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Abstract

We consider the non-relativistic Hartree model in the gravitational case, i.e. with
attractive Coulomb-Newton interaction. For a given mass M > 0, we construct
stationary states with non-zero temperature 7' by minimizing the corresponding
free energy functional. It is proved that minimizers exist if and only if the temper-
ature of the system is below a certain threshold 7* > 0 (possibly infinite), which
itself depends on the specific choice of the entropy functional. We also investi-
gate whether the corresponding minimizers are mixed or pure quantum states
and characterize a critical temperature 7, € (0,7*) above which mixed states
appear.

1 Introduction

In this paper we investigate the non-relativistic gravitational Hartree system with tem-
perature. This model can be seen as a mean-field description of a system of self-
gravitating quantum particles. It is used in astrophysics to describe so-called Boson
stars. In the present work, we are particularly interested in thermal effects, i.e. (quali-
tative) differences to the zero temperature case.

A physical state of the system will be represented by a density matrix operator p €
S1(L*(R?)), i.e. a positive self-adjoint trace class operator acting on L?(R3;C). Such
an operator p can be decomposed as

p =Y Al (1)
jeN

with an associated sequence of eigenvalues (4;) jen € o, A; >0, usually called oc-
cupation numbers, and a corresponding sequence of eigenfunction (y;) jen, forming
a complete orthonormal basis of L?(R?), cf. [33]. By evaluating the kernel p(x,y) on
its diagonal, we obtain the corresponding particle density

np(x) = %M w;(x)|* € LL(RY) .
je

In the following we shall assume that

/ np(x)dx =M, 2)
R3



for a given total mass M > 0. We assume that the particles interact solely via gravita-
tional forces. The corresponding Hartree energy of the system is then given by

1
6Pl = &kinlp] = Gpatlp] = tr(=Ap) — Su(Vpp) ,
where V), denotes the self-consistent potential

1
and ‘s’ is the usual convolution w.r.t. x € R3. Using the decomposition (1) for p, the
Hartree energy can be rewritten as

,1/ V()2 dx // WS IS
Z | ll/] ’ R3xR3 |X y‘ y .

jeN

To take into account thermal effects, we consider the associated free energy func-
tional

Frlp] = éulp] =T Z[p] (3)
where T > 0 denotes the temperature and . |p] is the entropy functional

Zlpl:=—up(p).

The entropy generating function B is assumed to be convex, of class C! and will satisfy
some additional properties to be prescribed later on. The purpose of this paper is to
investigate the existence of minimizers for % with fixed mass M > 0 and temperature
T > 0 and study their qualitative properties. These minimizers, often called ground
states, can be interpreted as stationary states for the time-dependent system

i P0) = [Hpp,p@)]. p(0)=pin. (4)
Here [A, B] = A B — BA denotes the usual commutator and H,, is the mean-field Hamil-
tonian operator

1
Using again the decomposition (1), this can equivalently be rewritten as a system
of (at most) countably many Schrédinger equations coupled through the mean field
potential Vj,:

{i@%+A%+Vm@%=OyjeN, o

—AVp = 47ij€N)“j |ll/j<t7x)|2'

This system is a generalization of the gravitational Hartree equation (also known as
the Schrédinger-Newton model, see [5]) to the case of mixed states. Notice that it
reduces to a finite system as soon as only a finite number of A; are non-zero. In such
a case, p is a finite rank operator.



Establishing the existence of stationary solutions to nonlinear Schrédinger models by
means of variational methods is a classical idea, cf. for instance [15]. A particular
advantage of such an approach is that in most cases one can directly deduce orbital
stability of the stationary solution w.r.t. the dynamics of (4) or, equivalently, (6). In the
case of repulsive self-consistent interactions, describing e.g. electrons, this has been
successfully carried out in [6, 7, 8, 24]. In addition, existence of stationary solutions in
the repulsive case has been obtained in [23, 25, 26, 27] using convexity properties of
the corresponding energy functional.

In sharp contrast to the repulsive case, the gravitational Hartree system of stellar dy-
namics, does not admit a convex energy and thus a more detailed study of minimizing
sequences is required. To this end, we first note that at zero temperature, i.e. T = 0,
the free energy .Zr[p| reduces to the gravitational Hartree energy &y[p]. For this
model, existence of the corresponding zero temperature ground states has been stud-
ied in [14, 17, 19] and, more recently, in [5]. Most of these works rely on the so-called
concentration-compactness method introduced by Lions in [18]. According to [14], it
is known that for T = 0 the minimum of the Hartree energy is uniquely achieved by an
appropriately normalized pure state, i.e. a rank one density matrix po = M |yp) (o
The concentration-compactness method has later been adapted to the setting of den-
sity matrices, see for instance [13] for a recent paper written this framework, in which
the authors study a semi-relativistic model of Hartree-Fock type at zero temperature.

Remark 1.1. In the classical kinetic theory of self-gravitating systems, a variational ap-
proach based on the so-called Casimir functionals has been repeatedly used to prove
existence and orbital stability of stationary states of relativistic and non-relativistic
Vlasov-Poisson models: see for instance [34, 35, 36, 28, 29, 32, 9, 30, 31]. These
functionals can be regarded as the classical counterpart of .%7[p] and such an anal-
ogy between classical and quantum mechanics has already been used in [24, 7, 8, 6].

