered in [5], there surface tension and entropy dissipation are of order O(1)
and O(e) respectively. There are also other physically meaningful scalings, for instance the case



where the viscosity is of order O(e), which implies entropy dissipation already in the leading
order [14], [3], [21]. Another possibility is to look at a low Mach number limit linked to the
sharp interface limit, which can be found in [13], and in [15], [16], [20] for the one phase case.

The paper is organized as follows: We start with describing the Navier-Stokes-Korteweg
phase field model in Section 2. The corresponding sharp interface setting is introduced in
Section 3. By non-dimensionalization we introduce the smallness parameter € with physical
interpretation, see Section 4. In Section 5 we introduce the asymptotic expansions and provide
formulas for the geometric properties of the interface in two dimensions. Then we state our
main results in Section 6, which are proven in Sections 7 and 8 respectively. In Section 9 we
investigate the kinetic relation comprised in the jump conditions derived in Section 6. We show
that the state on one side of the phase boundary already determines the interfacial velocity and
the state on the other side of the phase boundary. Furthermore this property does not follow
from the jump conditions for mass and momentum alone.

2 The Navier-Stokes-Korteweg phase field model

We consider an isothermal, compressible fluid with density p € (0,b) and velocity u € R?, that
is capable to undergo phase transitions. We assume that the stress tensor can be additively
decomposed according to

0 =0Ns + 0k,

where o g denotes the classical Navier-Stokes stress and o g is called Korteweg stress that takes
care of possible phase transitions. The Navier-Stokes stress has the form

ons = Mdiva)I + p(Vu + (Vu)?h), (2.1)

where A is the bulk viscosity and p is the shear viscosity, which satisfy > 0, A + 27“ > 0, where
d is the space dimension. The Korteweg tensor is given by

1
oK = <mAp+ 37 !Vp!2> I - (Vp®Vp), (2.2)

where v is a constant which models capillarity effects. The evolution of the model is described
by the isothermal Navier-Stokes-Korteweg equations

pt + div(pu) =0,

(2.3)
(pu); + div(pu @ u) + Vp(p) =dive ys + dive g , 24

in R% x (0,T).

We assume that the local part of the pressure p = p(p) is a non-monotone function of the
density given by a van-der-Waals law. From the density the phase can be directly derived, see
Figure 1. The corresponding Helmholtz free energy density function W (p) is related to the
pressure by

p(p) = pW'(p) = W(p) (2.5)

and has the following properties:
o W € C?((0,b),[0,00)),

e Jaj,az € (0,b) : W’ >0 in (0,a1) U (ag,b), W” <0 in (ay, as),
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Figure 1: Van-der-Waals pressure and free energy density function

o lim, ,, W(p) = oo.

We will denote the Gibbs free energy by g, which is given by g(p) = W'(p).
Smooth solutions of (2.3), (2.4) identically satisfy the entropy inequality, which is given by

(Wo) + Epal? + 2 19l?) +div ((W(p) + LJul + 296 u) (2.6)

+div ((p(p)I —ons —ok)u+7pVp(V - 1))
=—opns: (Vu) <0.

An alternative form of the inequality is derived in [1], [9]. The existence of classical solutions of
(2.3),(2.4) was studied in [12], [17], while weak solutions were investigated in [10], [7].

3 The Euler-Korteweg sharp interface model

Now we describe the phase transition by means of a sharp interface model. In this paper
we treat the case where the capillarity v and the viscosities A and p are of the same small
order. The corresponding sharp interface model is described by the Euler-Korteweg system.
In this context the conservation laws of mass and momentum read in the bulk phases Q7 (t)
= {x € R?: p(t,x) € (0,a1)} and QF(t) :={x € R?: p(t,x) € (az,b)}:

pt +div(pu) = 0, (3.1)
(pu) +div(pu®@u)+Vp = 0. (3.2)

The interface between two adjacent phases QF is described by a moving hypersurface I'(t), i.e. a
sharp interface of zero thickness. Across I'(t) the bulk quantities may have discontinuities. We
are particularly interested in the case that the interface itself is equipped with mass, momentum,
energy and entropy. The jump conditions for these quantities rely on the conservation laws for
mass, momentum and energy and on the entropy inequality across the interface I'. To state
these jump condition we will use the following notation for some quantity ¢ having a jump at
the interface. By 1* we denote the limit at the interface from Q* and we abbreviate

Y+

[W)]] = ¢+ -7, {@ZJ} = 9

For more details of the following equations we refer to [6].



The general forms of conservation of mass and momentum read:

[olu, —w)] = —2L — (dive(ur) — mw, o, 3.3)
[p(uy —wy)(u—w)+pr] = —pr %vtv + divp(or) . (3.4)

The newly introduced quantities are the normal component of the fluid velocity u,, the interfacial
mass density pr, the interfacial velocity w which may be decomposed into normal- and tangential
speed, i.e. w = wit +wy,v and or € R4>(d=1) {5 the surface stress tensor. Each surface point
is equipped with a tangential matrix t and a normal vector v and k denotes the sum of the
principal curvatures.

We consider exclusively isothermal processes at the temperature Ty, and these are guaranteed
by corresponding heat fluxes g , gr in the bulk and on the interface. The conservation of energy
serves to eliminate the heat fluxes in the entropy inequality, which hereafter becomes the relevant
inequality for the isothermal Euler-Korteweg model.

The general form of conservation of energy across the interfaces reads:

1
[t = v+ 3 vt | =

dpr(er + 5|w[*)
_ o _
The internal energy densities of bulk and interface are denoted by pe and prer, respectively.
Finally we give the entropy inequality across the interface. In [1], [9] it is shown that the sharp
interface version of the Navier-Stokes-Korteweg phase field model has entropy fluxes in the bulk
and at the interface that are given by q/Ty and qr /Ty, respectively. In this case the entropy
inequality across the interface reads

qTO”H > —a’g:F = (dive (wr) — mwy)prse — dive(7) (3.6)
where ps is the entropy density of the bulk, and the entropy density of the interface is denoted
by prsr.

Next we multiply the momentum balance (3.4) by w and subtract it from the energy law
(3.5). The result is simplified by means of the jump condition for the mass, leading to the general
form of the jump condition for the internal energy

1
[t = (c+ 24 hu-w?) +a-v] -

_ Oprer
ot
We are interested here in a special case where the constitutive law for the surface stress vector
or has a simple structure:

: 1 :
(divr (wr) = kwy)pr(er + 5|wl*) = dive(gr = w™ or). (3.5)

ar

Hp(uy —wy)s +

— (divp(wy) — kw,)prer — divr(gr) + Ve(w) : o5 . (3.7)

t

The quantity 4r is called surface tension. In this case the jump condition for the internal energy
assumes the special form

1 0 .
Hp(uy —wy) <e + % + §|u — w2> +q- yﬂ = _ p(;:r — (prer — A1) (divp(wy) — kw,) . (3.9)



Finally we multiply the entropy inequality by Ty and subtract it from the jump condition for
the internal energy. There follows the interfacial inequality for the Helmholtz free energy Wr =

prer — Toprsr:

OWr
ot
T oy — ) [[W%p) . wPﬂ oty — w)] {W’<p> e wrz} <0. (3.10)

yr — Wr)(divr (wy) — kwy)

Among the objectives of this study is to deduce the Euler-Korteweg sharp interface model
from the Navier-Stokes-Korteweg phase field model. Note that the sharp interface model must
fit into the setting given here, i.e. we have to recover (3.3), (3.4) and (3.10).

4 Non-dimensionalization
We introduce the following reference quantities ., t,, ur, pr, Dr, tr and v, such that

x=x,x, t=tt, u=uu', p=pp°, p=pp, A=Np, p=pp, v=%7".

