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Abstract

We propose a finite volume scheme for the approximation of a biharmonic prob-
lem, with Dirichlet boundary conditions. We prove that the piece-wise constant
approximate solution converges in L?(£2) to the exact solution, as well as the dis-
crete approximate of the gradient and the discrete approximate of the Laplacian of
the exact solution. These results are confirmed by numerical results.

1 Introduction

We consider a polygonal open connected domain 2 C R?, with d integer strictly positive.
Let f € L*(Q2). The following biharmonic problem: find a function u, defined on €, such
that

A(Au) = f on Q, (1)

u = Au =0 on 0f). (2)

can be solved by many methods, since it resumes to the consecutive resolution of two
Laplace problems with homogeneous Dirichlet boundary condition, the first one for ob-
taining Awu, the second one for obtaining u. Unfortunately, this does no longer hold in
the case of problem (1), with the full Dirichlet boundary conditions:

u=Vu-n=0on 0. (3)

In order to provide a weak formulation of Problem (1) with boundary conditions (3), we
introduce the function space HZ(2), which is defined as the closure of C°(Q2) in H*(Q).
Thanks to the Lipschitz regularity of the boundary, we get that

H3(Q) = {u e H*(Q)N Hy(Q), Vu-n =0 a.e. on 9N} (4)

The weak formulation of Problem (1) with Dirichlet boundary conditions (3) is then given
by

u€ HZ(Q), Vv e Hg(Q),/ Au(z)Av(x)dr = / f(z)v(z)dz.
Q Q
In this paper, we will consider the more general problem

e HA(Q), Vo € H2(Q), / Au(z)Av(z)dz = / (F(z)v(@) + g(x) - Vola) + I(z)Av(z))dz,

Q Q
fel?*Q), ge L*(Q)? 1€ L*Q).
(5)



Indeed, Problem (5) arises in the theory of the two-dimensional incompressible Navier-
Stokes equations, since, for all divergence-free weakly differentiable vector fields U €
[H}(2)]?, there exists one and only one stream functions u € HZ() (see [7]) such that
U, = Oou and Uy = —0yu, which also is the solution of the problem

u€ H(Q), Yo Hg(Q),/
0

Au(z) Av(z)dz — / (D11 (2) — DU () Av(z)da.
Q

Then, from the Stokes problem —AU; + 01p = Fi, —AUs + Oop = F5, one gets that u is
the unique weak solution of the biharmonic problem

we HAQ), Vo € H2(Q), /Q Au(z)Av(z)dz — / (= Fy(2)010(z) + Fy(x)ds0(x))dz

Q

We recall that Problem (5) has one and only one solution, due to Riesz theorem and to
the fact that | Aulz2() is an equivalent norm to ||u| g2y in H3(€2). Indeed, the Poincaré
inequality

and
Yu € H3 (), —/uAuda::/Vu~Vudx
Q Q

imply
Yu € H3(Q), 1Vl 2y < diam(Q) || Aul|z2(q).

Besides, the following equality which is an immediate consequence of two integrations by
parts

Vo € C=(Q), /( ZZ/ 2 dx—ZZ/ 0% p(x)

=1 j5=1 =1 j=1

(6)

completes the proof of the equivalence of the norms.

The standard numerical method for the approximation of Problem (5) is the conformal
finite element method. It consists in defining, on a partition of €2 with polyhedra, elemen-
tary basis functions such that the reconstructed basis functions on € belong to C1(Q). It
is easy to define such a basis on cartesian meshes, since it suffices to consider the general-
isation in 2D or 3D of the P3 Hermite finite element in 1D. This task becomes much more
difficult on more general meshes. For example, the Argyris finite element on triangles in
2D appears to have complex basis functions. Therefore, nonconformal methods have been
studied on more general meshes. Indeed, only few works address the approximation of
this problem, using different numerical methods (see [1, 10, 2]).

It is then worth to notice that the discretization of this problem, using a finite volume
method on grids with some orthogonality property (see [5]), arises in the classical finite



volume scheme [8, 9] for the incompressible Navier-Stokes equations [3]. In this situation,
the finite volume method, used for the approximation of the discrete Laplace operator
involved in the weak formulation (5), provides a discrete weak formulation, where no
consistency is a priori proven on the discrete Laplace operator applied to the interpolation
of a regular function.

Moreover, such a consistency property does not hold for this discrete Laplace operator
in general (see [5]) on triangular meshes or rectangular meshes with nonconstant space
steps. Hence, in the convergence proof, one has to prove that it is possible to strongly
approximate Ay, where ¢ is a regular function with compact support in €2, in the discrete
space, the approximation being strongly convergent to ¢. This property is developped in
Lemma 3.3. Error estimates are proposed in the case where the solution of the continuous
problem has some regularity. These estimates are not sharp, as shown by the numerical
results.