In view of the quoted results, the purpose of this paper can be summarized as fol-
lows: First, we shall prove the existence of minimizers for .%7, extending the results
of [14, 17, 19, 5] to the case of non-zero temperature. As we shall see, a threshold
in temperature arises due to the competition between the Hartree energy and the
entropy term and we find that minimizers of .% exist only below a certain maximal
temperature T* > 0, which depends on the specific form of the entropy generating
function B. One should note that, by using the scaling properties of the system, the
notion of a maximal temperature for a given mass M can be rephrased into a cor-
responding threshold for the mass at a given, fixed temperature 7. Such a critical
mass, however, has to be clearly distinguished from the well-known Chandrasekhar
mass threshold in semi-relativistic models, cf. [16, 11, 13]. Moreover, depending on
the choice of B, it could happen that T* = +<, in which case minimizers of .%; would
exist even if the temperature is taken arbitrarily large. In a second step, we shall also
study the qualitative properties of the ground states with respect to the temperature
T €[0,T%). In particular, we will prove that there exists a certain critical temperature
T, > 0, above which minimizers correspond to mixed quantum states, i.e. density ma-
trix operators with rank higher than one. If T < T, minimizers are pure states, as in

3



the zero temperature model.

In order to make these statements mathematically precise, we introduce
9= {p AR - L*(R%) : p>0,pe6y, \/—_Ap\/—_A€61}
and consider the norm
Ipllg :=trp +tr (V—Ap V—A) .

The set $ can be interpreted as the cone of nonnegative density matrix operators with
finite energy. Using the decomposition (1), if p € $, we obtain that y; € H'(R?) for all
j € N such that A; > 0. Taking into account the mass constraint (2) we define the set
of physical states by

Sv={pehH :up=M}.
We denote the infimum of the free energy functional .77, defined in (3), by

iM,T = inf fT[p] . (7)
PEHM

The set of minimizers will be denoted by 9ty C $Hy. As we shall see in the next
section, iy 7 < 0 if My # 0. This however can be guaranteed only below a certain
maximal temperature T* = T*(M) given by

T*(M) :=sup{T >0 : iy <0}. (8)

This maximal temperature T* will depend on the choice of the entropy generating
function B for which we impose the following assumptions:

(B1) B is strictly convex and of class C' on [0, ),

(B2) B> 00n [0,1] and B(0) = B'(0) =,

(B3) SUPme(0,50) ~B(m)

A typical example for the function 3 reads

B(s)=s", pe(1,3].

Such a power law nonlinearity is of common use in the classical kinetic theory of
self-gravitating systems known as polytropic gases. One of the main features of such
models is to give rise to orbitally stable stationary states with compact support, cf. [10,
29, 30, 34, 35, 36], clearly a desirable feature when modeling stars. We shall prove
in Section 6, that 7™ is finite if p is not too large. The limiting case as p approaches 1
corresponds to B(s) = s Ins but in that case the free energy functional is not bounded
from below, see [21] for a discussion in the Coulomb repulsive case, which can easily
be adapted to our setting.



Up to now, we have made no distinction between pure states, corresponding density
matrix operators with rank one, and mixed states, corresponding to operators with fi-
nite or infinite rank. In [14] Lieb has proved that for T = 0 minimizers are pure states.
As we shall see, this is also the case when T is positive but small and as a conse-
quence we have: iy 7 =iy 0+ T B(M). Let us define

T.(M) :=max{T >0 : iyr =imo+TB(M)V1€(0,T]}. (9)
With these definitions in hand, we are now in the position to state our main result.

Theorem 1.1. Let M > 0 and assume that (B 1)—(B3) hold. Then, the maximal tem-
perature T* defined in (8) is positive, possibly infinite, and the following properties
hold:

(i) ForallT < T*, there exists a density operator p € Hy such that Zr[p] = iu,r.
Moreover p solves the self-consistent equation

p=(B)"((u—Hp)/T)

where H,, is the mean-field Hamiltonian defined in (5) and pu < 0 denotes the
Lagrange multiplier associated to the mass constraint.

(i) The set of all minimizers 9y; C $Hy IS orbitally stable under the dynamics of (4).

(iii) The critical temperature T. defined in (9) is finite and a minimizer p € My is a
pure state if and only if T € [0,T,].

(iv) If, in addition, B(s) = s with p € (1,7/5), then T* < 0.

The proof of this theorem will be a consequence of several more detailed results. We
shall mostly rely on the concentration-compactness method, adapted to the frame-
work of trace class operators. Our approach is therefore similar to the one of [6] and
[13], with differences due, respectively, to the sign of the interaction potential and to
non-zero temperature effects. Uniqueness of minimizers (up to translations and rota-
tions) is an open question for T > T.. For T € [0,T.], the problem is reduced to the
pure state case, for which uniqueness has been proved in [14] (also see [12]).

This paper is organized as follows: In Section 2 we collect several basic properties
of the free energy. In particular we establish the existence of a maximal temperature
T* > 0 and derive the self-consistent equation for p € ). In Section 3, we derive
an important a priori inequality for minimizers, the so-called binding inequality, which
is henceforth used in proving the existence of minimizers in Section 4. Having done
that, we shall prove in Section 5 that minimizers are mixed states for T > T, and
we shall also characterize 7. in terms of the eigenvalue problem associated to the
case T = 0. In Section 6, we shall prove that T* is indeed finite in the polytropic
case, provided p < 7/5 and furthermore establish some qualitative properties of the
minimizers as T — T* < 4. Finally, Section 7 is devoted to some remarks on the
sign of the Lagrange multiplier associated to the mass constraint and related open
questions.



2 Basic properties of the free energy

2.1 Boundedness from below and splitting property

As a preliminary step, we observe that the functional .% introduced in (3) is well
defined and iy, 7 > —oo.

Lemma 2.1. Assume that (8 1)—(B2) hold. The free energy .7 is well-defined on $;
and iy is bounded from below. If Zr[p) is finite, then | /iy is bounded in H'(R3).

