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Abstract: We consider N bosons in a box in R? with volume N/p under the influence
of a mutually repellent pair potential. The particle density p € (0,00) is kept fixed.
Our main result is the identification of the limiting free energy, f(f,p), at positive
temperature 1/, in terms of an explicit variational formula, for any fixed p if 3 is
sufficiently small, and for any fixed § if p is sufficiently small.

The thermodynamic equilibrium is described by the symmetrised trace of e /N
where H denotes the corresponding Hamilton operator. The well-known Feynman-
Kac formula reformulates this trace in terms of IV interacting Brownian bridges. Due to
the symmetrisation, the bridges are organised in an ensemble of cycles of various lengths.
The novelty of our approach is a description in terms of a marked Poisson point process
whose marks are the cycles. This allows for an asymptotic analysis of the system via
a large-deviations analysis of the stationary empirical field. The resulting variational
formula ranges over random shift-invariant marked point fields and optimizes the sum
of the interaction and the relative entropy with respect to the reference process.

In our proof of the lower bound for the free energy, we drop all interaction involving
‘infinitely long’ cycles, and their possible presence is signalled by a loss of mass of the
‘finitely long’ cycles in the variational formula. In the proof of the upper bound, we
only keep the mass on the ‘finitely long’ cycles. We expect that the precise relationship
between these two bounds lies at the heart of Bose-Einstein condensation and intend
to analyse it further in future.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we study a probabilistic model for interacting bosons at positive temperature in the
thermodynamic limit with positive particle density. See Section 1.4 for the physical background.

1.1. The model. The main object is the following symmetrised sum of Brownian bridge expectations,

ZG(B,A) = N' Z /dxl /de®M$jcf)(l){ Z / (|1BY — B(”\)ds}].

ceByN 1<i<j<N

(bc ? is the canonical Brownian bridge measure with boundary condition bc € {&, per, Dir},

Here pg,
time horlzon 6 > 0 and initial point £ € A and terminal point y¥ € A, and the sum is on permutations
o € 6y of 1,...,N. (We write u(f) for the integral of f with respect to the measure p.) The
interaction potential v: R — [0, 00| is measurable, decays sufficiently fast at infinity and is possibly
infinite close to the origin. Our precise assumptions on v appear prior to Theorem 1.2 below. We

assume that A is a measurable subset of R? with finite volume.

The boundary condition bc = @ refers to the standard Brownian bridge, whereas for bec = Dir, the
expectation is on those Brownian bridge paths which stay in A over the time horizon [0, 5]. In the case
of periodic boundary condition, bc = per, we consider Brownian bridges on the torus A = (R/LZ)?
with side length L.

Our main motivation to study the quantity Zﬁc)(ﬂ, A) is the fact that, for both periodic and Dirichlet
boundary conditions, it is related to the N-body Hamilton operator

HY\ = —ZA(‘”) + Z v(|z; — x4), T1y.eo Ty €A, be € {Dir, per} (1.2)
1<i<j<N

where Agbc) stands for the Laplacian with bc boundary condition. More precisely, Zﬁc)(ﬂ,A) is equal
to the trace of the projection of the operator exp {—ﬂ’HX’}C[)\} to the set of symmetric (i.e., permutation
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invariant) functions (R4)Y — R. This statement is proven via the Feynman-Kac formula, see [G70] or
[BRO7|. Hence, we call Z(3,A) a partition function.

It is the main purpose of this paper to derive a variational expression for the limiting free energy

£ (Bp) = =5 Jim

5 im0 257 (5, Ay (1.3)
N

where |Ar,| = N/p, for any 3,p € (0,00), any d € N and any bc € {&, per, Dir}. The existence of
the thermodynamic limit in (1.3) with bc € {per, Dir} under suitable assumptions on the interaction
potential v can be shown by standard methods, see, e.g., [Rue69, Th. 3.58] and [Rob71|. However, up
to the best of our knowledge, there is no useful identification or characterisation of f®9 (3, p) available
in the literature. We also give new proofs for the independence of the value of the free energy on the
boundary conditions, which is another novelty.

Our approach and the remainder of Section 1 can be summarized as follows. Since any permutation
decomposes into cycles, and using the Markov property, the family of the NV bridges in (1.1) decomposes
into cycles of various lengths, i.e., into bridges that start and end at the same site, which is uniformly
distributed over A. We conceive these initial-terminal sites as the points of a standard Poisson point
process on R? and the cycles as marks attached to these points; see Section 1.2 for the relevant notation.
In Proposition 1.1 below we rewrite Z](\l;c) (8, A) in terms of an expectation over a reference process, the
marked Poisson point process wp.

In Section 1.3, we present our results on the large-IN asymptotics of Zﬁc)(ﬂ, A) when A is a centred
cube of volume N/p. Indeed, in Theorem 1.2, its exponential rate is bounded from above and below in
terms of two variational formulas that range over marked shift-invariant point processes and optimise
the sum of an energy term and an entropy term. These bounds are shown to coincide for any fixed
p if 3 is sufficiently small, and for any fixed § if p is sufficiently small. The main value and novelty
of these representations is the explicit description of the interplay between entropy, interaction and
symmetrisation of the system. We think that these formulas, even in the case where our two bounds
do not coincide, are explicitly enough to serve as a basis for future deeper investigations of properties
like phase transitions.

The physical interpretation, motivation and relevance are discussed in Section 1.4.

1.2. Representation of the partition function. In this section, we introduce our representation
of the partition function Z](\‘;C)(ﬁ,A) for each boundary condition bc € {@,per,Dir} in terms of an
expectation over a marked Poisson point process. The main result of this section is Proposition 1.1.
We have to introduce some notation.

We begin with the mark space. The space of marks is defined as

E™ = Jcry,  bee {2, per,Dir}, (1.4)
keN

where, for k£ € N, we denote by C, = C,(f/)\ the set of continuous functions f: [0,kB] — R? satisfying
f(0) = f(kp), equipped with the topology of uniform convergence. Moreover, C,(C]?X), resp. C,(C‘:“), is the
space of continuous functions in A, resp. on the torus A = (R/LZ)%, with time horizon [0, k3]. We
sometimes call the marks cycles. By £: E®9 — N we denote the canonical map defined by ¢(f) = k
if fe C,S?X. We call ¢(f) the length of f € E. When dealing with the empty boundary condition, we

sometimes drop the superscript @.

We consider spatial configurations that consist of a locally finite set & C R? of particles, and to each
particle x € £ we attach a mark f, € E®9satisfying f,(0) = z. Hence, a configuration is described by



the counting measure

W= das)

TSI
on R? x E for the empty boundary condition, resp. on A x E® for bc € {per, Dir}.

We now introduce three marked Poisson point processes for the three boundary conditions. The one
for the empty condition will later serve as a reference process and is introduced separately first.

Reference process.

Consider on C = C; the canonical Brownian bridge measure

P.(B € A; Bg € dy)

Mg?g}ﬁ)(A) = u;%(A) = dy , A C C measurable. (1.5)
Here B = (Bi)c[0,5) is @ Brownian motion in RY with generator A, starting from z under P,. Then
u;ff;, is a regular Borel measure on C with total mass equal to the Gaussian density,
P, (B3 € dy) _d/9 —Llz—y?
1) (C) = gpla,y) = % = (4nB)" V2" w7V, (1.6)

We write PY), = usy/gs(z,y) for the normalized Brownian bridge measure on C. Let

wp = Z 5(95,396)7

z€€p

be a Poisson point process on R¢ x E with intensity measure equal to v whose projection onto R% x Cj,
is equal to

vi(dz,df) = %Leb(dx) @ pd(df), ke N. (1.7)

Alternatively, we can conceive wp as a marked Poisson point process on R? based on some Poisson
point process £&p on RY, and a family (By)zegp of ii.d. marks, given {p. The intensity of {p is

. 1
q—%qk, with  qp = W, keN. (1.8)
Conditionally given £p, the length ¢(B,) is an N-valued random variable with distribution (gx/q)ken,
and, given ¢(B;) = k, B, is in distribution equal to a Brownian bridge with time horizon [0, k0],
starting and ending at x. Let Q denote the distribution of wp and denote by E the corresponding
expectation. Hence, Q is a probability measure on the set 2 of all locally finite counting measures on

Re x E.

Processes for Dirichlet and periodic boundary conditions.

For Dirichlet boundary condition, one restricts the Brownian bridges to not leaving the set A. Consider
the measure

P.(B € A; Bg € dy)
dy ’

pay”(A) =

which has total mass

A c C"” measurable, (1.9)

]P’x(B[O’ﬁ] C A; Bﬁ S dy)
dy

(Dir)

95" (x,y) = ulr?(CEN) =

. (1.10)

For periodic boundary condition, the marks are Brownian bridges on the torus A = (R/LZ)?. The

(per,B),

corresponding path measure is denoted by gz, "; its total mass is equal to

Y

o o o _ _lz—y—2L?
95" (@,y) = py P CY) = Y gslwy +2L) = (4np) Py e (1.11)

zeZ4 z€74
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For periodic and Dirichlet boundary conditions (1.8) is replaced by

7" = Zq(bc) with q(bc) k‘|A| / dz g(bc) (1.12)

Note that this weight depends on A and on N. We introduce the Poisson point process wp =
> zegp O(z,B,) 00 A X EC9 with intensity measure v whose projections on A x C](ij\) with k < N are

equal to v;°(dz,df) = 1Leba(dz) ® pis*” (df) and are zero on this set for k > N. We do not label
wp nor £p with the boundary condition nor with N; £p is a Poisson process on A with intensity measure
7 times the restriction Leby of the Lebesgue measure to A. By Q®® and E® we denote probability
and expectation with respect to this process. Conditionally on &p, the lengths of the cycles B, with
x € &p are independent and have distribution (q,(gbc)/q(bc))ke{l,,,,7]v}; this process has only marks with
lengths < N. A cycle B, of length k is distributed according to

ps ()

<bc)

PLL(df) = -
ks (z, )

(1.13)

We now formulate our first main result, a presentation of the partition function defined in (1.1)
in A ¢ R? with |A] < oo and boundary condition be € {@,per,Dir}. We write (P, F) for the
expectation of a function F' with respect to a probability measure P. We introduce a functional on
Q) that expresses the interaction between particles in A C R? more precisely, between their marks.
Define the Hamiltonian Hy: Q — [0, 00] by

Hp(w) = Z Ty y(w), where w = Z(S(sz) €Q, (1.14)
z,y€ENA el

where we abbreviate

U fz)—14(fy)—1

NI)—t

B
ﬂ{(x,i);é(y,j)}/o o(|fz(iB +s) — fy(GB+s))ds, weQuzyel (1.15)

i=0

s
<.
Il
o

The function Hj(w) summarises the interaction between different marks of the point process and
between different legs of the same mark; here we call the restriction of a mark f, to the interval
[i8, (i +1)B)] with ¢ € {0,...,¢(fz) — 1} a leg of the mark. Denote by

NP W)= > ) (1.16)

x€ENA

the total length of the marks of the particles in A C R

Proposition 1.1 (Rewrite in terms of the marked Poisson process). Fiz 3 € (0,00). Let v: [0,00) —
(—o0, 00| be measurable and bounded from below and let A C R? be measurable with finite volume
(assumed to be a torus for periodic boundary condition). Then, for any N € N, and bc € {&, per, Dir},

Z09(3,A) = A7) g be) [e—HA(WP)]l{NI(\e)(wP) = N}. (1.17)

That is, up the non-random term |A[g"*®, the partition function is equal to the expectation over the
Boltzmann factor e #A of a marked Poisson process with fixed total length of marks of the particles.