Then we may rewrite the Navier-Stokes-Korteweg equations (2.3), (2.4) as

Ty * ok k%
« + div u = 0,
Urtrpt + (p*u”)
truy * ok t%ug sk ok k * tzug * % t2u2 . .
—(p*u*)p + =Ldivi (pfut @ ut) + v = T divielyq+ Cy*divies
Ty (P x2 (p ) x2M? p r2Re NS 7 K

where M denotes the Mach number M= u, Z—:, Re= %ura:r is the Reynolds number and
C= t’z“pifl% the capillarity number.
:I:’V"
There are several possibilities to non-dimensionalize the NSK-system. In the sequel we choose
Ty

up = - and consider for a small parameter € > 0 the following scaling:

M=1, g=¢, C=¢. (4.1)
This leads to
pie +divi(p*u®) = 0, (4.2)
(p*u®)p 4 div*(p*u* @ u*) + V*p* = Adiviealyg + 2y diviel;.
We will call this scaling the capillarity regime. We remark that (4.2),(4.3) is equivalent to
pi +divi(p*u*) = 0, (4.4)
1
uy. + (u* - VHu' + Vig(p*) = EQEdiV*U}‘VS + 2V A*p*. (4.5)
There are further choices that lead to physically meaningful limits. More details can be
found in the introduction.
For simplification we omit the symbol * in the forthcoming considerations. Letting the

parameter € — 0 leads to jump conditions of the corresponding sharp interface model, which we
will deduce in Section 7. Before that, we need some prerequisites for the asymptotic analysis.



5 Inner and outer expansions; matching conditions
We consider the two dimensional case d=2. The position of the phase boundary in the sharp
interface limit is described by a function r(t, s), where s is some coordinate parametrising the

interface. We can calculate normal- and tangent vectors as well as the velocity of the interface
from r.

The tangent vector pointing in counterclockwise direction is given by

o= (200,209

were 7! and 72 denote the components of the vector r in Cartesian coordinates. The inner unit
normal to the interface is given by

1 or? ort 4
v(t,s) = o] (—as(t,s),as(t, s)) .

The mean curvature, which in two space dimensions coincides with the sum of the principal
curvatures, is defined by

7,.17,2 _ T‘l 7,2

K= S S8 88" S = (51)
((r§)? + (r3)%)2

Next we define the interface velocity and its decomposition into tangential and normal compo-
nents by

or
W= o = wt + wyv. (5.2)
We observe that .
J : , ,
<|tt|) =kt and (V)s=-tk, (j=1,2) (5.3)
S

and ) ) . .
- AR AN
o — 0 PP g P o B 5.4
(e’ =0, (t\>g g (m)ﬁ g e (54)

where the index £ in the expressions denotes the time or tangential derivative. Note that in
equation (5.4) and all subsequent calculations we sum over all indices occurring twice.
For some generic quantity v the surface divergence in one dimension is defined by

10
oty = 1)

5.1 Outer setting

We assume the existence of expansions in ¢ for the density and velocity in the bulk phases:

oo oo
u(t,zt, 2% e) = Zeiui(t,xl,xQ), p(t,zt, z%e) = Zeipi(t,xl,:UQ). (5.6)
i=0 1=0



Inserting these expansions into the NSK equations leads to the following equations in the first
two orders: In the O(g°) order:

pot + div(poug) = 0, (5.7)
(ug)¢ + (ug - V)ug + Vg(po) = 0. (5.8)
In the O(e!) order:
p1e+ diV(p1u0 + poul) = 0, (59)
(ul)t + (uo . V)u1 + (U1 . V)llo + V(g/(po)pl) = 0. (5.10)

The conditions at the interface are obtained via matching.

5.2 Inner setting

We assume that the interface I'. defined as
La(t) = {(',0%) € R?: pu(t, 2l a?) = p.} (5.11)

is a C2—hypersurface. We like to mention that this has not to be the case in general for all times
t. The value p, is some point in the elliptic region. The interface I'; is explicitly described by r.,
the inner unit normal v, and the tangential vector t. respectively. A point in the neighborhood
of the interface is represented by

1
< iQ > (1,8,2) =r(T1,8) + ezve (T, 8), (5.12)
where z denotes the distance from the interface in normal direction. The reader may note that
we could have used ¢ instead of 7 in (5.12), but it will become clear in the subsequent analysis
why we want rename the time variable in inner coordinates. The small parameter ¢ is introduced
to zoom in the interfacial region. The representation (5.12) can be used to change variables from
(z',2%) < (s, 2) and without changing the time variable.

Figure 2: Boundary layer region

We suppose a scalar or a Cartesian component of a vector ¢ is defined in inner and outer co-
ordinates, i.e. ¥(t,z!,22) = U(7, s, 2). In the following we denote quantities in inner coordinates



by capital letters in particular R is the density in inner coordinates. The partial derivatives
transform as follows:

% (1+ezk) ‘tl‘Qtl eyl 0 2%
?7’[)2 — (1+82/€) t. ‘2152 5711/62 0 g% +O(€2), (513)
o —(1+ezm)((w)e — exgpti(@)e) —ew)e 1)\ G

%
|tt5‘2 and (w,)e = wivl.

Accordingly to the outer expansion (5.6) we assume the existence of inner expansions in ¢.
In particular we assume

where (w)e. = w

U(r,s, z;¢€) ZEUTSZ R(7,s,z;€) ZERTSZ (5.14)

where U;, R; do not depend on ¢ for all ¢ € Ny. Furthermore we suppose expansions of the
geometric quantity

r(7,s;€) Zs r;(T,s) (5.15)

which induces e—expansions of v, t. and w,.
Particularly we get the following expansions, up to terms of order O(g?):

(wy)e = Véwé +e (y{wé + Véwi) +O(52), (5.16)
N~ N————
=Wy =Wyl
(U)e = UL +e iU+ ViU +0(e%), (5.17)
N —_———
=:Upo =:Up1
tiyUi HUE HBUi iy
U)e = 92040120 92070007 | 071 ) 4 (2 5.18
( t)z’:‘ ‘t0|2 <|t0’2 |t0|4 |t0‘2 ( ) ( )
=:Uo =Upy
bwh Bwh  towhtht]  thwl >
w)e = te —2 n +O(£2), 5.19
(e = Jegp <|t0|2 ol o) T (519
=IWt0 =W
Je = Re((Uy)e — (wp)e) (5.20)
= Ro(Uyo — wl,o) +e (Rl(Ul,o — w,/o) + R()(Uyl — w,,l)) +O(€2). (5.21)
=T — T

With respect to the expansions of the geometric quantities we observe
1= |v|? = v + 2evivi + O(e2),

which implies o o
vk =1, vivi =o. (5.22)

Furthermore we have
0 = tiv} = toug + e(tivgy + tovi) + O(?),



which implies o o o
tovo =1, yyt] +rvity =0. (5.23)
Additionally an easy calculation shows
i

. . t ,
(v5)s = —rotp, (\t0|) = Kolto|vp. (5.24)
01/ s

Using (5.12), (5.14) and (5.15) we get the inner equations by comparing coefficients of different
powers of ¢.

5.3 Matching conditions

Inner- and outer quantities are matched by the usual procedure, see [8] for details. For conve-
nience of the reader we sketch the arguments. Let ¢ and ¥ be any function possessing expansions
like (5.6) and (5.14). Near the interfacial layer we formally equate the two expansions

U(r,s,z;€) = Zei\lfi(v', $,2) = Zaiwi(t,rg(r, ) 4 ezv. (1, 8)) = Y(t, b, 2% ). (5.25)
i=0 =0

Then we expand the right-hand side in a Taylor series yielding

o) N
Z eW,(r,5,2) = Z e'PE(r,5,2) + 5N+1R]j\:,+1, (5.26)
i=0 i=0
where )
L o1d
P> = ———(t,r(1,s) + ezv(T, 5)) (5.27)
il det c=0

and Rﬁ 41 1s a Lagrange remainder evaluated at some small £. We observe that Pf is a polyno-
mial of order i in z with coefficients depending on r and its derivatives and on (2!, 22)-derivatives
of ¥. We will assume that all the (2!, z?)-derivatives of 1) up to order N + 1 are bounded in a
neighborhood of the interface. The polynomials Pf,Pf are valid for z > 0 and z < 0 respec-
tively. Now letting z — 400 with & coupled to z such that ezN*! — 0 but otherwise arbitrary.
Then the remainder term in (5.26) has higher order than all the preceding terms. This fact leads

to the identification of the inner quantities with the Taylor polynomials for z — oo, i.e.
U,(7,5,2) = PE(1,8,2) + 0(1) for z — Fo0. (5.28)
Applying this to the first two orders of the asymptotic expansions shows
Uo(T1,8,2) — wa[(T, ro(7,s)) z — £00, (5.29)
+ . .
y(7,8,2) = »E(1,r0(7,8)) + (%) (1,x0(T,8))(r] (7, s) + 13 (7,5)2) 2z — o0. (5.30)