Proof. In order to establish a bound from below, we shall first show that the potential
energy &épot[p] can be bounded in terms of the kinetic energy. To this end, note that

for every p € $ we have
3/2 1/2
SpotlP] < Cllnp 1217 |Imp |14

by the Hardy-Littlewood-Sobolev inequality. Next, by Sobolev’'s embedding, we know
that ||n,|| 3 is controlled by ||V, /7, ||12ﬂ which, using the decomposition (1), is bounded
by tr(—Ap). Hence we can conclude that

Gotlp] < Clnp 217 tw(~Ap)'/2 (10)

for some generic positive constant C. By conservation of mass, the free energy is
therefore bounded from below on $,; according to

1
Frlp] > tr(—Ap) —CM/? tr(—Ap)'/? > -2 2 M3
uniformly w.rt. p € %, thus establishing a lower bound on iy 7. For the entropy
term .“[p] = —trB(p) we observe that, since B is convex and B(0) = 0, it holds
0<B(p)<BM)pforallpc$HhandB(p) € S, provided p € S;. Hence, all quantities
involved in the definition of .%r are well-defined and bounded on ;. O
Throughout this work, we shall use smooth cut-off functions defined as follows. Let

x be a fixed smooth function on R with values in [0,1] such that, for any x € R,
x(x)=1if |x| < 1and x(x) =0if |x| > 2. For any R > 0, we define g and &g by

xr(x)=x(x/R) and &gr(x)=+/1—x(x/R)? VxeR>. (11)

The motivation for introducing such cut-off functions is that, for any u € H'(R?) and
any potential V, we have the identities

[ uPar= [ euP s [ &eulax
R3 R3 R3
and /V|u|2dx:/ V|xRu|2dx+/ V |Egul?dx
R3 R3 R3



and the IMS truncation identity

| VOmu)Pas+ [ VEawPae= [ [VuPdx— [ uP V- (Vxe+ V) dr. (12)
R3 R3 R3 R3 ~— z
=0(R72) aS R—eo

A first application of this truncation method is given by the following splitting lemma.

Lemma 2.2. For p € $Hy, we define pl(;) = Xr P Xr and p,(f) = Egrp Eg. Then it holds:

L1+ 705> o] and  Ganlpy] + Einloy] < Ginlp] + O(R™2)
as R — +oo.
Proof. The assertion for &k, [p] is a straightforward consequence of (12), namely
tr(—ApY) +tr(—ApP) = tr(~Ap) + O(R™2) asR — +oo.

For the entropy term, we can use the Brown-Kosaki inequality (cf. [2]) as in [6, Lemma
3.4] to obtain

wB(py) +up(py’) <up(p).

2.2 Sub-additivity and maximal temperature

In order to proceed further, we need to study the dependence of iy 1 with respect
to M and T and prove that the maximal temperature T* as defined in (8) is in fact
positive. To this end, we rely on the translation invariance of the model. For a given
y € R3, denote by 1, : L2(R?) — L*(IR3) the translation operator given by

(1) =f(-—y) VfeLl*(R%).

Proposition 2.3. Let iy 1 be given by (7) and assume that (B 1)—(B2) hold. Then the
following properties hold:

(i) As a function of M, iy 1 is non-positive and sub-additive: for any M > 0, m €
(0,M) and T > 0, we have

iMT < iM-mT +inT <0.

(i) The function iy 1 is @ non-increasing function of M and a non-decreasing func-
tion of T. Forany T >0, we have iy r <0 ifandonly if T <T*.



(iii) For any M >0, T*(M) > 0 is positive, possibly infinite. As a function of M it is
increasing and satisfies

3

T*(M)> max —— l|itol.
~o<m<M B(m)

As a consequence, T* >0 and T*(M) = +oo for any M > 0 iflim,_o, B(s)/s> =

0.

Proof. We start with the proof of the sub-additivity inequality. Consider two states
p € Hy—mand o € 9, such that Fr(p| <iy—mr+€and Fr[c] <i,r+e€. By density
of finite rank operators in $) and of smooth compactly supported functions in L?, we
can assume that ,
p= lejllllj)(ll/ﬂ :

=
with smooth eigenfunctions (Wj>§:1 having compact support in a ball B(0,R) C R3, for
some J € N. After approximating o analogously, we define oge := 73, O T3ge, Where
e € S? C R3is a fixed unit vector and 7 is the translation operator defined above. Note
that we have p oge = Orep = 0, hence p + oge € Hy and trB(p + oge) = trB(p) +
tr B(Oge). Thus we have

imr < Frlp+0rel = Frip]+ Fr(c]|+O(1/R) <iv—mr +imr+26€,

where the O(1/R) term has in fact negative sign so that we can simply drop it. Taking
the limit € — 0 yields the desired inequality.

Next, consider a minimizer p of &y subject to trp = M. It is given by an appropriate
rescaling of the pure state obtained in [14]. For an arbitrary A € (0,), let (U, f)(x) :=
A32f(2x) and observe that p, := Uj pUj € Hu. As a function of 4, the Hartree

energy &ulps] = A2 &inlp] — A Epoi[p] has a minimum for some A > 0. Computing
L 6ulpa] =0, we infer that A = &i[p]/(2 kinlp]) and moreover

1 (gpot[P])2
4 &inlp]

As a consequence, we have iy o = M3 i1,0 and

im0 = éulp] =

M3
B (M)

Frlp] = iwo+TB(M) = B(M) (T— w) > ivr (13)

thus proving that iy, 7 < 0 for T small enough.

