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1. Introduction

Mean field models in statistical mechanics furnish nice examples for the interpretation of
thermodynamics as the theory of large deviation for Gibbs measures of microscopically defined
statistical mechanics systems [E]. Roughly speaking, in such models the Hamiltonian is only a
function of (extensive) ‘macroscopic’ quantities (density, magnetization,etc.) of the system. In
the thermodynamic limit, the distribution of these quantities is expected to be concentrated on a
sharp value and to satisfy a large deviation principle. The corresponding rate functions are then
the thermodynamic potentials (free energy, pressure) that govern the macroscopic response of the
system to external (intensive) conditions. The classical paradigm of the theory is that the number
of relevant macroscopic variables is excessively small (order of 10) compared to the number of

microscopic variables (order of 1023) .

Over the last decade, the formalism of statistical mechanics and thermodynamics has found
increasing applications in systems in which the macroscopic behaviour is far more complex and
described by a ‘large’ number of variables. Such systems can be found in biology (heteropolymers,
neural networks) but also in the domain of disordered solids, and in particular spin glasses. Some
fundamental aspects of these ideas are discussed in an interesting recent paper by Parisi [P]. For
such systems, many basic problems are not very well understood, and many technical aspects defy
a mathematical investigation at the present time. An interesting toy model (that nonetheless has
also practical relevance) where this situation can be studied and for which mathematical results
are available, is the Hopfield model [FP1,Ho]. This model is a mean field spin system in the sense
explained above. However, the Hamiltonian, instead of being a function of few macroscopic variables
is a function of macroscopic variables that are random functions of the microscopic ones and those
number tends to infinity with the size of the system in a controllable way. More specifically, the

model is defined as follows.

Let Sy = {-1,1}¥ denote the set of functions o : {1,...,N} — {-1,1}, and set S =
{-1,1}¥. We call o a spin configuration and denote by o; the value of o at i. Let (Q,F,IP)
be an abstract probability space and let ¢!, 4, u € IN, denote a family of independent identically
distributed random variables on this space. For the purposes of this paper we will assume that
IP[¢¥ = £1] = 1, but more general distributions can be considered. We will write {#[w] for the
N-dimensional random vector whose i-th component is given by £![w] and call such a vector a
‘pattern’. On the other hand, we use the notation {;[w] for the M-dimensional vector with the
same components. When we write ¢{[w] without indices, we frequently will consider it as an M x N
matrix and we write {*{w] for the transpose of this matrix. Thus, {*[w]¢[w] is the M x M matrix
whose elements are Efil ¢ [w]¢¥{w]. With this in mind we will use throughout the paper a vector

notation with (-,-) standing for the scalar product in whatever space the argument may lie. E.g.



the expression (y, §;) stands for Zﬁ'{__l £y, ete.

We define random maps ml[w] : Sy — [~1,1] through!

1 N
miylwl(o) = 5 3 ewlo: (1)

i=1

Naturally, these maps ‘compare’ the configuration o globally to the random configuration ¢#[w]. A

Hamiltonian is now defined as the simplest negative function of these variables, namely

N M
Hyw)(0) = =% 3 (milw](o))’ (1.2)
u=1
where M(N) is some, generally increasing, function that crucially influences the properties of the
model. With || - ||z denoting the £;-norm in IR™, (1.2) can be written in the compact form
N 2
Hylwl(o) = -7 [mn[w](o)ll; (1.3)

Also, (+,-) will stand throughout for the scaler product of the two argument in whatever space they

may lie in.

Through this Hamiltonian we define in a natural way finite volume Gibbs measures on Sy via

wplolle) = Zolge (1.4

and the induced distribution of the overlap parameters
Onslw] = pwplw] o my[w] ™ (1.5)
The normalizing factor Zy glw], given by
Znplw]=27N Z e:ﬁsz[w](a) = IE, e~ PHN(w](s) (1.6)
oESN

is called the partition function.

This model has been studied very heavily in the physics literature. As a basic introduction to
what is commonly believed about its properties, we refer to the seminal paper by Amit, Gutfreund
and Sompolinsky [AGS]. Over the last few years, a considerable amount of mathematically rigorous
results on these measures has been established [BG1,BGP1,BGP2,BGP3,K,N,KP,KPa,ST,PST]. It
is known that under the hypothesis that lim sup yy,, M(N)/N = 0 weak limits can be constructed

1 We will make the dependence of random quantities on the random parameter w explicit by an added [w]

whenever we want to stress it. Otherwise, we will frequently drop the reference to w to simplify the notation.
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for which the Qu converge to Dirac measures in IR* [BGP1]. Disjoint weak limits have also been
constructed in the case where lim sup y10o M(N)/N = a > 0, for small @ in [BGP3]. In this note we
restrict our attention to the case @ = 0 and the question to what extent a large deviation principle

(LDP) for the distribution of the macroscopic overlaps can be proven.

A first step in this direction had been taken already in [BGP2]. There, a LDP was proven,

but only under the restrictive assumption M(N) < %, while only a weaker result concerning the
existence of the convex hull of the rate function was proven in the general case a = 0 in a rather
indirect way. The first LDP in the Hopfield model was proven earlier by Comets [Co] for the case
of a finite number of patterns. Here we prove a LDP under more natural, and probably optimal,

assumptions.

Since the overlap parameters form a vector in a space of unbounded dimension, the most
natural setting for a LDP is to consider the finite dimensional marginals. Let I C IN be a finite
set of integers and let IR’ ¢ IR™ denote the corresponding subspace and finally let II; denote
the canonical projection from IRP onto IR’ for all p for which I C {1,...,p}. Without loss of
generality we can and will assume in the sequel that I = {1,...,|I|}. Let us introduce the maps
ng : [~1,1]% — [~1, 1]P through

2?
np(y) =277 Z €Yy (1.7)
r=1
where e,y = 1,...,2P is some enumeration of all 2P vectors in IR whose components take values
+1 only. Given I C IN, we define the set D) as the set

Dy = {m e RY | 3y e [-1,+1™" iy (y) = m} (1.8)

Theorem 1: Assume that im sup xrq, % = 0. Then for any finiteI C IN and for all0 < 8 < o0,
the family of distributions Qn glw] o H;l satisfies a LDP for almost all w € Q with rate function

Fg given by
2”
‘ . 1 o 1 _
Fj(ih) = —sup  sup [gllnp(y)llg -p712 "Zf(y—f)] + sup <§y2 -8 11(1/)) (1.9)
PENIN ye[-1,1)27 =1 yeER
Ornp(y)=h
where
400 , otherwise

Fé is lower semi-continuous, Lipshitz-continuous on the interior of D|y), bounded on D\ and equal

to +00 on DTII'
Remark: Note that Fj is not convex in general.
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To prove Theorem 1 we will define, for 7 € IR!