By differentiating both sides in (5.25) with respect to s,z or 7 we can derive further matching
conditions:

+ , +
Voo~ (5%) (mro(ra)uj(rs) + (%) (nro(rs) z—Loo,  (5.31)
+ .
Wos (22" (rxo(r,9))th(r5) 2o koo, (532)
Vo, — 0 z — Fo0, (5.33)
- :
Uy, — (%) (7,x0(T, 8))3 (T, 5) z — £oo. (5.34)



We will assume that all these limits are attained superlinearly fast.
When we define

war(s,T) = Z>10ir§1_>0 Yo(T,ro(s, 7) + zvo(s, 7)), (5.35)
¢6(57 7_) = z<lOiIzn—>0 1/)0(7', 1‘0(5, T) + ZVO(Sa T))v (536)

we can rewrite (5.31) and (5.32) as

6 Main results

In our considerations we assume that for all relevant quantities there exists an asymptotic
expansion in . In particular we consider solutions of the structure given below:

Definition 1 Let (p-,u.) be a classical solution of (4.4),(4.5) existing in the time interval [0,T")
with inner and outer expansions as in (5.6) and (5.14).
In addition let

0Z(t) = {(2he?) R put, ol 2?) < pu},
QF(t) = {(z' 2% e R?: p(t,x,2%) > pi},
I.(t) = {(z'2?) eR?: p.(t, 2, 2%) = p.},

forte[0,T).
When T. is a C1([0,T), C%(R?))-hypersurface with an asymptotic e-expansion as in (5.15)
we call (po, g, p1,u1) an outer solution if

po,P1 € Cl([oﬁ T>7 CO(Qoi(t))) N CO([()? T)? Cl(Q(:)t(t)))ﬂ )
w,w € C'Y([0,7),C%Q (1) NC°([0,T),C' (O (1))
and (po, g, p1,u1) satisfies
pot +div(poug) = 0, (6.3)
(wo)t + (uo - V)ug + Vg(po) = 0, (6.4)
p1t+div(piug + pou;) = 0, (6.5)
(w)e + (a0 - V)ur + (wr - V)uo + V(g'(po)p1) = 0 (6.6)

When T is a C([0,T), C?(2))-hypersurface with an asymptotic e-expansion as in (5.15) we
call (Ro,Ugp, R1,U;) an inner solution if

Ro,Ry € CYIx0,7),C3R)), (6.7)
Uy, U, € CYIx[0,T),CYR)) (6.8)
6.9)

10



and (Ro, Uy, R1,Uy) satisfies

_wVORO,z+(UuORO)Z = 0, (610)
—wyo(U])s + Uno(U3): + 4 g(Ro): — VR0 = 0, (6.11)

tt :
—wy1 Ry, — wyoR1 , — wioRo s + Ror + ﬁ(RoUé)s + (RUpo + RoU,1). = 0, (6.12)

—w,1 (UF): = woo(U): + (U3)r = wio(U)s + Uunt (UF) + Vo (1) (6.13)

z
J

, , ) 1
""UtO(U(J))s + g(RO)ZV{ + (9/(R0)R1)ZV(]) + Q(RO)Sﬁ — (A +2p) Véﬁo(UVO)zz

1 . . , )
= Mtg]Rio(UtO)zz + 'YV(])Rl,zzz + ’YV{RO,Zzz - ’YKOV(J)RO,zz + ’YioRO,szz-

We call (po,uo, p1,u1, Ry, Ug, R1,U;) a matching solution, when (pg,ug, p1,u1) is an
outer solution, (Ry, Up, R1,U1) is an inner solution and both are linked by the matching condi-
tions (5.29)-(5.34). We call a matching solution admissible, if the mass fluz po(uy,0—wyo) # 0.

Remark 6.1

Equations (6.3)-(6.6) were motivated in Section 5.1. To derive (6.10)-(6.13) we perform the
coordinate change (5.12) in (4.4) and (4.5), which changes the partial derivatives according to
(5.13). Then we insert the expansions (5.14) and compare coefficients of different powers of .

Remark 6.2

The admissibility condition po(uy,0 — wyg) # 0 is due to two reasons. We think that the case of
real phase transitions with non-zero mass flux over the interface is more interesting. Furthermore
the subsequent analysis does not cover the case py(uyo — wyp) = 0.

Now we are well-prepared to state our main results.

Theorem 6.3
If (po, g, p1,u1, Ry, Up, R1,Uy) is an admissible matching solution defined as in Definition 1,
then the following jump conditions up to order O(g?) are fulfilled:

(). = (0))] = —<%E — c(dive(uwe) — mowlpr,  (6.14)
[pe((up)e — (wp)e) (e — we) + plp)ve] = _gprag:o + edivr(or), (6.15)

[ ] - [y
_E/O 3 (U3 - (ug)*)T dz

— 00

ot [ (£)) o

11



where

00 0
pr = / (Ro—pg)dz—/ (Ro — py ) dz+ O(e), (6.17)
0 —00
oo -2 -2 0 J
i Jo 90w YY) 4 / dz) 0o 6.18
or = 0op (/0 <(Ro pg""y 0,z>) Z+ I % |t0‘2+ (e).  (6.18)
Remark 6.4

We want to emphasize that (6.14) and (6.15) recover (3.3) and (3.4) respectively and we will
show in Theorem 6.6 that (6.14) - (6.16) are in agreement with (3.10).

Remark 6.5
The zeroth orders of (6.14) - (6.16) imply that the states p3 are the Maxwell points of the free
energy density function

;2
Wi (p) := W (p) — i-

Theorem 6.6
If (po, g, p1,u1, Ry, Ug, R1,Uy) is an admissible matching solution defined as in Definition 1,
then for € sufficiently small the jump conditions derived in Theorem 6.3 imply the inequality

0 > —e(\+2u)2 /_Z <<;0>>2 dz + O(2) (6.19)
= O = ) v () — ) + Bl )+
et oo + B

Recall that the surface tension ~r is related to the surface stress tensor by (3.8)2. The interface
mass density pr and the surface stress tensor are as in (6.17), (6.18) and the Helmholtz surface
energy density Wr is given by

Wr = /Oo (W(Ro)—W(p§)+1‘jg—1‘j§r+7R§z) dz (6.20)
0 2 Ry 2p0 2 >
0 Y R Y A
o[ (W - w5 - 5 ) o

The inequality (6.19) is identical to the entropy inequality (3.10). Thus the jump conditions
derived in Theorem 6.3 are compatible to the second law of thermodynamics.

Remark 6.7
The inequality (6.19) can be obtained by straightforward but cumbersome calculations using
asymptotic analysis to the entropy inequality in the bulk (see (2.6)), which is derived in [9].
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7 Proof of Theorem 6.3

In the following lemma we will establish the zeroth order of (6.14), (6.15) and (6.16).

Lemma 7.1
If (po, g, p1,u1, Ry, Up, R1,Uy) is an admissible matching solution defined as in Definition 1,
then the following zeroth order jump conditions are satisfied:

[p=((uw)e — (wp)e)ly = 0, (7.1)
[pe((un)e = (wp)e)(ue — we) + plpe)ve], = 0,
[[(ut)a]]o = 0, (7.3)
1/7:\°
"2 <E) + g(pe)ﬂ =0 (7:4)
pe
0
Proof:
The mass flux over the interface is given by j := p(u, — w,). Hence equation (6.10) implies
Jo,» = 0 and therefore we get the jump condition (7.1), i.e.
[71o =0. (7.5)
Multiplying (6.11) with the zeroth order of the tangent vector ty we obtain
Jo
—(Uy), = 0. 7.6
2 (Uil (7.6

Hence, the leading order of the tangent velocity Uy is constant over the interface. Furthermore
to solve (6.10) and (6.11) it is sufficient to substitute U,g = }‘;—% — wyp in (6.11) and to solve
(6.11) times vo which gives

Jo (Jo
— | — Ro), = YRy 222 7.7
Ro <R0>Z+9( 0) Yo, (7.7)

By Proposition 1.2 in the work of Benzoni-Gavage et. al. [4] there exist values pSE satisfying
certain jump conditions which we will state in (7.9) and (7.12) below. Given these states pi
there exists a solution Ry of (7.7) attaining pac as boundary values.