This paper is organized as follows. The scheme is presented in Section 2. The mathe-
matical analysis is derived in Section 3, and finally, numerical results (in 1D, 2D and 3D,
using various types of meshes) are provided in Section 4.

2 Approximation of the Dirichlet problem

The notations are summarized in Figure 1 for the particular case d = 2 (we recall that
the case d > 3 is considered as well).

Figure 1: Notations for a control volume K in the case d = 2

We first define an admissible mesh in the sense of [5] and [6]. In the following definition,



we say that a bounded subset of R? is polygonal if its boundary is included in the union
of a finite number of hyperplanes.

Definition 2.1 [Admissible discretization] Let €2 be an open bounded polygonal subset
of R, and 0Q = Q\ Q its boundary. An admissible finite volume discretization of 2,
denoted by D, is given by D = (M, E,P), where:

o M is a finite family of non empty open polygonal convex disjoint subsets of €2 (the
“control volumes”) such that Q@ = Ugepm K. For any K € M, let 0K = K \ K be
the boundary of K and |K| > 0 denote the measure of K.

e & is a finite family of disjoint subsets of Q (the “edges” of the mesh), such that, for
all o € €, there emists a hyperplane E of R and K € M witha = 0OKNE and o is
a non empty open subset of E. We then denote by |o| > 0 the (d — 1)-dimensional
measure of o. The set of interior (resp. boundary) edges is denoted by Ewny (Tesp.
Eoxt ), that is Eny = {0 € E; 0 ¢ N} (resp. Eex = {0 € E; 0 C IN}). We assume
that, for all K € M, there exists a subset Ex of € such that 0K = Uyeg, 0. We
then denote by Exext = Ex N Eext and Exing = Ex N Eing. It then results from the
previous hypotheses that, for all o € &, either o C 08 or there exists (K, L) € M?
with K # L such that K N L = &; we denote in the latter case o = K|L.

e P is a family of points of Q indexed by M, denoted by P = (i) kerm. We assume
that xi € K for all K € M. Furthermore, for all o € £ such that there exists
(K,L) € M?* with 0 = K|L, it is assumed that xx # xr, that the straight line
(g, xp) going through xx and xy, is perpendicular to K|L and that the vector from
Tr to xp points outward of K. For all K € M and all 0 € Ek, let z, be the
orthogonal projection of xx on o. We suppose that z, € o if o C 0S2.

Remark 2.1 In the above definition, we could relax the hypothesis v € K, since this
does not necessarily occur in the case of Delaunay triangulations. This leads to a few
technical difficulties in the proofs below: in particular, the property

> loldge = d |K| (7)

c€fK

does no longer hold, which makes necessary some additional geometric hypotheses.
The following notations are used. The size of the discretization is defined by:
hp = sup{diam(K), K € M}.

For all K € M and o € £k, we denote by ng, the unit vector normal to ¢ outward to
K. We denote by dk, the Euclidean distance between zx and o.



For all o € &y, an orientation is chosen by defining one of the two unit normal vectors
n,, for each o € &y, and we denote by K, and K the two adjacent control volumes
such that n, is oriented from K to K. We then set

do = d(xg—2gt) = d(@p—,0) + d(2pt,0). (8)
For all o € &, we denote the control volume K € M such that o € £ by K,; we define
dy = d(xg,,0), (9)
and we define n, by n, = ng,_, For all K € M and o € £k, we define
Dg o ={tex + (1 —t)y,t € (0,1), y € o},

For all o € &y, let K, L € M be such that o = K|L; we set D, = Dk, U Dy ,. For all
0 € Eext, let K € M be such that o € Ex; we define D, = D ,.

For all o € £, we define
al
T, = — [ x dy(x). (10)
ol Jo

We shall measure the regularity of the mesh through the function 6p defined by

. dKO’ dKO’
f0p = inf d ¢ . 11
» = in {diam(K)’ i e M, UGEK} (11)

Definition 2.2 Let Q be an open bounded polygonal subset of R?, and D an admissible
discretization of Q0 in the sense of Definition (2.1). We define Hp as the set of functions
u € L?(Q) which are constant in each control volume. For u € Hp, we denote by ug the
constant value of u in K. We define the interpolation operator P : C(Q) — Hp, by
u — Ppu such that

Ppu(z) = u(xg) for a.e. x € K, VK € M. (12)
For any u € Hp, we denote
0ot = Uger — Up—, VO € Eg and dpu = 0 — ug,, Vo € Eexy, (13)
and
Ok oV = —Vk, Vo € Ekext and O o0 = v, — Vg, Yo = K|L € Ex i, VK € M. (14)
We introduce the following symmetric bilinear form:

[u,v]p = Z %502&,@, Yu,v € (Hp)?, (15)

ceg %



which defines a scalar product in Hp. We then denote |[ullp = ([u, u)p)'/? for allu € Hp.
We define Vp : Hp — (Hp)? and Vp : Hp — (L*(Q))¢ respectively by

|K|Vu = Z L;ﬂ kot (o —rK), VK € M, Yu € Hp, (16)
ocefk i
and 5
Vpu(z) =d O;iumng, for a.e. x € D,, Yo € £, Yu € Hp. (17)
We define Ap : Hp — Hp by
’K’AKU = Z Mé[(gu, VK € M, Yu € Hp. (18)
d,
o€EK
We define
Hpo={u € Hp, ux =0 for all K € M such that E ex # 0} (19)

Thanks to the above definitions, we have
—/u(:v)ADv(:v)dx = [u,v]p, Yu,v € (Hp)?. (20)
Q
We now approximate Problem (5) by

u € Hpy, Yv € Hp, /QADu(x)ADU(x)d:L‘ = /Q(f(:t)v(m)—i—g(m)-va(x)+l($)ADU(x))dx.
(21)

Remark 2.2 It is possible to replace Vpv (defined by (16)) in (21) by Vpv (defined by
(17)). We can see that the difference between [, g(x) - Vpv(x)dz and [, g(z)- Vopu(z)dz
resumes to different averaging formula of g on D,. One choice or the other one could be
preferred, depending on the reqularity of g.

Remark 2.3 Considering the particular case g = 0 and | = 0, we notice that (21) can
also be written as

uwe Hpy, Yv € Hpy, Z |K|AgulAgv = Z UK/ f(z)dx.
KeM KeM K

We can then regard the above relation as a finite volume scheme. Indeed, we take in (21),
v =1k for K € M with ke = 0. We have

Z ’L’AL’LLALU = Z L;ﬂdKngDU,

LeM o€k ¢



which is a discrete equivalent of
/ Adw @) = 3 [ V(A (@) - niady(z).
K oclx V9

The scheme can then also be written as
|K|Ag(Apu) = / f(x)dz, VK € M such that Ex ext = 0,
K

and
ug =0, VK € M such that Ex exi # 0.

We can now derive the mathematical properties of the scheme, thanks to that of the
discrete operator Ap, already studied in [5].

3 Study of the convergence of the scheme

We have the following estimate.

Lemma 3.1 (Existence, uniqueness and estimate on the solution of (21))

Let 0 be an open bounded connected polygonal subset of RY, d € N*, let f € L?*(Q),
g € L)%, 1 € L*(Q) and let D be an admissible finite volume discretization of §) in the
sense of Definition 2.1 and let @ < O0p. Then there exists C' > 0, only depending on €,
such that, for any u € Hpg such that (21) holds, then

lullz2) < CUIfllz2@) + 19l 2@y + 1l z2@)) (22)
lullp < CU|fllz2) + 191l L2y + 2 ), (23)

and
[Apul 2y < O fllz2@) + g2y + [1llz2@))- (24)

and there exists C' > 0, only depending on 2 and 0, such that

IVoull 2@ < C'(I1fl2@) + lgll 2a + 1 20))- (25)

As a consequence, there exists one and only one u € Hpy such that (21) holds.

PROOF. We first recall the discrete Poincaré inequality [5]:
||| 20y < diam(Q)||v||p, Yv € Hp. (26)
therefore, thanks to (20) and (26), we get:

[ullp < diam(Q2)[[Apul 20, (27)



We also recall that the following inequality, given in [6],
IV pul 2y < 0Vd||ullp, (28)

is a consequence of the Cauchy-Schwarz inequality and of Definitions (11) and (16). Hence,
setting v = w in (21), and using the Cauchy-Schwarz inequality, we get

|ADull 20y < diam ()% f|L2() + 0Vd diam(Q)|gll 2y + 11l 22,
which proves
lullp < diam(9)(diam(2)*|| £l 2 + 0Vd diam(Q) gl z20ya + 1]22@)
and
[ul| 20y < diam(€2)*(diam(Q)?|| f]| r2() + 0v/d diam(Q)(|g|| 2ye + |1l z2(02))-

The three above inequalities provide (24), (23) and (22) (note that the example provided in
Section 4.1 indicates that the above inequalities lead to the optimal orders with respect to
diam(£2)). We then get (25) using (28). Finally, we conclude the existence and uniqueness
of the solution to (21), which leads to a square linear system, from the estimate (22),
setting f =0. O

Lemma 3.2 (Compactness of a sequence of approximate solutions)

Let © be an open bounded connected polygonal subset of R?, d € N*, let (Dy,)men be a
sequence of admissible finite volume discretizations of €2 in the sense of Definition 2.1
such that hp, tends to 0 as m — oo and there exists § > 0 with < Op,_ for all
m € N. We assume that there exists C' > 0 and wu,, € Hp,, o, for all m € N, such that
|Ap, tuml|r2@) < C for all m € N. Then there exists a subsequence of (Dr,)men, again
denoted (Dyn)men, and u € HE(Q), such that the corresponding subsequence (Ump)men
satisfies

1. the sequence (U, )men converges in L?(Q) to u,
2. the sequence (Vop,,Um)men converges in L2(Q)? to Vu,

3. the sequence (Ap, Um)men weakly converges in L*(Q) to Au.