Since f is non-negative function on [0,0), the map T +— %7 [p] is increasing. By taking
the infimum over all admissible p € $s, we infer that 7 — iy 7 is non-decreasing. The
function M — iy 7 is non-increasing as a consequence of the sub-additivity property.
As a consequence, T*(M) is a non-decreasing function of M, such that

T*(M) > lim T*(M).
(M) = lim T7(M)

8



By the sub-additivity inequality and (13), we obtain

M3 Mo
i <niynr <np(¥)T - ~ linol =np () (T— B () |11,0|>

for any n € N*. Since lim,_., B(s)/s = 0, we find that iy, 7 < 0 by passing to the limit
as n — oo. In the particular case lim,_¢, (s)/s* = 0, we conclude that 7*(M) = +oo
for any M > 0. Similarly, using again the sub-additivity inequality and (13), we infer

3

ivr < imr < B(m) (T— % |i170|> Vme (0,M],

which provides the lower bound on 7*(M) in assertion (iii). By definition of 7%(M), we
also know that iy 7 is negative for any T' < T*(M). From the monotonicity of T — iy 7,
we obtain that iy, 7 =0if T > T* and T < . Because of the estimate iy, r < iy 1, +
(T —To) B(M) for any T > Tp, we also find that iy 7+ = 0 if T* < co. O

2.3 Euler-Lagrange equations and Lagrange multipliers

As in [8, 6], we obtain the following characterization of p € 91y,.

Proposition 2.4. Let M >0, T € (0,7*(M)] and assume that (3 1)—-(B2) hold. Con-
sider a density matrix operator p € $y; which minimizes .%r. Then p is such that

tu(Vpp) =4u(-Ap) (14)
and satisfies the self-consistent equation
p=(B")""((u—Hp)/T), (15)

where H,, is the mean-field Hamiltonian defined in (5) and u < 0 denotes the Lagrange
multiplier associated to the mass constraint trp = M. Explicitly, 1 is given by

p= -t ((Hy +TB'(p)p) (16)

Proof. Let p € My, be a minimizer of .#r. Consider the decomposition given by (1). If
we denote by p; the density operator in $j, given by

pr =27 Y Al (A)) (2]

jEN

then, as in the proof of Proposition 2.3, we find that &u[p;] = A2 &kinlp] — A Spot[P]
while .Z[p,] = Z|[p] for any A > 0. Hence the condition ﬁcf’H[p,l]le = 0 exactly
amounts to &pot[p] = 2 bkin[p]. Next, let o € Hy. Then (1 —t)p +1 0 € Hy and

t— Frl(l1—t)p+to]

9



has a minimum at r = 0. Computing its derivative at r = 0 and arguing by contradiction
implies that p also solves the linearized problem

inf tr((Hp+TB'(p))(c—p)) -

oENY

Computing the corresponding Euler-Lagrange equations shows that the minimizer of
this problem is p = (B’)~! ((u —Hp)/T) where p denotes the Lagrange multiplier
associated to the constraint trp = M. Since the essential spectrum of Hj, is [0,0), we
also get that u < 0 since p is trace class and (8’)~! > 0 on (0,). O

Using the decomposition (1) we can rewrite the stationary Hartree model in terms of
(at most) countably many eigenvalue problems coupled through a nonlinear Poisson
equation

—AV, = 4 Y jenAj )7,
where (1) jeny € R denotes the sequence of the eigenvalues of H, and (y;, Wi),2 =

0, k- The self-consistent equation (15) consequently implies the following relation be-
tween the occupation numbers (A;) jen and the eigenvalues (i) jen:

Ai=B)"" ((w—w)/T) ., (17)

where s = (s+ |s|)/2 denotes the positive part of s. Upon reverting the relation (17)
we obtain ;= u —T B'(A;) forany u; < u.

The Lagrange multiplier i is usually referred to as the chemical potential. In the ex-

istence proof given below, it will be essential, that u < 0. In order to show that this is

indeed the case, let p(M) := sup,,c(o % If p € Hu, then

tw(B'(p)p) < p(M) trB(p) -
Notice that if (33) holds, then p(M) < 3.

Lemma2.5. LetM >0 andT < T*(M). Assume that p € $ is a minimizer of #r and
let 1 be the corresponding Lagrange multiplier. With the above notations, if p(M) < 3,
thenMp < p(M)iyr <O.

Proof. By definition of iy, 7 and according to (16), we know that

imr =t (—Ap—3Vop+TB(p)) ,
Mup=t(-Ap—Vop+TB'(p)p) -

Using (14), we end up with the identity

p(M)i 7 —Mpt = (3~ p(M)) t(~Ap) +T tr (p(M) B(p) — B'(p) p) = 0.

which concludes the proof. O

10



The negativity of the Lagrange multiplier u, is straightforward in the zero temperature
case. In our situation it holds under Assumption (3), but has not been established
for instance for B(s) = s” with p > 3. In fact, it might even be false in some cases, see
Section 7 for more details.

Corollary 2.6. Let T > 0. Then M — iy 7 iS monotone decreasing as long as T <
T*(M) and p(M) < 3.

Proof. Let p € $), be such that F7[p] < iy 1+ €, for some € > 0 to be chosen. With no
restriction, we can assume that &o[p] = 2 ékin[p] and define u[p] := ﬁ Fr[Apl=1-
The same computation as in the proof of Lemma 2.5 shows that

p(M) (imr+€)—Mp > (3—pM)) tue(-Ap)+T tr(p(M)B(p)—B'(p)p) >0,

since, by assumption, p(M) < 3. This proves that M u[p] < iy /2 < 0 for any € €
(0,|im,r]/2), if p(M) < 3. This bound being uniform with respect to p, monotonicity
easily follows. ]

Remark 2.7. Under the assumptions of Lemma 2.5, we observe that

d
— FrAplp=1 =uM <0
dA T[ p]‘l—l u <V,
provided p(M) < 3 and p € $, which proves the strict monotonicity of M — iy 7.
However, at this stage, the existence of a minimizer is not granted and we thus had to
argue differently.

