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Density Estimation in the Uniform Norm
and White Noise Approximation

Alexander Korostelev! and Michael Nussbaum
Wayne State University, Detroit and
Weierstrass Institute, Berlin

June 1995

Abstract

We develop the exact constant of the risk asymptotics in the uniform norm
for density estimation. This constant has first been found for nonparametric
regression and for signal estimation in Gaussian white noise. We show that for
densities with Holder exponent > 1/2, the formal approximation of the i. i. d.
experiment by Gaussian white noise in the sense of Le Cam’s deficiency distance
(asymptotic equivalence) can be utilized. For densities with Holder exponent
< 1/2 where asymptotic equivalence fails, the result can still be established
independently.

1 Introduction

Recently in [5] an asymptotically minimax exact constant has been found for loss in
the uniform norm, for Gaussian nonparametric regression when the parameter set is a
Hélder function class. Donoho [3] subsequently extended the result to signal estimation
in Gaussian white noise and showed it to be related to nonstochastic optimal recov-
“ery. This risk bound represents an analog of the now classical Ly-minimax constant of
Pinsker [10] valid for a Sobolev function class. From a risk bound valid in white noise,
abstract decision theory allows to deduce asymptotic risk bounds for other models,
by reference to the concept of asymptotic equivalence of experiments (in the sense of
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Le Cam’s deficiency distance). For density estimation this asymptotic equivalence is
developed in [9]; examples of application related to the Pinsker bound can be found
there. But this general reduction to Gaussian white noise, for all decision problems
with uniformly bounded loss, is not possible if the parameter space is too large; in-
deed the smoothness index 1/2 has been shown to be critical (Brown and Zhang [1]).
~ The purpose of this note is to discuss the potential and the limits of the asymptotic
equivalence approach, in the context of the sup-norm minimax constant for density
estimation.

Consider a sample Xj,...,X, of i. i. d. observations having a probability density
f = f(z) in the interval 0 < z < 1. Let B,L and b be some positive constants,
0<b<1,andlet £(3,L,b) be the class of Holder densities

1
¥(8,L,b) = {g: /o g=1,9(z)>bfor0<z<1,and
9% (1) — 9% (@2)] < Lizy —2al*~), 0 < ,25 < 1,

where | 3] denotes the largest integer strictly less than 8. Assume that the density f
belongs a priori to (8, L, b) . Consider an arbitrary estimator f, = f,(x) measurable
w.r.t. the observations Xj, ..., X,. We define the discrepancy of fu(z) and the true
density f(x) by the sup-norm ||, — flleo Where

[fllo = sup |f(z)]-
0<z<1

Denote by Pﬁ“) the probability distribution of the observations Xj,...,X,, and by

Ej(rn) the expectation w.r.t. Pf(n) . Let w(u), v > 0, be a continuous bounded loss
function, i.e. a monotone function of u, w(0) = 0. Introduce the minimax risk

1) o =1a(w(); 8, L,0) =inf sup EPw;Y|fa ~ flleo)
fn fGE(ﬂ,L,b)

where ¥, = ((logn)/ n)ﬂ/(gﬁﬂ). This normalization factor guarantees a non—degenerate

behaviour of the risk (1) as n — oo, cp. Ibragimov and Khasminskii [4], Devroye and
‘Gy®rfi [2]. The goal of this paper is to find the exact asymptotics of the risk (1). To
do this we need two additional definitions. First, note that the densities in 3(83, L, b)
are unifomly bounded, i.e.

2 = = : .
(2) B, = B.(8,L,b) jBex | max f(z) <400

Secondly, denote by ¥o(8) an auxiliary class of Hélder functions on the whole real line
with constant L = 1:

Yo(B) = {g(w), z € R : |glP) (z)) — g18)(zy)| < |o1 — zo|P~ B, 2,5 € Rl}.
Let ||g||s denote the Ly-norm of g. Define the constant

3) As = max{g(0) | llgll. <1, g € Zo(8)}.
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Theorem 1.  For any > 1/2 and for any loss function w(u) the following equality
holds for the minimaz risk (1):

. 9B, I/ B/(28+1)
@ f}%r’,‘=w(’4ﬁ(2ﬁ+1)

where B, = B.($,L,b) and Ag are defined by (2) and (3) respectively.