1.3. The limiting free energy. In this section, we present our major result, the identification of the
limiting free energy defined in (1.3) in terms of an explicit variational formula, see Theorem 1.2. We
first introduce some notation.
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Define the shift operator 0, : R? — R? as 0,(z) = x —y. We extend it to a shift operator on marked
configurations by

Oy (@) =D Oamyf) = D Owfory) T W= 8-

x€E xEE—y T€E

By Py we denote the set of all shift-invariant probability measures on . The distribution Q of the
above marked Poisson point reference process wp belongs to Py.

Define ®3: 2 — [0, 00] by

p(w)= > D Tuylw), (1.18)

xze&nU yeg
where T, ,(w) was defined in (1.15), and U = [—%, ] denotes the centred unit box. The quantity

Y

®3(w) describes all the interactions between different legs of marks of w, when at least one of the marks
is attached to a point in U.

Next, we introduce an entropy term. For probability measures u, v on some measurable space, we
write

‘ (1.19)
otherwise,

flog fdv if f = exists,
Hu | v) = {C{O 1

for the relative entropy of p with respect v. It will be clear from the context which measurable space
is used. It is easy to see and well-known that H(u | v) is nonnegative and that it vanishes if and only
if u =wv. Now we set

1
I4(P) = lim —H(PAN ‘ QAN), P e Py, (1.20)
N—oo ’AN‘
where we write Pp for the projection of P to A, i.e., the image measure of P under
Wi wlp = Z (2, f2)> forw:25(m7fz). (1.21)
TEENA RIS

The limit in (1.20) is along centred boxes Ay with diverging volume. According to [GZ93, Prop. 2.6,
the limit in (1.20) exists, and Ig is a lower semicontinuous function with compact level sets in the
topology of local convergence, see Lemma 3.3 below. It turns out there that Ig is the rate function of
a crucial large-deviations principle for the family of the stationary empirical fields, which is one of the
important objects of our analysis and will be introduced at the beginning of Section 3.

Now we introduce two important variational formulas. For any 3, p € (0,00), define

XD (B,p) = inf {I5(P)+ (P,®g): P Py, (PN} < p}, (1:22)
XO(B,p) = int {Ig(P) + (P, ®s): P € Py, (P,N?) = p}. (1.23)

These formulas range over shift-invariant marked processes P. They have three components: the
entropic distance Ig(P) between P and the reference process Q, the interaction term (P, ®3) and the
condition (P, N[(f)> = p, respectively < p. Obviously, x=) < x&. Since all the maps P — Ig(P),
P (P, ®g) and P — (P,N{;’) are easily seen to be lower semicontinuous and since the level sets of
I3 are compact, it is clear that the infimum on the right-hand side of (1.22) is attained and is therefore
a minimum. However, this is not at all clear for (1.23); this question lies much deeper and has some
relation to the question about Bose-Einstein condensation, see the discussion in Section 1.4.

Now we specify our assumptions on the particle interaction potential v.

Assumption (v): We assume that v: [0,00) — [0,00] is measurable and tempered, that is, there are
h > d,A >0 and Ry > 0 such that v(t) < At™" for t € [Ry,00). Additionally, we assume that the
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integral
a(v) = / o(ja]) dz
Rd
is finite and that iminf, _qv(r) > 0.

We now present variational characterisations for upper and lower bounds for the exponential rate of

the partition function. We denote by Az = [—£, £]¢ the centred box in R? with volume L.

Theorem 1.2. Let Ly = (%)Vd, such that Ar, has volume N/p. Let v satisfy Assumption (v).
Denote

D, = {(8,) € (0,00)%: (473) /2 = pefr()}, (1.24)
Then, for any B3,p € (0,00), and for bec € {&, Dir, per},
. 1 ¢(1+9)
lim su log Z49(8, A < 222 (58, p), 1.25
14 ¢ & ' D,
liminf;logZ](\?c)(ﬁ,ALN) > L‘i_i; )x=(B,p) Z_f (8,p) € Dy, (1.26)
N—oo [ALy| (dxp)i2 | xD(B.p) if (B.p) ¢ Do,
where ((m) = 2, k=™ denotes the Riemann zeta function.

Note that the first term on the right, (1 + g)/(47rﬂ)d/2, is equal to the total mass g, the sum of
the gi defined in (1.8). The proof of Theorem 1.2 is in Sections 3.2 (proof of (1.25)) and 3.3 (proof of
(1.26)) for empty boundary conditions, and in Section 3.4 for the other two.

The assumptions [pq v(|z|) dz < co and liminf,_ov(r) > 0 are only necessary for our proof of the
lower bound in (1.26). In the proof of the upper bound in (1.25), it is allowed that v takes the value
+00 on a set of positive measure (corresponding to hard core repulsion) and also that v = 0 (the
non-interacting case); see discussion in Section 1.5.

As an obvious corollary we now identify the free energy defined in (1.3) in the high temperature

phase and in the low-density phase.

Corollary 1.3 (Free energy). Fiz (8,p) € D,. Then, for any bc € {@&,Dir,per}, the free energy
introduced in (1.3) is given by

144
1(8,p) = £9(5,p) = —%W +guin {15(P) + (P.Oa)s P € Po(PNG) < p}. (120)

A by-product of the proof of the lower bound of (1.26), see Corollary 3.5, we have the following
upper bound on the free energy.

Lemma 1.4. For any (3,p € (0,00), and for bec € {&, Dir, per},

£49(8,p) = li]r;ljgop—% | AiN| log Z{y"(8. Az, ) < Slog (p(4m9)) + Pa(w). (129

1.4. Relevance and discussion. One of the most prominent open problem in mathematical physics
is the understanding of Bose-FEinstein condensation (BEC), a phase transition in a mutually repellent

many-particle system at positive, fixed particle density, if a sufficiently low temperature is reached.
That is, a macroscopic part of the system condenses to a state which is highly correlated and coherent.
The first experimental realization of BEC was only in 1995, and it has been awarded with a Nobel
prize. In spite of an enormous research activity, this phase transition has withstood a mathematical
proof yet. Only partial successes have been achieved, like the description of the free energy of the
ideal, i.e., non-interacting, system (already contained in Bose’s and Einstein’s seminal paper in 1925)
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or the analysis of mean-field models (e.g. [T90, DMP05]) or the analysis of dilute systems at vanishing
temperature [LSSY05] or the proof of BEC in lattice systems with half-filling [LSSY05|. However,
the original problem for fixed positive particle density and temperature is still waiting for a promising
attack. Not even a tractable formula for the limiting free energy was known yet that could serve as a
basis for a proof of BEC. The main purpose of the present paper is to provide such a formula.

The mathematical description of bosons is in terms of the symmetrised trace of the negative exponen-
tial of the corresponding Hamiltonian times the inverse temperature. The symmetrisation creates long
range correlations of the interacting particles making the analysis an extremely challenging endeavour.
The Feynman-Kac formula gives, in a natural way, a representation in terms of an expansion with
respect to the cycles of random paths. It is conjectured by Feynman [Fe53] that BEC is signalled by
the decisive appearance of a macroscopic amount of ‘infinite’ cycles, i.e., cycles whose lengths diverge
with the number of particles. This phenomenon is also signalled by a loss of probability mass in the
distribution of the ‘finite’ cycles. See [Sii93] and [Sii02] for proofs of this coincidence in the ideal Bose
gas and some mean-field models. A different line of research is studying the effect of the symmetrisation
in random permutation and random partition models, see [Ver96], [BCMPO05], [AD08, AKO08, A(09], or
in spatial random permutation models going back to [F91]| and extended in [BU0Y].

In the present paper, we address the original problem of a mutually repellent many-particle system
at fixed positive particle density and temperature and derive an explicit variational expression for the
limiting free energy. More precisely, we prove upper and lower bounds, which coincide in the high-
temperature phase respectively low density phase. The formula yields deep inside in the cycle structure
of the random paths appearing in the Feynman-Kac formula. In particular, it opens up a new way to
analyse the structure of the cycles at any temperature and density, also in the low-temperature phase,
where our two bounds differ. In future work, we intend to analyse the conjectured phase transition in
that variational formula and to link it to BEC.

The methods used in the present paper are mainly probabilistic. Our starting point is the well-known
Feynman-Kac formula, which translates the partition function in terms of an expectation over a large
symmetrised system of interacting Brownian bridge paths. In a second step, which is also well-known,
we reduce the combinatorial complexity by concatenating the bridges, using the symmetrisation. The
novelty of the present approach is a reformulation of this system in terms of an expectation with respect
to a marked Poisson point process, which serves as a reference process. This is a Poisson process in the
space R? to whose particles we attach cycles called marks, starting and ending at that particle. The
symmetrisation is reflected by an a priori distribution of cycle lengths. The interaction between the
Brownian particles are encoded as interaction between the marks in an exponential functional. The
particle density is described by a condition on the total length of the marks in the unit box.

Approaches to Bose gases using point processes have occasionally been used in the past (see [F91]
and the references therein) and also recently in |[Raf09], but systems with interactions have not yet
been considered using this technique, to the best of our knowledge.

The greatest adavantage of this approach is that it is amenable to a large-deviations analysis. The
central object here is the stationary empirical field of the marked point process, which contains all
relevant information and satisfies a large-deviations principle in the thermodynamic limit. For some
class of interacting systems, this direction of research was explored in |[GZ93, G94|. In the present
paper, we apply these ideas to the more difficult case of the interacting Bose gas. The challenge here is
that the interaction involves the spatial points and the details of the marks. Modulo some error terms,
we express the interaction and the mark length condition in terms of a functional of the stationary
empirical field. Formally using Varadhan’s lemma, we obtain a variational formula in the limit.

However, due to a lack of continuity in the functionals that describe the interaction and the mark
lengths, the upper and lower bounds derived in this way, may differ in general. (At sufficiently high
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temperature, we overcome this problem by additional efforts and establish a formula for the limit.)
This effect is not a technical drawback of the method, but lies at the heart of BEC.

In Theorem 1.2, we formulate the limiting free energy in terms of a minimising problem for random
shift-invariant marked point processes with interaction under a constraint on the total length of the
marks per unit volume. Both formulas in our upper and lower bounds in Theorem 1.2 are formulated in
terms of random point fields having finitely long cycles as marks. The concept used in the present paper
is not able to incorporate infinitely long cycles nor to quantify their contribution to the interaction. In
the proof of our lower bound of the free energy, we drop the interactions involving any cycle longer than
a parameter R that is eventually sent to infinity, and in our proof of the upper bound we even drop
these cycles in the probability space. As a result, our two formulas register only ‘finitely long’ cycles.
Their total macroscopic contribution is represented by the term (P, N;p), and the one of the ‘infinitely
long’ cycles by the term p — (P, N;p). In this way, the long cycles are only indirectly present in our
analysis: in terms of a ‘loss of mass’, the difference between the particle density p and the total mass
of short cycles. Physically speaking, this difference is the total mass of a condensate of the particles.

The values of the two formulas x=)(8,p) and x= (8, p) differ if ‘infinitely long’ cycles do have
some decisive contribution in the sense that the optimal point process(es) P in x=(f,p) satisfies
(P, N[(f)> < p. We conjecture that the question whether or not the optimal P in x)(3, p) has a loss
of probability mass of infinitely long cycles is intimately related with the question whether or not
X8, p) = xF(B, p) and that this question is in turn decisively connected with the question whether
or not BEC appears. This is in accordance with Siitd’s work [Si193, Sii02]. The conjecture is that, for
given § and in d > 3, if p is sufficiently small, then it is satisfied, and for sufficiently large p it is not
satisfied. The latter phase is conjectured to be the BEC phase. Future work will be devoted to an
analysis of this question.