3 The binding inequality

In this section we shall strengthen the result of Proposition 2.3 (i) and infer a strict sub-
additivity property of iy, 7, which is usually called the binding inequality; see e.g. [13].
This will appear as a consequence of the following a priori estimate for the spatial
density of the minimizers.

Proposition 3.1. Let p € $H be a minimizer of #r. There exists a positive constant C
such that, for all R > 0 sufficiently large,

C
/|x|>Rnp(x) dx < ok

This result is the analog of [13, Lemma 5.2]. For completeness, we shall give the
details of the proof, which requires u < 0, in the appendix. The following elementary
estimate will be useful in the sequel.

Lemma 3.2. There exists a positive constant C such that, for any p € Hy,

/Rs ") 4y < M2 (e(~4p))

x|

11



Proof. Up to a translation, we have to estimate [gs x|~ n,(x)dx and it is convenient
to split the integral into two integrals corresponding to |x| < R and |x| > R. By Holder’s
inequality, we know that, for any p > 3/2,

np(x) _1\(=D/p 2p-3
dx < (47: P—) npllr RPT
/BR |X| = 2p—3 H p”Lp

where By denotes the centered ball of radius R. Similarly, for any p < 3/2,

np(x) _1\(—D/p 23
dx < (471"—) npllLrR 7T .
f £55)" " gl

Applying these two estimates with, for instance, p = 3 and p = 6/5 and optimizing
w.r.t. R > 0, we obtain a limiting case for the Hardy-Littlewood-Sobolev inequalities af-
ter using again Hélder’s inequality to estimate ||np ||, 6/5 in terms of ||ny |1 and ||np||;3:

”p(x) 3/2 1/2
L @ < Clingl 12

We conclude as in (10) using Sobolev’s inequality to control ||n, |3 by tr(=Ap). O

As a consequence of Proposition 3.1 and Lemma 3.2, we obtain the following result.

Corollary 3.3 (Binding inequality). Let M(!) >0 and M) > 0. If there are minimizers
for iM“),T and iM<2),T’ then

i)y m@ 1 < iy Hiye 7 -

Proof. Consider two minimizers p(!) and p(?) for i),y , and iy, ; respectively and
let xr be the cut-off function given in (11). By Lemma 2.2 we have

a(-A(rp" xr)) <u(-ApY) +O(R?) and  wB(xrp') xr) <wB(p'”).

To handle the potential energies, we observe that

() X2 () n‘pm () ny0(y) dxdy

" " (1—xa
ol 2~ Gl )| < [ =

<// 1y (X) 100 () dxdy
T IR =Ry X =Y '

Using Lemma 3.1 and Lemma 3.2, we obtain

Sporlp") ) = Gpalp ) | < € [ir(—2p") 1/2 / (x) dx < O(R™?)

n,w
X[>R p(/)
for R > 0 large enough. This shows that, for any R > 0 sufficiently large

Frixep" xr] < iy 7+ OR™ %) fort=1,2.

12



Consider now the test state

PR = XRP(I) AR+ Tspe XRP(Z) XR T5Re

for some unit vector e € S2. Since ||np, |1 <MD + M), by monotonicity of M +— iy 1
(see Proposition 2.3 (ii)), we get

M)
OR
c MDYOM2
R2  O9R

i 7 < Zrlor] < Frlwp") xr) + Frlxep® xx) -
S iM(l),T + iM(2)7T +

for some positive constant C, which yields the desired result for R sufficiently large. [

4 Existence of minimizers below T*

By a classical result, see e.g. [13, Corollary 4.1], conservation of mass along a weakly
convergent minimizing sequence implies that the sequence strongly converges. More
precisely, we have the following statement.

Lemma 4.1. Let (py)ren € Hm be a minimizing sequence for Fr, such that py — p
weak—x in $ and np,, — np almost everywhere as k — . Then p; — p strongly in §)
ifand only iftrp = M.

Proof. The proof relies on a characterization of the compactness due to Brezis and
Lieb (see [1] and [15, Theorem 1.9]) from which it follows that

]}E?o(/RSnPkdx_/R3 ’”P_npk‘dx) :/R3nl3d')C

and l}im (tr(—Ap) —tr(—A(p —pk))> =tr(—Ap).
By semi-continuity of .%#r, monotonicity of M — iy r according to Proposition 2.3 (ii)
and compactness of the quadratic term in &y, we conclude that limy_ ... tr(—A(p —
px)) =0if and only if trp = M. O

With the results of Section 2 in hand, we can now state an existence result for mini-
mizers of .%r. To this end, consider a minimizing sequence (p,),cn for #r and recall
that (p,).en is said to be relatively compact up to translations if there is a sequence
(an)nen Of points in R3 such that T, PnTa, Strongly converges as n — o, up to the
extraction of subsequences.

Clearly, the sub-additivity inequality given in Lemma 2.3 (i) is not sufficient to prove
the compactness up to translations for (p,),en. More precisely, if equality holds, then,
as in the proof of Lemma 2.3, one can construct a minimizing sequence that is not

13



relatively compact in § up to translations. This obstruction is usually referred to as
dichotomy, cf. [18]. To overcome this difficulty, we shall rely on the strict sub-additivity
of Corollary 3.3, which, however, only holds for minimizers. This is the main difference
with previous works on Hartree-Fock models. As we shall see, the main issue will
therefore be to prove the convergence of two subsequences towards minimizers of
mass smaller than M.