In the sequel we will show that (7.9) and (7.12) are necessary conditions for boundary values
of solutions of (7.7). From (7.7) we infer

1/ J\?
Sl 5% ] T9(Ro) =7Roz+a (7.8)
2 \ Ry

for some ¢; € R. Using the matching conditions (5.29) and (5.33) this implies

(G0 NG A
=y (2) +atom) =5 () +atep) (79)
2 (Po > 0 2 Pa_ 0
Multiplying (7.7) by Ry we get
J
JO (R?)) +p(RO)Z = ’YRORO,zzza (710)

13



which implies
2

J, 1
- +p(R0) =7 RDRO,zz - *(RO,z)2 + co (711)
Ry 2
for some ¢y in R. Applying (5.29) and (5.33) to (7.11) we find

_ o o

- J
co =L +plpy) = =+ +p(pg)- (7.12)
Po Po

Remark 7.2
In Lemma 7.1 we have seen that the tangential velocity is constant over the interface and up to
now we have not chosen a specific parameterization of the interface. So we are free to impose

Ué = wtOt(iJ + Uyoyé, ie. Ut() = WQ- (713)

We want to point out that the admissibility condition from Definition 1 is crucial to establish
the equality of the tangent velocities of the fluid and the interface.

Lemma 7.3
Let (po,ug, p1,u1, Ro, Ug, R1, Uy) be an admissible matching solution and let the operator

L:W3H(R) x WH(R) x WH(R) — LY(R) x L'(R) x L'(R)

be given by
A (A(Uyo — ’U)l,(]) + RoB)Z
L B = ((Uyo - wyo)B + gl(Ro)A - ’yAzz)Z R (7.14)
C (UIJO - wlIO)CZ
then
A fi
L B | =1 f (7.15)
¢ f3
has a solution if and only if
/ fidz=0, (7.16)
/ fadz =0, (7.17)
poo
/ Rofg dz = 0, (7.18)
> Jo
/ S f1+ Rofadz =0, (7.19)
—oo R0

where f1, f2, f3 € L'(R).

14



Proof:
By the Fredholm alternative theorem the system (7.15) is solvable if and only if the right hand
side satisfies

/ f-A+g-B4+h-Cdz=0
—0oQ

for every solution (fl, B, C’)T of the homogeneous problem for the adjoint operator. The adjoint
operator
L* - LOO(R) X LOO(]R) % LOO(R) _ Wﬁg’l(R) % W71,1<R) % Wfl,l(R)

is given by
A (Upo — wug)lez + ¢'(Ro)B. - vB...
L[ B |:= RoA. + (Uvo — wyo) Bz . (7.20)
C ((UVO - w,,o)é')z

In order to determine solvability criteria for (7.15) we have to find all (4, B,C)T € (L*(R))?
satisfying
L*(A,B,C) =0. (7.21)

Considering the homogeneous problem (7.21) it is well known (cf. [11] for example) that all
distributional solutions are already classical solutions. There are five linearly independent solu-
tions of (7.21) in C3(R) x C1(R) x C'(R). We have to determine whether they are elements of
(L (R))*.

The homogeneous problem decouples into one problem for A and B and one for C. The
latter immediately implies due to (5.20) that C has to be some multiple of Ry. The equations
for A and B are more involved. They amount to

%Aﬁg'(z{o)éz—yém = 0 (7.22)
0

Ro[lz + (Uyo — ’wl,(])BZ = 0. (7.23)

We can solve (7.23) for A, which yields

- jo ~
A, =—-45B,. 7.24
Inserting (7.24) in (7.22) we obtain
42 _ B _
—%BZ +¢(Ro)B. —vB... = 0. (7.25)
0

For simplification of notation we introduce a new energy density function and a corresponding
Gibbs free energy function

~ 1 -2 B ~ 1 -2
W(Ro) =W (Ro) = 53, §(Ro) = W(Ro) = g(Ro) + 5 i (7.26)
0

Then (7.25) becomes
7 (Ro)B, — yB... = 0. (7.27)
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We observe that each constant function and B = Ry are solutions of (7.27). So we only have to
find one more linearly independent solution of (7.27). When we define D := B, and E = D,

we get from (7.27) ] ~
@): ( iﬁ’?Rc)) é)(?) (7.28)

As B = Ry is a solution of (7.27), (Ro.., Ro...)" is a solution of (7.28). Due to the d’Alembert

reduction principle we make the following ansatz:

D(z) = ¢(2)Ro.:(2), (7.29)
E(z) = ¢(2)Ro.2(2) +¥(2), (7.30)

where the functions ¢ and 1 are to be determined. Inserting (7.29), (7.30) in (7.28) we get

©:z(2)Ro,2(2) + ¢(2)Ro22(2) = @(2)Roz +1(2), (7.31)
©2(2)Ro,22(2) + 0(2) Ro 222 (2) + 92(2) = ,lygl(RO)‘P(Z)RO,Z(Z)- (7.32)

We can solve (7.31) with respect to ¢,, which gives
v

L, = ) 7.33
%= R (7.33)
Using (7.7) and (7.26) in (7.32) we obtain
(7.33) Ry .»(2)
(2) = —0,(2)Ro »» = _ 2 7.34
() = =) Roe() "2 —u(e) 2 (730
From this we find
w= k
- RO,Z
for k € R and hence by (7.33)
k
= 7.35

We only need one solution F' of (7.27) which is linearly independent of the constant and Ry.
Thus we consider the special case

z 1 3
o) = | Bz

Then F is given as a primitive function of pRy .. We will show F' ¢ L*°(R). To do so it is
sufficient to show
|p(2)Roz(2)| — 00 for |z] — o0, (7.36)

because it directly implies
|F'(2)] — o0 for |z| — oo.

To verify (7.36) we rely on the fact

RO,Z<2)7RO,zz(z) — 0 for ’Z’ — 090,
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which is prescribed by the matching conditions. Given € > 0 there exists K > 0 such that
’R07Z(Z)’ <¢g, ’RO,zz(z)‘ <e for ’Z’ > K.

We consider some pair (z,z) with |z| > K 4+ 1, |z| > K and zZ > 0. Then we have

|Ro,-(2) — Ro (%) = / Ry ..(2)dz| < |z — Zle. (7.37)
Therefore R (2
|Ro.(2)| < 2|Ro.(2)| forall |z—z| < '06(2)’ (< 1).
Next we define z* := z — sgn(Z)M and find
z 1 \? 1 1 J?
zZ)| > — ) dZ| = |z - 2|~ — 7.38
w012 | [ (hg) ==l (7.39)
which implies
P(E)Roa(2)] = 115 — 2] | s | = — (7.39)
p(2)Ro:(2)] 2 712 - 2 Ron(?) =5 .
So for every € > 0 we find some K > 0 such that
1
lo(Z)Ro - (Z)| > = for all |z| > K + 1, (7.40)

which proves (7.36). Hence there are only two linearly independent solutions of (7.27) in L>(R).
Using (7.24) the general solution of the homogeneous problem (7.21) in (L*°(R))3 has the
form

7 Jo
A = ki + ko=

1+ 2R01
B ks + ko Ro, (7.41)
C = kaRy,

for coefficients k1, ks, k3, k4 € R. This gives rise to the solvabilty criteria
ffooo f1 dz = 0, / fg dZ = 0,
[ Rofdz=0, [t Rapdz =0,
—oo 10

Lemma 7.4
Let (po, ug, p1,u1, Ro, Ug, R1, Uy) be an admissible matching solution and let &, ¥, U, € C*°(R)
satisfying

oo\ £
O(z) = pf—i—(afj,z) (r¥ + 20f), (7.42)
Nt g o’ = N L
Uo(z) = (wg) i+ () v+ | 55 | vl +2p), (7.43)

Lt ou? t , t! thtett
Uy(z) = (W) %+ | 5u Oo(rf 4+ ) + () | A5 —220 L) (T4
t() ( 1) |t0’2 oxk ’t0‘2< 1 U) ( 0) |t0|2 |t0’4 ( )
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for z > 1 and z < —1 respectively. Then equation (6.12), (6.13) can be equivalently written as

~R1 fl[R()?Uan)a\Ij]
L U:Vl - fQ[RO)UO)(b7 \I’] ) (745)
Utl f3[R07U07¢)7\Ij]

where L is the operator from Lemma 7.3, Ri=R—®,U,=R—-V,,U; =Uy — ¥, and

1
‘t | (’wto‘to|R0) RO,T + HoRkoo (7.46)

—(@(Uyo — wpo) + Ro(Vy, —wi1)), ,

fl[R(]a UUa ¢7 \IJ] =

1
F(UVO)ZZ - PYK/ORO,ZZ (747)
0

- ((Ul/O - qu)(\I/y - wl/l) + g,(Ro)CI) - 'Y(I)zz)z ,

f2[Ro, Ug, @, V] := —VS(US)T + (A +2p)

and

J ,
folRo, Ug, @, =—(|f°|> (W) = g (0(00) = ¥Ro.2), = (Ui = 0s0) (¥)-. (7.45)

Proof:

We will not consider (6.13) directly but separate it into a normal and a tangential part. The
normal part is given by (6.13) times /] plus (6.10) times v/, i.e.