Here is an abstract sufficient criterion for x<)(3, p) = x& (5, p).

Lemma 1.5. Fiz 3 € (0,00). If there exists a minimiser P of the variational problem inf pep, (Ig(P)+
(P, ®3)) satisfying p := (P,N[(f)> < 00, then, for any p € (0, p),

x=(B3,p) = x2(8,p). (1.29)

Proof. Pick p < p. Let P be a minimiser in the formula for x<)(, p), i.e., of inf{Ig(P)+®3(P): P €
Po, (P, N[(f)> < p}. If (P, N[(JZ)> would be smaller than p, then an appropriate convex combination, P,
of P and P would satisfy (P, N’} € ((P,N{),p] and I5(P) + ®3(P) < I5(P) + ®5(P). This would
contradict the minimising propery of P. Hence, (P, N[(f)> = p, and therefore P minimises also the
formula for x2 (3, p). O

1.5. The non-interacting case. Let us compare our results to the non-interacting case. Indeed,
[A09, Thm. 2.1] says that, in the case v = 0, the identification of the limiting free energy in (1.27)
holds for any 3, p € (0,00). To see this, we have to argue a bit, and we will only sketch the argument.

Explicitly, after some elementary manipulations, one sees that [A09, Thm. 2.1] amounts to

1¢1+9) 1 .
=== 4 — f
1(8.p) Ban@iz T Baenw S, pst
where we recall that ¢ was defined in (1.8), and we put
TN = a+pHN Q) +p>_ Mlogp—p> M.

keN keN keN

JON, (1.30)

Now we rewrite the minimum on the right-hand side of (1.27) is a similar form by splitting N} into
> ken kNg, where
Nia(w) =#{z € ENA: U(fy) =k} (1.31)
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and N}, = Ny is the number of particles in the unit box U whose cycles have length k. Then we may
write

'f{f P:PeP,P,N“><}: inf £ I4(P),

inf ¢ Ig(P) 0 ( v <P () Zkk)\k<1P€7361n)‘(P) 5(P)
where A\(P) = %((P,Nk»keN- In order to see that (1.30) coincides with (1.27) for v = 0, one only has
to check that J(X) = inf pep, . y(py=r I3(P) for any A € £*(N) satisfying >, kAp < 1.

We do not offer an analytical proof of this fact, but instead a probabilistic one, which makes use of
the large-deviations principle in Lemma 3.3 below for the stationary empirical field Ry, ., introduced
in (3.2) with rate function Ig. Observe that the mapping P — A(P) is continuous as a function from
the set of all P € Py satisfying (P, N/} < p into the sequence space ¢!(N). Hence, by the contraction
principle (see [DZ98, Thm. 4.2.1]), the sequence (A(Ra, wp))r>0 satisfies a large-deviations principle
with rate function A\ — infpep,. \(p)=x I3(P). By uniqueness of rate functions, it suffices to show
that this sequence satisfies the principle with rate function J. We now indicate how to derive this by
explicit calculation.

Introduce
MA:{AG 0,1: 3" kA, < 1,k € N: )\k|A|p6NO}
k
and for A € My, we calculate

Q()\(D‘{AMP) - A) - Q(Vk € N: (Rpwp, Nir) = p)\k) - Q(Vk EN: #£(EW NA) = ,o|A|>\k),

where 51(;) = {x € &p: fy € Cr} is the set of those Poisson points with cycle of length k. Since the
Poisson processes 51(;), k € N, are independent with intensity ¢, we can proceed with

B A|qk)p|/\\k;v
A(Rawp) = A (€9 A A) = plAA nlq, ([Algr) 7
Q( (Rawp) ) I};JI:\IQ (€Y = p|A|\) = ke]l}(e DA )

Using Stirling’s formula, we get from here that

o 1ogq( (Raywp) = )\) ~—J(\), A€My, as L — oo.
From here, it is easy to finish the proof of the large-deviations principle for (A(mAL,wP))L>O with rate
function J. This finishes the proof of (1.27) for any 3, p € (0,00) in the noninteracting case v = 0.

The well-known Bose-Einstein phase transition in the free energy was made explicit in the analysis
of the right-hand side of (1.30) in [A09]. It was shown there that

11 S + @nB)2pa for p(4mB)V? < ((9),
Ban@)?2 " (1 +9) for p(4m )2 > ¢(4),

where « is the unique root of p = (478) 423, y ¢ kd/Q . Note that ((%) = oo in d € {1,2}, hence there
is no phase transition in these dimensions. The first line in (1.32) corresponds to the case where the
minimiser X in (1.30) satifies ), kA\x = 1, i.e., no ‘infinitely long’ cycles contribute to the free energy,
and the second line to the case ), kA, < 1. Hence, the Bose-Einstein phase transition is precisely at
the point where the variational formula in (1.30) with ‘<’ starts differing from the formula with ‘=’".

f(B,p) =— (1.32)

2. REWRITE OF THE PARTITION FUNCTION

In this section, we give the proof of Proposition 1.1.

As a first step, we give a representation of Zﬁc)(ﬂ,A) in terms of an expansion with respect to the
cycles of the permutations in (1.1). This is well-known and goes back to Feynman 1955.
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We denote the set of all integer partitions of N by
spNz{Az(Ak)keNON: Zk)\k:N}. (2.1)
k

The numbers A\, are called the occupation numbers of the integer partition A\. Any integer partition A
of N defines a conjugacy class of permutations of 1,..., N having exactly Ay cycles of length £k for any
k € N. The term in (1.1) after the sum on o depends only on this class. Hence, we replace this sum
by a sum on integer partitions A € Py and count the permutations in that class. For any of these
cycles of length k, we integrate out over all but one of the starting and terminating points of all the
k Brownian bridges belonging to that cycle and use the Markov property to concatenate them. This
gives the i-th (with ¢ = 1,...,\;) bridge B*" with time horizon [0, kf], starting and terminating at
a site, which is uniformly distributed over A. The family of these bridges B*? is independent, and
B®9 has distribution Py where we define

[ do s (df)
fA dz g(bC)( )

Py?(df) = (2.2)

The expectation will be denoted by IEX)C’B).

For A\ € Py, define
N )‘kl )‘kz k1i—1ko—1

Z(\?)ﬁ -5 Z Z Z Z Z Il(k1,z1,]1 )#(k2,i2 J2)/0 dsv(’B(klyll)(]‘lﬂ + 3) - B(k2722)(‘725+ 5)‘)

k17k‘2 1it1=142=1 51=0 j2=0
(2.3)

In words, g])\‘,ﬁ is the total interaction between different bridges B®*11) and B®*2:2) and between
different legs of the same bridge B®*".
Lemma 2.1 (Cycle expansion). For any N € N,

be fAdxgl(cbﬁC)(xvx)]Ak be.kB)\ O g(’\)
Z89(B,A) = Z(H ) Q) () o] (2.4)

! kAk
AeBn  kEN keN

Proof. We are going to split every permutation on the right-hand side of (1.1) into a product of its
cycles. Assume that a permutation o € Gy has precisely A cycles of length k, for any k € {1,... N}.
Then Zszl kAr = N. The corresponding Brownian bridges may be renumbered B(k’i) with k£ € N,
i =1,...,A, and 5 = 1,...,k. Then the measure fA dz .. fAde ®Z 1#&?:@() splits into an
according product, which can be written, after a proper renumbering of the indices, as

N X k-1 Ak k—1

(4) (bc,B) (%) (4)
[TIL1 [ ao @ @@ulti, . where afly =i 2.5)
k=1i=1j=0 REN i=1 j=0 a7kt

Denote by f1o---o fi the concatenation of f1,..., fx, i.e., fio---ofp((i—1)8+s) = fi(s) for s € [0, 3]
Note that the Markov property of the canonical Brownian bridge measures implies the concatenation

formula
pe(d(fro--o fi)) = /( - dag @Mg;c 9. (dfy),  mo=wp=xz.  (26)
AYe—
Now we integrate out over xS)Q, . atk . for any k € Nand ¢ = 1,...,\;. In this way, we obtain that

we may replace the bridges B]('“ under the measure

N A

R [ asulh,)

k=1 1=1
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by the bridges B*" = B{"*” ¢... o B{*” under the measure
N A \
c c, ®
[/ dz g,(%)(:n,:z:)] (IEX) kﬁ)) k
k=1 /A

Summarising, we get

Z](\l;c)(ﬁ,A) ﬁ /dx g(bc) ] Ak ® (Exkaﬁ))@)\k[ gw}

)\EiﬁN keN

where A(\) = #{0 € Gpn: o has \; cycles of length k,Vk € N} is size of the conjugacy class for the
integer partition A € PBy. Standard counting arguments (see [C02, Th. 12.1]) give

N!
H;cV:1()‘k!k>"“) 7
and conclude the proof. O

A(N) =

Now we explain our rewrite of the partition sum in terms of the marked Poisson point process
introduced in Section 1.2, i.e., we prove Proposition 1.1. The main idea is to replace the sum over
integer partitions in Lemma 2.1 by an expectation with respect to the marked Poisson point process
under conditions on the mark events. We restrict to the case of empty boundary conditions; the other
two require only notational changes.

It will be convenient to write the process wp as the superposition

wp = Zw(k) where wp) = Z (2,B.)> (2.7)

keN wee®

and w](;) is the Poisson process on R? x Cj, with intensity measure v, defined in (1.7). The processes

w](;) are independent.

Proof of Proposition 1.1. We start from Lemma 2.1. Pick an integer partition A € Py with
occupation number Aj satisfying Zi\;l kA = N, and abbreviate the number of cycles of A by m =
Zé\le Ag. For any k € N, the family (B%%);—; , under the measure (]P’(W)@‘k has the same
distribution as the family of marks (Bx):ceggc) of the conditional Poisson process w ) given {#(5(10 A) =

Ar}. Considering the product measure @),y (Py”)®* is equivalent to considering the superposition

of the conditional processes wff) with £ € N.

Hence, we have precisely m Poisson points in A. For any k € N, conditional on {#( I(f) NA) = A},
the set &5 N A has the same distribution as the set of starting points, {B®1(0),..., B&*)(0)}. A
comparison of (1.14)-(1.15) with (2.3) shows that the interaction term g}@fﬁ must be replaced by the
Hamiltonian Hj(wp). Hence,

@ e ] -l

keN

VE €N, #(0 NA) = M.

We see in an elementary way that

E[ —H (wp)

VE €N, #(E NA) = M)

2.8
_ E[e—HA(WP)ﬂ{Vk eN, #( ](;) ﬂA) — )\k}‘#(fP ﬂA) _ ]HkEN )‘k _m H Qk k, ( )

keN
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where g and the g are defined in (1.8). Let us summarise all the terms involving Ay from (2.4) and
(2.8) (noting that gg(z,z) = (47Tﬂk)_%)2

k)~ 22 A Ar! 7"
(H (4mBk) |Al ) % erN k 7" H(qk)—)\k _ |A|m%,

Al EAk m!
keN k keN

Recalling that Ny a(w) = #{x € A: £(f,) = k} = #(£5” N A) and putting Ny = #(&p N A), we get

N “-m
Zy(B.8) = YA 30 B[ RNk € N, Nia(we) = M} [ Nawr) =m. (99)
m=1 T ePn,
2 Ap=m

Note that the event {Ny(wp) = m} has probability |A|m%"; exp{—|A|g}. Hence

N
Zn(B.A) =TS S E[e_HA(“’P)]l{Vk € N, Nia(wp) = Ak I{NA (wp) = m}}. (2.10)

m=1 XePy,
Xk Ag=m

Note that the events {Vk € N, Nya(wp) = A} N {Na(wp) = m} are a decomposition of the event
{N{?(wp) = N}. Hence, the assertion in (1.17) follows.