Proposition 4.2. Assume that (B 1)—(B3) hold. Let M > 0 and consider T* = T*(M)
defined by (8). Forall T < T*, there exists an operator p in $ such that Fr(p| =im 1.
Moreover, every minimizing sequence (py)nen for iy T is relatively compact in $) up to
translations.

Proof. The proof is based on the concentration-compactness method as in [13]. Com-
pared to previous results (see for instance [20, 21, 22, 13]), the main difficulty arises
in the splitting case, as we shall see below.

Step 1: Non-vanishing. We spilit

n n
EnoilPa] = / / np, (%) np, (y) dx dy
r —y

into three integrals I;, I, and I3 corresponding respectively to the domains |x —y| <
1/R, 1/R<|x—y| <R and |x—y| >R, for some R > 1 to be fixed later. Since np,
is bounded in L'(R3) NL? ¢ L7/5(R3) by Lemma 2.1, by Young’s inequality we can
estimate I; by

2 —1 C
I < ||”pn||L7/5 ] ||L7/4(31/R) < R

and directly get bounds on I, and I3 by computing

L < R// np, (x)np, (y) drdy < RM sup np, (x) dx,
|x—y|<R

1 M?
L < 1_3//}11{6%”()6)”‘)"()}) dxdy < =
Keeping in mind that iy, 7 < 0, we have
Fripn) >ivr > -L—hL—1

for any n large enough, which proves the non-vanishing property:

1 M C
I x> — (—iyr—————=] >0
e V] ( MR R5/7>

for R big enough and for some sequence (a,),cn of points in R?. Replacing p, by
T; PnTs, and denoting by p(!) the weak limit of (p,)nen (Up to the extraction of a

subsequence) we have proved that M = |3 n, aydx > 0.

14



Step 2: Dichotomy. Either M(1) = M and p, strongly converges to p in $ by Lemma
4.1, or M) € (0,M). Let us choose Ry such that fpsn () ydx =MW 4 (M —MD)/n

where p,g )= XR, Pn XR,- Let pn := &g, pn&r,. By definition of Ry, lim,,_,. R, = oo. By

Step 1, we know that p strongly converges to p(!). By Identity (12) and Lemma 2.2,
we find that

Z. F T 1 g 142 r(l2>(y)
Frlpnl = Zrlp")+ 1l o) - [ ,x o dxay,

thus showing that

iy = lim Fr|py] > ZripW] + lim Zr[p?)] .

Nn—o0
By step 1, lim;, me ydx =M — MW, By sub-additivity, according to Lemma 2.3

(i), p( ) is a minimizer for NORE (p,(l )),,EN is a minimizing sequence for i,, .1  and

IM,T = Ipg) 7 Ty pg) 1 -

Either iy, ) 7 = 0 and then iMT = iy - Which contradicts Corollary 2.6, and
the assumptlon T <T*oriy ymr<0.In this case, we can reapply the previous

analysis to (p\?),en and get that for some M® > 0, (p\?

translation to a minimizer p(® for iy, , and

JneN CONverges up to a

IM.T = i) +lM —|—lM MO_MO) T -

From Corollary 3.3 and 2.3 (i), we get respectively Iy @ < iy 7 +iye r and
) @ 1 iy 7 < i, @ contradiction. ]

As a direct consequence of the variational approach, the set of minimizers 91y, is
orbitally stable under the dynamics of (4). To quantify this stability, define

dist o) := Inf —Ollg .
my(©) = inf [lp~olly

Corollary 4.3. Assume that (B 1)—(B3) hold. For any given M >0, letT € (0,T*(M)).
For any € > 0, there exists 6 > 0 such that, for all pi, € Hp with distoy,, (Pin) < 6,

sup distgy,, (p(1)) <€
teR,

where p(t) is the solution of (4) with initial data pi, € H-

Similar results have been established in many earlier papers like, for instance in [24]
in the case of repulsive Coulomb interactions. As in [4, 24], the result is a direct conse-
quence of the conservation of the free energy along the flow and the compactness of
all minimizing sequences. According to [14], for T € (0, T;], the minimizer correspond-
ing to iy 7 is unique up to translations (see next Section). A much stronger stability
result can easily be achieved. Details are left to the reader.
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5 Critical Temperature for mixed states

In this subsection, we shall deduce the existence a critical temperature 7. € (0,7%),
above which minimizers p € 91y, become true mixed states, i.e. density matrix oper-
ators with rank higher than one.

Lemma 5.1. ForallM > 0, the map T — iy r is concave.

Proof. Fix some T > 0 and write
Zrlp]l = Fplp] +(T —To) |- [p]l -
Denoting by pr, the minimizer for .77, we obtain
i < ip,ry + (T —To) |7 [pry ]|

which means that |.7[py, ]| lies in the cone tangent to 7 — iy 7 and iy 7 lies below it,
i.e. T — iy 7 is concave. O

Consider T, defined by (9), i.e. the largest possible 7. such that iyy 7 = iy 0+ T B(M)
for T € [0,T.] and recall some results concerning the zero temperature case. Lieb
in [14] proved that .#7r_y = &y has a unique radial minimizer po = M |yo)(yo|. The
corresponding Hamiltonian operator

Ho:=—A—|yo[*+|-|7" = Hp, (18)

admits countably many negative eigenvalues (,uj-))jeN, which accumulate at zero. We
shall use these eigenvalues to characterize the critical temperature 7. To this end we
need the following lemma.

