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Abstract

In this paper an elliptic-parabolic coupled system arising from a two-phase flow
through a saturated porous medium is considered. The uniqueness and the existence
of classical solutions are proved. The asymptotic behavior of solutions for large time
is shown, too.



1 Introduction

We consider the following elliptic-parabolic coupled system:

. v . q — 0, in Q
g = —A(vy,...,vn)Vu— B(vy,...,vn), | (1.1)
% + V-[vig— Di(vy,...,ox)Voy] =0, i=1,.,N, inQ

with initial-boundary data

{ e (12

Vilz,un, — Vily [’Uz‘q—D,’('vh...,vN)V'u,-]-ulzz =0,

where @ = Q@ x (0,7), Q CR*, T >0, X, =Ty x[0,T], ¥, = I'; x [0,T],
'y coQ, Ty =00\T1, Q=0 x {0}; v is the outward normal to 9.

The system (1.1) déscribes the fluid-solute-heat flow through a saturated porous
medium (see [2]) where, apart from constants, u stands for the pressure, g for the
flux of the fluid and v; for the temperature or the concentration of solutes in the
fluid.

Equations (1.1) with N = 1 (see [1,7]) also include systems governing the flow of
two immiscible fluids through a porous medium. Without loss of generality we can
- take N =1, and then problem (1.1)-(1.2) reduces to the following one:

(V- g =0, A in Q
g = —[A(v)Vu+ B(v)],
(1) s & | V.[vg— D(w)Vv] =0, in Q
U, = U1, ¢y =0,
\ '”Izluno. = v, [vg—D()Vy] -y, =0,

where A(s), B(s), D(s),u; and v, are known functions fulfilling the following condi-
tions:

(i) : A(s), D(s) € C*(R) are positive (scalar) functions satisfying

0< Ay < A(S)SAI
0<Dy < D(s) <D,

where Ap, A1, Do, D; are constants;



(ii) : B(s) € C*(R) is an n-vector function;
(111) DU, v € 03(Q1) with Q]_ = x [O, OO),

(iv) : @ ¢ R" is a bounded, connected open set with C3-boundary 8%, and I'; C Q
is open and non-empty in the sense of (n — 1) dimensional Hausdorff measure.

In [7], the existence, uniqueness and stability of classical solutions for a problem
similar to (I) are proved. However, the existence argument is restricted to the two
dimensional case; for higher dimensions it is required that function A is a small
perturbation of a continuous function depending only on z. In [1], a degenerate
elliptic parabolic system analogous to (I) is considered. Due to the degeneration
nature the existence and regularity results are established only for weak solutions.
In this paper we shall show the existence, uniqueness and asymptotic behavior of
classical solutions for problem (I) without restriction on dimension n.

The paper is divided as follows: In Section 2 we introduce weak solutions of problem
(I) and prove the uniqueness. Then in Section 3 the existence of weak solutions is
established. In Section 4 we give further regularity results implying that the weak
solution is also a classical one. Finally we show in Section 5 that under proper
conditions the solution converges to the unique steady solution of (I), as ¢ — oo.

-2 Weak solution and uniqueness

First, we introduce weak solutions of problem (I). By a weak solution of problem (I)
we mean a pair of functions (u,v) satisfying

(i) : wew +L¥0,T; V), v € v, + L*0,T; V) N L™>(Q),
where V = {w € H*(Q) : wy, =0}

(ii) : for any ¢ € C*(Q) vanishing on X; U (2 x {T'}) we have

/Qx{t}[A(”)V“+ B(v)]-Ve=0 ae. te(0,T),

/:/q {vg—f — [D(v)Vv + v(A(v)Vu+ B(v))] - \7,{,} + -/g;x{o} v = 0.



With some additional assumptions we get the uniqueness of the weak solutions.

Theorem 2.1: Let (u,v) be a weak solution with Vu,Vv € L*(Q). Then it is the
unique weak solution of problem (I).