In the next section we will see how this result can be deduced from the one in a
Gaussian continuous regression model, via asymptotic equivalence. We will then show
that although equivalence fails for 8 < 1/2 , the present minimax risk asymptotics still
holds for any smoothness index § > 0 in the density model, as it does in continuous
regression. For estimation problems which are local on [0, 1], like estimation of a density
at a point, such a result would not be surprising and can in fact be deduced from white
noise using an appropriate concept of local asymptotic equivalence; see Low [8]. The
minimax risk for the uniform norm, however, although it is related to kernel smoothing
of data on [0, 1], is a nonlocal one with respect to the interval. Indeed it can be shown
that when the sup-norm loss is taken over a shrinking subinterval which is shrinking
slower than the pertaining bandwidth, then the same minimax rate applies but the
‘minimax constant is smaller. Nevertheless the global sup-norm minimax constant is
valid in both the density and the white noise model for low smoothness indices  near 0
where the global asymptotic equivalence of the two experiments fails. This underlines
the need for further study of concepts of reduced equivalence, pertaining to restricted
classes of decision problems only, as suggested by L. Le Cam in [7] and [6].

2 Equivalence of Density and Regression Experi-
ments

We obtain the proof of Theorem 1 reducing the problem to that in nonparametric
regression via the equivalence of statistical experiments, see [9]. For any fo € X(8, L, b)
and for n > 3 introduce the neighborhood of fy by

() Un=Ualfo) = {f: F €S(B,L,b), lIf ~ folleo < (n/*logn)"}.
For any fixed fy € (8, L,b) consider a regression problem with observation Y™ =
Y ™) (z) satisfying the Ito equation

©) 7o) = f@) + D), 0<2<1, seli()

where W (z) is a standard Wiener process. The following statement is proved in [9].

Proposition 1. For any § > 1/2 and for fo fized the density ezperiment with
observations Xy, ..., X, is locally equivalent over U,(fo) as m — oo to the regression
experiment (6) with observation Y™ (z), 0 <z < 1.
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Moreover, this equivalyence can be made global. Let N = n/logn, and let v =
fn(z]| X3, ..., Xn) be an estimator of f(z), satisfying

¢ fe)?%(rzlafL b) P}n) (fN € Un(f)) — 1 asn — oo.

For 8> 1 /2 such an estimator can be defined e.g. by a standard histogram procedure.

Let fy be a discretized version with values in (B, L ,b), e.g. a projection of fN onto
a finite e-net in X(8, L, b). Consider observations Y™ (z) satisfying the Ito equation:

® Y (2) = (x)+(f”(”’) W), 0<z<l.

Proposition 2. For any 8 > 1/2 the density experiment with observations X, ..., X,
is globally equivalent over £(B,L,b) as n — oo to the compound ezperiment with

observations (Xj, ...,XN;Y*(n)(w)) defined by (8).

3 Asymptotics of Sup-Norm Risk in Regression

Consider the continuous regression
o) 296) = /o) + S2 W), 0<w<1,

where 0 = o(z) is a given continuous function in z.

First we consider the case when o is a constant, 02 > 0. In this case the exact
asymptotics of the sup-norm risk was found in [5], Donoho [3]. As shown in these
papers, if f, is an estimator of f from the observations (9) and if the minimax risk
7r is defined by the expression (1) then for any loss function w(u) we have the followmg
limit result

(10) Jim o = w (C(8, L,0%)
where 8/2541)
202 Y/A
2\ __

For the case where 02 = ¢%(z) > 0 is a known continuous function the result (10), (11)
can be extended as follows.