0

3. LARGE-DEVIATIONS ARGUMENTS: PROOF OF THEOREM 1.2

In this section we prove Theorem 1.2 by applying large-deviations arguments to the representation
of the partition function in Proposition 1.1. In Sections 3.1-3.3 we carry out the proof for empty
boundary condition, and in Section 3.4 we show how to trace the other two boundary conditions back
to this case. In Section 3.1 we introduce the main object of our analysis, the stationary empirical
field with respect to the marked Poisson process wp, and we rewrite the partition function in terms
of this field. We also formulate and explain the main steps of the proof, among which the crucial
large-deviations principle for that field. In Sections 3.2 and 3.3 we prove the upper and lower bounds,
respectively, for empty boundary condition.

3.1. The stationary empirical field. Our analysis is based on a large-deviations principle for the
stationary empirical field, defined as follows. For any ¢ C R% and for any centred box A C R%, let
& be the A-periodic continuation of £ N A. Analogously, we define the A-periodic continuation of the
restriction of the configuration w to A as

Wiy =D D wrrngy  Hw=) e €N, (3.1)

z€Z4 z€ENA z€E

where L is the side length of the centered cube A. Then the stationary empirical field is given by
1
S%AM = W /Ady 59y(W(A))’ w € Q, (3.2)

where the shift operator 0, : R? — R is defined by 6, (z) = x—y. It is clear that Ry ,, is a shift-invariant
probability measure on 2, i.e., it is an element of Pjy.

Now we express Nl(\e) (w) in terms of Mp ,,. Recall that U denotes the centred unit box.; we write Ar,
for A.

Lemma 3.1. For any centred box A C R? with |A| > 1, and any w € Q,
IA{RAw, N = NP (w).
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Proof. Let L > 1 be such that A=A = [—% %]d We calculate
|A|<9{A7W,N[(f)> = / dz N((f) w(A) Z / dz Ty—»(2)0(fz)
A TE(A)
= > ULIAN(U -2)
acEE(A)
zEA+U

NP+ Y AN —a))

xEﬁ(A)ﬂ((A-FU)\A)
b3 WA T -2 - 1).
r€ENA

It remains to show that the sum of the two last sums is equal to zero. Note that the last sum can be
restricted to € £ N (A \ Az—1). We use the fact that for each point x € €N (A \ Ar_1) there exists
a collection of points in &) N (AL+1 \A) with the same mark of z. Indeed, there exists a positive
m(x } such that 2, € {,) N (A +U) \ A, z, = x + Lz; for some

2 € Z% and Z;’;(f) IAN(U —2)|=1- |Aﬁ( — x)|. Notice that

integer m(z) < d and a set {z],...

U Ux—&,\) (A+U)\ M),

x€EN(A\AL_q1) =1
and fy = f,r, for any i < m(x). Hence
> AN U =)= Y Uf)(1— AN (U —=)]).
xeﬁ(A)ﬂ((A-f—U)\A) rEENA
O

Now we express the interaction Hamiltonian in terms of integrals of the stationary empirical field
against suitable functions; more precisely, we give lower and upper bounds. In the following lower
bound, it is important that this functional is local and bounded; this will be achieved up to a small
error only.

Fix large truncation parameters M, R and K and introduce £ = {z € &: {(f,) < K} for w € Q

and
(R,M,K) _
o) = Y Y. T W), (3.3)
z€€(SEINU yet(SKNAR
where Ap = [—% %]d and
1f(fz) 1€(fy)—1
LIEEED Loy 20a) }/ onr(|fo(iB + ) — £,(GB + 5)]) ds

=0 7=0
and where vy (r) = (v A M)(r) = min{v(r), M'}. Recall that Nx(w) = [ N A| denotes the particle
number in a measurable set A C R%.

Lemma 3.2 (Hamiltonian bounds). Fiz any centred box A = Ap.
(i) For any M,R,K,S € (1,00), and for L > R+ 2,
Hy(@) > [A[(RAw, PG TNy, < S}) = CNppyay (@), weQ, (3.4)

where C' = 2¢BMK?rS, and r depends only on R and d.
(ii)
Hy(w) < |A[(Rrw, Pg), we, (3.5)
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Proof of (i). Estimate

A[(Ra 0, RNy, < S} = /A dz (0 (wn) ) 1{ N, (0= (win)) < S}

= /Adz Z Z Ta%)(w(m)]l{ﬁ({((f)m N(Ag —2)) < S}

veg(5 O N(U-2) yee(5 O N(ARr-2) (3.6)

=Y T / A= T{EES N (Mg — 2)) < 5.
ANU—2)N(Ar—y)

w»yefgf)K),xeAJrU,
YEA+AR,zEAR L1 +Y
Observe that the integral over z is not larger than one. Now we split the last sum into the sums on
z,y) € A% and the remainder. For (z,y) € A2, we may replace T.% (way) by T5% (w) and estimate it
Y Y y v \Way) DY Loy
against Ty ,(w). Hence,
Lh.s. of (3.6) < Hp(w) + U9 (w),

where the remainder term is

\PE\R,M,K,S) (w) = Z Ta(:f‘yf) (W(A))/ dz ﬂ{ﬁ(éff)m A (Ag—2)) < S}
2yeel S5 sentu, ANU—-z)N(AR—Y)

YEA+AR,TEAR L1+, (,y) ¢A2

%m\u@ 3 132 € AN (U —2) N (A — ) 8659 N (Ag — 2)) < S}

zyeeH) centu,
YEA+AR,TEAR 1 +y,(2,y)ZA2

SOME? 3 H(EES N (Ap +2)) < S

z,yeég[%)K)

YEA+AR,TEAR 1 +y,(2,y)ZA2

IA

IN

,xEA+U,

The sum over (z,y) ¢ A? is split into the sum over x € (A+U)Ly \A,y € A+ Agandz € A+ U,y €
(A+ Ar) \ A. Recall that A = Ay, and that L > R+ 1. The condition « € Agry1 + vy implies that in
both cases y is summed over a subset of Apyrio \ AL_r—1. Hence,

\IIA(AR,M,K,S) (w)
< -BMK”> > t{z € €5 N ARy +y: 8(6R N (Ar-1 + 7)) < S}

yEﬁEE)K) N(AL+Rr+2\AL-R-1)

N —

Now we show that the counting factor is not larger than rS, where r depends only on R and the
dimension d. Indeed, cover Ar41 + y with r boxes Ay, ..., A, of diameter (R —1)/2, then

#{z €65 N (Ape +9): 865 N (Ag—1 +2)) < 5}

<Y eV N A H(ERT N (AR + 7)) < 9)
i=1

<Y Mz e RV nAH(ERT NA) < 9)}
=1

<rs,

since A; C Agp_1 +z if x € A;. This gives
1
P () < §ﬁMK2rSNAL+R+2\AL7R71(w(A)) < 2BMK?rSNp,\ap 5o, W),

and finishes the proof of (i).
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Proof of (ii). In a similar way as in (3.6), one sees that, for any w € Q,

A Rrw, ®5) = D Toylwin) [ANU —2)|

T,YEE(A)
= HA(W) + Z Tx,y(w(A))(|A N (U - $)| - 1) (37)
z,yeENA
+ Z T y(wny) AN (U — )]

'T7y€£(A) : IEAL+17(xvy)¢A2

It remains to show that the sum of the two last sums is nonnegative. Note that the sum on x in the
first sum may be restricted to x € EN(A\ Ar_1). For each such z and for any y € £ N A, there exist a
positive integer m(x) < d and a set {2}, y], ... ,$/m(x) Yon(a) } such that z € § NALy1, 2, =2+ Lz;
and y] = y + Lz; for some z; € Z¢, and

m(z)

Z|Am —)| = AN U —2z)| -1

Then T, y(wn) = Ty (Weny) by A-periodicity of wi,. This shows that the sum of the two last sums
in (3.7) is nonnegative, which finishes the proof of (ii). O

Recall that Ly = (N/p)?. Applying Lemmas 3.1 and 3.2(i) to the representation in Proposition 1.1,
we obtain, for any R, M, K, S > 0, the upper bound

Zn(B,ALy) < e\ALN\aE[eXp{ — ALy (R, wps DFOUNY, < 5}>}

(3.8)
X exXp {CNALN\ALN—R—z(wP)}]l{<mALN,WP7 N[(Je)> = p}}’ N €N,
and, using Lemmas 3.1 and 3.2(ii), the lower bound
ZN(ﬁ,ALN) > e|ALN|aE|:e_‘ALNI<mALN’wP7<I)'B>]l{<mALN,WP,N[(]Z)> — p}:|’ N € N. (39)

The main point of introducing the stationary empirical field is that the family (9Ra, wp)r>0 satisfies
a large-deviations principle on Py, which is known from the work by Georgii and Zessin. On Py we
consider the following topology. A measurable function g: 2 — R is called local if it depends only
on the restriction of w to some bounded open cube, and it is called tame if |g| < ¢(1 + Np) for some
bounded open cube A and some constant ¢ € RT. We endow the space Py with the topology 7. of local
convergence, defined as the smallest topology on Py such that the mappings P +— (P, g) are continuous
for any g € L, where £ denotes the linear space of all local tame functions. It is clear that the map
P +— (P, Ny) is T-continuous; however, the map P — (P, N[(Je)> is only lower semicontinuous.

Lemma 3.3 (Large deviations for Rz, o). The family of measures R, op satisfies, as L — oo, a
large-deviations principle in the topology T, with speed |Ar| and rate function Ig: Py — [0,00] defined
in (1.20). The function Ig is affine and lower T-semicontinuous and has T-compact level sets.

Proof. This is [GZ93, Theorem 3.1]|. O

Our goal is to apply Varadhan’s lemma to the expectations on the right hand sides of (3.8) and
(3.9). In conjunction with the large-deviations principle of Lemma 3.3, this formally suggests that
both (1.25) and (1.26) should be valid, as we explain now. Indeed, first consider (3.9) and note that
the map P +— (P, ®3) has the proper continuity property for the application of the lower bound half
of Varadhan’s lemma. If one neglects the fact that the condition (P, N[(f)> = p does not define an open
set of P’s, then one easily formally obtains (1.26) from (3.9).
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Now we consider (3.8). Assume that the term Nap \ALy oo (wp) is a negligible error term and that
taking the truncation parameters R, M, K and S to infinity will finally turn <I>(BR’M’K)11{NAR < S}
into ®3. The functional P — (P, Q(BR’M’K)]I{NAR < S}) has the sufficient continuity property for the
application of the upper bound half of Varadhan’s lemma. However, the functional P +— (P, N[(f)>
is not upper semicontinuous. Hence, the equality (iRALN ,WP,N5)> = p is turned into the inequality
(P,N{) < p in the resulting variational formula. Therefore, one easily formally obtains (1.25) from
(3.8). In particular, our upper and lower bounds in Theorem 1.2 may differ. For small 3 resp. small

p, we improve the proof in Lemma 3.4 and achieve a coincidence of upper and lower bounds, but this
has nothing to do with large-deviations arguments.