Proof: =~ Suppose that (4,7) is another weak solution. Then for any
@ € CYQ) vanishing on %; and  x {T'} we have

/nx{t}[A(”)V“ — A(#)Vi+ B(v)— B(#)] - Vo =0 ae te(0,T), - (2.1)

_ Op N
/ [ {(v-9) G2 - D)V - DE)Vil - Vep
— [W(A(v)Vu+ B(v)) — 5(A(5)Vi + B())] - V o} = 0.

(2.2)

Taking ¢ = u — 4 in (2.1) and using the Cauchy inequality 2ab < ea® + 1bz, e>0
we easily get

| V=)<

ax{t} (2.3)
2 2 ) 2 ~12

< 3 (imax 14O sup [Vl + max (B [ o=,

where M, = max{supy, |v|,supg |3}
On the other hand, we can take ¢ = v — ¥ in (2.2) and obtain

1 2
3 ﬂx{t}l v — D) +// [D(v)Vv — D(3)V9] - V(v — 3) (2.4)

+ [ [ (A Vu+ B(w) - 5(4@)VE + BE)- Vo —5) = 0.
Noting that
/Ot/,,(v —9)(A(v)Vu+ B(v))- V(v —3) =
%/Otfn(A(v)Vu +BE)-V(v—13%) = 0



we get from (2.4)

t
Lo =P+ DO//|V(v—€:|2
Qx{t}

o= [ [ {1D) = DEIVoP + o7 Af) Y — AG5) Vil
+5|B(v) - B@)P }

IN

4
< D L{,’Lﬁ I (s)lzsgPWvI”-Mf max |A,(3)|2315P|Vu|2
t
+ M max IB’(s)IZ} /Ofﬂlv—m?
DML [ ] V-
oM f o Ve =B (2.5)

Substituting (2.3) into (2.5) we arrive at

/nx{t} [v = 8[* + Do »/ot/n V(v —19)]* < C /Ot/‘; lv — 3|2, | (2.6)

where
C, = — | max Do) sup Vol + M} 1+ 240 s 41(s)? sup [ Vu
! Dy |lsl<3t; A2 ) sl<it,
aM? (242 -

Now a Gronwall argument applied to fou gy [v — 5|? yields v = 4, and then u = 4
almost everywhere.

Remark. The condition Vu, Vv € L*(Q) in the theorem is not restrictive. Lemmas
4.1 and 4.2 we will give later imply that any weak solution of problem (I) satisfies
this condition.

3 Existence of weak solution

Lemma 3.1: For a gwen v € L®(Q) there exists a unique u € uy + L>°(0,T;V)
such that for anyp € V

_/nx{t}[A(v)v“'F B(@)]-V¥ =0 ae te€(0,T). (3.1)
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Moreover, we have for almost all t € (0,T)

f Vul? < G, (3.2)
Qx{t}
| u(-t) llcay < C, (3.3)

where constants C > 0, o € (0,1) depend only on known data and supg |v|.

A

Proof: This is the standard result for an elliptic equation, cf.[5].

Lemma 3.2.: For a given v € L™(Q) let u € uy + L*(0,T; V) be the weak solution
of (8.1). Then there exists a unique ¥ € vy + L%(0,T; V) N L*®(Q) such that

s~ o ssirmas - oo

for any ¢ € C*Q) vanishing on £; and Q x {T}. In addition, 7 admits of the
following estimates:

suplo] < sup for, (35
Q U

JLwir < o, (3.6)

|5 llcegy < C, (3.7)

where constants C > 0, B € (0,a) depend only on known data and supg |v|.

Proof: We first modify equation (3.4): Let

p(s) = min{l;%} s, M>0
and consider
[, {55 - Vo + s a0 Tu+ BN Vb + [ mo =0 (240

Clearly there exists a unique ¥ € v; + L?(0,T; V) N L™ such that (3.4a) holds for
every ¢ € C'(Q) vanishing on ¥; and Q x {T}.



Denote supy, q, [v1| = k and take ¢ = (4 — k)" in (3.4a). Thus we get

K AN CEOM //Q V(5 — k)t .
<u7/7 (v)Vu+ B()) - V(5 — k)*|.

max(¥,k)
Set ¢ = ./I; p(s)ds.
Then for almost all ¢t € (0,7),
Vi(-,t) = p(3(:, 1)) - V(3 - k)T € L*(Q).