— w1 (Un0): — woo(Un1)z + (U) 7 + Ut (Uno)- + Uno(Up)2 + (¢'(Ro) Ry ).
= 2O+ 230) )z + 1B ons = oo (7:49)
Rearranging the terms in (7.49) gives
(Uvo — wi0)(Up1 — win) + g'(Ro)R1)

. 1
_Vé(UOJ)T + FO(A + 2,“)([]1/0),% + PYRl,zzz - HOPYRO,zz- (750)

theitl .
0% §

The tangential part of (6.13) is given by (6.13) times % plus (6.10) times % —2-001 T

—wy1(Uto) 2 — wuo (,20‘§> + to ‘Q(UJ) + U1 (Uro):Uno < 0 1)

[tol?

] 1 HUl DUl vl
R R Uy — 170 90707071 L0 0 (Ry). (7.51
+’t ‘29( 0) |t ’29( 0) ( v0 wI/O) <|t0’2 ’t0‘4 |t2 g( 0) ( )
1 Vit 1 A
:MFO(UtO)zz +’Y|t ’2R0zzz +’Y|t0’2 0522"‘7“ ‘QROzzz

Using (7.13) and (5.23) this is equivalent to
tj

UJ
r |2( )r +

(Uvo — wuo)(Un1)= + Ro.szz- (7.52)

1
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By the matching conditions, Ri,U,1,U;; must have the following asymptotic behavior for z —

9o\ £

o) — st () b (753)
\E, I \E, aué - k k

Un(z) — (u))™v] + (u))™ )+ 3ok vy (ry + 21), (7.54)

o oul t : t totots
ﬂ(z) — (ul) |t0\2 + Ok |t0|2(7“1 —I—zuo) + (uo) |t0\2 |t0\4 ( )

Hence, solving (6.12),(6.13) is equivalent to solving

N - 1
<R1(Uy0 — wyo) + RoUu1>z = —W(wtdto!Ro)s — Ror + koRoUyo

- ((I)(UVO - wl/O) + RO(lI]V - wl/l))z s

- - N . . 1
((UI/O - qu)Uul + g/(Ro)R1 - VRI,ZZ)Z = _VS(US)T + (/\ + 2,U) E(Uuo)zz - ’.YHRO,ZZ

- ((UIJO - qu)(\IIV - wyl) + g/(Ro)CI) — ’)/(I)ZZ)Z

and
(Uvo — wo0)(Un1): = — <|tt§)|2> ) - \tz|2 (9(Ro) —YRo,z2), — (Uvo — wu0)(¥¢)2,
with the new boundary conditions
R1(2),U,1(2),Us(z) — 0 for z — oo. (7.56)
[

In the following we deduce the first order jump conditions in Theorem 6.3 by exploiting the
solvabilty conditions from Lemma 7.3.

7.1 O(1) -order terms

7.1.1 Mass balance

Relying on Lemma 7.3 and Lemma 7.4 we can determine the first order of the jump of the mass
flux over the interface.

Lemma 7.5
Let (po,ug, p1,u1, R, Up, R1,Uy) be an admissible matching solution then

[pe((u)e — (wy)e)]; = —ng — (divr(wio) — Kowwo) prs (7.57)
where - 0
pr= | Bo—pydz= [ (Ro—p)dz+0G). (7.58)
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Proof:
From Lemma 7.3 and Lemma 7.4 we know

/ fl[R(),U(),‘I),\I/] dZZO,
where

1
f1[Ro, Up, @, V] = —m(wtdtomo)s — Ry - + rkoRoUvo

- (q)(UVO - qu) + RO(\IJV - wyl))z )

when f; € L'(R). We start with showing that f; € L'(R).
We observe that

. . + . +
t4 A(pouy ; i [ O(pouy ;
(o0a* + < (82310)) tg’“()( (aif0)> s (7.59)

because pg, ug satisfy the mass conservation equation in the bulk. Utilizing wl,oyé + wtotg = wg
equation (7.59) is equivalent to

o (P0NT (O im( *
0 a.’El 0 t0 afL’Z 0 PO,t
dpo\*E ot (Bpou)\T ;s (Olpoud)\ T B
+ (ag’j7’> ’lUO -+ |t0’2 8$] tO + VO agjj I/O = 0 (760)

Using the different forms of the matching conditions implies

dpo\ " t ; - (O(poud) =
o (58) = (), + (0)r + e ()4 (205) =0 (ron)

Due to (5.24) and (7.13) we obtain

i\ £
o) (92 (98) i 4 a0 — oy =0. (7.2
Keeping in mind the definition of fi[Ro, Ug, ®, ¥] (see (7.46)), equation (7.62) implies due to
(5.31), (5.32) and (5.34)
filRo(2), Uo(2), ®(2), ¥(2)] = 0 for |z — oo (7.63)
superlinearly and hence fi[Rg, U, ®, ¥] € L'(R).

Thus we can write (7.16) as

. oo\ o\~ i -
0 = lim [(82:)(;) (Véa—i—r{)(ujo—wyo)—((ag[;) (r] = )a) (uyy — wwo)

a—00

. o (0N (0w
+p1 (U — wwo) — p1 (g — Wo0) + Py i v(vpa +11) = P ) vl —va)

+

i+ wipy + o )+ pf () — gy (ud) A — ()04

a 1
_/ <_|to| (wt0|t0‘)s Ry — R(),T + H()R()U,/Q) dz} .
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Now we would like to decompose the limit into several parts, which have to converge. This can

be achieved by subtracting a times (7.62)* before letting a — oo, i.e.
. dpo * + apO
0 = alggo [ (M) i (ufy — wuo) — B ! ( — wyo)

1)

—wulpar + wy1pg +P(J)r(u ) +P0 (U ) é Po (uo) — Po (Ul) V(J)

+pi

(Ujo — Wyp) — P1 (U — wyo) + Po <

a 1 0
_/0 Ttol (weoltol)s(Ro — pg) — (Ro — pg )= + ko(RoUwo — pg uyly) dz _/

Inserting (10.2) in (7.64) and using
RoUyo — pguty = Rowwo — pg wwo,

we obtain

00 1 1 0
+/ —m (‘t0|wt0)s Ro + — (‘to‘wto)s pa_ + /‘G()RQ’LUVO — Iﬁopa_wy0> dz + /
0

(7.64)

to] L

In view of (3.3) we can identify the surface mass density as

. 0
o= [ B0 p)dzt [ (Ro-pp)de s OE),
0 — 00

which finishes the proof.

7.1.2 Gibbs free energy

(7.65)

We deduce the first order of the jump of the Gibbs free energy over the interface. The proof is

based on Lemma 7.3 and Lemma 7.4.