Fyp.dm) = —ﬁiNlnﬂN,a[w] (I ymn (o) — 7hfl2 < €) (1.11)
~ and show that
i) If m € Dy, then
lim lim Ff,(() = Fi(m) (L12)
almost surely and
i) Ifm € Dfy, then
15?3 Alrl%o Fy g.e(m) = +00 (1.13)

almost surely.

From these two equations it follows from standard arguments (see e.g. [DZ]) that for almost

all w for all Borel-sets A C B(IR')

1
s It=Y < liminf — -1
ainf  Fj(m) < liminf 221n Qn,slw] o I (A4) -

1
<l =1 ;' (A) < - inf Fi(r
s limsup 7 ln Owglw]o Tl (A) < — inf F5(m)

The properties of the rate function will be established directly from its explicit form (1.9).

An important feature is that the rate function is non-random. This means that under the
conditions of the theorem, the thermodynamics of this disordered system is described in terms of
completely deterministic potentials. From the thermodynamic point of view discussed above, this is
an extremely satisfactory result. Namely in these terms it means that although the Hamiltonian of
our model is a function of an unbounded number of random macroscopic quantities, we may select
any finite subset of these in which we may be interested and can be assured that there will exist,
with probability one, in the infinite volume limit, thermodynamic potentials that are functions of
these variable only and which are, moreover, completely deterministic. The sole condition for this

to hold is that the number of macroscopic variables goes to infinity with a sublinear rate.

In the remainder of this article we will present the proof of Theorem 1. There will be three
important steps. First, we prove large deviation estimates for the mass of small balls in IRM,
using fairly standard techniques. The resulting bounds are expressed in terms of a certain random
function. The crucial step is to show that in a certain strong sense this function is ‘self-averaging’.
The proof of this fact uses the Yurinskii martingale representation and exponential estimates (see
e.g. [LT]). These are finally combined to obtain deterministic estimates on cylinder events from

which the convergence result (1.12) then follows rather easily.
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2. The basic large deviation estimates

In this section we recall exponential upper and lower bounds that have already been derived

in [BGP2]. They provide the starting point of our analysis.

Let us consider the quantities

Znp,powl(m) = pnplw] (Imu(o) — mll2 < p) Zn,plw] (2.1)

We first proof a large deviation upper bound.

Lemma 2.1:
1

AN In Zy,p,0(m) < &n,p(m) + p([|t*]l2 + [Imll2 + p/2) (2.2)
where
@N,ﬁ(m) = teizlgu ‘I’N,p(m, t) (2.3)
with :
_ 1, . 1 -
Uy a(m,t) = —(m,t) + §||m|]2 + AN Zlncoshﬂ(f,—,t) (2.4)
=1

and t* = t*(m) is defined through ¥y g(m,t*(m)) = inf,c pu ¥ g(m, 1), if such a t* ezists, while

- otherwise ||t*|| = oo.

Proof: Note that for arbitrary t € IRM,

L{jmy(e)-mllz<p} < Ljimu(o)-mlzgppe® N (e)=mD+oANIIEl2 (2:5)

Thus
EN

m o 2
Znpp(m) = IEpe = Imvamy oy <ot

< inf IE.ePN(Iml3+2elmla+0®) BN(t(mn(c)—m))+BNp[t]l2
~terMT C (2.6)
< inf &N [3imlI3—(m.t)+ g 301, In cosh(B(¢:.t))] eBNollmlla+tll2+p/2)
~ teRM
This gives immediately the bound of Lemma 2.1.{

Remark: Note that if a finite ¢*(m) exists, then it is the solution of the system of equations
1
b (o .
m¥ = = ‘.E=1 £ tanh B(¢&;, ) (2.7)

Next we prove a corresponding lower bound.

oM

~» we have that

Lemma 2.2: Forp>

In2

557 18 2 p.o(m) 2 Baca(m) = pllmll + 1 (m)la - 0/2) - 57 (28)



where the notations are the same as in Lemma 2.1.

Proof: The technique to prove this bound is the standard one to prove a Cramér-type lower
bound (see e.g. [Va]). It is of course enough to consider the case where ||t*||; < co. We define, for

t* € IRM, the probability measures IP on {~1,1}¥ through their expectation IE,, given by
_lEo,eﬁN(t‘ my(a)) (.)

Ea' (-) = EgeﬂN(t‘ymN(a)) (2.9)
We have obviously that
I EN m - *mn(o . *m
Zn.p,p(m) = [Bpe s IMNNE=ANE mu(D g o0 1 <o) B ePNE ma (@)
> BN m)=BN (ol la= 3 ImlE+olmla=e/2) [, BN o) 5, Ty oo or
- m —m|2S
= AN (ImI3~(¢"m)+ g 3011, Incosh B(€ist")) ,—BNp(||¢" la+limlla—p/2)
x P, [[[ma(o) = mlls < ]
(2.10)
But, using Chebychev’s inequality, we have that
P, [|mn(0) — mllz < p] = 1 — P, [|my(0) — m|2 > o]
1 - 2.11
> 1= L Bolmado) - mi? (211
We choose t*(m) that satisfies equation (2.7). Then it is easy to compute
N
Blima(o) - ml} = 3 (1- % tanh?(B(¢, t*(m)) (212)
N N ~ ’ :

from which the lemma follows. {

In the following lemma we collect a few properties of @ 5 g(m) that arise from convexity. We set
r={me IRM | ||t*(m)||z < oo} where t*(m) is defined in Lemma 2.1, D = {m € IRM | 85 (m) > -0},
and we denote by intD the interior of D. We moreover denote by I(z) = sup,c p(tz — In cosht)
the Legendre transform of the function Incosht. A simple computation shows that I(z) coincides

with the function defined in (1.10).
Lemma 2.3:
7)
1 1 I
Sy ,p(m) = 5lImllz - yeRN:i’ili(y)=m AN ; I(y:) (2.13)
where for each m € IRM the infimum is attained or is +o00 vacuously.

i)
D ={me RM|3ye[-1,1]"s.t. my(y) = m} (2.14)
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i) ®n p(m) is continuous relative to intD
i) T = intD

v) Ift* is defined as in Lemma 21 and y* realizes the infimum in (2.13), then

. ¢ N
p? (t%ft) = %Z[I’(yf)]z (2.15)

Remark: Note that point i) of Lemma 2.3. provides an alternative formula for the variational
formula (2.3).