Theorem 2 . Let in (9) 0 = o(z) be a known function continuous in z € [0,1],
o(z) <0, and let C(B,L,0?) be given by (11) where

02 = max o*(z)
0<z<1

Then for any B > 0 and for any loss function w(u) the minimaz risk r, in the
regression model (9) satisfies

(12) lim r, = w (C(8, L,0?)).

n—oo
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The proof of this theorem goes along the lines of [5], [3]. There is only one non—
trivial fact which must be taken into account: the sup—norm risk is asymptotically
independent of the choice of interval. Let

Iflliz1220 = sup |f(z)], 0<& <zya<1.
z18z<z2

Lemma 1. Let in (9) 0 be a positive constant, let f, = fo(x|Z™) be an estimator
of the regression function f obtained from observations (9), and suppose that loss is
measured on an interval [T1,2), 0 < z; < 29 < 1 only. Then the asymptotics of the
minimaz risk is independent of the interval, i.e. for any loss function w(u) we have

(13)  liminf sup B w(¥1fa(12) = fllisen) = w (C(B, L,0%)).

N0 f feX(B,Lb)

Proof. Rescaling the interval [z;,2,] into [0, 1] we reduce the n in (9) to (z3 —z;)n
and turn the Lipschitz constant L into L(zs — z1)? which means that the product

)ﬁ/(2ﬁ+1)

0,1, = 4 (527 g

stays asymptotically unchanged as m — 00.This proves attainability. For the lower
risk bound, note that the reasoning in [5] for [z,,z3] = [0,1] shows that additional
observations outside [0, 1] can be neglected. O

Proof of Theorem 1. Let € > 0 and take an efficient estimator f in Theorem 2
obtained from observations (9) for 0%(z) = B,. Substitute the observations Z((z) in
this estimator by VAR (z) from (8). Since the preliminary estimator fy takes values
in (8, L,b), we have with probability one “ f_N”oo < B,. It is clear from the structure
of the optimal estimator f* (see [5]) that its risk is monotone in the variance function,
i. e. if applied in a model (9) with o%(z) < B, it does not behave worse than for the
model it was designed for: ¢%(z) = B.. Since the loss function is bounded, we obtain
that in the compound experiment (7), (8) the asymptotic minimax risk w (C(8, L, B,))
is attainable. Proposition 2 then implies the upper bound in (4):

Jim supr, < w (¢, L,B.,)).

To complete the proof note that the lower bound in (13) can be sharpened as follows.
If B> 1/2 then for any fo € (8, L,b) and for an arbitrary intervall [z, z,] C [0,1]
one has

(14) lim inf sup E{w(w;l|fo = flligen) = C(8, L, 0%).
. n oofﬂ ern(fO)

The equality (14) is a direct extension of the corresponding result in [5] and [3] where
for o constant a neighborhood of magnitude O (¥,,) is used to derive the lower bound.
In the case 8 > 1/2 this neighborhood is contained in U,(fo) for n large (see also
(17) in the next section). Now the lower bound liminf rn > w(C(B,L, B,)) is a

consequence of (14) and Proposition 1. O
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4 The case of Holder exponent 5 < 1/2

In this section we discuss the case § € (0,1/2]. This case is not covered by the previous
reasoning: through Theorem 2 is valid for any 8 > 0 the argument of equivalence
(Propositions 1 and 2) is not applicable. In fact it has been established (see [1]) that
asymptotic equivalence does not hold for 8 < 1/2. As we show here, the asymptotics
of the risk (1) in this case can be obtained from some direct calculations similar to
[5]. These will be seen to go through for all 8 € (0,1] at once, so we admit some
intersection with the previous case here.

Theorem 3. If 0 < 8 < 1 then for any loss function w(u) the minimaz risk (1)
satisfies
(15) lim rn = w(Co)

where
B/(28+1)

Co = (B.LVP(8 +1)/(26%)

Remark. In the case 0 < 8 < 1 the auxiliary problem (3) has an explicit solu-
tion Ag = ((28+1)(8+1)/(482)"/®*) i e. the right-hand sides in (4) and (15)
coincide.