So we can substitute this ¥ into (3.1) and obtain

. POAG)Va+ BE) VoK =0 ae. 1€ (0T)

Hence (3.8) implies supg % < k.

In the same way we obtain supg(—7) < k. .

Now by taking M > k in (3.4a) we see that p(¢) = ¢ in @, which shows the
equivalence of (3.4) and (3.4a). So far we have proved the existence of weak solutions
for (3.4) and obtained estimate (3.5). Obviously (3.6) follows.

To prove (3.7) we first give some notations: For 2o = (zo,%0) € @, R < Ry with

Ry = min{té, dist(a:o,aﬂ)}, set

Bgr(zo) = {z€R":|z - z¢| < R},

AR(tO) = (to - R27 tO):

Qr(20) = BR(%) x Ar(to),
Ugo,R(E) = s
oR(t) ]BR( o)] /Ba(eo)x it}

VUzo,R = 1

lQR(ZO)I Qr(20) “

We will omit 2o, o, to henceforth.
By taking ¢ = (u — uzr(t))n® in (3.1), where 7 is a cut-off function on B,g with
2R < R, we get an inequality of the Cacciopolli type:

c .
v2<_f — ugr(t)® + CR™.
»Lax{t} | UI - R2 Barx{t} |u ’UIZR( )l +

7



Combining it with estimate (3.3) we then obtain
/ IVu? < OR™*2% ae. te(0,T). (3.9)
Brx{t}

In Qr we write 9 = V + W where V € L?*(Ag; H'(BR)) satisfying V], =¥ and

JL {V— —D()VV - w] =0 Ve CP(Qr),
whereas W =9 — V € L*(Ag; H'(Bg)) with W},, =0 and
/f [W—— — D(v vw-w] - f/QRz”;[A(u)Vu+ B(v)]- Ve

Vo € C5°(Qr)-
From the De Giorgi - Nask theorem we can get (see [8] for detail)

Jf, v =il < c(L >"+2+27//QR1V V', Vp<R,  (310)

where constants C > 0, v € (0, 1) depend only on Dy, D; and u.
It is known (see [8]) that W € W, 2(QR) and

W12 s S ¢ [[[ 14w)Vu+ B)P. (3.11)

On the other hand, we have (see [4])

W — Wg|? < CR? W”l 3.12
S 1w = wal IW sy, (312)
Putting (3.11) and (3.12) together and taking account of (3.9) we obtain
f /Q |W — Wg|* < QR 2+, (3.13)
R

where constant C' depends only on known data and supg [v]-
Because o = V + W, from (3.10) and (3.13) it follows that

// |6_5P|ZSC(£)n+2+27// Iﬁ—ﬁRl2+CRn+2+2a (314)
Qp R QH

for any p < R with @,r < @. It is well known that (3.14) implies an interior
CP - estimate of © where 0 < 8 < min{e,v}.
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We omit the estimation near the lateral boundary ¥; U 2, and the bottom Xy. In
fact, as uy, v; and 89 are of C3 - class, the above argument with a trivial modification
is valid for boundary estimation. The lemma is then proved.

Using the above two lemmas we can show

Theorem 3.1: Problem (I) has at least one weak solution.
Proof: Introduce the Banach space
X =L*0,T; HY(Q)) N C"(Q)
equipped with the norm
I x=l - Nzzersmr @) + 1| - llev gy,
where v € (0,3) and S is the Holder exponent in (3.7). Take a convex subset in X:
Xi={weX: Wiz uay = v1}

and define F : X; — X, as follows: For v € X; let F(v) = 4 which is given in
Lemma 3.2. In virtue of Lemma 3.2, F' is well defined and there is an M > 0 such
that

F(X))c{we X; || w|x< M}.