Proof: All results of convex analysis used in this proof can be found in [R]. Note that the func-
tion g(t) = ﬁLN Zfil In cosh B(&;,t) is a proper convex function on IRM. Denoting by h(m) =
sup;e pm {(m,t) — g(t)} its Legendre transform, it follows from standard results of convex analysis
that h(m) is a proper convex function on IRM and that

h(m) = (2.16)

1 X
yeRY: mN(y)‘m _ﬁ Zl
where for each m € IRM the infimum is either attained or is +o0o0. This immediately yields i).
Denoting by domh = {z € IRM | h(m) < +oo} the effective domain of h, we have, by (1.7), that
domh equals the right hand side of (2.14) , and since ||m||3 > 0, ii) is proven. iii) simply follows
from the fact that h being convex, it is continuous relative to the interior of domh. Finally, to
prove iv), we will make use of the following two important results of convex analysis. First, the
subgradient of h at m, 8h(m), is a non empty set if and only if m belongs to the interior of domh,
i.e., m € intD. 8h(m) is moreover a bounded convex set. Next, (m,t) — g(t) achieves its supremum
at t* = t*(m) if and only if t* € h(m). To prove v) we only have to consider the case where t*
exists and consequently |yf| < 1 for all 1. Using the fact that I'(z) = tanh™'(z) and the definition
of I(z) as the Legendre transform of In cosh(t), formula (2.15) follows from a simple computation.

This concludes the proof of the lemma. ¢

We see that as long as p can be chosen as a function of N that tends to zero as N goes to infinity,
Lemma 2.1 and Lemma 2.2 seem to provide asymptotically coinciding upper and lower bounds, at
least for such m for which ¢*(m) is bounded. The unpleasant feature in these bounds is that ¥x g
is a rather complicated random function and that the ®x g is defined through an infimum of such
a function. In the next section we analyse this problem and show that this function is essentially

non-random.



3. Self averaging

We show now that the random upper and lower bounds derived in the last section are actua.lly
~with large probability independent of the realization of the randomness. In fact we will prove this
under the restriction that m should be such that, at least on a subspace of full measure, t*(m) has a
uniformly bounded {;-norm. With this in mind the result will follow from the next proposition. Let
in the sequel 2; C Q denote the subspace for which ||¢t{w]é[w]/N|| = ||¢[w]ét[w]/N]|| < (1+4/@)?(1+
€) holds for some fixed small ¢ (¢ = 1 will be a suitable choice). We recall from [ST,BG1,BGP1]
that IP[Q] > 1 — 4Ne~N'/®,

Proposition 3.1: For any R < oo there exists 0 < § < 1/2 and a set Q; C Q with IP[Q;] >

1- e"N“l_”/R, such that for allw € Q1 N Q,,
sup [T[w](m, t) — B¥(m,t)| < a/2~5(6 + 2||m||5) (3.1)
t: [t <R

Remark: The subspace §; does not depend on m.

Note that an immediate corollary to Proposition 3.1 is that, under its assumptions,

inf U - inf IEU(m.t)|<al/?5612 2
o i Tl(m,t) = nf  BR(m, )| < o (6 + 2l|mila) (3:2)

Remark: An obvious consequence of (3.2) is the observation that if m € RM and w € ; N

are such that

inf ¥ t)= inf ¥ t 3.
Jaf, Vlelim, )= inf ¥lu(m, ) (33
and
téngu IE¥(m,t) = t:]ﬁﬁng IEY[w](m,t) (3.4)
then
&[w](m) — inf IE¥(m, t) < cal/?8 (3.5)

Proof: The proof of the proposition follows from the fact that for bounded values of ¢, ¥(m,t)
differs uniformly only little from its expectation. This will be proven by first controlling a lattice
supremum, and then using some a priori Lipshitz bound on ¥(m,t). We prove the Lipshitz bound

first.

Lemma 3.2: Assume that w € Q. Then

[¥[w](m,t) ~ ¥lw](m, s)| < (1 + V)1 + €) + [Imlla) [[t - sl (3-6)

8



Proof: Note that

[¥(m,t) — ¥(m,s)| <

—(m,t—s)+ ﬁLN Z [ln cosh(B(&;,t)) — In cosh(B(¢&:, 8))]

| (3.7)
< [lml2lft — sfl2 + b}ﬁ Z [In cosh(B(¢:, 1)) — hcosh(ﬂ(é, 5))]
On the other hand, by the mean-value theorem, there exists £ such that
E%f S [in cosh(8(£:,£)) — In cosh(B(&:, s))]| = (t ~ s, 3 £ tanh(B(4, f))) l
i i (3.8)

% Z(t —s,&;) tanh(B(&;,1))

Using the Schwartz inequality, we have that

. ;
F Z(t - S, E,) tanh(ﬁ(fi, Z))

< \/Z(t 5 ) \/Z tanh? (B(&:, 1))
< \J ((s -1, 3 G- t))) | (39)

t
P .

But this implies the lemma.{

Let us now introduce a lattice Wy pr with spacing 1/ VN in IRM™. We also denote by Wx ar(R)
the intersection of this lattice with the ball of radius R. The point is that first, for any ¢ € IRM,
there exists a lattice point s € Wy ar such that ||s — ¢||2 < /o, while on the other hand

|WN,M(R)1 < eaN(ln(R/a)) (3.10)

Lemma 3.3:

2 ]
P| sip  |¥(m,t)— E¥(m,1)| > | < e N (FO-1eM-aln(r/) (3.11)
tEWNIM(R)
Proof: Clearly we only have to prove that for all ¢ € Wy, a(R)
P[|¥(m,t) - E¥(m,t)| > ] < e NFA-1D) (3.12)

9



To do this we write ¥(m,t) — IE¥(m,t) as a sum of martingale differences and use an exponential

Markov inequality for martingales. Note first that

\Ii(m,t)—lE\If(m,t)— Z(lncosh(ﬂ(g,,t)) IE In cosh(B(£;,1))) (3.13)

t—l

We introduce the decreasing sequence of sigma-algebras Fj . that are generated by the random

variables {¢#}}5F flM U {££342", We set

I =m (Y cosh(,@(ﬁ.-,t))|.7-'k,,c] - B [ﬂ"l > Incosh(B(¢:, 1)) | i (3.14)

where for notational convenience we have set

_ F 5+l fe<M
.7-' {j:k-{-l . k=M (3.15)
Notice that we have the identity
¥(m,t) — IE¥(m,t) = -—ZZf‘" ") | (3.16)

k=1 k=1

Our aim is to use an exponential Markov inequality for martingales. This requires in particular
bounds on the conditional Laplace transforms of the martingale differences (see e.g. [LT]). Namely,

we clearly have that

p 55 i

e [ [ ]

>N ] 2 mf e Nz B exp {uzz,f(k ")}

k=1k=1

(3.17)

Now notice that

fl(f"‘) =IE[! Zln cosh(B(&i, )| F.x] — [ Zlncosh(ﬂ(&-, t))lf::'c]

= IE[B~* In cosh(B(£k, t))| Fi,c) — IE[B~ In cosh(B(, t))| Fif ]

= E[ﬂ_l In cosh(B (Z 6:’:% + Egtn) NFke,e] = E[ﬂ—l In cosh(f (Z ££tﬂ + fgtn) )Iflin]

BEK BF K

= % BlIE {111 cosh(f (Z £, + £§:t,;) ) — In cosh(B (Z 8, — ;;‘t,;) )| Fi e

bEK BFEK

(3.18)