Proof. The upper bound. Take the kernel K (u) = (28)~(8+1)(1-|u/?)+, v € R,
and the bandwith h, = (Cotbn/L)?. For arbitrary small fixed € > 0 define regular
grid points zx = €k, k =0,..., M where M = M(n) = (e),)"! is assumed integer.

Take k = ((8+1)/(28 + 1))/#. To take account of edge effects we put :

K()(X, $k) = K(h;l(.X - SBk)) if h‘n S T < 1- h'm

Ko(X, :ck) = I‘G_II[O’N;‘“](X - il)k) lf 0 S T < h«n,
K()(X, iL'k) = K«—II[__,;hmo](X - .’Ek) ifl—h, <z <1

Introduce the kernel estimator

falz) = (nhy)™ ijo(X,-,xk), k=0,.., M.

=1
Finally, for € (zx_1,2x) define f:(z) as the linear interpolation
fa(@) = a(@)fa(ze-1) + (1 = a(2)) falzi), o(z) = (en) (2 — 2).

Introduce the bias b,(z) = E}") fi(@) — f(z), 0 <z <1, and the centered stochastic
term za(2) = f3(z) — () — ba(a).

Lemma 2. Uniformly in f € X(8, L,b) we have the inequality

Y5 Y |Bnlleo < Co/(28 + 1) + Le®.



Proof. For zj € [hy,1 — hy] we have

ba(@e)] < [ K ()l @ + ho) = f(o0)ldu < b8 [ K@w)uldu = oo/ (26+1).

If zx €[0,hy,] then

|bn(z2)| < &71LAP /0” vPdu = Conk®/(B+1) = Cotp /(28 +1). O

Lemma 3. For arbitrary small o > 0 we have

Jim sup PV (yrlanlleo > (1+)2600/(26+1)) = 0
% re(8,Lb)

Proof. Define the random variables
€ = hy Ko(Xi, zi) — B [h;lKo(X,-,a:k)] ,i=1,..,n, k=0,.. M.

Note that for any zy € [hn,1 — hy] the variance

(B+1)
(26+1)

and E}") (€3] = O(h;?) as n — oo uniformly in f € X(8, L,b). Note that for n large

D%, = Var [Eilc] = flae)h,? (14 0(1)) as n — oo,
((wnﬁ/an)(l +)28Co/(28+ 1)) =

(B./f(zx))(1 + 0)? ® ﬁ ey —=—logn (1+0(1)) > (2+ a)log M.

Put A, = ((2+ )(log M))"/?. The Chebyshev exponential inequality yields

n—oo Tk €[hn,1—hn]

lim P{ (w- max  zu(z) > (1+ )28Cy/(28 + 1))

< >. P }n) ((’n’Drzzk)—I/ 2 ;fik > An)

zke [hml—hnl
< Y exp(—cAn)EP [exp(cir(nD2,) V2"

mkelhﬂyl_h"n]

2 n
< M exp(—cAy,) (1 + %z-(l + 0(1)) as n — 0o.
Now take ¢ = A, and let § > 0 be arbitrarily small. The above latter expression does

not exceed M -exp(—A2 +1A2(1+6)) = M- M~(+e/0(-8) = pf-e/2)f(+e/Dé which
is vanishing as n — oo if § is small enough. For the same reasons the probability
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P}n) (%/);1 ming, e(n,,1-ha 2n (Tk) < —(1 + @)28Co/(26 + 1)) is vanishing as well. Note
that there are only a bounded number of points zx € [0, h,) U (1 — Ay, 1] and asymp-

totically as n — oo they do not influence the value of ||2,||c - Thus the lemma follows.
0O

The lower bound. It suffices to prove that for an arbitrary estimator f, and for any
small >0

(16) iminf sup P (||fa = fllw = (1 — @)Cothn) = 1.
feX(B,L,b)