Proor.  We first extract a subsequence of (D,;)men, such that (Ap, ty,)men weakly
converges to some w € L?(Q2). Let u € Hi() such that

Yo € Hy(9), /QVu(x) -Vou(z)de = —/Qw(x)v(x)dx.

Then, from an immediate adaptation of the results of [6], we get that (uy,)men converges in
L*(Q) to u and (Vop,, U )men converges in L2()? to Vu. We then get that Au(z) = w(x)



for a.e. = € Q, which proves that Au € L*(Q). Let us prove that u € HZ(Q). Using
definition (17), we prolongate Vp, u,, by 0 in R\ Q. For ¢ € C>(R?) (hence ¢ does not
necessarily vanish at the boundary of €2), we define

- 5+ Pp,,
Vp,p(a) = T2, + Vo(e,) - (Vela,) - no)n,

for a.e. z € D,, for all o € £. We set Vp, () = Vip(z) for a.e. z € RT\ Q.

Using the results of [4], we get that the sequence (ﬁpmum)meN weakly converges to Vu
in L2(R%)?, where Vu is prolonged by 0 outwards from €. We consider the expression

o
T, = Z Ll—légumégppmw.

Uegint i

On the one hand, we have that

Tm - / 6IDmILTn(x) ’ %Dm@(l‘)dx,
Rd

which implies

lim 7,, = [ Vu(z)-  Ve(z)d.

m— oo R

On the other hand, thanks to w,, € Hp,, o, we have

T, = — Z o(Tr)AgUm = — / Pp, o(x)Ap, up(x)dr.
KeM Q

Hence, passing to the limit, we get

—/ o(x)Au(x)dr = | Vu(z)- Ve(x)d.

Q Rd

This proves that Vu € Hg;,(RY) and that, prolonging Au by 0 outwards of 2, we have
Au € L*(RY). Since u € H*(R?), this implies that u € H?(RY) (this also is a consequence
of (6), which holds with = R?). Since Vu = 0 in R?\ ©, we get that Vu - ngg = 0 in
the appropriate sense. Hence u € HZ(Q2). O

Lemma 3.3 (Interpolation of regular functions with compact support)

Let ) be an open bounded connected polygonal subset of R?, d € N*, let D be an admissible
finite volume discretization of ) in the sense of Definition 2.1 and let 6 > 0 with 6 < Op.
Let p € C*(Q) and let a = d(support(y),dQ). Then there exists C' > 0, only depending
on 0, and v € Hpy such that

1.

|90‘2

v — ‘PHLZ(Q) < ChD?, (29)



o~ Poglo < Cho 22, 30
1A — Ag]|r2) < Chp%, (31)

where |90|2 = MaxX; j=1,d ||8i2j90||L°°(ﬂ)'

PROOF. Let p € C°(R% R,) be the function defined by

C e(—1/(1— o)
o) = T (=1 = y)

and p(z) =0 for x ¢ B(0,1). Let ¢ (see Figure 2) be the function defined by

vz € B(0, 1
dy? ‘Z.E (7)7

AN /4
= - —(y — Q.
V) /xeﬂ,d(x,89)>g (a) g (a(y ;z:)) de, ¥y € (32)

Then the function 1 satisfies that ¢ € C°(Q2), ¥(z) € [0,1] for all z € Q, ¥(z) = 0 for

L S

Figure 2: Functions ¢ and v

all # € Q such that d(z,0Q) < ¢ and ¢(z) = 1 for all z € Q such that d(z,9Q) > 3¢.
The idea of the proof is to consider the discrete solution of the Laplace problem with
the right hand side —A¢p, and to multiply it by ¥. Then the proof mimicks the identity
A(pv) = vAY + 2V - Vo + pAv.

We first suppose that D is such that hp < §. We denote in the following ¥x = ¥(7k),
vx = p(rk) for all K € M and v»p = Ppp, op = Ppp. Let us define v € Hp such that

K| AgT = —/KAap(x)dx, VK € M, (33)

10



which is equivalent to
Yw € Hp, [v,w]p = — /Q Ap(z)w(z)de. (34)
Let us remark that v satisfies thanks to (33)
K|V At = /KAgo(x)dx, VK € M. (35)

Indeed, if [, Ap(z)dz # 0, then K Nsupport(¢) # 0, which implies d(zx,9) > 3¢, and
therefore 1Y = 1. Otherw1se Arv = fK Ap(z)dx = 0.