Take v; € X1,7 =0,1---, satisfying || v; — v ||x— 0 as j — 0.
Correspondingly, we get u; and v; = F(v;), 7 =0,1,---.
Just as the derivation of (2.3) and (2.6) we have

V(u; —ug)|? < C sup |[v; — vy
Jogy IV =)l < C sup 155~

vi —wl? + // V(7; — 60)|?
sup [ il [ V(35 — o)
SC’[//Q lV(u,-—uo)|2+sgp lu; — vol?] -

Hence {v;} converges to 7; in L*(0,T; H'()) for j — oo.
On the other hand, from estimate (3.7) we see that {v;} is relatively compact in
C7(Q) and so in each subsequence of {7;} there exists a subsequence converging in

C7(Q). Accounting the convergence of {v;} in L*(0,T; H'(2)) we then obtain

|| v — Vg ”x—)O as j — 00,

9



which shows that F' : X — X; is continuous. Analogously, we can verify the
compactness of F'(X).

Now applying the Schauder fixed point theorem to F' we obtain a function v € X,
such that F(v) = v. Furthermore, substituting v into (3.1) we get u. Then (u,v) is
just a weak solution of problem (I). The proof is completed.

Remark. From the proofs of Lemmas 3.1 and 3.2 we see that there exist constants
C > 0,a € (0,1) such that for any weak solution (u,v) of problem (I),

| u(yt) leay < C ae. te(0,T),
< C.

” v ”ca(ﬁ)

4 Smoothness of weak solutions. Classical solu-
tion
From now on we suppose ['; N Ty = 0.

Lemma 4.1: Let (u,v) be a weak solution of (I). Then there ezists an o € (0,1)
such that Vu € C*(Q).

Proof: According to the last remark we have

Il u(-,t) Hca(ﬂ) < C ae te€(0,T),
| vllcay < C.

Thus in virtue of the C1*= - regularity theory of elliptic equations [5] we arrive at

Vu(-,t) € C*(Q) and
| Vu(,t) lca@< C ae. te(0,T). (4.1)
Now we turn to the continuity of u with respect to ¢. Define
Snu(-,t) =u(,t +h) —u(,t) 0<h<T, 043 t<T-—h.

It is easy to see that for any ¢ € V

fnx{t}[A(v)Vcshu + 6, B(v)|Vep = — /n ShA(v(- 1)) - Vau(-, t+ h)Vep (4.2)

10



for ¢t € [0,T — h]. Regarding (4.2) as the equation for dyu and using L™ - estimates
[5] we get

T c{ sup |+ 54| + sup IthB(v)I}
Qx{t} Ox{t} Ox{t}
< Chi Vte[0,T—h), helo,T]. (4.3)

This indicates the Holder continuity of u with respect to ¢, with exponent 5
Now the lemma readily follows from an interpolation result given in [6]:

Proposition: If f(z,t) € C(Q) satisfies

| f(52) llomieqy < C1 VE€[0,T]
| (z:) llorqory < G Vzel

then DT f(z,-) € CF‘%([O,T]) and

I D f(=,-)
where constant C3 depends only on Cq, C,.
The proof of Lemma 4.1 is then completed.

Lemma 4.2: Let (u,v) be a weak solution of (I). Then there ezists an o € (0,1)
such that Vv € C%(Q).

.- S 03,
Ccmte([o,T])

Proof: As in the proof of Lemma 3.2, we only give the interior estimate. We known
that v € C*(Q). First we improve the Holder exponent a. For any @,z C @ split v
in Qar as follows: v =V + W, where V € L*(Ag, H*(Bg)), V5o, = v and

[ [V (R) VY- W] =0 VYpeCo(Qn),

whereas W =v — V € L*(Ag, H'(BR)), W), = 0-and

/_/;E [W (vr)VIW - Vc,o] / [(D D(vg))Vv —vg] - Vo

11



for all ¢ € C§°(Qr). It is known (see [4]) that

//Qplv_vplz < C(_%)riﬂ‘/-‘/;ﬂlv_lez Vo< R,

foHIW— Wa? < CR"{//QR |D(v) — D(vg)2|Vo]?

+ /»/Qn quVWl}.

// vq-VWz—/ Wgq- Vv
Qr @Qr
and supg, |W| < CR*, |q| < C we obtain

]ffq vq-VWIS_Rz"//Q \Vu[? + CR™2.
R R

Substituting (4.6) into (4.5) and using the Cacciopolli inequality

//QRIVUIZS %/‘/Qza lv — vpr|? + CR™?

which can be derived from the equation, we get

f/QR \W — Wa|* < CR* j/QR lv — vapl? + CR™.