The lack of upper semicontinuity of the functional P +— (P, N;ﬁ) causes serious technical problems
in the proof of the lower bound, since the condition (P, N;}”) = p must be approximated by some open
condition.

In Lemma 3.2, we already estimated away all the interaction involving cycles of length > K, and in
the proof of the lower bound we will restrict the configuration space to marks with lengths < K. This
is why our variational formulas spot only the presence of ‘finitely long’ cycles.

3.2. The upper bound for empty boundary condition. In this section, we prove the upper bound
in (1.25) for bc = @. According to (3.8), it will be sufficient to prove

1
limsup limsup logE[eXp{ — ALy [(Ra, MP,CDER’M'K)I[{NAR < S}>}
R,M,K,S—oco N—oco ’ALN| N (3.10)

X €Xp {CNALN\ALNfR—Z (WP)}H{<mALN,WP’N((JZ)> = ,0}] < _X(S)(ﬁap)-

An outline of the proof is as follows. We separate first the two exponential terms from each other
with the help of Holder’s inequality. The latter term will turn out to be a negligible error term. The
functional that appears in the first exponent turns out to be local and bounded. Since its integral
against a probability measure P is a 7g-continuous and bounded function of P, Varadhan’s lemma
can be applied and expresses the limit superior in terms of the variational formula for the truncated
versions of the interaction functionals. The indicator on the event {(%ALN,WP,N((JZ)> = p} is estimated

Y

against the indicator on its closure, which is the same set with ‘<’ instead of ‘=’. In this way, we
obtain an upper bound against a truncated version of the variational formula —x=)(3, p). By letting

the truncation parameters go to infinity, this formula converges to —x=) (3, p).
Let us turn to the details. We abbreviate Ry = i)’{ALNMP.

We pick n € (0,1) and start from (3.8), then Holder’s inequality gives

ZN(ﬂyALN) < e|ALN\§E[e—ﬁ|ALN|<9%N,<1>23R7M»K)]1{NAR§S}>]1{<9%N7N[(f)> < p} 1-n

. (3.11)
X E[eZCNALN\ALNfsz(wP)]n;
note that we also estimated ‘= p’ against ‘< p’ in the indicator. The second term on the right hand

side of (3.11) is easily estimated using the fact that NALN\ALN7R72 is a Poisson random variable with

parameter § X |[Ary \ Azy—p_2| and that this parameter is of surface order L4 = o(|Ay|). Hence,
the expectation is estimated

1 _
E[GZCNALN\ALmefz(wP)]n — o ALy \AL N —R—2] exp {nec/”GIALN \ALN—R—2|} < oAy,
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We turn to the first term on the right hand side of (3.11). It turns out that @%R’M’K)II{NAR < Stis
bounded. In fact,

1 2
Y W) HNagw) < S} < ZMB[ D 0 3o )+ (X F)) | HNag(w) < S}
zeUNE yeEARNE zeUng
< MBK?2S2.
(3.12)
Furthermore, it is easily seen that it is also local. Therefore, the map

P (PN, s )

is bounded and continuous on Py with respect to the topology 7. Now we can apply a variant of
Varadhan’s lemma [DZ98, Thm. 4.3.1] in conjunction with the large-deviations principle of Lemma 3.3,
to obtain that

. 1 1
lim sup n logE[exp{ — —]ALN]<9‘{N,<I>(5R,M,K)]1{NAR < S}>}]1{(9‘{N,N[(f)> < p}]
N—oo | LN| 1—n (3 13)
1 .
<— i (P + = (PO OUN,, < SD),
PePy: (PNY<p 1—n
since the set {P € Pp: (P,N/’) < p} is closed.
It remains to prove that
liminf  liminf inf (Is(P) + Fu,r,i,5,(P)) > inf (Is(P) + F(P)), (3.14)

RMK=ooml0 50 p:(pN{P)<p P: (PN)<p
where we used the abbreviations F(P) = (P, ®g) and Fi g k,s,(P) = ﬁ(P, @%R’M’K)H{NAR < S}).
Fix M,R,K > 0 and n € (0,1) and pick a sequence S,, — oo and some @, satisfing (Qn,N[(f)> <p
such that

. 1
I5(Qn) + Fr R K ,5,0(@n) < inf (I3(P) + Furr,5,m(P)) + = (3.15)
P: (PNY)Y<p n
By compactness of the level sets of I3, we may assume that the limiting measure () = lim,, ., @), exists
in Py, where the limit is taken along some suitable subsequence. Notice further that <Q,N[(f)> < p by
Fatou’s lemma. Fix any large S > 0, then for n sufficiently large,

. 1
inf <15(P) + FM,R,K,Sn,n(P)> > I3(Qn) + Far,r K,S, n(@Qn) — —
P <P7N[(])>SP n (316)

1
> 13(Qn) + Far,r,k,50(Qn) — =

where the second inequality uses the monotonicity of Fiy g ks, in S. Now send n — oo and use
the lower semi-continuity of Iz and the continuity of Fys g k55, to get that the limit inferior of the
right hand side of (3.16) is larger or equal to I3(Q) + Fu R Kk,5,,(Q). Sending S — oo and using the
monotone convergence theorem, we arrive at

lim inf inf (Iﬁ(P) +FM7R7K75'77,(P)) > inf (Iﬁ(P) +FM7R,K700,7](P))-
S=o0 popNPY<p Pi(PN)<p

In a similar way one proves that

lim inf inf (Is(P) + Fym K 0on(P)) > inf I3(P) + F(P)),
RMK=coml0 p. (pN{P)<p ’ - P <P,N§f>>s/)( ’ )

which implies (3.14) and ends the proof of (3.10).
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3.3. The lower bound for empty boundary condition. In this section, we prove the lower bound
in (1.26) for bc = @. According to (3.9), it will be sufficient to prove

lim sup

—|A R w 7@ =
log e v Phary wr Xﬁﬂ{CRALNMP’AQP>::pﬂ > —X(B.p)- (3.17)
N—o0 |ALN|

We follow the standard strategy of changing the measure so that untypical events become typical, and
controlling the Radon-Nikodym density by means of McMillan’s theorem. However, for our problem
we have to overcome two major difficulties. First, the map P — (P, ®3) is not upper semicontinuous,
and second, the set {P € Py: (P, N;p) = p} appearing in the indicator is not open. This set induces
long-range correlations not only between the points of the process, but also between their marks.
Therefore, we cannot use the results in [G94] for our proof.

Our strategy is as follows. In Lemma 3.7, we replace the condition (P, N[(JZ)> = p by the condition
|(P, N;p) — p| < 6 for some small § and control the replacement error. This condition becomes an open
condition when restricting the mark space F to a cut-off version. A restriction of Py in Lemma 3.8
makes the map P +— (P, ®g) continuous. In order to apply McMillan’s theorem to the transformed
point process, an ergodic approximation is carried out in Lemma 3.10.

4

Let us turn to the details. First, we prepare for relaxing the condition ‘= p’ to ‘~ p’ in the following
step, which is of independent interest. Bounding the quotient Zx11/Zy of partition functions is often
the key step to prove the equivalence of the canonical ensemble with the grand canonical ensemble,
where the particle number is not fixed but governed by the mean. In the following, we give a lower
bound in our case, which will also imply a non-trivial upper bound for the limiting free energy. Our
proof is carried out in the setting of the cycle expansion introduced in Section 2 and is independent of

the reformulation in terms of the marked Poisson point process.

Lemma 3.4. For any N € N and any measurable set A C RY,

ZN+1(57 A)

where we recall that a(v) = [pa v(|z|) d.

NI

AL —Nga@al, (3.18)

= @rf) 2

Proof. The strategy is as follows. We start with the cycle expression for the partition function
Z;. We then add a particle, i.e., an additional cycle of length one, and control the changes in the
combinatorial factor and in the energy. Here our assumption [, v(|z|)dz < oo allows to bound the
additional interaction energy.

We abbreviate Zy(3,A) by Zx in this proof. Recall (2.1). According to Lemma 2.1, the cycle
representation of the partition function reads
Zy =Y FEO), (3.19)
AEPN

with the combinatorial and interaction part

N _ N
AN =] (47r6k; ;;:i:zmw and  Fy(\) = (@ (E%m)wk) [e—gﬁ,%],
k=1 ’ k=1

Define the injection

M+1 k=1

T: . T =X with A =
By — Pns1 () with A {)\k f k> o



19

All the terms in (3.19) are nonnegative, hence we may estimate

IN41 2 > BNRA) = Y F(T\N)E(T(N)

by : X >1 AEPN
G‘BNH 1> (T(A)) (3-20)
Z o) F1(A)Fa(A).
AEPN B
The first quotient on the right hand side of (3.20) is bounded from below as follows
F(T(N) —a/2_ A —q2_ 1Al
—= =4 — >4 —_—. 3.21
O R s S R (3.21)
The second quotient is estimated via Jensen’s inequality as follows. Recall that Bé;i)l)ﬁ-ks is the
Brownian bridge of the j-th leg of the i-th cycle of length k, 1 <7 < A.
®) o (s EY [ g (ki)
R0 =EY @ (& (7)) [N exp { - ZZZ/ (1B, ~ BE 5.1 ds)]
N k=1 keN i=1 j=1 (3-22)
@A () .
(kB) Y (ﬁ) (k,1)
> (@ (E) ) [ exp { - ZZZ/ B [0(1By — By, )] ds}].
k=1 keN i=1 j=1
Given A € Py and k e Nji € {1,..., A}, 7 € {1,...,k}, we write f(s) := Bgi)l)ﬁﬂ” and we estimate
the expectation in the exponent as follows.
EQ (u(|B, — /dx/ dy 2@y — F(5))g5-5(y, 2)
IAI g98(x,x)
985y, )95 (2, ) \ 98y, y)
— o [ vty ) [ ao ( ) (3.2)
Al /A A 98(y,v) g8z, )

_ ﬁ /A dyv(ly — £(s)),

since, because of gg(x,x) = g5(y,y), the integral over x is exactly 1. An upper bound follows easily
because the interaction potential is nonnegative, i.e.,

B (w18 = £ ds = o [ ayolly—F0D < o7 [ olahde = pat). G24)
Using this in (3.22), we get

Fy(T(N) > (é (Excﬁ))@))\k)[ QE\?)ﬁe Shen Tk ﬁzlﬁﬁa(v)] ~ B(\e N, )

Using this and (3.21) in (3.20), the assertion follows. O

Now we draw two corollaries. First, we give an upper bound for the free energy, introduced in (1.3).
Corollary 3.5 (Upper bound for the free energy). For any [3,p € (0,00),

lim sup — log Zn(B,ALy) < log < (47rﬁ)%) + p2a(v).

N—o00 ﬁ|A | - ﬁ

Proof. Recall that ALN is the centred box with volume N/p. We use Lemma 3.4 iteratively, to get

ZN(B,ALy) = H ZgéﬁﬁAszN > H (47rﬁ 2_ ~Ba(v)p ) <(47rﬁ) 2; o—Polv)p )N
=1 Ary)
L |log O

The assertion follows by taking lim supy_, . _EIAT
N
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Corollary 3.6. Fiz 3,p € (0,00) and a box Ar, C R? satisfying |Ap,| = N/p. Assume that (3,p) €
D,. Then, for any N, NeN satisfying N < N,

E|e Hary @) Il{NXiN (wp) = N}] = E[e e P)H{N/(QN (wp) = N}|.

In particular, the map N — Z5(B,ALy) is increasing in N e {1,...,N}.