Using the results of [5], since the solution of the continuous Laplace problem is ¢ € C2(Q),
we can write the following error estimates:

> K@k — ¢x)* < Cah Jol3, (36)
KeM
and o
o .
> 7 0a (v~ vp))? < Cah o3, (37)
o ¢

where Cq only depends on 2. We define v € Hpq by its values in all K € M, given by
vk = iUk (recall that, for all K € M such that Ex e 7# 0, then d(zg, 0Q) < ¢, hence
g = 0). We first remark that

vk — ox| = VKUK — Vrpr| < [0k — K],
which proves (29) thanks to (36) since a < diam(2). Let us notice that the identity
ab—cd=c(b—d)+d(a—c)+ (a—c)(b—d) yields
dKk,oV = VKK oV + Vg0 o ¥D + Ok 60 Ok o UD.
Hence we get

|K|AKU = |K|77Z)KAK’U + |K|UKAK¢D + Z 5}(077/)1)5}(01}

O'EgK

We remark that, for all K € M such that Agyp # 0, then px = 0, and for all 0 € £
such that d,¢p # 0, then @+ = - = 0. This leads, using (35), to

|K|Agv = / Ap(z)dr + |K|(vk — ¢r)Axp + Z 5K0¢D5KU(U — ¢¥p).

ogEEK U
Moreover, a Taylor expansion provides

c ”
Ot = doVibi - T o+ dy— us

11



with C, bounded by a constant. Since } . [0|nk, =0, > ¢ |oldk, = d |K]| and
dy < dg,5/0, We get

<&

|K||AK1/}D| = = _|K|7

3 lold, e

ocefk

where C5 only depends on 6. Hence we get

> K] (AKU |K|/Acp dx) < 2— > K|k — ex)

KeM KeM )
+2 Z < Z %51(,01/1@51(,0(5 — @D)) .
KGM o€EK

Thanks to the Cauchy-Schwarz inequality, we have

(Z 5|6K0¢95K0( SOD)) S Z 5|(6K0¢D> Z %<5K7g<’ﬁ—¢p))2

o€EK i G’GEK i A%

ag
Dy @ ' (650 (T — )2,

0651(

where '} only depends on 6. Hence

S K| <AKU |K|/Ag0 dx) < 2_ S 1K@k — ox)?

KeM KeM
o
2 3 5 Mo o)t
KeMoelk
This leads, thanks to (36) and (37), to
2
203 + 4C%a?
e I P e e Y

KeM

hence proving (31) thanks to the regularity of Ay and thanks to a < diam(2). Finally,
since (38) can also be written

C
|Apv — ADUHLZ’ < _hD |13,
we get, thanks to (20) and (26),
~ : C
lo =735 < diam(Q)* =73, [¢];.
Hence we deduce (30) from (37) using the triangle inequality and a < diam(f2).

In the case where hp > ¢, we set v = 0. Since ||¢||12(q) and |[¢p||p are bounded, up to

some constants only depending on €2, by ||Ag||z2(q), and using }L < h”
the lemma holds for all hp > 0. O

, we conclude that

12



Remark 3.1 Lemma 3.3 is the main tool for a similar interpolation result which is needed
in the convergence proof [3] for a finite volume discretization of the incompressible Navier-
Stokes equations. In that case, we have to construct discrete test functions with homo-
geneous Dirichlet boundary values, which are discretely divergence-free and converge to
reqular divergence-free test functions with compact support.

We can now state the convergence of the scheme.

Theorem 3.1 (Convergence of the scheme)

Let Q be an open bounded connected polygonal subset of R, d € N*, let f € L*(Q),
g€ L2(Q) and | € L*(Q). Let u € H3(Q) be the solution of Problem (5).

Let (Dyy)men be a sequence of admissible finite volume discretizations of S in the sense of
Definition 2.1 such that hp,, tends to 0 as m — oo and there exists 0 > 0 with 0 < 0p,,
for allm € N. Let u,, € Hp,, o, for allm € N, be the solution of (21). Then the following
holds:

1. the sequence (Um)men converges in L*(2) to u,
2. the sequence (Vp, Um)men converges in L?(Q)? to Vu,

3. the sequence (Ap, Um)men converges in L*(Q) to Au.

PrROOF. Thanks to Lemmas 3.1 and 3.2, we get the existence of a subsequence of
(D) men, again denoted (D, )men, and of u € HZ(€) such that the conclusion of Lemma
3.2 hold. Let ¢ € C°(€2) be given. We take, in (21), v = v, where v,, is given by
Lemma 3.3 for D = D,,. Passing to the limit (thanks to weak/strong convergence) and
by density of C°(2) in HZ(2), we get that u is the solution of Problem (5). By a classical
argument of uniqueness, we get that all the sequence converges. Setting v = u,, in (21),
we get the convergence of ||Apmum||%2(9) to [,(f(@)u(z)+g(z) - Vu(z)+1(x)Au(z))ds =

Jo(Au(z))*dz. In addition to the weak convergence of Ap, u, to Au, this provides the
convergence in L*(Q) of Ap, u,, to Au. O

Let us now state error estimate results, that, for the sake of simplicity, we only provide
in the case g =0 and [ = 0.