Lemma 5.2. Assume that (3 1)—( 3) hold. With T, defined by (9), T.(M) is positive for
any M > 0.

Proof. Consider a sequence (T},),en € R, such that lim_..7;, = 0. Let p(®) € My,

denote the associated sequence of minimizers with occupation numbers (QLJ("))]EN.
According to (17), we know that

2= B ((w —)/T) v jeN,

where, for any n € N, (uj(.”))jeN

u < 0is the associated chemical potential. Since p™ is a minimizing sequence for
Fr—o, we know that

denotes the sequence of eigenvalues of H ) and

lim 1! =0 <0

n—oo' J

where (u;?)jeN are the eigenvalues of Hy. Arguing by contradiction, we assume that

liminfA"™ =& >0.

n—oo
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By (17) and the fact that 8’ is increasing, this implies: u( > /,Ll(”) — ) as n — .

Then
a0 i () e ean 1 (=g a1 (-
M = Ay > limA," =1lim(p") — | = lim(B ) St ) = oo

This proves that there exists an interval [0,7,) with 7. > 0 such that, for any T, €
0,7,), it holds u™ < 1", and, as a consequence, p™ is of rank one. Hence, for
any T € [0,T;), the minimizer of %7 in ), is also a minimizer of &y + T B(M). From
[14], we know that it is unique and given by pg, in which case iy 7 =iy 0 —T -7 [po] =
ivo+TB[M)]. [

As an immediate consequence of Lemmata 5.1 and 5.2 we obtain the following corol-
lary.

Corollary 5.3. Assume that (B 1)—(B3) hold. There is a pure state minimizer of mass
M ifand only if T € [0,T,].

Proof. A pure state satisfies iy 7 = iy 0+ 7 B(M) and from the concavity property
stated in Lemma 5.1 we conclude iy 7 <iyo+7T B(M)forall T > T.. O

We finally give a characterization of 7.

Proposition 5.4. Assume that (8 1)—(83) hold. For any M > 0, the critical temperature
satisfies o o
_ M Hy

p'(m)

where p and u! are the two lowest eigenvalues of Hy defined in (18).

T.(M)

Proof. For T < T, there exists a unique pure state minimizer py. For such a pure
state, the Lagrange multiplier associated to the mass constraint trpg = M is given by
p = p(T). According to 16, it is given by T /(M) + ud — u(T) =0 forany T < T. (as
long as the minimizer is of rank one). This uniquely determines u (7). On the other
hand we know that 0 # Ay = (B') ' ((u) —u(T))/T) it T > (u — ud)/B’' (M), thus

proving that 7. < (u} — ug) /B’ (M).

It remains to prove equality: By using Lemmas 5.1 and 5.2, we know that iy 7. =
imo+T.B(M). Let p be a minimizer for T = T,. The two inequalities, iy o < &x|p]
and B(M) <trB(p) hold as equalities if and only if, in both cases, p is of rank one.
Consider a sequence (T),cy such that lim, .. 7" =T, T > T, for any n € N and,
if (p(),cn denotes a sequence of associated minimizers with (/,L_E”))jeN and u" <0
as in the proof of Lemma 5.2, we have u® > u\" so that ") > 0 for any n € N. The
sequence (p™),cy is minimizing for iy 1., thus proving that lim, . A" =0, so that
lim,, . ) = p. Passing to the limit in

Mp® = ) )L](”) (uj(-") +T(”)ﬁ'(k}”))>

jeN
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completes the proof. ]

6 Estimates on the maximal temperature

All above results require T < T*, the maximal temperature. In some situations, we can
prove that T* is finite.

Proposition 6.1. Let B(s) = s with p € (1,7/5). Then, for any M > 0, the maximal
temperature T* = T*(M) is finite.

Proof. LetV be a given non-negative potential. From [7], we know that

2T wB(p) +tr(~Ap) —t(Vp) > —(2T) 71 (p—1)p #T Y (V)"
J

where y = p%l and u;(V) denotes the negative eigenvalues of —A—V. The sum is
extended to all such eigenvalues. By the Lieb-Thirring inequality, we have the estimate

Ll (VI < Cinly) [ Vitax
J
with ¢ = ¥+ 3. In summary, this amounts to

27T wB(p) +ir(~Ap) ~t(Vp) = —(2T) 71 (p=1)p #1Cia(y) [ VI'a.

Applying the above inequality to V =V, =n, x| - |1, we find that

t(~Ap)+ 5 [@T) uB(p) +u(~Ap) ~ u(Vyp)]

__1 __P
w(=8p) =T 71 (2p) #1Cix(r) [ [Vpl7dr .

Frlp] =

>

| =N =

Next, we invoke the Hardy-Littlewood-Sobolev inequality

[ Woltde < s I 2

for some r > 1 such that 1 = Z + 1. Notice that r > 1 means ¢ > 3 and hence p < 3.
Holder’s inequality allows to estimate the right hand side by

0 1-6
||”p||Lr(R3) < H”pHLl(RS) ||”pHL3(R3)

with 6 = 3 (1 — ). Since ||np||3(gs) is controlled by ||V /7|2, using Sobolev's em-
bedding, which is itself bounded by tr(—Ap), we conclude that

[ Wpldx < ch?® (tr(~2p)) =)
R
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for some positive constant ¢ and, as a consequence,
1 -4 (1-6)
Frlp] = 5 u(=Ap) =T P Kur(=Ap)TH =7, (19)

for some K > 0. Moreover we find that
7—5p

1-6)=1+n with 7= :
q(1-90) n = o-1

so that n is positive if p € (1,7/5).