Now we use the fact that

cosh(a+b) 1+tanhatanhb < 1+ tanh|b| < 2P

= 1
cosh(a—b) 1-—tanhatanhbd = 1—tanh|b| ~ (3.19)

10



to deduce from (3.18) that
75 < Il (3.20)

Using the standard inequalities e* <1+ z + %"‘-elxl and 1+ y < e? we get therefore
- 2
IE [e“ N )(ﬁ‘)lf,;*:n] < exp (%—tie’“”t"l) (3.21)
From this and (3.17) we get now

IP[|¥(m, 1) - B¥(m,t)| > o] < 2inf e~ ¥=+ Nlele "=
u

N2 _(1-1e~/lltl2 3.22
< {Ze g (1~ ¥ ), it >1 (3:22)
9e~N=*(1-4<") if [|¢]l2 < 1

where the last inequality is obtained by choosing u = z/||t||2 in the first and v = z/||¢||; in the

second case. This gives the lemma. ¢

We can now continue the proof of Proposition 3.1. Choose 0 < § < 1/2 and define Q5 to be
the set of w € Q2 for which

sup  |¥(m,t) — IE¥(m,t)| < at/?7¢ (3.23)
tEWN,M(R)

By Lemma 3.3,

ol-26
R
=1-exp (-NO(a'"%/R))

PI0:] 2 1 - exp (N2 (1= 36 17) 4 Naln(®/a)

(3.24)
Combining Lemma 3.2 with (3.23) and taking into account the remark preceeding Lemma 3.3, we
see that on Q; N Q,,

sup (2(m, 6 ~IE¥(m, )] € @ 4 2VE(ml +(1+ V(1 +6) < @0+ ) (325)
t:||tl|2<R

for o small, which proves Proposition 3.1.{
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4. Proof of the Theorem

The results of Sections 2.1 and 3.1 can now be combined to get a large deviation principle in
the product topology. The point here is that, apart from the possibility that ¢*(m) may become
unbounded, the estimates in Lemma 2.1 and Lemma 2.2 together with Proposition 3.1 tell us that
up to corrections that tend to zero with N, the quantity (BN)'InZ N5, Vaa(m) is given by the
infimum over ¢ of the completely non-random function IE¥ y g(m,t). We will first prove that for
all 72 € Dy (1.12) holds. The main step in the proof of this fact is the following theorem.

Theorem 4.1: Assume that lim sup y1, M——(Nﬂl = 0 and that 0 < B < co. Then there ezists a
set 0 C Q with IP[Q)] = 1 such that for all finite subsets I C IN and for all 7 € [—1, 1] such that
for all € > 0 there ezists ¢ = ¢(7h,€) < 00, INg < 00,YN > N,

sup inf IE¥Ng(m,t)= sup inf IE¥ 5 g(m,t (41
m: |[Iym—rh[2<e LERM o) m: ||[ym—ra[|3<e tERM: |[¢]|2<e o(m ) (+1)

it holds that for allw € Q,

. . I .
lim Lim Fyp.c[w)()

2?
1 —1o-— 1 _ (4.2)
=—swp s |l - 6727 1) + sup (547 - 4

PEN Ee[—(l.l)l’; ¥=1 yeER
rnp(V)=

Remark: The assumption in Theorem 4.1 looks horrible at first glance. The reader will observe
that it is made in order to allow us to apply the self-averaging results from the last section. We will
show later, however, that the set of values 7 for which it is satisfied can be constructed explicitly

and is nothing else than Dy

Proof: We will first establish an upper bound for the quantity
Z51.p.wl(m) = pyplw] (|Trmu (o) — |2 < €) Zn plw] (4.3)

To do so, notice that on Q, |mn(0)|l2 < (1 + va)y/(1+¢€) < 2 for all o. We may cover the ball
of radius 2 with balls of radius p ~ /a, centered at the lattice points in Wy 1(2). We then have

that on 4,
Zhpolm) < Y Znp,wl(m)

mEWN ar(2)
IDpm—-milg<e

< s Zng,w)(m) >, 1 (4.4)

""EWN.M 2 m
EWN, 1 (2)
g m =iz Iy m=rhliz<e

< sup  Zwgplw](m)exNUR?/)
m:{m|la<2
IEpm—milg<a
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As long as a | 0, the factor e2N¥(In2/a) in the upper bound is irrelevant for the exponential asymp-
totic, as is the difference between € and € — p. Using the estimates used in the proof of Lemma 2.1,

we can replace Zy g ,[w](m) in (4.4) by its upper bound in terms of the function ¥. Namely,

1 I - . -1
B—Jvln Zy g lw)(m) < “ m=||s:|I|)-‘~|<z ,‘,Gll?é' Un[w](m,t)+plc+2+p/2)+ B *alnl/a (4.5)
Oym—mig<e ltll2<e

Finally, combining (4.5) with (3.2), we get that, for w € Q; N Q, and for any c,
1

BN In va’ﬁ,e[w](ﬁz) < - sup » ‘ei%i;‘ IE¥n(m,t) + 100270 4 p(c+ 2+ p/2) + 7 alnl/a
RT3 <o
(4.6)

By assumption, there exists a value ¢ < oo, such that the true minimax over IE¥ y(m,t) is taken
for a value of ¢ with norm bounded uniformly in N by some constant ¢. The constant ¢ in (4.6)
is then chosen as this same constant, and then the restriction ||t]|l; < ¢ is actually void, and the
minimax is taken for some values (m*,t*) which depend only on 72 and e. This is already essentially

the desired form of the upper bound.

We now turn to the more subtle problem of obtaining the corresponding form of the lower
bound. Trivially,
Z3,8,e+ol@)(7) 2 Znvp,p[w])(m) (4.7)
We will modify slightly the derivation of the lower bound for Zy g ,[w](m*). Namely, instead of
defining the shifted measure P with respect to the random value of ¢ that realizes the infimum of
¥ y[w](m*,t), we do this with the deterministic value ¢* that realizes the infimum of IE¥ y(m*,t).
This changes nothing in the computations in (2.10) and (2.11). What changes, is however the
estimate on IE,|/mn(0) — m*||2, since t* does not satisfy (2.7) but is instead solution of the

equations
m,, = IE] tanh(B(£1,1%)) (4.8)
Thus in place of (2.12) we get
E,|mn(o) - m*|} =
B, I, X6 S, (N2 5, €262 0,0, - 2myN =L 5, 50, + (m3)?)
L, cosh A(é:,t*)

= DY 1 3 3 D tenh(6(s", &) tank(A(5", E4))ETEL “s)
v 3 v j#k .