Theorem 3.2 (Error estimate in the case where u € C(1))

Let Q be an open bounded connected polygonal subset of RY, d € N*. Let us assume
that uw € C*(Q) is given and that f = A(Au). Let D be an admissible finite volume
discretization of 2 in the sense of Definition 2.1 and let 6 > 0 with 0 < 0p. Let up € Hp
be the solution of (21). Then there exists C' > 0, only depending on Q, 6 and u such that

1.
lup — ullr2(0) < Cho, (39)

13



||VDUD - VU||L2(Q)d S Chp, (40)

HAD'LLD - AUHLQ(Q) S Chp (41)

PROOF. In this proof, we denote by C}; various positive quantities only depending on €2,
uw and 6. Let us first take any w € Hpo. We have

[ w@a@n@s = [ v,

Q

which leads, thanks to wx = 0 if K has a common boundary with 02, to
— Z doW / V(Au)(x) - n,dy(z) = Z wK/ f(z)dz.
oEEimt a KeM K
We set, for o € &y,

R, = % [ V@) nadr(a) - oo

We have the existence of Cy, only depending on u (as in [5]), such that
|R,| < Cyd,. (42)

Using w € Hp, we have

Z |§—|5gw§oPDAu = [w, PpAulp.

€&t i

Therefore, using (20), we have
Z |K|Au(zg) Agw = Z wK/ f(z)dz + Z |o| Ry w.
KeM KeM K EEint

Let us now introduce some v € Hp o, which will be chosen later as some discrete interpo-
lation of u. We have

D IK[AgvARw = > wk /K f@)dz+ Y |o|Rodow+ Y |K|(Agv—Au(rk))Axw.

KeM KeM o€Eint KeM

We now subtract the above equation with (21), in which we replace v by w and we get

D IK[Ap( —up)Agw = > |o|Robow+ Y |K|(Axv — Auak))Agw.
KGM ae&nt KGM

14



Thanks to the Cauchy-Schwarz inequality, we have the existence of Cj5 such that

> lolRs6,w

Uegint

S 05}7/@”11]”7),

which provides, thanks to (20), (26) and (27)

Z |o| Rydpw

o€E€int

S O6h’D||A’Dw||L2(Q).

Replacing w by (v — up) we obtain

|Ap (v — up)|lL2(e) < Cohp + ( > IK[(Akv — AU(JJK))2>

KeM

Finally, we use the triangle inequality and obtain

| Au—Apup||r2q) < ( > [ (Au— Aufag))’ da:) +Cshp+2 ( > |K|(Akv - Au(xK))2>

Kem 'K KeM

Now we choose v € Hpj according to Lemma 3.3 using ¢ = u. Thanks to (31) and
Au € C?*(Q), we get the existence of C7 such that

( > KAk — Au(xK))2> < Crhp.

KeM

Gathering the above results, we get
|Au — Apupl|2(0) < Cshp,
and, thanks to (20) and (26),
| Pou — upllp < Cohop,

and
| Pou — up||r2(0) < Crohp.

Using (28), we conclude the proof of the theorem. [J

Theorem 3.3 (Error estimate in the case where u € C*4(Q) N HZ(Q))

Let Q be an open bounded connected polygonal subset of R?, d € N*. Let us assume that
u € CHQ) N HE(Q) is given and that f = A(Au). Let D be an admissible finite volume
discretization of 2 in the sense of Definition 2.1 and let 0 > 0 with 0 < 0p. Let up € Hp
be the solution of (21). Then there exists C' > 0, only depending on Q, 6 and u such that

15



lup — ull 2y < Chig”, (43)

2.
[Vpup — V|| 2@ < Chlp/su (44)

3.

PrROOF. For a given a > 0 (which will be chosen later), we define the function 1, by
(32). We remark that the function wu, defined by u,(z) = u(z),(x) for all z € Q is such
that

||AU - AuaHLQ(Q) S C\/E, (46)

where C' only depends on u. Indeed, we have
Aua(r) = ta(w)Au(a) +2Vihe(z) - Vu(z) + u(z) Ao (),
which gives
Aug(r) — Au(r) = (Ya(r) — 1)Au(z) + 2Ve(2) - V() + u(@) Ao (@)

Since there exists C, > 0, only depending on u, such that for all z € Q, |Vu(z)| <
C,d(z,09Q) and |u(z)| < C,d(x,d0Q)?, we get the existence of C/, only depending on u,
such that

|Aug(z) — Au(z)] < C!, Va € Q such that d(z,09) < a,

remarking that |V, (z)| < Cy/a and |A,(x)| < Cy/a?, with Cy being a constant. Using
Aug(x) = Au(z) if d(x,00) > a, we get

| Au — AuaHQLg(m < meas(99) a (C!,)*.