Take a small value € = €(a) > 0, the final choice of ¢ will be made below. Let
f+ € (B, L,b) be such that f.(z) = fo is a constant in z € [t;,ts],t2 — t1 = €, and
fo=B./(1+4¢€). Introduce a family of functions ‘

M
(17) f(z;0) = f(z;61,-..,0m) = fu(z) + LhE D" 0;9(h; (z — hnaj)), 0<z <1,
=1
where a; = z1, aj1—a; =2(1+1/¢), j=1,..,M, M= M(n)= [p¥/(@+D) Q+e)]
0 = (61,....,0u) € K = [-1,1]M; the “basic” function is
g(u) = (1 — Ju— ll‘a)+ —¢€ (1 — lew — (2¢ + l)lﬁ)+ , u€ R

Asiseasilyseen, [g =0, [g%= (14+€)46%/(8+1)(26+1), and for € small enough and
n sufficiently large f(z;0) € (8, L,b) for 8 € K. The density f(xz;6) differs from

fu(z) only in the interval [t;,t;+2(1+1/€)Mh,] C [t1,ts] for n large since Mh, — 0

as n — oo for any € fixed. Put for shortness P}Z?e) = P,,(n) and E;?-);o) = Eg") . The

log-likelihood ratio is given by
() /pmM) _ 3 o
A, (6) = log (dPo /Py ) = Zlog 1+ folLn? ZOjg(hgl(X,- — hnaj)) | .
i=1 i=1

Define A; = f LA Y7 g(h;}(Xi — hna;)), j=1,..., M. Note that
EPA; =0; EVAY = (14 €)% (2/(28+ 1)) logn = 2(1 + €)% log M,
EMA A =0if j#k, jk=1,..,M.

The Taylor expansion implies that A,(6) can be approximated by

M M

~ 1 .
Ko(0) = 3 (058 — 302EEVA2) = 3 (6300 — 631+ €)°log M)
i=1 =t



Lemma 4. limp,c SUPgeg EM lexp(An(G)) — exp(An (6))| =
We skip the proof of this lemma, just noting that

B |exp(An(0)) - exp(Ra(6))] = B 1 - exp(Ra(6) ~ A4(8))],

and A,(0) — An(f) — 0 as n — oo in P,;(") -probability uniformly in 8 € K. More-
over these random variables do have exponentially fast decreasing distribution tails.
Calculations are based on the Chebyshev exponential inequality.

Though the random variables A; are non—correlated under Pé") they are dependent
via the sample Xj,..., X, . But they are conditionally independent given the number
of sample points in the support of each function g(h;;'(- — hna;)). Define

vi=#{i, 1<i<n: X; € [huaj,hnajn]}, j=1,...,M.
Introduce the events

Ajn = {]yj — nmo| > n€/4(mr0)1/2} , j=1,..,M, where mg = 2(1 + 1/€) fohn.

Note that the joint Po(") -distribution of (v, ...,vy) is independent of § € K, and
P ( 1Ajn) — 0 as n — co,0r

M
(18) lim inf P{™ (B,) = 1 where B, = = Ajn.

n—oo e K =1

The crucial point of the proof is that A; are Pé") -conditionally independent given
Vi, ey Uty 1. €0

(19) P(n) (Al Stl;m,AMStM ]V1=n1,...,VM;=TLM)=
H RV (8 <ty v =my).
Direct calculations show that if n; : [n; — nmo| < n/4(nmp)/? then
(20) ES (exp(8;8; — 62(1 + €)*(log M)) | v; = n;) = 1+ o(M ™)
where M o(M~!) — 0 as n — oo uniformly in |6;] < 1.
Now we are ready to prove (16). We omit those details which are similar to the gaussian

case in [5]. First, standard arguments show that (16) is equivalent to

(21) lim inf sup P (HO R a) =1

n—co



where 6, (énl,... AnM) is an arbitrary estimator of 8 = (01,...,0m), ||0llar =
maXi< <y |t9 |. Put C, = {HG -0l <1l- a} Applying Lemma 4 and (18), we
obtain that