Lemma 7.6
Let (po,ug, p1,u1, Ro, Ug, R1, Uy) be an admissible matching solution. Then

[; <i>2+g(pe)ﬂl = —/Ooo HEE (%)*)T dz

21
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Proof:
From Lemma 7.3 and Lemma 7.4 we know

/ fz[R()vUOu@a\P] dZ:07
where

o 1
fQ[R07 UO: (1)7 \Il] = _V(J)(U(J))T + ()\ + 2#) FO(UVO)ZZ - ’Y’QORO,zz

- ((UI/O - wl/o)(‘ljl/ - wyl) + gl(Ro)‘I) - 7(1)22)2 ,

when fy € L1(R). We start with showing that f, € L1(R).
As the outer quantities pg, ug satisfy (4.5), we have

\ 4+
o o’ : 9on\ T
A ) + () (32> i+ 90 (5 ) =0 (7.68)

Due to the matching conditions (5.33), (5.34), (5.37) and the assumptions (7.42), (7.43) and
(7.44) on @, ¥, and ¥, we get

uj + +
fa[Ro(2), Ug(2), ®(2), ¥(2)] = —(uLy —wm0) (ggc,g) vk — g (pF) ((‘;’;2) vy (7.69)

Inserting (7.68) in (7.69) we get

J
oy

+
0%’“) v =0 for |z| — oo,

RS, U2 (2096 (s + )+ ot — o)

(7.70)
where the convergence is obtained superlinear, whence fa[Rg, Ug, ®, U] € L!(R).
Due to the matching conditions and (7.42), (7.43) the solvability condition (7.17) is equivalent
to

0 = lim [(ujo — Wyo)Wy1 — (Uyg — Wyo)Wy1 (7.71)

a—00

J

+
—(ujo — wy0) ((ué)ﬂj{ + (u{)+yé + (8:#“) V(J)(T]f + Vé“a))
- N T N R -7 A N PR

+(Uu0_w1/0) (“o) LSt +(U1) Vot Ok Vo(Tl —15a)
P I S R M % - k k 1y —

9 (po)ri —9(pg) Dk (ri +vga) + g (pg )P

oo (Op0\ kg R - ‘1
+9'(pgy) (rf —vpa) — vy (Uy)r dz + (A + 2p) (Uv0)2zdz|.

daF “a ~aRo
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Now we subtract a times (7.68)" and a times (7.68)~ before letting a — oo and obtain

0 = lim [(ujo — Wy0)Wy1 — (Uyy — Wyo)Wy1 (7.72)

N
o T A
—(ufy — wyo) <(U%)+'/{ + (u) T + (W(ﬂ) Vé?"f)
- L o o\
+(uy — wwo) <<ué) v+ (ug) v+ (agﬁ) vérf)
opo\* L _(Opo\
—9' (o)t — 9 (pg) <a§2) -+ 9 (g1 +9’(po)< pO) ry

ok
a . . X 0 1
—/ (U — (u})T)rdz — / cdz+ (N + 2u)/ R—(Uyg)zz dz}.
0 —a —a 100

a

Using (10.5) equation (7.72) means

[ = wor+ae] = = [Th (@ - @) a: @

Inserting U, = é—% + w, in (7.73) yields

[t = wp 0| = = [T (03 - 0dy7) e (1.74)
- / oo 7 (V) = () ™)

7.1.3 Momentum balance

Using the last two solvability conditions from Lemma 7.3 together with Lemma 7.4, we will
determine the first order of the pressure jump over the interface.

Lemma 7.7
Let (po,uo, p1,u1, Ry, Up, R1, U1) be an admissible matching solution. Then

[pe((un)e — (wy)e)(ue — we) —|—p(p5)l/5]]1 = _PF% + divr(or), (7.75)
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where

0o 0
o= [ Fo=pydz= [ (o= pp)az+0G), (7.76)

—0o0

—00

ol = ( /0 N (pl6if) = p(F0) = 5 (Ro2)?) dz+ / 0 ) ;jﬁme). (7.77)

Proof:
From Lemma 7.3 and Lemma 7.4 we have the solvabilty criteria

/ Rofzdz =0, / }%Ofﬁ-RondZZO,
—00 0

where

1

J1[Ro, Ug, @, V] = —m(wtolto\Ro)s — Ror + koRoUvo
- ((E(UVO - qu) + RO(\IJV - wyl))z ;

o 1

f2[R07 U07 (1)7 \I/} = _V(J)(Ué)T + ()\ + 2#) FO(UVO)ZZ - ’Y’K;ORO,ZZ
- ((UVO - wVO)(‘llI/ - wl/l) + g/(RO)(I) - ’Y(I)zz>z s
t) : 1

f3[R0,U0, (I), \II} = - <|t(§)|2> (Ug)‘r - W (g(RO) - 'YRO,ZZ)S - (UVO - wyO)(\I]t)Za

when f1, fa, f3 € L'(R). From the proofs of Lemma 7.5 and Lemma 7.6 we already know that
f1, f2 € L*(R). It remains to show that f3 € L*(R).
By the matching conditions and (7.44) we get

) S\t ) o\ O+ N . 4
fz3— —i 9up wh — o (0u - LIS 99(p0) \ ™ _ (uk) —wy0) — ty [ Ouy vk
[to[? \ Ozk O ol \ o [to[2 \ Oz* O g \ ok ) T

(7.78)

On the other hand, pg, ug satisfy (4.5) in the bulk, such that

g ({ou\" oul\" . (09(p0)\*
w((;;) + ()t (822) +< f;jf) ):o. (7.79)

Inserting (7.79) in (7.78) we get

. N
) ou!
f3— —ﬁ ((Ug)i — g — (ugg — va)V§> (Wg) =0. (7.80)

To obtain a solvability criterion, which has the form of the Young Laplace law, we will deal with
the solvabilty criteria (7.18) and (7.19) simultaneously. As v and tg are linearly independent
equations (7.18) and (7.19) are equivalent to

/ Rofg[Ro,Uo, P, \I/]té + ;TO 1[R0,U0, P, \I/]Vé + Ron[Ro,Uo, P, \I’]Vé dz = 0. (7.81)
oo 0
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As f1, fa2, f3 go to zero superlinearly for |z| — oo, we have

i Rofs[Ro, U, ®, Wit + 22 1y [Ro, Up, @, W' + Rofo[Ro, U, @, )" = 0.
0

~—

Inserting (7.46) - (7.48) in (7.81) yields

(7.82)

0= / [ O v~ (wioltol)sRo — Ror + koRoUpo — | @5 + Ro(¥, —w,1) | )(7.83)
— oo Ro |t0| Ry z
o 1
+R01/ < V(])(Ug)’r + ()\ + 2M)R70<UVO)ZZ - 7H0R0722>
J
R (20, —w0) + o/ (Fa)® 7.,
; J 1 Jo
—ROtO <‘t |2 (Uj) |t |2( (RO) 'YRO,zz)s + R()(\Ilt)z> ] dz.

The terms containing w,; cancel out and using integration by parts, (7.83) becomes

> o1 Jo . ,
0= / |:— J()V(l)i(’wto‘to’)s — fovéR()?T + HoVéJkoo
[to] Ry

—00

. J?
_Va (‘]O\Ijl/ + E%Q + Jo¥, +p,(RO)¢) - 7<¢'ZZRO - (I)zRO,z + qDRO,zz))
0

z

JO J(] 3 JO i 7 7
+R0 (RO) O(I) + (RO>Z V()RU\IIZI - RO(UO)T + ()\ + 2/1)(U1/0)z27/0

Jo . .
—VU, + g(Ro).Pvy — 7Ro 22DV

—ykovy RoRo 2 + VoRo * Ry

)

_ﬁp(Ro) T PRORO Jotg(q/t)z} dz.

We observe that (6.10) and (7.13) imply

Jy . ) ) J
Rf‘;ngoﬁ + Ro(UY)r = (Jovd)r + Ro(wh);  and (RD Ro + (0) Ry = 0.