We now reproduce the proof of Theorem 3.2 until the choice of v € Hpp, which is now
given by Lemma 3.3 for ¢ = u,. We then get that

1 ) h2,
I§4|K|(AKU - W/I(Aua(x)dx) < c(a/4)4.

Using the triangle inequality we thus get the existence of (1, only depending on u, such
that

h2
> IKI(Akv = Au(wi))* < Cn <h% +a+ _f> .
KeM a

It now suffices to choose a = h%/ ° (note that, for small values of hp the case hp < a/4
holds, which allows the function v given by Lemma 3.3 to be different from 0), which
leads to the conclusion of the proof. [
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4 Numerical results

We consider in this section 1D, 2D and 3D examples with various types of meshes in the
2D case. Note that, in particular, the discrete Laplace operator is not consistent in the
case of triangular meshes or rectangular meshes with nonconstant space steps. In the
tables below we use for the difference of the approximate solution up € Hpgo and the
exact solution u € HZ(Q) the following discrete norms defined by

1/2
Ey = (Z K | (ure = u(zr))?/ Y IKIu(xK)2> ,

KeM KeM

1/2
B = (Z K| |Vicup — Vuler) ) |K||Vu<xK>|2> ,

KeM KeM
and

1/2
By = (Z |K|(Agup — Au(k))’/ Y !Kl(Au(xK))2> :

KeM KeM

4.1 1D example
We solve the problem
u(z) = -1, z €0, L],
w(0) = u(1) = u'(0) =4/(L) =0,

which is the classical problem of the completely fixed beam, under uniform load. The
analytical solution is given by

The exact minimum value of u is —L*/(2* 24) ~ —0.002604167 L*.

n | Npat Ey order FE, order E, order Upmin Umax
100 | 484 | 4.29E-4 - 6.27E-4 - 1.12E-4 - -0.0026031 0
200 | 984 | 1.0TE4 | ~2 | 157E4 | ~2 | 280E-5| ~2 | -0.0026039 0
400 | 1984 | 2.68E-5 | ~2 | 3.92E-5 | ~2 |6.99E-6 | ~ 2 |-0.0026041 0

Table 1: Convergence orders, in the case L =1

In this standard example, we get convergence with order 2 for v, Vu and Awu. This conver-
gence order is lower than that obtained using conformal H? finite element methods, but
may be sufficient in practice. Note that ||f||z2) = VL, and that ||Aul|z2q), [Vullzz@)
and ||u|12(q) behave with L as L'|| f||r2(q) with respectively ¢ = 2, 3,4, which shows that
the constants found in the proof of Lemma 3.1 have the optimal order.

17



-0.002 |

Figure 3: Exact and approximate solutions with n = 200.

4.2 2D example

Let us consider the 2D problem, where the solution is given by (5) with f = A(Auw),
g=20,1=0,Q=]0,1[* and

u(zy, 9) = (1 — cos(2mx1))(1 — cos(2mxs)), V(x1,29) € [0,1]%
We then have
A(Au) (21, 25) = (27)* (4 cos(2mx1) cos(2mzs) — (cos(2ma1) 4 cos(27ms)))

We then have the following numerical results, for different meshes (squares or triangles).

Mesh Npat Ey order FE; order FEs order | Umin | Umax
20x20 3856 | 1.04E-2 - 6.03E-3 - 1.03E-2 - 0 3.991
40x40 18016 | 2.58E-3 | ~2 | 149E-3| ~2 | 2.56E-3 | ~ 2 0 3.998
1400 tr. | 12736 | 3.99E-3 - 5.27TE-2 - 5.97E-3 - 0 3.998
5600 tr. | 53456 | 9.89E-4 | ~2 | 263E-2| ~1 |253E-3| >1 0 |3.9995
22400 tr. | 218896 | 247E-4 | ~2 | 1.31E-2 | ~1 |120E-3| >1 0 |3.9999

Table 2: Convergence orders

In this example, we again get convergence with order 2 for u, Vu and Au using square
meshes, but only order 1 using triangular meshes. Again, this convergence order is lower
than that obtained using conformal H? finite element methods, but we remark that the
complexity of conformal finite element methods increases with that of the chosen element.
For example, the Argyris triangular finite element should be used for getting conformal
approximation in H?(2). This element has complex degrees of freedom, and the compu-
tation of the elementary stiffness matrix is much more complex than the implementation
of this finite volume method.

It is worth noticing that in this case, for any function ¢ € C2°(€2), the function ApPpyp
has no chance to converge to Ay in L*(f2) using the triangular meshes.
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Figure 4: The solution for mesh with 1400 tr., grid (left), solution (right)

4.3 3D example

Let us consider the 3D problem, where the solution is given by (5) with f = A(Au)
g=0,1=0,9Q=]0,1[* and

u(zy, 9, 73) = (1 — cos(2mx1))(1 — cos(2mxs))(1 — cos(2mxs3)), V(z1,ze,23) € [0, 1]°.