(22) sup A" (Go) 2 1—e—27M / B (exp(Ra(8))I(B.)I( n)) do.

ek
As in the gaussian case (see [5]), the minimal value of the right hand side of (22) is
attained if we take 8, = 7% = (77%,. nM) Toi = A; if |Aj| < a,and 7, =« if
Aj>a, =—aif Aj< -0 Where A; = A0;/(2 (1+e)3logM). Deﬁne a set of
integers’

N = {(nqg,...,np) : |n; —nmp| < n/* (nme)¥/?, j=1,...,.M}.
J

Let n; = 1 exp {9 A — 03(1+¢€)®log M}, k; =I(|1}; — 0;] <1— ). For n large (22)
implies that

sup P(n) (é,.) >
: M
> 1-e— BVI(B,) /Hﬂjﬁjdg
K
= l-—¢

- Z Po(n) (1/1 =M1y .,V = nM) E(

(n1y-npr )EN

M .
) /Hnjnde[m:nl,...,UM:nM .

In view of (19) and (20) each conditional expectation is a product

1
H Eg” [/_1 My K405 | v1 =y, v = nM] <

=1

(23) < ﬁ (1 +o(M™) - /_ 11 ES (1 = k) | 1 = nq, eon, var = npd] de,.)

=1

Here on the event {A; < a/4} we have

(1 — k;) =

= /1 1(1 — Kj) exp (——( (n)A2)(9 —4y) )exp (2( (H)Az)Az)
2/1 A; (y] > 1 - ) exp (_E(E(n)A2) )dy

2 ia% exp (”"( (n)A?)yz) dy > %exp (—(1 + €*(log M)(1 — @/2)?).

Y

v
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Hence

/ (n) 77;(1 —Kj) |lvi=mnq, ., uy = nM] df;
> (/M o= (1+¢%(1-a/2)".

- and (23) does not exceed

(1 +o(M™1) - (a/4)M“°1>M
Choose € such that oy = (1 — @/2). Under this choice for all M large one has the
inequality (1 +o(M™!) — (a/4) M=) < €. Hence

supP()(C)>1—-e—e Z Pé")(zq:nl,...,vM:nM)21—26.EI
beK (n;,...,nM)EN

References

[1] Brown, L. D. and Zhang, C.-H. (1995). Nonparametric density and regression are
not asymptotically equivalent to the nonparametric white noise model when the
smoothness index is < % Manuscript.

[2] Devroye, L. , Gyorfi, L. (1985) Nonparametric Density Estimation: the L, -view.
John Wiley, N. Y.

[3] Donoho, D. (1992) Asymptotic minimax risk (for sup—norm loss): solution via
optimal recovery. Probab. Theor. Rel. Fields 99 145-170.

[4] Ibragimov, L.A. , Khasminskii, R.Z. (1981) Statistical Estimation: Asymptotic
Theory. Springer, New York.

[5] Korostelev, A.P. (1993) Exact asymptotically minimax estimator for nonparamet-
ric regression in uniform norm. Theory Probab. Appl. 38, no. 4, 775-782

- [6] Le Cam, L. (1985). Sur ’approximation de familles de mesures par des familles
gaussiennes. Ann. Inst. Henri Poincaré 21 (3) 225-287

[7] Le Cam , L. (1986). Asymptotic Methods in Statistical Decision Theory. Springer-
Verlag, New York.

[8] Low, M. (1992). Renormalization and white noise approximation for nonparamet-
ric functional estimation problems. Ann. Statist. 20 545- 554

[9] Nussbaum, M. (1995). Asymptotic Equivalence of Density Estimation and White
Noise. To appear, Ann. Statist.