_ 2% 2,: ; my, tanh(B(*, €))% + zy:(m.‘i)’

-¥ (1 -y D e (A0 f"”) "2 (% 3 & tanh(B(¢",£9) - "‘:>
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The first summand in (4.7) is bounded by a, and we have to control the second. To do so we use
(4.8) to write

2
>, (‘zlv > & tanh(B(t", £)) - "‘"’)

) (_]1V Z ¢ tanh(B(t*, &) — IEEY tanh(B(¢1, t")))

v

(4.10)

2
1 1 ¢V *
-y (3\,— 3 € tanh(B(t", )) — By 3 & tanh(B(: ,s,-)))
v t 1
=G N(t* )
We will now prove, in analogy to Proposition 3.1, that Gx(t) is actually small with large probability.
This will be slightly more complicated than in Proposition 3.1 and will, in fact consist of two steps.

The first is a fairly crude bound on Gn(t) that in a second step will be used to obtain a refined

one.

Lemma 4.2: Forallwe O,
Gn[w](t) < 6 (4.11)

Proof: Let us for notational simplicity set T; = tanh(8(¢;,t)). We have that
M 1 2
< E — E BTy
GN(t) B ? p=1 ( [N . 61' Tt )
(4.12)

M
_ % 3N (H4TT; + (LT (L T;)

pu=1 1,3

2
+

1
=S BT
N ;

For the first term, we can use simply that

9 M
2SS etenT <2 |

u=1 i,§

33
N

1 2 ¢¢*
(F 2T ) <2|&
1
But on 4, the norm in the last line is bounded by (1 + +/@)?(1 +€). To bound the second term in
(4.12), we use the independence of both ¢! and T; for different indices i to write

M M
% YD E(ET)E(T) = % 3N S B (gt

H=1 1,5 p=1 i,j

t oy 3 3 (BT - E(T:Y) (414)

p=1 1

¢¢t

(4.13)

&), 2M
N N

< 2a+2(1+ Va) (1 +¢)

<2IF

14



Combining these two bounds we get (4.11).$

Lemma 4.2 tells us that Gy (t) is bounded, but not yet that it is small. To do this, we observe

first that its mean value is small.

Lemma 4.3:

0 < IEGn(t) < a (4.15)
Proof:
<1 1 i
BGn(t) = I [ﬁ D& tanh(B(t,6)) — By > & tanh(A(t, &))}

M

(—;—2 5 Btanh?(6(0,6) - 7z 3 U tasb(6 €=~>>lz)

1

S
Il

IA
S1ES

where we have used the independence of the summands for different indices z. ¢

In the sequel we will need that the mean value of G y(t) does not differ much from its conditional

expectation relative to ;. Namely,
|EGy(t) - E[Gn(t)|]| < 2Me~N"'* (4.17)

is arbitrarily small.

Finally, we will show that on ;, with large probability, Gy (t) differs only little from its

conditional expectation relative to ;.

Lemma 4.4: Assume that 2> (In N)//N. Then,
IP (|G () — EBGn(t)|]] > z|] < e7*VN= (4.18)

for some positive constant b.

Proof: Basically the proof of this lemma relies on the same technique as that of Proposition 3.1.
However, a number of details are modified. In particular, we use a coarser filtration of F to define

our martingale differences. Namely, we denote by F; the sigma algebra generated by the random

15



variables {€#}4EN . We also introduce the trace sigma algebra F = F N Q; and by Fr = Fn

the corresponding filtration of the trace sigma algebra. We set -
AP = [GN(t)lf-,,] - B [Gn(t)| Fer1] (4.19)

Obviously, we have for w € Oy

‘ N
Gulw](t) - BGN ()] = Y £ (4.20)
k=1

Thus the lemma will be proven if we can prove an estimate of the form (4.18) for the sum of
the fgc). This goes just as in the proof of Proposition 3.1, i.e. relies on uniform bounds on the

conditional Laplace transforms

IE || Fri] (4.21)
The strategy to get those is very similar to the one used in [BGP3] and [B]. We introduce
2
W =S [ L _mL 42 '
Gy (t,2) = 2”3 ( ¥ §£“T - B+ ;gg*:r, + Ng,*;Tk) (4.22)
and set
gx(2) = GR (¢, 2) - GR(2,0) (4.23)

We then‘ have that
) = B [a(D)IF] - B (1)l Fira (4.24)

since G(Nk)(t, 0) is independent of the random variables €. On the other hand,
) :
gk(1)=/ dz g;(z) (4.25)
0

and

l v

M
sh(z) =23 H S ET- B Y €T+ ZgT,

1 ik
Let us first get a uniform bound on | fz(:)l on §;. From the formulas above it follows clearly that
0] < 2suplgh(z)l (4.27)
z

But using the Schwartz inequality,

2 1 v 1 z
lgi(2)l < }VZ v Y ETi- IE'JVZEfTi + Ffka
u £

i#k

(4.28)

IA

2
w2

mn

- %ﬂ\/(}%)(t,z)

1 1 z
jv'zﬁfTi ~E D ETi+ Ffi‘Tk]
7k :

16



But on ; it is trivial to check that Ggﬁ)(t, z) satisfies, for z € [0, 1], the same bound as Gy (%). So
that on 9.,

k() < 21

Now we turn to the estimation of the conditional Laplace transform. Using the standard inequality

(4.29)

1
e“<l+z+ §x2elzl (4.30)

we get

E [eufl(:)lﬁkﬂ] <1+ ';‘uzlE [(fz(\f))z elu”‘f.’("”l]fkﬂ]

1 5 yyl2vE L
14 suleld E[(f,‘é’)) |-7"k+1]

A simple computation (see [BGP3]) shows that

(4.31)

E [( 1(:))2 |.7E'k+1] <4IE :(_qk(l))2 |.7:'k+1]

(/o1 & gk(z)) 2 lﬁk“} (4.3/2)

<4 [ [ 4 (G4(2) 1B

<4 sup IE [(gh(2))" |Fir]
0<z<1

=4JF

Let us write

1
'J‘V‘szk

M
gi(z)=2) {%foTi —IE-;VZ&'T;'
v=1 i

i

(4.33)

Thus M ; 1 : 1 \
(9i(2))" < 8 (E l:jv* ) T - Ev zi:&?TiJ ﬁfﬁﬂe)

v=1 | i (4.34)

A12

+ 8T:(Z - 1)2 -:NT‘;
Let us abbreviate the two summands in (4.34) by (I) and (II). The term (II) is of order a® N =% and
thus can simply be bounded uniformly. We have to work a little more to control the conditional

expectation of the first. We write

IE [(I)lﬁk-i-l]

8 v
=y [Z ELERTE
B

[% Sen-ELY f:Ti] |ffk+1}

(4.35)

Foan-myyan

17



We observe that under the expectation conditioned on Fjy; we may interchange the indices of
1 £ 7 < k and use this to symmetrize the expression (4.35).(Notice that this is the reason why we
separated the z-dependent contribution in (4.34)).This gives

E [(I)]f-kﬂ]