Assume that iy 7 < 0 and consider an admissible p € $y such that .Zr[p] = iy r.
Since trB(p) is positive, as in the proof of (10), we know that for some positive con-
stant C, which is independent of T > 0,

0> Frlp] > Eulp] > te(~Ap) —CM>? w(~Ap)?,

and, as a consequence,
tr(—Ap) < C*M>.

On the other hand, by (19), we know that .%7[p] < 0 means that

L
Tr-1
U{—Ap)>>( 7K ) :

The compatibility of these two conditions amounts to

T <2KCM M3,
which provides an upper bound for 7*(M). O

Finally, we infer the following asymptotic property for the infimum of .Zr[p].

Lemma 6.2. Assume that (B 1)—(B2) hold. If T* < +oco, then limy_, 7+ iy 7 = 0.

Proof. The proof follows from the concavity of 7' +— iy 7 (see Lemma 5.1). Let pr,
denote the minimizer at 7o < T*, with %7, [pr,] = — 6 for some 6 > 0. Then we observe

inr <(T—T) Y, B(A) + Fplpn) < (T—To) B(M) -8 <0,
JjeN

for all T such that: T — Ty < 8 /B (M), which is in contradiction with the definition of 7*
given in (8) if liminfr_ 7+ iy 7 < O. O
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7 Concluding remarks

Assumption (3) is needed for Corollary 2.6, which is used itself in the proof of Propo-
sition 4.2 (compactness of minimizing sequences). When (s) = s, this means that
we have to introduce the restriction p < 3. If look at the details of the proof, what is

really needed is that u = a(;M’T takes negative values. To further clarify the role of the
threshold p = 3, we can state the following result.

M

Proposition 7.1. Assume that B(s) = s” for some p > 1. Then we have

dimr
oM

dim,r

M o7

-+ (3 — p) T <3 iM,T (20)

and, as a consequence:
(i) if p<3, theniyr < (1%)3%% for any M > My > 0 and T > 0.
(i) it p>3, then iy < (£:)3~Piy 7, forany M >0 and T > Ty > 0.

Proof. Let p € $H and, using the representation (1), define

P =AY A5 1w (A)) (w4

jeN
With M[p] :=trp = [gsnp dx, we find that
Mlp;] =AMp] =AM

and
FpsrrlPr] = 23 Frlp] .
As a consequence, we have

. 3.
Dmasrr <A M,

which proves (20) by differentiating at A = 1. In case (i), since T — iy r is non-
decreasing, we have

. . 3.
llMO,T < lﬂ,Mo,l3’pT < A My, T VA > 1

and the conclusion holds with A = M /M. In case (i), since M — iy 7 is non-increasing,
we have

. . 3.
i asrry <iamasrn <Aimn YA E€(0,1)

and the conclusion holds with A = (T'/T,)'/(3-»). O
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Assume that 3(s) = s” for any s € R™. We observe that for T < T*(M), ag‘,ff <Ziur
if p <3, but we have no such estimate if p > 3. In Proposition 2.3 (iii), the suff|C|ent
condition for showing that 7*(M) = o is precisely p > 3. Hence, at this stage, we do
not have an example of a function f satisfying Assumptions (81) and (2) for which
existence of a minimizer of iy r in $Hy is granted for any M > 0 and any 7' > 0. In other
words, with T* can be infinite for a well chosen function B, for instance B(s) = s?,
s € RT, for p > 3. However, in such a case we do not know if the Lagrange muiltiplier
u(T) is negative for any T > 0 and as a consequence, the existence of a minimizer

corresponding to iy, 7 is an open question for large values of 7.

A Proof of Proposition 3.1

Consider the minimizer p of Proposition 3.1 and let u < 0 be the Lagrange multiplier
corresponding to the mass constraint trp = M. Define

“p'[p] := Frp] — pu(p) .
The density operator p is a minimizer of the unconstrained minimization problem
infycq %T“ [p]. By the same argument as in the proof of Proposition 2.4 we know that
p also solves the linearized minimization problem infsc g Z*[c] where

ZLHo]=u|[(Hp—u+Tp'(p))oc].

Consider the cut-off functions yg and &g defined in (11) and let pg := xrp xr- By
Lemma 2.2, we know that, as R — oo,

tr(—Ap) > tr(=Apg) +tr(—=A(Erp Er)) — o5

for some positive constant C. Next we rewrite the potential energy as

2 (X)ny(x)E2(y)n
SpotlP] = //R*XE@ |x y>| p(¥) dXdy+//R3xR3 XR/4( ) ﬁ_)i[;()’) () dedy
&4 () mp (x) ER () mp (»)
+//]R3><]R3 =y dxdy .

In the second integral we use the fact that |x —y| > R/2, whereas the third integral can
be estimated by Lemma 3.2. Using the fact that

€(R) :=tr(~A(Erp &Er))
—Z’L/ V(Er ) \2dx<2—uvguw+221/ &7 IV dx

JEN JjEN
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converges to 0 as R — oo, we obtain that ||§,%/4np |7 Y|» < C/e(R/4) — 0 and
can estimate the third integral by

&4 (1) mp (x) ER () mp (»)
//]1%3><]R3

x—y|

drdy < CVe(R/A) [ ER0)mp(3) d.
In summary this yields
Spalp) < (Vo pr) +o(1) [ ERmp d.

Collecting all estimates, we have proved that

LPlpe] < 2[p] —e(R) + (1t 0(1)) [ Gy art

as R — oo. Recall that €(R) is non-negative, u is negative (by Lemma 2.5) and p is a
minimizer of Z* so that Z*[p] < Z*[pr|. As a consequence,

C

2

(u+o(1)) | Enp dr+ 25 >0

for R large enough, which completes the proof of Proposition 3.1. O
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