Using this (7.84) yields

00 1 . . )
0= [ [~ JorbgcgConltoDs = (o), = Rofub)r + rori Aol

—00

. J?
*V(Z) <2JO\IIV + RiOQ(I) +p/(Ro)‘1> - 'Y(q)zzRO - (I)ZRO,Z + (I)RO,zz)>

0 z
. . ti )
+()\+2M)(UVO)ZZV6_’YK'OV(Z]RORO,ZZ_ ‘t |2p(RO) +’Y|t ’2R0ROSZZ JOt%)(‘IJ
Jo [ Jo
P — Ro)s — YR 222 dz.
(B (2) s

We remark that the last line of (7.85) vanishes due to (6.11).
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(7.85)
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Now we will consider some of the terms from (7.85) separately. We start with multiplying
(6.11) with Ry and subtracting (6.10) times w}. We obtain

(ROU,,O(Ug - wg))z - (Row,,o(Ug - wg))z = —ip(Ro)» + viyRoRo -z (7.86)

=0

So there exists D independent of z such that
. . , 1 .
vojoUno = —v5p(Ro) + yvhRoRo,2= — 15 (Ro.2)* + DI (7.87)

With (5.3) we compute

(R)L%_L (R)L{) _(R)L ﬁ (7.88)
PR T T ol P 0l ) T Teol \ Teol ) /
= ()] veon(Ro)
[to] |t0|p ’ . OROPRTHO):
Additionally we observe that due to (6.10)
Dy = (Ro(U] = wq))r = (jovg)- (7.89)
and
j._ 1 J ) = -
Dy := ——([to|wio)s Ro(Uy — wp) = 7— ([tolwio)sjory (7.90)

[tol [tol

are independent of z. Now we insert (7.87) and (7.88) in (7.85) and we end up with

e.¢]
. . . 1 .
0= / [ = D& — D — Ro(uh)r — rowlyy (Ro..)? + oD (7.91)

—0o0

‘ . CJ? . .
— <2J0\I/VV6 + Jg‘l’tté + V6R702(I) + p/(Ro)‘I)Vé — ’YV(Z] ((1317ZZR0 — (I)l,zRO,z + (I)lRO,zz)))
0 z

1 [t t
‘l‘()\ + 2#)(UVO)ZZV8 T <OP(R0)> + ’7702R0R0,szz} dz.
[to \ [tol s ltol
By (7.82) the integrand in (7.91) goes to zero for |z| — oo, i.e.

L\ 4+ = =
. . . . . au] L. ] 8u.7 ’Lt]
0 = —Di— Dj+ roD} — pE(ui)s — 2o (aﬁ) vl — Jo <&Eg> Lt (o

) 4+ + 7
Jo i aPO) ks A (3/)0) o1 ( 1\ to >
— vl =—= 1| v — vl =—) vg— — .
(p(:;:)Q 0 <8.’L’k 0 p(pO) 0 8$k 0 ‘t0| p<p0)|t0’ )
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Using the matching conditions and (7.42)-(7.44) equation (7.91) is equivalent to

0 =

a

lim [ — 2aD} — 2aD} + 2ako D} — / Ro(w}), + %moué(Rogf dz
a—00 _a

+,0 ol i ik i
—2jovy | (u) ] + (u]) " + ) ot + )
. JN—,,J auo Pk .
+2jovg | (up) ™1 + (u ) v |+ ok vy(ri — avy)
: auo + tJ k o [ t’étgt{
—Jjoto ]to\z | 50k \t0|2 (r¥ 4+ avl) + (ub) e 9 o
. ou - k k Ty — tk tktjtj
+ijoth ( ]to\g + (837’2) \t0|2 —avy) + (ug) (\t01|2 _9 &00’41
‘ +
—v <( > ( ( > (r’f 4 ay§)>
i 9po\ "
+v <( > ( (ax2> (ry — GV§)>

@ 1
SZZd
/_a %l ( (R0)|to|> oo |2R°R° J

0

We subtract a times (7.92)" and a times (7.92)~ before letting a — oo which yields:

0

0

oo
= —/ (Ro — pd)(wi)- + %I{()I/(Z)(R07Z)2 dz — / c.dz

0 —0o0
y N N Oué * -

~2jorf ()] + ()t + 50 ) g
o L o o\

2o} ((u@ A+ () g+ (aﬁ) M)
i [ 9\+ duf ’ B o [t Lt

—int? -2

Jotg (ul) Oxk |t0|2T1 + (UO) |t0‘2 ‘t0|4

NN oul\  t! th thel
+j0tz u] -0 4 0 0 Tk + uk — 1 9 001
0 (( 1) |t0‘2 axk ‘t0|2 1 ( 0) |t0‘2 ‘t()|4

7 jg /0 +
—1 T +p(p0)
0

0

—/Ooo|t10’ <(p(Ro)—p(p(T))|2,) Tt PROROszzd —/ oo dz.

— 00
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(7.94)



As explained in the appendix, (7.94) can be written as

[pe((up)e — (wy)e)(ue — we) "‘p(Pa)Va]h (7.95)
. oo 0
= —(wé).r/o (Ro—par)dz—/_ codz

> |1 & 1 t) 0
- [m (pmo)ms—w <p<pg>|tg|)j i [ i

1 ., [>® 1t >
g [ (RoePds =g [ (o

—00 —00

or by (5.3) equivalently

[[pe((ul/)e - (wv)s)(us - We) +p(Ps)V6ﬂ1 (7.96)
. o] 0
= —(wé)T/O (Ro — pg) dz —/_ ...dz

|1 £ 1 £ 0
[ ) - ) -

11 [ [#
<O(RO,Z)Q> dz.

T20t0] S oo \ ol

Because of (7.11) we have

-2

ﬁ - ]73: - PYRORO,zz = p(p(:)t) _p(RO) - lez
Ry py 2"

Inserting this into (7.96) we can, in view of (3.4), identify the surface stress vector or as

([ (BB ’ by o
or =0y = ; (R—O = + ’YRo,z) dz + .. dz Tto? + O(e). (7.97)
0

—0o0

8 Proof of Theorem 6.6

Now we will establish Theorem 6.6.

Proof:
To prove the theorem we will compute the first non-vanishing order of

it { o) + B gy o + ] 1)

by the jump conditions in Theorem 6.3.
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As we see from (6.14) and (6.15) there are no O(1) contributions in the jump terms in (8.1),
so the leading order terms are of O(eg). They are given as products of the order O(e)-terms in
the jumps and the order O(1)-terms in the mean values, i.e. the leading order of (8.1) is given
by

[ug — wol|?

u. — w2
) = )y {7 o)+ P20 om0 + 25| 52

By (7.13) we have uyy = wyo such that ug) — w% = (upo — w,,g)yg, whence

lug — wo|? = (uy0 — w,0)% and (uf) - wg)u{ = (upo — w,0)uy. (8.3)

Hence, (8.2) equals

It (w)e = () {7 on) + 0 G = ) [y + L (]
54
Now we use (6.14) and (6.15) to get an equality
(). = ()], {9 + P2 0L 5)
Honlua = wiol} [0+ L]
=i ([TR - ) @+ [ (- i), )
(o) + ) [ o= et (o) + ) [ o -
(g Gl =) (st + 5285 ) [0 o
(g Cato, = soweo) (st0) + 57255 ) [ o= iy
o [ ((R))
To simplify the notation wo define
At = i | T (U - ) e (st + 2(221)2) / (R p2), dz, (86)
B = % <‘j| (Itolwio), — /‘éowu0> <g<p3:> ¥ 2(/{(;1)2) / - ) d= (8.7

We will first deal with A*. Due to (5.4) there exists ¢ € R, which is independent of z as v and
to are independent of z, such that

(Vé)T = Ct%'
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Therefore we get

:too . +oo +oo | ) )

/ (U] (u )i) dz:/ (Uso — (uno)*) . dz—/ W) (Ug—(ug)i) dz (8.8)

0 T 0 0

= [ - ), dme [ (d0 - ) oz
0
:I:oo
76)/ (Uvo — wro), — (u + - wyp)_) dz.