Proof. Observe that, for | < N, by Lemma 3.4,

ZH—l(ﬁ’ALN) > (4r ﬁ)__ |ALN| e lBa(v)/IAL | > (47Tﬁ) —ﬁpa(v) > 1,
Z1(B,ALy) I+1 P
where the last step follows from (3,p) € D,. Hence, for any N eN satisfying N < N, we have
ZN(ByALy) = Z5(B, ALy ). Now use Proposition 1.1 to finish. O

Openness

As we already mentioned, some of the technical difficulties for the application of Varadhan’s lemma
come from the fact that the set {P € Py: (P, N;’) = p} is not open. This problem will be taken care
of in the following lemma: we derive a lower bound for the right-hand side in (3.9) in terms of the
same expectation, where the strict condition = p is replaced by the condition € (p — 6, p+9), for some
6 > 0. Though this set is not open in Py, it will be open after restricting §2 to some cut-off version
QUER) which we will introduce a bit later.

Lemma 3.7. Fiz 8,p € (0,00) and a box Ap,, C RY satisfying |Ar,| = N/p. We abbreviate Ry (w) =
R, w forw € Q. Fiz § € (0,p). Then for any N €N,

E[e_HALN(WP)Il{<9%N(wP)7N[(]e)> _ p}}

g hasl e ) #01hy o), NE) € (9~ 0,0+ ), o
where Cy = 1 A (e~ (PH9)8a() (47rﬁ)_d/2p—}_6) and Cy = =
Proof. Define the subset l
P = {P €Py: (PNY) = |ALN|}
of probability measures. Abbreviate
v = E[e_HALN “P) 1p, (iRN(wp))], (3.26)
Y = Efer M) @ 1 Ry (wp))] (3.27)

Notice that, since N/|Ap,| = p, the left-hand side of (3.25) is equal to Y}’, while the expectation on
the right-hand side is equal to
> o

IEN: (p—8)[ ALy [<I<(p+0)|AL y |

We now estimate the quotients Y(I)I/Y“) respectively Y(2)1/Y(2) from below and above. More precisely,
we show, for any [ € Ny,

Y=oy i (p—6)ALy] <1< plAryl; (3.28)
and
V@ >V if plApy| <1< (p+0)[ALyl (3.29)

The proof of (3.28) follows from Lemma 3.4, combined with Proposition 1.1. Now we prove (3.29).
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We find a map 7: P41 — P; that describes a thinning procedure with the parameter p = L

+1-
Define the space of extended configurations
Q= {(w,e): w € N e=(eg)ree € {0,1}5}
and the thinning map
T:0—Q, Twe) =Y ebus,) (3.30)

TSI
Given w = erg O(z,f.): let pe be the {-fold product measure of the Bernoulli measure on {0, 1} with
parameter p on {0,1}¢. The mapping
T:P—P, TP)={P@pu)oT !, (3.31)

describes the distribution of what is left from a configuration with distribution P after deleting each
particle independently with probability p. Given P € P41, it follows

(T(P), N} = / Pldw) /Q pelde) S ent(f) = / Pdw) 3 pl(f) = p(P,NY)
3

Q zeenU Q zeenU

l l
=_— (P, NY) =
l+1<’ v ALy’

which shows that 7: Pj.1 — Py is well defined. Since 7 removes particles, and therefore energy, the
estimate

<P7 (I)ﬁ> > <T(P)7(I)ﬁ>v P e Pl-i—l’ (332)
follows easily. Inequality (3.32) gives the estimate

v < E[e—|ALN|<T(mN(wP>>7%>nPZ(T(%N(wp)))]

-1 -1 (3.33)

_ / el 0T 0T o ot (ap).
P dQo 9%]_\/

where we recall that Q is the distribution of the marked Poisson process wp, and we conceive Ry as a

map 2 — Pp; note that Ry depends only on the configuration in Ay, .

The main task is to estimate the corresponding Radon-Nikodym density. First we argue that
Qoi)‘{]}l 0T ! = (Q®u5) o7t 09‘{;71. (3.34)

Indeed, the left hand side is the distribution of 7 (§8x(wp)), and the right hand side is the distribution
of |y (T (wp,e)), where, given &p, the sequence e = (e;)zeep is a random Bernoulli process with
parameter p. It is clear that these two distributions coincide, since 7 (R (wp)) is obtained from wp by

deleting each particle in the configuration 6y ((wp)a, ) (where Y is uniformly distributed over Ay, )

ALy
independently with probability p, and Ry (T (wp, €)) is obtained from wp by first deleting each particle
in (LUP)ALN independently with probability p and then applying the random shift 6y to the remainder
of the configuration. By the thinning property of Poisson processes, these two operations lead to the

same configuration distribution.

By (3.34), it suffices in (3.33) to identify the density

_ d(@@pg) o T o MY
N = Qo) (3.35)

only on the image Ry (2). We claim that

on Ry (w)) = plEMienle=PlAeyl e . (3.36)
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This is shown as follows. First note that, since $iy(w) depends on the configuration w in Ay, only, it
suffices to show, for any measurable set A C 2 that depends on Az, only, that

Q@ ue)(T71(4)) = /AQ<dw> pl el (3.37)

This can be seen as follows. The measure (Q ® pg) o T~ on the left-hand side is the distribution of
what is left from a Poisson process wp in A after removing each particle independently with probability
p. The measure with Q-density w +— p'mALN‘e(l_p)ﬁ'ALN| is the same measure, as it explicitly describes
this procedure: it is equal to the quotient of the probabilities of having precisely |£ N Ar, | particles
under the Poisson distributions with parameters pg|Ap, | and g|Az, |, respectively. This proves (3.37)
and therefore (3.36).

Note that, for (p — 0)[AL,y| <1 < p|ALyl,

on Ry (W) < 0PIy — eiftlhin] < 075 e Q.

Hence, from (3.33) we have

Y < e / e AenliPalg o 1 (dP) = 073V,
P

and thus the estimate (3.29).

Now we finish the proof of the lemma subject to (3.28) and (3.29). By Lemma 3.2(ii), we have
Yy’ > Y,y and therefore

1
Lhus. of (3.25) = V¥ = 5o ) v ) Vi),
s of (3.2) =¥y 2 5L+ 2 N N
(=8| ALy I<I<plAL y | pIA Ly |<I<(+O)IAL x|
For (p —0)|ALy| <1< p|AL,| the estimate (3.28) gives

6‘ALN‘ 6‘ALN|

Y >y, > >0 YW > 0

because C7 < 1, where we again used Lemma 3.2(ii). On the other hand, for p|Ar, | <1 < (p+0)|AL,|
the estimate (3.29) gives

(2
Y,

(2) (2) SIAL NIy -(2)
Y 2OV > >0y YY),
where we used Cy < 1. Therefore
(C1 A 02)5\ALN\
Y]%l) TP Z Yl(2) =r.h.s. of (3.25), (3.38)
N (p=0)| ALy |<I<(p+d)ALy
which finishes the proof of the lemma. O

As a conclusion of Lemma 3.7 we have the following lower bound, for any sufficiently large N € N.
ZN(B,ALy) > e\ALN|(§—C5)E[e—lALN|(%N(WP),¢B>H{<9{N(WP)’N(f)> (p—30,p+ 5)}} (3.39)

for any ¢ € (0, £) and some C depending only on 3, p and v. Furthermore, if (ﬁ, p) € D,, then we can

combine Lemma 3.7 with Corollary 3.6 to get, for any p € (0, p] and any ¢ € (0, g) for any sufficiently
large N € N,

Zn(B,ALy) > e‘ALN'@—C‘”E[e—'ALN'@*N(“P)"I’@ﬂ{(%wp), Ny € (p—6,p+ 6)}] (3.40)
Hence, in order to prove both bounds in (1.26), it is enough to prove

limg inf lim inf 7= ‘logE[ A S Ry (wp), NY) € (0= 8,p+0)}] = —X(B,p), (3:41)
—00 LN

for any 3, p € (0, 00), since x'= (8, p) = inf5c(0,) X (8, p)-
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Restriction of the mark space

We will approximate the mark space E by the cut-off version

K
EUR = U Cr R, where Cj g := {f €Cr: sup |f(s)— f(0)] < R}.
k—1 s€[0,k0]

Let QU5 denote the set of locally finite point measures on R? x E-®  Define the canonical projection
i R: 8 — QU by
Tr,R(w) = w R = Z 5(x,fx)’
CCE{‘C meE(K'R)
On Q%M we consider the Poisson point process

(K,R)

wp " =T R(wp) = > O(z,B2) (3.42)
x€ép: BeE(KR)

as the reference process. The distribution of wi™™ is denoted Q™ its intensity measure is vX® =
Zle v where v/ is the restriction of vy to QU¢®; see (1.7). By IEK'R) we denote the rate
function with respect to w](E,K'R), that is, Ig{’m is defined as Ig in (1.20) with wp replaced by w](E,K'R). If
there is no confusion possible, we identify the set Py(Q¥) of shift-invariant marked random point
fields on QY% with the set of those P € Py = Py(Q) that are concentrated on Q5. A variant of
Lemma 3.3 gives that (mAL,wéK'R))L>O satisfies the large-deviations principle with rate function ]éK,R)'
Observe that %ALM;K,R) = RA L wp © 7TI_(71R. Hence, according to the contraction principle, we have the
identification

K,R . . -1 _

1597 (P) = inf{I3(Q): Q € Py, Q o', = P}, (3.43)

since the map Q — Q o 7T[_(1R is continuous.

For a while, we keep K and R fixed. Now we work on the expectation on the right-hand side of
(3.9). We obtain a lower bound by requiring that R, ., be concentrated on QUCR - On this event,
we may replace %ALNWP by %A JUSR) and we may replace the expectation E with respect to the

L %P
Poisson process wp by the expectation E¥® with respect to w](PK’R). We write Ry for iRA (x,R) In

LN7wp

the following. Hence, we can extend (3.39) by
Zn(B,ALy) > e ALy [[@COp(K.R) [e—lALNK%N#Dﬁ)]l{(mN’N[(J‘f)> c(p—10d,p+ 5)}] (3.44)

Notice that {P € Pp(QE™): (PN} € (p— 8,p+ )} is an open set. In order to apply the lower
bound of Varadhan’s lemma to the right-hand side, we need to have that the map P — (P, ®g) is
upper semicontinuous. This will be achieved by a further restriction procedure.

Continuity

We prove the continuity of the map P — (P, ®3) on the following suitable subset of measures. For
r € (0,00), put

1
I, = {w e NPT, (w) <r Vz,y€g, and |z —y| > = for all distinct z,y € 5}, (3.45)
r
where T, ,(w) was defined in (1.15). Denote
Pos = {P € Po(Q™™): P(I';) = 1}.

In the following lemma we use that the map ¢ s t4~1 SUPg>;_op v(s) is integrable, which easily follows
from the temperedness assumption in Assumption (v).

Lemma 3.8. For any r > 0, the map P — (P, ®g) is continuous on the set Py .
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Proof. We adapt the proof of the lower bound in [G94, Thm. 2|. Recall that 7,: Q — Qy,, denotes
the projection m,(w) = >, cenn,, O(a.f,) O the box Ag, = [~n,n]|¢. For any P let P, := Pom, . Let
P, P P® . . bein Py, such that P* = P as k — oo. Then we have, for any n,k € N,

(P, ®g) — (P, ®p)]

< |(P, &3 — Pgom,)| + (P — P, ®gom,) +22§’<P(k)=‘1>6 — ®g o) (3.46)

< ‘(P(k) —P,(I)507Tn>’ +2 sup <ﬁa‘c1)ﬁ - (I)ﬁoﬂ'nw’
ﬁE'Pg’T

Observe that the last term on the right-hand side vanishes a n — oo since ®g o m, converges to ®g
uniformly on I';.. Indeed, for w € T, estimate

1
Pp(w) — Pg(my(w Z Z ) < 3 Z Z K23 sup  wv(s), (3.47)
zeUNE ye€NAS,, zeUNE yeENAS,, s>le—y|-2R

where we also used that ¢(f,) < K and SUD,e(0,56(f, )] |f2(s)— f2(0)] < R for any = € &, since w € QU
Since |x —y| > % for any distinct z,y € £, the upper bound is not larger than

o0
KzﬁC’T,R/ t41 sup w(s)dt,
n s>t—2R
for some C,. g depending only on r and R. Now use that map ¢+ t4~1 Supg>;_op v(s) is integrable.