[10] Pinsker, M. S. (1980). Optimal filtering of square integrable signals in Gaussian
white noise. Problems Inform. Transmission (1980) 120-133

11



DEPT. OF MATHEMATICS
WAYNE STATE UNIVERSITY
DeTROIT, MI 48202

USA

E-MAIL APKQMATH.WAYNE.EDU

WEIERSTRASS INSTITUTE

MOHRENSTR. 39

D-10117 BERLIN

GERMANY

E-MAIL NUSSBAUMQIAAS-BERLIN.D400.DE

12



Recent publications of the

Weierstrafi—Institut fiir Angewandte Analysis und Stochastik

Preprints 1994

124.

125.

126.

127.

128.

129.

130.
131.
132.

133.
134.

135.

136.

137.

Giinter Albinus: Nonlinear Galerkin methods for evolution equations with
Lipschitz continuous strongly monotone operators.

Andreas Rathsfeld: Error estimates and extrapolation for the numerical so-
lution of Mellin convolution equations.

Mikhail S. Ermakov: On lower bounds of the moderate and Cramer type large
deviation probabilities in statistical inference.

Pierluigi Colli, Jiirgen Sprekels: Stefan problems and the Penrose-Fife phase
field model.

Mikhail S. Ermakov: On asymptotic minimaxity of Kolmogorov and omega~
square tests. "

Gunther Schmidt, Boris N. Khoromskij: Boundary integral equations for the
biharmonic Dirichlet problem on nonsmooth domains.

Hans Babovsky: An inverse model problem in kinetic theory.
Dietmar Hémberg: Irreversible phase transitions in steel.

Hans Giinter Bothe: How 1-dimensional hyperbolic attractors determine their
basins.

Ingo Bremer: Waveform iteration and one-sided Lipschitz conditions.

Herbert Gajewski, Klaus Zacharias: A mathematical model of emulsion poly-
merization.

J. Theodore Cox, Klaus Fleischmann, Andreas Greven: Comparison of inter-
acting diffusions and an application to their ergodic theory.

Andreas Juhl: Secondary Euler characteristics of locally symmetric spaces.
Results and Conjectures.

Nikolai N. Nefedov, Klaus R. Schneider, Andreas Schuppert: Jumping beha-
vior in singularly perturbed systems modelling bimolecular reactions.



138.

Roger Tribe, Wolfgang Wagner: Asymptotic properties of stochastic particle
systems with Boltzmann type interaction.

Preprints 1995

139.

140.
141.

142,

143.

144.
145.

146.

147.

148,
149.

150.

151.

152.

Werner Horn, Jan Sokolowski, Jiirgen Sprekels: Control problems with state

constraints for the Penrose-Fife phase—field model.

Hans Babovsky: Simulation of kinetic boundary layers.

Ralf Kornhuber: A posteriori error estimates for elliptic variational inequali-
ties.

Johannes Elschner, Youngmok Jeon, Ian H. Sloan, Ernst P. Stephan: The
collocation method for mixed boundary value problems on domains with
curved polygonal boundaries.

Johannes Elschner, Ernst P. Stephan: A discrete collocation method for

Symm’s integral equation on curves with corners.

Dietmar Hémberg: A numerical simulation of the Jominy end-quench test.

Sabine Hengst: On the existence of classical solutions for a two phase flow
through saturated porous media.

Anton Bovier, Véronique Gayrard: An almost sure large deviation principle
for the Hopfield model.

Hans Babovsky: Limit theorems for deterministic Knudsen flows between two
plates.

Bjérn Sandstede: Stability of multiple-pulse solutions.

Bj6rn Sandstede: Constructing dynamical systems possessing homoclinic bi-
furcation points of codimension two.

Boris N. Khoromskij, Siegfried Prossdorf: Multilevel preconditioning on the
refined interface and optimal boundary solvers for the Laplace equation.

Anton Bovier, Christof Kiilske: There are no nice interfaces in 2+1 dimen-
sional SOS-models in random media.

Ilja Schmelzer: Covariant geometry description.