Using (7.9) yields

+o0
/0 (Ro — pa—L)T dz (8.9)

Inserting (8.8) and (8.9) in (8.6) implies

+ oo jO jO
0 RO T pf)t T
+oo j2 n j(]
:F/ (g(Ro) — 7Ry, ) Ror — (g(p )+ )(p )7 dz
; 2R2 O 2(pp)2)
+oo ]0 T +oo
= — — — — T dz £ R zzR Td .
¢/0 (W(Ro) W (p5) + >Ry 2p0> £y ) 0,22 4t0,r 42
We observe - o /1
/ RO,zzRO,T = _/ (2 (RO,Z)z) dZ,
whence (8.10) implies
At 4 A = —/ W (Ro) — W(pg )+———+7R dz (8.11)
0 2
— — 2 R dz.
[ (- wion) s sp - i Jm) o

This finishes our calculations for A and we turn to BT.
First we observe that due to (7.9)

j2 Foo
(o8 55z) [ (o= (5.12)

+oo ~2 2
Ro R R + Jo +
- z2Z - d
/0 <g( )+ 2R2 S > ’ (g<p0 ) 2(P§)2> Po

+oo -2
Jo ol aEY £ _ Jo_
/0 ( (Fo) + W(Ro) + 5o — vHoloz= — p(py) = Wipp) 2@;) dz.
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From (7.11) and (7.12) we already know

+ R
Ro) — — YRoRy.. = -0 4 J0 7
p( 0) p(pO) YLV L10, 22 RO + p(:)t 9 0

Inserting (8.12) and (8.13) in (8.7) we find
B* + B~

1 > + i i Y p2
= — o ([tolwio) ; — Kowwo ; W(Ro) =Wilpy) = 5+ =5 — 5B5. | dz

1 0 N T R
~ el (Ito|wio), — Kowwo W(Ro) —Wipy) = s+ == — 5 R, | dz.

o0

Plugging (8.11) and (8.14) in (8.5) we get

Hpé((uu)a - (wl,)s)]]l {W’(po) + |110—VVO}

5 (8.15)
u. — we|?
ol (o — w0} [0 +
1
* + ](2) .7(2) Y p2
- - W (Ro) —Wi(p)+ =2 - L0 Tp2 ) 4
0 js 36 e
- W(Ro) — W(pg)+ 20 — 20 Ip2 ) g
1 0 j2 j2 7y
— t — ¥ _ +y_ J0 , JO _ p2 d
(i e, = mamn ) [ (W00) = W) — o B = s )
1 0 N R
By —r — kow, - S N[ d
(i et = ramn) [~ (W)~ Wio5) = s+ S~ )
0o 1 2
— (A +2u)52 — dz.
( * M)jo /—oo <<R0>z> :
Recalling equation (3.10) and definitions (6.17), (6.18) we can identify Wt as
0 1 j2 1 j2 v
Wr = W)+ 20 2 I TRz )y
T /0 <W(R0) W(po ) + 2 Ry QP(T + 2R07Z z
0 i 145 v
—Wipy) + =22 - 2 4 LR ) 4z
+/Oo <W(RO) (po) + 3Ry g, + 2R0,z> z
and obtain the assertion of Theorem 6.6. |

9 Kinetic relation

We will show that the leading order jump conditions stated in Theorem 6.3 consist of the two
conservation laws for mass and momentum and in addition of a kinetic relation. In particular,

when the direction of the mass flux is given, the normal velocity of the interface is determined
by the state on one side of the interface.
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Lemma 9.1
Let pg,pa,ujo,u,jo,u:[),u%,wyo satisfy the jump conditions from Lemma 7.1, such that p, &
[a, B], where «, B are the Maxwell points of W, and the equal area construction

1

0= [ stm)a (o) + oo | | (9.1)

Po
is possible. If py , u,, uy, and the sign of jo are specified, then pg , ujo, u;'[), wyg are determined.
Proof:

Due to (7.3) we know wuj equals uy. Using (7.2) we get the following expression for the mass
flux

(9.2)

Inserting (9.2) in (7.4) we find

lo(po)] = 572 "(1)]] ) (> _ (1”3)2 = [p(po)] {1} o 93)

This is equivalent to

From equation (2.5) we conclude

o (o000 = 220) — ). (9.5
PO

Inserting (9.5) in (9.4) we obtain

0= / pona (o) + totot ||| (9.6)

0]

Note that (9.6) is an equal area rule which determines pg. Then (9.2) prescribes jo which we
can, in turn, use to obtain w,o and u}, from (7.1). [

As shown in [5] the kinetic relation derived in Lemma 9.1 guarantees the solvabilty of the
free boundary value problem for pg, up. Hence, when we want to determine pf, ujl, Ut+1 and wyq
from p; ,u,; and u;;, we can assume that we can, at least numerically, calculate pg, ug and wy.
Furthermore Ry and Uy are traveling wave solutions of the non-viscous problem. Their phase

portraits can be found in [4].

For the following lemma we assume that we have solved, at least numerically, the inner and
outer problem of zeroth order. Hence, we know the right hand side of the first order jump
conditions in Theorem 6.3.

Lemma 9.2
Let pf, P1 ujl, U, utﬁ, Uy, Wy satisfy the first order of the jump conditions in Theorem 6.3.
If p1, u,,;, uy are given and jo # 0, then pf, ujl, ujl, w,1 are determined.
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Proof:
We start by determining u;;. We multiply (7.75) by to and obtain

Jou = hi, (9.7)

where h; comprises terms depending only on p;, u,;, u;; and terms of zeroth order and their
derivatives. As jo # 0 equation (9.7) prescribes the value of ujl To determine pf, ujl, Wy1
we consider (7.57), (7.66) and (7.75) times vo. We obtain a system of linear equations for
pf, ujl, w,1 which reads

o pe —Pg o N
an o _do o do P1 2
g2(p0 ) g _ﬁ + E ujl — h3 ) (98)
. ] y h
(&) +pes) 200 0 o !
=:A
where ha, ..., hs only contain terms depending on p; , u,,;, u;;, terms of zeroth order and their
derivatives and r1. An easy calculation shows
. .2 .
Jo . 4+ -2 1+ Jo Jo + —\2 op + [p(po)]
det A= (p = g2 (o 0) - 225 ) = =Bt = ) (- ) +
Po (05)2)  po(pg)? ) (p%) [[pioﬂ

The last expression vanishes if and only if the tangent at pg and the secant connecting par to
py coincide. However this is not possible due to the equal area rule (9.1).

Thus we have a relation w,(r1) such that we end up with an ODE to determine the interface
position up to the first order. |
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10 Appendix: List of the c-expansions of the jump brackets

In this section we provide identities for the first two orders of the jump brackets of mass, Gibbs
free energy and pressure.
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10.1 Mass flux
[p=((uy)e — (wu)s)ﬂo = [PO(UVO - qu)] (10.1)

.
A R ) R [T (102

J’_
i (ui(u@)* o) o (o2 ) ot - vfug - uéwi>

10.1.1 Explanation of (10.1) and (10.2)

We have
[pe((un)e = (wp)e)] (10.3)
= zjé)gl>0 pe(re + 2ve) (Viul(re + 2ve) — viwl) — Z_}%){rzl<0 pe(re + 2v2) (Viul(re + 2v2) — Viwl) .

To determine the first orders of the jump we will look at the e—expansion

pe(re + 2v¢) (Véué(rg +zv.) — ngé)
= polro + zv0) (Vjul(ro + 2v0) — Yjw})
9 . o
—l—e’:‘[ <p1 (ro + z1p) + <8Z’2> (ro + zv0)(rf + zuf)) (vgug(ro + zv0) — Vo)

7

. . . /O
+po(ro + zvg) (Vfué(ro + zvo) + vyui(ro + 2vg) + 1 ( ) (ro + zvo)(rf + 20F)

gy
ozk

—l/{'wé — Véwiﬂ + 0(82)

which shows (10.1) and (10.2).
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10.2 Balance of Gibbs free energy

[5(e = 12+ o] = [[Fmo— w0+ aton)| (10.9)
[500) = @22 + 00| = (s~ wanhia + (i = g (10.5)
1

J

+
j i ; ; ou ,
+(uy = ww0) <(U6)+V{ + (uf) g + ((%2) V(])rlf>
- N Y N AN
—(uy0 — wwo) | (ug) ™17 + (u1) 1 + ook | Yo
o +
+9'(pg o +9'(py) <8p2> rk

_ dpo
—9'(po)pr — 9 (pg) < axk) r
The derivation of (10.4) and (10.5) is analogous to the derivation of (10.1) and (10.2).

10.3 Momentum balance

[pe((un)e — (wy)e) (e — we) + p(pe)velly = [po(uvo) — wio) (o — wo) + p(po)vol (10.6)
[pe((us)e — (wy)e)(ue — We) + p(pe)velly (10.7)

= 2j01/8 <( ) +( < > )
~2jov ((u%)‘v{ ()" ( ) )
—l—]oto( | |’Co|2 (gﬁ) “?0|2 T+ )" <|tt1|2 _2t|litji{>>
_jot()( ' W (2;‘2)_,%2 o+ (uf)” (@—zfﬁtjﬁp
+V6< JJ? ot ) ( (8,00) r1>

O
() o+ (22) )

The derivation of (10.6) and (10.7) is analogous to the derivation of (10.1) and (10.2).
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