For any n, the first term on the right-hand side of (3.46) vanishes as k — oo since P* converges
weakly to P, and ®3 o m, is local and bounded on I',. O

Ergodic approximation

As a preparation for the construction of an ergodic approximation, we now show that any P with finite
energy is tempered, that is, the expectation of the square of the mean-particle density is finite. Here
we use the assumption that liminf, o v(r) > 0, which is part of Assumption (v). Hence, we may pick
R* > 0 and ¢ > 0 such that v(|z|) > ¢ for all |z| < R*.

Lemma 3.9 (Temperedness). Fiz K, R € N, and let P € Pp(QU™) with (P, ®g) < co. Then
(P,N}) < o0 and (P, (N)?) < <.

Proof. We may assume that R* < % Therefore, we obtain a lower bound for (P, ®g) by restricting
R* R*

the sums on z,y to x,y € AR*/4 = [— ]d and by dropping all the parts of the cycles except for

074
the first one:
—10(fy)—
.oy =5 [Pan) Y b3S n{“#w}/ (1£2(i8+5) = £,35 +5) ds
zefNUyee =0 j=0 (3.48)

Y

B8
%/P@w) > ﬂ{fﬂ#y}/o (| fa(s) = £y(5)]) ds.

x,yE{ﬂAR*M
Define, for any w € Q%% and z € &,
T:(w) =inf{s € [0,0]: |fu(s) — x| > R*/4} N 6. (3.49)

Note that |z — y| < R*/2 on the right-hand side of (3.48). Since v(|z|) > ¢ for all |z| < R*, each
integral on the right hand side of (3.48) can be estimated from below as follows.

Te (W)ATy (W) ,
/ o fo(s) — <>|>ols>/0 0(1£a(5) = Fy®)) ds > ¢ (ralw@) Ay(w)), @ € €W,y € €W,
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We get a further lower bound in (3.48) by inserting the indicator on the event {7, =0 = 7, }:

(P.g) = 5 [P #{e) € €N Ar) o £ vm=0=7}

Since the event {7, = d} is decreasing for decreasing 0 and its probability tends to one as 6 | 0, the
above counting variable tends to the number of distinct pairs in § VA« 4. Hence, for some sufficiently
small 6 > 0, we have

(P,®g) > C/P (dw) #1 (z,y) € (ﬁﬂAR*M) x # y} C<P,N/2\R*/4>.

Hence, if (P, ®g) is finite, then, by shift-invariance of P, also (P, N3) is finite for any bounded box A.
Since P is concentrated on configurations with bounded leg length, also (P, (N}”)?) is finite for any
bounded box A. O

Now we approximate any probability measure on Q% with an ergodic measure. Define

{sup8>t_2R v(s) ift > 3R,

v =1 (R) it ¢ € [0,3R].

(3.50)

Recall from Assumption (v) that ¢g(t) = O(t™") for some h > d.

Lemma 3.10 (Ergodic approximation). Fiz K,R € N and ¢ > 0. Then, for any P € Pp(QU9)
satisfying IéK’R)(P) + ®3(P) < oo and for any neighborhood V' of P in Pe(QU™), there exists an
ergodic measure P € V and some r > 0 such that P(T,) = 1, and (P, Pg) < (P, ®g) + ¢ and
I§°0(P) < I (P) + e

Proof. This is similar to [G94, Lemma 5.1]. Recall that P, denotes the projection of P on £,
the configuration space on the box Ag, = [-n,n]%. Since (P, ®j3) < o0, and as $g > 0, we have
(Pp,®3) < oo. Hence lim, o P,(I';) = 1, for any n € N. Therefore, we can choose a sequence
r(n) — oo such that lim, . Pn(I'yn)) = 1. Set m = n+ 3R. Denote by P™ the probability measure
under which the particle configurations in the (up to the boundary, disjoint) boxes A,, + 2mk, with
k € Z?, are independent and distributed as Pl :=P,(- | Fr(n)). In particular, no points are contained
in the corridors (L., \Ay,) + 2mk.

We now put

m Am

It is then clear that P™ € Py. A standard argument shows that P™ is ergodic; see, e.g., [G88,
Theorem 14.12|. Since I,y is shift invariant, and pm (T'rmy) = 1, it also follows that P™(T',,)) = 1.
We claim that P = P™ with n sufficiently large, satisfies the requirements. For this, we have to
show that (1) limsup,,_, ., Ig(P"™) < Ig(P), (2) limsup,,_,.(P™,®3) < (P, ®3), and finally (3) P™
converges weakly to P.

The proof of (1) can be found in the proof of [G94, Lemma 5.1].
Now we turn to the proof of (2). First note that
P™ ®4) / dz /P(") (dw T, 3.51
< 5 |Am| ) Z Z ,y ( )
ze€N(U—z) y&s

where we recall the notation in (1.15). The sum on y in (3.51) will be split in the sum over y € {N A,
and the remainder. The first sum is handled as follows. As z,y both belong to A,,, the measure P™
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can be replaced by P). Furthermore, since Ty ,(w) > 0, the integration with respect to P} may be
estimated against the integration with respect to P(-)/F,(I';(,)). This gives

|Am|/ dz/P(”)dw) YD) Tuylw

z€&N(U—z) ye&€NAn

A o, 0 P00 ST

ze€N(U—=z) ye€
Now use the shift invariance of P and recall that lim,, Pn(Fr(n)) =1 to see that the last expression
approaches (P, ®3).

Now we consider the remainder sum in (3.51), where y is summed over & N AS,. Observe that
|z — y| > 3R, hence we may estimate

Tuy(w) < BE*Yp(jz —y|) < BK? . \S\ilr |+17/)R(|517 —yl) < BE*r(lyl — 2] - 1)

where in the last inequality we used the fact that |z — y| > |z| — |y| and that ¢ r(-) is non-increasing.
Now we distinguish to which of the boxes A, + 2km, with k € Z%, the point y belongs (recall that the
configurations in these boxes are independent). Hence for any z € A,,, we have that

/ pm (dw) Z Z

ze€N(U—z) ye€NAS,

<BK? Y P,;(dw“))/ Pl (dw®)#(EV N (U - 2)) > Yr(lyl —[2[ = 1)
kezd\ {0} n yEE@DNAL)+2km
BK?

SW(P,NU>(P,NAn> > Yrlklm —m—|z| - 1),

kezd\{0}

where we estimated integrals with respect to P/ against integrals with respect to P/Pn(FT,(n)) twice,
and used the shift invariance of P. Now we use Assumption (v) and obtain a constant C' (depending
only on R) such that ¢g(t) < Ct~" for any t > 0. Using this in the last display gives that

[Praa >y

ze€N(U—2) ye€NAS,

BK2C2° _
< m(PyNU>2nd E (2[klm —m — |2[ = 1) "
it r(n) keZ4\ {0}

Now add the factor 1/|A,,| and integrate over z € A,,. Pick some [ = I(n) such that [ ~ n and
n(n —1)~" — 0 as n — oo and split the integral on z € A,, into the integrals on z € A; and on the
remainder. Then it is easy to see that

1 .
lim —— [ dz / PO(dw) > > T
=20 [Am| Ja,, T€EN(U—2) yEENAS,
Now we have shown (2), i.e., that limsup,_,._(P™, D) < (P, Dp).

For the proof of (3), we pick f € £ with some bounded measurable A C R? such that f = f(-NA)
and |f| < Na. To estimate the difference of |P™(f) — P(f)| we integrate over the box A, and get

PY(f) — P(f)] < ﬁ/A Ao 1z + A C A} |Pa(f 00, | Tony) — P(f 06,)]

A (3.52)

s [ Ao A A PO (Nar) + P(Var)]
|Am| Am
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Now P(Natz) < Iln(‘ly(( ))7 where u(P) < oo is the intensity of P. In the same way we obtain
5 Alu(P)
) _ |
P™(Natz) = P”(NAchmod 2m+1 | I‘7“(")) = Pn(rr(n))‘

Hence the second term on the right hand side of (3.52) is not larger than the volume of {x € A,,: =+
A ¢ A} (which is of surface order of A,,) times O(|A,,|™1), i.e., it vanishes. Concerning the first
term on the right hand side of (3.52), we estimate

1 C
> T()) -1 n(NA—i—:c;Fr(n)) + Pn(NA-i-:c;Fr(n))
1
< |Alu(P) Plloo) 1‘ + P(NZ)Y2(1 = Po(Try) 2.

By Lemma 3.9, P(Ng) is finite, hence the right-hand side vanishes as n — co. Therefore, also the first
term on the right hand side of (3.52) vanishes, and we conclude that (3) holds. O

Final step: proof of the lower bound in (1.26):

Now we can finish the proof of the lower bound in (1.26). Recall that it is sufficient to prove (3.41) for
any (3, p € (0,00), to get both lower bounds in (1.26). Fix K, R € N and ¢ € (0, p). We start from the
right-hand side of (3.44). Fix ¢ > 0, and pick P € Py(QU™) satisfying IéK’R)(P) + (P, ®3) < 0o and
[(P,N{) — p| < 6. By Lemma 3.10, we may fix some 7 > 0 and some ergodic measure P € Py(QUm)
satisfying |(P, Ny') — p| < § and (P, ®g) < (P, ®g) + ¢ and I{*”(P) < IJ*"™(P) + & and P(I,) = 1.
Since I(K’R)(ﬁ) < o0, for N large enough there is a density fN " of the projection ﬁLN of P to Q(LI;R)
with respect to the projection Q( " of the restricted marked Poisson point process QR to Qrys
where we recall that 2z, is the set of restrictions of configurations in 2 to Ar,, and Q(LI;',R) is defined
analogously. We conceive Ry as a map Ry,.: Qr, — PG(Q(K*’”). Now introduce the event

Cy = {w € QYT Ry, @) < (P, 0pg) +e, log fi ™ (w) < If“™(P) + s}. (3.53)

!A vl
Then we can estimate

EUR) [e"AN|<mN"I’5>]l{|<9%N,N((f)> — < 5}} :/ dQ(KR) —|ANKRN,Pp) ]l{|<9%N)N((]Z)> —p| < 8}

(K,R)
LN
~ 1
> / B (dw) e ANIOW S 1 0, NIO) — g < 6}
Cn N (w)

> o My TG (B)te) —|ALy [(P2s)+e) B Pry (Cn N {w € Q7 [(9n, NIY) — p| < 5}).
(3.54)
The continuity of the map P — (P, ®g) (see Lemma 3.8), the law of large numbers and McMillan’s
theorem imply that

Pry ({w € Q857 [(Brws NY) = pl < 6, (R, O) < (P, @) +

! log ™ (w )<I(KR)( )—i—&?}) as N — oo.
[ALyl

Using this in (3.54) and this in (3.44), we arrive at

1 ~ ~
lim inf —— AL log Zn(B,ALy) > G — 06— I§"™(P) —e — (P, ®p) —&. (3.55)
N
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Now recall that (P, Og) < (P, Pg) + ¢ and I(K "(P) < I3(P)+¢. Now we can let ¢ | 0 and take the
infimum over P, to obtain

1
liminf ——log Zn(8,ALy) > q—0 — inf {IéK’R)(P) + (P, ®3)}
N—oo [ALy] PePy(QUSH): |(PN{))=pl <6

Our last step is to approach the variational formula x= (3, p) on the right-hand side of (1.26) by
the finite- K and finite- R versions.