8 ghey 1 y 1 I
= 7 “2;; T S qu:r E= ZE"T FZE‘T" —IEFZ;.S,-T,- | Frt1
8 =L &5k 1 1 1
5355 2 7
) (4.36)
But by Lemma 4.2, on ,,
Xl 1]
};1 [ﬁ Z g - B Z €T =Gn()<6 (4:37)
and since
s N
Z = <D 2 = 1B (4.38)
J=1 =1
we gét that 48
E [(1)[Fis1] < 558 1B |94] < 25 T BOR) /1P (4.39)
It is easy to show that (see [B]) that
2
E||B(k)| < ¢ (1 + \/M/k) | (4.40)
for some constant 2 > ¢ > 1. Collecting our estimates and using that 1 + z < e® we arrive at
E [ ufly [f,m] < exp ( 2elull2VM/N -2y [Sa +76(1+ /M ]) (4.41)
Since N
> (1++/M/k? =N +4/MN+ M N = N(1+4/a+aln N) (4.42)
k=1

this yields that
LZ *) > zlnl] SinfeXp( —ug + — N elM2VM/N g 802 | 76 1 3044/a + 76alnN]> (4.43)

In order to perform the infimum over u in (4.43) we must distinguish two cases. First,ifa < 1/In N,
we may chose u = +/N which yields

[.2: f(k) > :B} < Nz+cy (4.44)

18



for some positive constant ¢;. If now a goes to zero with N more slowly than 1/In N, a good
estimate of the infimum is obtained by choosing v = N/124/M. This gives

7a

N
®) 5 | < eV d 2.8, N} }
r LZ__:I N 2 a:] <e 12v/a exp 3 o+ - + +2In (4.45)

< e—ﬁ:/lz-}—c: ln N
for some positive constant ¢;. From here the lemma follows immediately. ¢

Corollary 4.5: There ezists a set Q3(t*) C Q; with IP[Q;\Q3] < e=ON"* such that for all
w € Q3(t*) .
P, |Imn(0) - m*l, < [2(2a+ N7V > 2 (4.46)

Proof: This follows from combining (4.9) and (4.10) with Lemmas 4.2, 4.3 and 4.4 and choosing
z = N~1/4 in the latter.

Since by assumption ||t*||2 < ¢, lemma 2.3 implies that on Q, ||m*||2 < 2. As a consequence,

' putting together Proposition 3.1, Corollary 4.5 and (2.10), we find that on Q3(¢*),
1. . . _ In2
N ™ Z51.p.erplw)() > BTy (m®,t*) — 100278 — p(c+2 - p/2) - AN (4.47)

Which is the desired form of the lower bound.

‘Finally, by a simple Borel-Cantelli argument, it follows from the estimates on the probabilities

of the sets 5,0y and Q3(¢*) that there exits a set ) of measure one on which

1 ,
lim sup — In Z§ 4 . [w]() < lim sup sup inf IEYpN(m,t 4.48
NToo ﬁN N’ﬁ'é[ ]( ) NTOO m: "rllm_muzsetemm ( ) ( )
and
1
liminf —1n Z% , [w](/) > lim inf u inf IE®xN(m,t 4.49
Nt BN N,ﬁ,e[ ]( )— NT}” m:|[H;1:—rIi);||,§e—ptEJRM N( ,t) ( )

It remains to show that the limsup and the liminf’s on the right-hand sides of (4.48) and (4.49)
coincide. From here on there is no difference to the procedure in the case M < In N/In 2 that was
treated in [BGP2]. We repeat the outline for the convenience of the reader. We write IE¥ x(m, t)
in its explicit form as
: g
EYy(m,t) = %llm“% = (m,t)+ 67127 ¥ In cosh(8(es ) (4.50)
v=1
where the vectors ey, v = 1,...,2M form a complete enumeration of all vectors with components

41 in IRM. They can be conveniently chosen as
e = (-1l (4.51)
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where [z] denotes the smaller integer greater or equal to z. Note that IEV x(m,t) depends on N
only through M(N). We may use Lemma 2.3 to show that

M
1 2
inf IE¥n(m,t)= =||m|? - inf g2~ M\ 1 4.52
R L R S R CY (452)
and hence
1 2"
sup inf IE¥pN(m,t) = sup = ne(W)IE = B7227M S I(y,) (4.53
m: |[[ym=rh[;<e EERM ’ yem’”:llnmp(y)—ﬁsllzsez o —; ") (459)

To prove that this expression converges as N (or rather M) tends to infinity, we define the sets

AY = {y e L1 vy = yppae } (4.29)

Obviously,
AM cAM c AM | AM = -1, 12 (4.30)
The definition of these sets implies the following fact: If y € A} with d < M, then

(i) ny(y)=0,if v > d and

(i) nb(y) =na(y),if p<d.

Let us set
2P
1 —lo—

0p(y) = 5 lInp(¥)llz = 67277 Y I(3) (4.32)

v=1

and
Tpe(m)=  sup  Opy) (4.33)
vEAM

1Tz np(v)—hilz<e

Therefore, for y € A}, O,(y) = Oa(y), while at the same time the constraint in the sup is satisfied

simultaneously w.r.t. n, or ng, as soon as d is large enough such that I C {1,...,d}. Therefore,

Toe(m) >  sup  Opy)=  sup  Ou(y) = Tu(m) (4.34)
veAd vead

NIpnp(y)=ilz<e ITpnp(u)—Mila<e
Hence T, ¢(77) is an increasing sequence in M and being bounded from above, converges. Thus

lim su. inf IEVxn(m,t)= lim T, (%
N120 1 [Tyl e tERM vl 6= 35, Trelm) (4.54)

= sup Tp (1h)
P
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It remains to consider the limit € | 0. It is clear that sup, Tp,¢(7h) converges to a lower-semicontinuous
function and that

lim sup Tp () = lim sup sup T po(7h) (4.55)
€l p €l0 m: |Iym—mmlja<e P

Thus if sup, Tp,0(71) is continuous in a neighborhood of 7, we get
lim sup Tp () = sup Tpo() (4.56)
€l0 p P

as desired. But, as has been shown in [BGP2], from the explicit form of T one shows easily that
sup, Tp,0(7) is Lipshitz continuous in the interior of the set on which it is bounded. This proves
Theorem 4.1 $

We will show next that a sufficient condition for condition (4.1) to hold is that 72 belongs to
D). While this appears intuitively ‘clear’, the rigorous proof is surprisingly tedious. Let us first

introduce some notation and results.

Let E, be the p X 2P-matrix whose rows are given by the vectors e,, v = 1,...,2P, which,
for convenience, are ordered accordingly to (4.51). We will denote by e#, u = 1,...,p the column
vectors of E, and by E;, its transpose. It can easily be verified that

. 1 fu=v
Pk e¥) = 4.57
277(e", €") {0 otherwise (4.57)

Thus, the 2P x 2P-matrix 2”PEPE; is a projector that projects on the subspace spanned by the
orthogonal vectors {e#}},_;, and 27PELE, is the identity in IRP. Given a linear transformation 4
from RP to R?, we define

AC ={Az |z € C} for C C IR? (4.58)

With this notations the vector n,(y) and the set Dy, defined in (1.7) and (1.8), can be rewritten as

ny(y) = 2—pE;y

4.59)
D, =27PEf[-1,1]" (
Moreover, for any set I C {1,...,p}, we have the following property,
;D, = Dy (4.60)

Finally, let us remark that of course the statements of Lemma 2.3 apply also to the deterministic
function inf;c gs IE¥ v g(m,t) . All references to Lemma 2.3 in the sequel are to be understood as

referring to properties of this latter function.