From (4.4) and (4.7) we see

//;plv—vpizsc

Taking account of

_p_ nté 2 _ 2 n+4
(R) +R }-//Qm!v var|* + CR™™*.

(46)

(4.7)

(4.8)

Obviously (4.8) holds not only for p < R, but also for R < p < 2R, which implies

the CP-estimate of v, with arbitrary 8 € (0,1).

Now turn to the C*-estimate for Vv. Write v = V + W as before, and then (see [4])

n+4
L rev-viesc(£)T [[ 9V - (VP
for all p < R, |

//“?RWWP < {/f% |D(v) — D(vg)|*|Vo[?

+ ’//Qnuqvwi}:

12
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By the Cacciopolli inequality and the C#-estimate of v we have
/ / D(wg)?|Vo[? < CR™. (4.11)

Recalling the derivation of (4.6) we can get

1
. < 2 s 2 < n+14+28
L//;qu VW,_R//;RWUI +4R//QR|W,,| < CR ) (4.12)
From (4.9) - (4.12) it follows that

/_/ Vv — (v”)plz <C ( )" ™ // |Vu — (Vu)g|? + CR™2+27

where v € (0, 3).
Consequently, the C*-continuity of Vv follows and the lemma is proved.
From Lemmas 4.1 and 4.2 we immediately obtain the existence of classical solutions
for problem (I). In fact, let (u,v) be a weak solution, hence Vu,Vv € C*(Q).
Formally, we have

Aw)Au+ A'(v)Vv-Vu+ B'(v)Vv = 0

—aa—'; +(g— D'(v)Vv)- Vv — D(v)Av = 0.

By the standard theory on linear equations we get

u(-,t) € C**(Q) Viel0,T)
v € C*™(Q)nC'*(Q).

Combining these with Theorem 2.1 we then obtain:

Theorem 4.1: Problem (I) has a unique classical solution (u,v), where
u(-,t) € C***(Q) Vie[0,T]
v € C*Q)NCY(Q), @ =@\ (92 x{0});

in addition, u, Vu € C*(Q).

Since we have set up the Holder continuity of u in ¢ and the uniform C?**-estimate
of u(-,t), we claim that the first two order z-derivatives of u are Holder continuous
in t. For the continuity of 3, “ we have the following:

13



Theorem 4.2: Let (u,v) be the solution of (I). Then u € C?***(Q x (0,T]) with
some a € (0,1).

Proof: Recalling (4.2) as an equation of dpu we have
hyl? < h 2 h 2 hy, |2) <
/nx{t} Vo ul® < C’/ﬂx{t} (Iat B)]* + |82 A(W)]? + |VEua] ) < C(r)

forr <t<T —-hwith0<7<T—h, where

OPu(-,t) = %m(.,t).

By the L*-estimate we get

sup |0fu(+,t)| < C(7), YO<T<t<T—h,
Q

and so

%%‘ € L=(r, T H'(Q)) N L=(Q x (1, T))

for any 7 > 0. Moreover, we have

Ou OV ,, OV
/ﬂ o AWV Vo= - /ﬂ . [A (v) 5 Vu + Blo)5| - Ve,

Vo € Hi(Q), t € (0,T]. Now applying the C*-estimate to £ we obtain

Oou
—a't_(':t)

<C(r), 0<7<t<T. (4.13)
ca (@)

As in the proof of Lemma 4.1, we find

sup Jh%(-,t) <C(r)h?, 0<7<t<T. (4.14)
Q

From (4.13) - (4.14) it follows that

Ou g
% € C*(Q x [r,T))-

for any 7 > 0, thus completing the proof.

14



Corollary 4.1: If all known data are C®-smooth, then the solution (u,v) of (I) is
also C®-smooth. To be more precise, we have

Diu € C(Q), m20;

DmDFw € C(x(0,T])), m>0, k>1;
D™ € C*(Q), m=0,1;

D"Dfy € C(Q), m>0, k>0.