We then have

A(Au)(xy, 0, 23) = (2m)4( 4(cos(2mxy) cos(2mxy) + cos(2mry) cos(2mw3) + cos(2mw3) cos(2may))

—(cos(2mzy) + cos(2mxy) + cos(2mxs))
—9 cos(2mx ) cos(2may) cos(2ma3))

We then have the following numerical results, for cubic meshes with n?® control volumes.

J

Mesh Niat Ey order E order FEy order | Umin | Umax
8x8x8 3960 | 0.721E-01 - 0.564E-01 - 7.49E-2 - 0 7.57
16x16x16 | 60536 | 0.175E-01 | ~ 2 | 0.134E-01 | ~2 | 1.82E-2 | ~ 2 0 7.90
32x32x32 | 637560 | 0.435E-02 | ~ 2 [ 0.329E-02 | ~2 |4.52E-3| ~2 0 7.98
2000 Vor. | 78597 | 0.958E-01 - 0.238 - 0.281 - -0.015 | 7.83
16000 Vor. | 955719 | 0.475E-01 | ~ 1 0.114 ~ 1 0.172 <1 |-0.002 | 7.85

Table 3: Convergence orders

In this 3D example, we again get convergence with order 2 for u, Vu and Au with cubic
meshes. We recall that it is not possible to consider tetrahedral admissible meshes in 3D
in the sense of Definition 2.1. The more general meshes that we can consider here are the
Voronol meshes (recall that the control volumes are defined, for any point z, as the set of
the points of €2 closer to zx than to any point x;, for L # K). Note that, for such meshes,
no standard finite element techniques are available. In Table 3, we present the results
obtained using two Voronoi meshes, with respectively 2000 and 16000 control volumes.
The centers of the control volumes are randomly generated. The convergence orders
remain significant, although in this case again, for any function ¢ € C2°(Q2), the function
ApPpy has no chance to converge to Ay in L?(2). We observe that the maximum and
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Figure 5: From left to right: solution obtained with mesh 32x32x32, at x; = .2, at
x1 = .5, solution obtained with Voronoi mesh with 16000 control volumes, at z; = .2 and
at T = .5

minimum values are not as precise as those obtained using cubic meshes. It is interesting
to notice that the nonzero terms in the matrix are much more numerous, in comparison
with cubic meshes, for comparable mesh sizes.

References

[1] Matania Ben-Artzi, Jean-Pierre Croisille, and Dalia Fishelov. A fast direct solver for
the biharmonic problem in a rectangular grid. SIAM J. Sci. Comput., 31(1):303-333,
2008.

[2] Chun-jia Bi and Li-kang Li. Mortar finite volume method with Adini element for
biharmonic problem. J. Comput. Math., 22(3):475-488, 2004.

[3] R. Eymard, J. Fuhrmann, and A. Linke. On an extended MAC scheme on boundary
conforming Delaunay meshes for the incompressible Navier-Stokes equations: The
2d case. WIAS Preprint, 2010. to appear.

[4] R. Eymard and T. Gallouét. H-convergence and numerical schemes for elliptic equa-
tions. SIAM Journal on Numerical Analysis, 41(2):539-562, 2003.

[5] R. Eymard, T. Gallouét, and R. Herbin. Finite volume methods. In P. G. Ciarlet
and J.-L. Lions, editors, Techniques of Scientific Computing, Part III, Handbook of
Numerical Analysis, VII, pages 713-1020. North-Holland, Amsterdam, 2000.

[6] R. Eymard, T. Gallouét, and R. Herbin. A cell-centered finite-volume approximation
for anisotropic diffusion operators on unstructured meshes in any space dimension.
IMA J. Numer. Anal., 26(2):326-353, 2006.

[7] V. Girault and P.-A. Raviart. Finite Element Methods for Navier-Stokes Equations,
volume 5 of Springer Series in Computational Mathematics. Springer-Verlag, Berlin,
1986.

20



[8] C. A. Hall, J. C. Cavendish, and W. H. Frey. The dual variable method for solv-
ing fluid flow difference equations on Delaunay triangulations. Comput. & Fluids,
20(2):145-164, 1991.

[9] J. Nicolaides, T. A. Porsching, and C. A. Hall. Covolume methods in computational
fluid dynamics. In M. Hafez and K. Oshma, editors, Computation Fluid Dynamics
Review, pages 279-299. John Wiley and Sons, New York, 1995.

[10] Tongke Wang. A mixed finite volume element method based on rectangular mesh for
biharmonic equations. J. Comput. Appl. Math., 172(1):117-130, 2004.

21