Lemma 3.11 (Removing the cut-off). For any ¢ € (0, p),

lim sup inf {IEKR)(P) + (P, ®g)}
K,R—o00 PePy(QUER): (PN —p|<s (3.56)
< uf {I5(P) + (P, ®3)} = X8, p). |

PePy(Q): (P.N)=p

Proof. Fix P € Py satisfying (P, N;’) = p and I3(P)+®3(P) < cc. For K, R € N, consider Py g =
Pomy'p. Then we have Pg g(QU®) =1 and (Pg g, Ni') = (P, 7 ro Nj') 1 (P, Ni') for K, R — o0
by the monotonous convergence theorem. Hence, for K and R sufficiently large, |(Px g, N') — p| < 6.
Observe that (P g, ®g) < (P, ®g) since &3 > 0. By (3.43), we have I (P r) < Ig(P). Finally,
observe that the infimum over P such that |(P, N’) — p| < § is obviously not larger than the infimum
over P satisfying (P, N/’) = p. O

3.4. Proof of Theorem 1.2 for Dirichlet and periodic boundary conditions. In this section,
we show how to adapt the proof of Theorem 1.2 for empty boundary conditions to obtain the proof
for Dirichlet and periodic boundary conditions. Let us make a couple of obvious observations. First,
the restriction of the periodised Brownian bridge measure on paths that do not leave the box A equals
the Brownian bridge measure with Dirichlet boundary conditions, i.e.,

er,kf3 Dir, k3
Ng(vpx ) C(Dlr) = Ng(v T ).

Hence, it is easy to see that g°™ < g® and that
ZG (B, M) < Zn(B,A) < ZR (B, M), (3.57)

(Dir)

since the Feynman-Kac formula for Z ™ contains only those paths that stay in A all the time with

the same distribution as under which they appear in the formula for Z](\‘,’“). Hence, it will be sufficient
to prove the upper bound in (1.25) for Z%*” and the lower bound in (1.26) for Z{™ only.

We start with the representation of Z](\?") and Z](\‘;er) given in Proposition 1.1. The first step is to

show that the weights g*® converge to q = > ken @k- For notational reasons, we now write QXJC) for
7(bo)
g,

Lemma 3.12. Let be € {Dir, per}. Then
. —(be) __ —
lim g, =71. (3.58)

Proof. Recall that we write L = Ly = (N/p)"/¢ for the side length of the box A.

(a) First we consider periodic boundary conditions. Then we have

—( er) o —d/2
o = (4ms) Zkl—i—d/Q d.¢ “a (3.59)

2€Z4
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Since the sum on k= 1,..., N and z = 0 converges towards (4r3)~%?
_l?

L?
to show that Zk 1 k1+d/2 > cezavfoy € P

Using an approximation with an integral, one sees that, for some C € (0,00), only depending on d,

0 1 —
Zkzl pitasz — 4, We only have

vanishes as N — oo.

Z el < cqd/2 for all a € (0, 00).
2€24\{0}
|=|2
Using this with a = L?/(48k), we see that > zezd\ {0} e 55 is of order k2L, Using that N is
1l
of order L? and applying the harmonic series, we see that Zk 1 kHd/Q ZzeZd\{O} e 5 is of order

L~%log L and therefore vanishes as N — oo.

(b) Now we consider Dirichlet boundary conditions. For any M € N and 6 € (0,1), we get, for any
sufficiently large N,

M
— ir 1
a" = [A] £ Z /dl’ pes (Bows) € A) = Z EW | 42122 (Bokg) © A)- (3.60)

It is easy to see that, in the limit N — oo, the integrand ,ugfm( 0,k C A) tends to ,u(kﬁ)(]l) =
(47k3)~%2 uniformly in z € (1 — 0)A and k € {1,..., M}. Hence,

M
lim q(Dnr) > Z %(47Tkﬁ)_d/2 ’(1 B 6)A”

N—oo

which tends to g as M — oo and 6 | 0.
O
Proof of the upper bound for periodic boundary condition.

We continue to write A for Ar ., where Ly = (N/p)l/d. We adapt the proof of the upper bound in
Section 3.2 for periodic boundary conditions. The main idea is to drop all the paths that reach the
boundary of the box A and to use that their distribution is equal to the one under the free Brownian
bridge measure. Let us introduce the random variable

NPV () = D ) (0, E(f)]) © A%, (3.61)
z€ENA
the total length of marks in A with path in A°. Furthermore, let
HP W)= ) THw), weq,
z,yeENA
with

(fa)—16(fy)—1
(= (v,9)}

j=0

3
I{ ([0, BE(F2)D), £4([0, BE(fy)]) © Ao}/o v(f2(i8 + 5) — fy(iB + s|)ds

T(D)

l\')l»i

=0

.
.

be the Hamiltonian in (1.14) restricted to paths in A°. Note that such that paths have the same
distribution under the periodised Brownian bridge measure as under the free one or the one with
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Dirichlet boundary condition. Hence, we estimate
B0 [ AN () = N}| < B0 [ A I{NED (w) < N}
< EPW [e—HXDW)n{Nxm(w) < VY] (3.62)
< E[e_H/(\D)(“)Il{NX’D)(w) <Ny.
Hence, we can use the same ideas as in Section 3.2, the only difference is that we have to deal solely

with paths that stay within the open box A°. It is straightforward to see that an adapted version of
Lemma 3.1 holds, i.e.,

¢,0) (¢,
AR, Ny ™) = NP (). (3.63)
We introduce the same truncation parameters for the box Hamiltonian above as in Lemma 3.2, i.e.,
we define
(R,M,K,0O) _ R
O DD DI )
xe€(EE)NU yee(SKINAR

where T;%’D) is the truncated version of Tfy) above. Hence, we get

Hy (@) = [A[(Ra, @ UNLT < S = ONAL - (@) (3.64)

Now (3.63) and (3.64) allow to deduce the corresponding upper bound on the right hand side of (3.13),
ie.,

1imsup’A | logE[eXp{ - 1—|ALN|<9%N,<I>(RMKD)H{N(D) < S}>} {(%N,N((JZ'D)> <p}
N—oo Ly
(3.65)
< — inf “ ([I@(P) + ?<P7 @(BRVM,K)H{NAR < S}>>,
PePy: (PN ))<p n

where the box condition to stay within A° disappeared in the limit N — oco. The proof for the upper
bound is finished with the same steps as for the empty boundary case.

Proof of the lower bound for Dirichlet boundary conditions.

We continue to write A for Az, , where Ly = (N/p)Y/4. The > strategy for Dirichlet boundary conditions
is as follows. First we pick some € € (0,4) and consider A= (1-¢)Aand A = A\ A. The idea

is to require that JA receives no particle and that the marks of all particles in A have length < K
and spatial extension < R. In this way, we get a lower estimate against the truncated version of the
Poisson process on A rather than on L. The only difference to the proof for empty boundary condition
is then that Lemma 3.7, which was given before the introduction of the truncation, now has to be
proved with the presence of the truncation, which requires some adaptation. Every other step of the
proof is literally the same for A instead of /NX, which means that in the end of the proof, the parameter
€ has to be sent to 0, which is extremely simple.

Let us come to the details. We first show that there exist ¢ > 0 and Cx g > 0 such that, for any
N,R, K € N,

E(Din) [e_HA(wP)Il{N[(f)(UJP) _ N}] > e ClA o=Ck RIA R (K. R) [e—HK(wP)]l{NIL\f) (wp) = N}, (3.66)
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where U p — 0 as R — oo and afterwards K — oo. This is done as follows. Estimate
EC [ AR 1N (wp) = N}
— B[ e N (wp) = NYI{¥a € € Bu([0, 84(B,)]) € A}
> E[e_HA(“’P)Il{NX) (wp) = N}I{Vz € A: B, € E"R}
% ¥z € 6o Ba([0, 0(B.)]) © AH{Noa (wp) = 0}
- E[e_Hﬂ(wP)Il{N/i\” (wp) = N}I{Vz € A: B, € B}

(3.67)

X 1 Noa (wr) = 0F{wp (R x (E@")%) = 0}].
Independence of the events in the indicators gives
rhs. of (3.67) = E®® [e—HWP)ﬂ{Ng) (wp) = N}} Q(Noa (wp) = 0)Q(wp(A x (™)) = 0)
— gER [e—HK(wP)H{N/L\E) (wp) = N}} e~ T10Alg—v(Ax (BUSI))
(3.68)

since Ni(wp) and wp(,/NX X (E(K*R))C) are Poisson distributed with respective parameters g|0A| and
v(A x (E¥0)¢). We estimate g|OA| < ce|A| for some ¢ > 0 and

v(A x (BFP)%) <A Z +|A|Zu(’“")( max |B|>R) < |A|ICk R, (3.69)
k:K+1

with some Ck g that vanishes as R — oo and afterwards K — oo. Hence, we have got (3.66).

Now we need a version of Lemma 3.7 for truncated point processes, i.e., we need to show that, for
any R, K € N and for any ¢ € (0, p), for all sufficiently large NV,

B e O 1Ry (wp). ') = )]

ME(K:R)
T 25|A|+2

(3.70)
[e_‘AK%N(wP)’%)11{<9‘*N(w1>), Ni') € (p—6,p+ 5)}] :

where C7 and Cy may depend on R and K.

Since Lemma 3.4 was used in the proof of Lemma 3.7, we first need a truncated version of Lemma 3.4.
For this we consider the truncated version of Zy (3, A):

(K.B) K (q(R))Ak|A|)‘k K b ®A e
K,R . . e
APy Sh, k=N k=1 k=1
where
dx (’“ﬁ) max |Bs — Bg| < R)
k,A |A| / L g seo,ﬁ | ol
and where EX?'M) is the expectation with respect to the probability measure

[y dzpd? (df W{max,eo g | fs — fol < RY)
|Algy” .

P (df) =
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All steps in the proof of Lemma 3.4 are easily adapted, but the estimate in (3.24) needs a slightly
different argument. We now estimate

B 0018, — £ = s [ AL [ol1B, — SO s, 1B — Bl < R, By < ]

(4n3) =42 gs(@, y)v(ly — f())gp—s(y, @)
< _(R)\A\ /d:z:/ dy (@, 2) .

Now we can proceed as in (3.23)-(3.24) and obtain that E{"” (v(|Bs — f(s)|) < %ﬁm' Hence,
qp

we get the following truncated version of Lemma 3.4:
Zniy (BA) Al (- Nﬂa(v)(47rﬁ)‘d/2>
Zy " (B,A) T N+1 |Algy”

Using this instead of Lemma 3.4 in the proof of Lemma 3.7, we get the truncated version (3.70) of
Lemma 3.7 with Cs as before and with C; replaced by

o =10 B gy (- L DPOEITA 2y

+6 7z

(3.72)

__ The remaining proof of the lower bound is exactly as in the case of empty boundary condition, with
A instead of A. This slight difference vanishes in the end when taking ¢ | 0.
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