By Lemma 2.3, the condition (4.1) of Theorem 4.1 is satisfied if and only if the supremum in
the L.h.s of (4.1) is taken on at a point m in intD,. More precisely, by (2.15), this condition is
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equivalent to demanding that for all € > 0 and all p, the supremum over y s.t. ||II;n,(y) — 7z < e
of ©,(y) is taken on at a point y* such that

2?
2P [P() < e (4.61)
=1
We set
Ad() = {y € [-1,1™ : [[mp(y) - el < €} (4.62)

Lemma 4.6: Assume that 0 < < co. Then for all in € Dy and € > 0 there ezists c(rh, €) < oo
such that for all p > |I|

nf ., 0(s)=0(y) (4.63)
Hzip(v)éB.(ﬂt)
where
21’
To(y*) =277 [I'(32)]" < c(y€) (4.64)
r=1

Proof: The proof proceeds by showing that if y does not satisfy condition (4.64), then we can find
a 6y such that y + dy € A7) and Op(y + 8y) < Op(y), so that y cannot be the desired y*. Let us
first note that

0p(y + 6y) — Op(y) = % [lIne(y + 6913 — lIme()II3] + 27787 Y [1(yy) — I(yy + 6y,)]  (4.65)

r=1

Using the properties of the matrix F, we can bound the difference of the quadratic terms as follows

Ina(y + 8913 = lInp(¥)llz =linp(89)I13 + 277+ (63,27 E, E;'y)

4.66)
> — 27P |5y (
Thus we can show that 0,(y + 6y) < ©p(y) holds by showing that
21’
27PB71 N " [I(yy) — I(3y + 63y)] > 2777|692 (4.67)
7=1
Define the map Y from [—1,1}*” to [-1, 1]2111 by
o=l _q
Y‘Y(y) = 2—p+|I| z Ygtz2im1 5 V= 1,.. '72|II (468)
=0
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Using (4.59) we get that

o7—11|

I 5ne(y) = 27 HIE, (TPHI' H{(1—1)2III+1,...,~,zm}y) =2"EY, Y (v) (4.69)
1

y=
Therefore, the property that y € A((7n) depends only on the quantity Y (y).

Notice that if 2 € D} and € > 0, then there exists X € (-1, 1)2“rI such that ||n(X)—-"R|2 < e
This implies that for any p, the vector ¢ € IR¥ with components ., = X, mod 2111 lies also in Ae(7).
Moreover,

mg.x]:z:~,| = m$x|X~,| =1-d<1 (4.70)

and therefore
To(z) < [I'(1 - d)]* (4.71)

is some finite p-independent constant. We will use this fact to construct our §y. We may of course
choose an optimal X, i.e. one for which d is maximal. In the sequel X and z will refer to this
vector. Let now y be a vector in A(72) for which Tp(y) > ¢ for some large constant c. We will

show that this cannot minimize ®,. We will distinguish two cases:

Case 1: Let us introduce two parameters, 0 < 7 <« d and 0 < A < 1, that will be appropriately
chosen later. In this first case we assume that y is such that

2'
D Ly p1-my 2 (1= A)27 (4.72)

7=1

and we choose
by = p(z —y) | (4.73)

where 0 < p < 1 will be determined later. It then trivially follows from the definition of z and the
convexity of the set A, that y+ p(z — y) € Ac and that y+ p(z —y) € [-1+ pd, 1 - pd]¥ . If Thus
if we can show that with this choice, and with an p such that pd > 7, (4.67) holds, we can exclude

that the infimum is taken on for such an y.

Let us first consider components y, such that |y,| > 1 — d. Since |z,| < 1 — d we have, for
those components, signfy, = —signy, and thus I(y,) — I((y + ¥)y) > 0. This fact together with
(4.72) entails

27 27
27M N (1) = I(( + 69y Mgy, 31-ay 227D [(¥) — I + 89)1)| gy, |31-m)
~=1 v=1 : (474)
> lvqilgi;—d(l - A)2_”][-[(?/‘1) — I((y + 6y)4)]
Ioyl<1-d
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Note that I(z) is symmetric with respect to zero and is a strictly increasing function of z for z > 0.
Thus I((y + 6y),) is maximized over |z,| < 1 —d for 2, = (1 — d)signy,. From this we get

it M) = I+ )] 2 H) = Tl + o= ) = )] (475)

and the infimum over |y,| > 1—7in the r.h.s. of (4.75) is easily seen to be taken on for |y,| = 1—17.
Thus

Lnt (1= 027 () - Ty + 89))] 2(1 = N2 (1~ 0) ~ I~ 7~ p(d— )]
|oq|<1—d

2(1- N2 Mp(d-n)I'(1-n-p(d-n)  (476)

_ 1
>(1 = X)27Mlp(d — n)3|1n(n + p(d — )
where we have used the convexity of I and the bound, I'(1 - z) > J|lnz| for 0 < z < 1.

We now have to consider the components y, with |y,| < 1 — d. Here the entropy difference
I(yy) —I((y+6y)y) can of course be negative. To get a lower bound on this difference we use (4.75)
and perform the change of variable |y,| = (1 — d) — 2, to write

inf ()~ 1w+ 80 = ind I(1=d) = 2y + pay) — I((1 - d) - )

lyyl<1-d
loyl<1-d

= OSz%rnSfl—d ~pzyI'((1 = d) — 2y + p2y)

_ 1 2—-d—zy+ pzy
T 0<z,< TPl ( d+ 2y — pzy ) (4.77)
>~ p(1—d)= m(zdd)
p., 2
>—"hh=
2 n d
and putting together (4.77) and (4.72) yields
2%
34 3 U(0) — I3 + 63 sy 2 (1= (1= N2 )2 (5) e
=1
Therefore, (4.78) together with (4.74) and (4.76) give
piaM z (Z(y) — I((y + 8y)y)]
(4.79)
1 1 2
>61p {(1 - X)271(d = m)HIn(a + pd =) - (1 - (L= 2 (3) ]
On the other hand, we have
2= M1y, < 2p (480)
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Consequently, (4.67) holds if we can choose A, 7, and p so that the following inequality holds,

g7 { - o= mg it + (- )l - (- - ez (3]} >2 (s

But this is always possible by taking e.g. A < 1,7 = pd/2 and p = d¥ where K = K(d,|I|,A) > 1

is chosen sufficiently large as to satisfy

(1 - \)2-Mld(1 —dK/Q)%—l-Ilndl >4+ %Ilndl (4.82)
Case 2: We will assume that A < 1, and that 5, and p are chosen as in the case 1. We can then

assume that
2?

> Ty 210y < (1= 2)2P7H (4.83)

=1
We assume further that
Tp(y) > ¢ (4.84)

for ¢ sufficiently large to be chosen later. Here we will choose §y such that
Y(6y)=0 (4.85)

so that trivially y 4+ éy € Ae(7). Let us introduce a parameter 0 < { < 7, that we will choose
appropriately later, and let us set, for y € {1,.. .,2”'},

Ki={7e{1,.. ., 2r- 1 | [Yt(5—1y2int | 2 1 = ¢} (4.86)

and
K;={7¢€{1,.. ., 2P~y | Yt (5-1)211| £ 1 =7}

For all indices v such that K} = 0, we simply set 6y, (5_1)on = 0 for all 5 € {1,.. N N
K3 were empty for all v, then Tp(y) < [I'(1 — ¢)]? which contradicts our assumption (4.84), for

suitably large ¢ (depending only on (). Thus we consider now the remaining indices 7 for which

K+ #90.

First note that (4.83) implies that || < (1— )27~ and that K3 > X2P~!l so that choosing
1> X> I, we have IK3| < |K3|. Our strategy will be to find &y in such a way as to decrease the
moduli of the components in K at the expense of possibly increasing them on K in such a way
as to leave Y (y + 6y) = Y (y).

We will in the sequel consider the case where there is only one index 7, e.g. v = 1, for which
/C,‘;‘ is nonempty. The general case is treated essentially by iterating the same procedure. We will

use the simplified notation y; 141115 = 5, 6¥142in5 = Y5 and also set K = K*. We will assume
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moreover that all components ysz are positive, as this is the worst situation. We will chose §y such
that §y; = 0,if § € {KtY UK~}° and 6y; < 0if § € K*. For each ¥ € KT we will choose in a
unique and distinct 4’ € K~ and set §ysr = —6y5. This ensures that Y (6y) = 0. We will also make
sure that for all ¥, |6y9| < n/2 _ ¢.

We have to construct §y; for 4 € K. In this process we have to consider the following three

functionals:

(1) The change in the quadratic term of ©,. This is bounded by

§E(by)=27P/*+ 23" 6y2 (4.87)
Fex+

(2) The change in the entropy term,

SI(8y) =277 Y (I(ys + by5) — I(y5))
yex+

+277 > (I(yy + b33) - I(34))
yeK-
> 277 3 |6ys|I'(ys + 6y5) —27F Y Gysllnn|/2 (4.88)
yex+ Jex-
=27 Y [6ys| (I'(yy + 8ys) — | Inn]/2)
JeEKH
> 277 N 6y | (35 + Bys)
Fex+
where we have used that for 1 > [z]| > |y| > 0.9, I(z) — I(y) = | — y||In(1 — )| and that
under our assumption for ¥ € K+, y5 + fys > 1 — /2.

(3) Finally, we have that

Tp(y +6y) <277 Y [I'(ys + y5)P + 277 ) [I'(y5 + 6351
vgK+ Jek+

S =-n/2P+277 Y [Ty + 6ys))
Fex+

(4.89)

Looking at these three functionals suggests to choose §ys for 4 € K as the solution of the

equation
—8yy = 7I'(y5 + 8y5) (4.90)

The point is that with this choice (4.89) yields (we set for simplicity § E(6y(7)) = 6 E(7), etc.)
§1(r) 2 5= (6E(r)) (4.91)
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while
Tp(r) S U1 = ) + 772 (6E(7))* - (4.92)
Thus we can ensure that the entropy gain dominates the potential loss in the quadratic term

provided we can choose 7 < § E(7)/8. However, we know that Tp(7) is a continuous function of ¢
and T5(0) > c. Thus there exists 70 > 0 such that for all 7 < 79, Tp(7) > ¢/2, and so by (4.92),

T YE(T) > Ve/2 - [I'(1 - ()2 (4.93)

which inserted in (4.92) yields that

61(r) > 22\ /eT2 T~ OP6E(r) (4.94)

It is clear that if ¢ is chosen large enough (‘large’ depending only on (), this gives 6I(t) > 6 E(t), as

desired. Finally, it is easy to see that |6ys| is bounded from above by the solution of the equation
z=rI'(l-2z) (4.95)

which is of the order of z = 7|ln7|. If { is chosen e.g. ( = n/4, we see from this that for small
. enough 7, |6ys| < n/2 — (, so that all our conditions can be satisfied. Thus, there exist ¢ < oo
depending only on 7 (which in turn depends only on 7 and €) such that any y that satisfies the
assumptions of Case 2 with this choice of ¢ in (4.84) cannot realize the infimum of ®,. The two

cases combined prove the lemma. {

To conclude the proof of Theorem 1 we show that for 72 € D$ (1.13) holds. This turns out to
be rather simple. The main idea is that if m € DTII’ then on a subset of Q of probability one, for
N large enough and € small enough, the set {o € Sy | ||IIymn(c) — 71|z < €} is empty.

To do so we will first show that uniformly in the configurations o, the vector IIymy (o) can be
rewritten as the sum of a vector in D7) and a vector whose norm goes to zero as N goes to infinity.

Let ey, y=1,... ,2l71, be the column vectors of the matrix EItIl' We set
’v.,E{‘iG{l,...,N}]ﬂ‘:e#, V,U'EI} » (4.96)

These sets are random sets, depending on the realization of the random variables &', Their cardi-
ha.].ity, however, remains very close to their mean value. More precisely let A, denote the fluctuation
of |v,| about its mean,

Ay = 2N oy | —27HIN (4.97)

There exists a subset 4 € Q of probability one and a function, 6y, tending to zero as N tends to

infinity, such that for all but a finite number of indices,
Pl <bn , y=1,...,2H (4.98)
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This fact has been proven in [G]. Using (4.96), Il;mp (o) can be rewritten as
Imy(o) =27 Bl (X (o) + 6X (o)) (4.99)

where X (c) and (§X )(o) are respectively the vectors with components X, (o) = |v, |7} Yliev, 0i €
[-1,1], (6X)4(0) = Ay X4(0), 7 = 1,...,2!1. Tt then follows from the properties of the matrix El
and (4.98) that, on Q4,

|Trmu(o) = nin(X(0))]], < én (4.100)

Now, by assumption, 7 € Dy, i.e. there exists &€ > 0 such that {z € IR!"! | lle —mmlls < & C ‘
(Dy1y)°. Therefore, since nj7(X(c)) € D)z}, we have [|n;;j(X(c)) — ||z > & From this and (4.100)
it follows that on Q4, |II;my(0) — 7|2 > € — . Finally, for N large enough and € small enough
we get

{c €Sy ||| Imn(c)—1|2 <e} =0 (4.101)

From this, part (1.13) easily follows. This concludes the proof of Theorem 1.
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