Note that in both Theorems 4.1, 4.2 and Corollary 4.1, the smoothness of higher
order for u and v is obtained only in  x (0,7T] or Q, but not on the whole Q. As
a matter of fact, it is easy to see from the proof of Theorem 4.2 that the continuity
of & depends on the continuity of D2v and . On the other hand, v € C?*%(Q) if
and only if the following compatibility condition is satisfied:

%1;_1 — V[D(v1) V] — A(w)Vi + B(vy)]- Vo, =0 at Ty x {0},  (4.15)
where 7 is determined by the following boundary value problem

{ V[A(vy(-,0))Va + B(vi(-,0))] =0 in (416)

| ﬁ’lrl = ul('>0): [A(Ul(" O))V'& + B('vl('7 0))] “VYp, = 0. .

Therefore we obtain

Corollary 4.2: Let (u,v) be the solution of (I) with (u1,v1) satisfying (4.15) and
(4.16). Then u,v € C*T*(Q).

5 Large time behavior

To start with, we define the w-limit set of problem (I) as

w = {(wy,wy) ;- there exist a subsequence {t;}

such that #; — oo and 1tli_r)xgo u(z, tx) = wi(z),
lim v(z,t) = wi(z) },
J >0

where (u,v) is the solution of (I).

Since the regularity estimates on Q x [r, T] are independent of T, {(u(-,t),v(-,%))}
is relatively compact in [C?**(Q)]?, where ¢ is regarded as a parameter. Hence,
w C [C?**(Q)]? is non-empty.

15



In this section we assume

lm uy(z,t) = uo(a)
tl_iglcm(m,t) = vo(z)

uniformly for z € I[';, and then we have

Theorem 5.1: All of the functions in w are the steady solutions of problem (I), 1.e.
for any (4,9) € w we have

V[A(%)Vi+ B(3] =0 m
V[D(3)Vy + 4(A(3) Vi + B(9))] =0 mn
12|P1 =uo, [A(?)Vi+ B(7]- Up, = 0

=vo, [D(B)VE+5(A(D)Vi+ B(9))] v, =0

({o)

Y,

. Proof: Let (4,7) € w such that
u(e,te) > 4, v(-, k) o
in the sense of C***(Q) as tx — co. From now on we simply write
u(t) = u(-,t), v(t) =v(,1).
Thus we have

V- [A@()Vu(t) + BE(@)] = 0 (5.1)
V- [A(v(te)) Vau(ts) + B(u(t))] = 0. (5.2)

Subtracting (5.2) from (5.1), multiplying by u(t) — u(tk), and integrating over Q) we
get

LIve - ue) <o { [ oo - sl + [ o -uwl}.  (63)

We also get in a similar way
L) = vl + [ [ 1900 - v
<o [ v =) +[ [ 196t —ue+ [[ 1) - v} (6.4
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where 7 > t;. From (5.3) and (5.4) it follows that

o) =@l + [ [ 190 - vz
<c{[ [ e -sr+ [ [ (ut) - uw] + @) - @)} (55

Applying the Gronwall inequality yields

J 1) = ot < 0 [ (u(®) - u(t)l + o) = o)) (56)
for t; <t < 7. Fix 7 = t;+2 and then from (5.6) we see that for any t; < ¢ < tj+2
v(t) > v as tx — oo.

Furthermore, from (5.3) and (5.5) we find
Vu(t) = Vi, Vu(t) = Va.

Now for any ¢ € V and p(t) € C5((0,2)) satisfying

[ew=1, [et=0

tr+2 av t 42 t
L 2 et -t = =[] poleipe—

—// (s)pv(te + s)

- —/ps)/cpﬁ:O as tp — oo.
0 n

we have

On the other hand,

L7 9 boat) - DeE)Votleet - )
= —/ P(S)/ [v(tk + s)g(tk + s) — D(v(tk + 3))Vou(te + 3)] - Vo

— — /vq— (V)V3] - as tx — oo.
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Thus we arrive at
LUX@V%+MA@W%+B@»LV¢=O Vo e V.
From this it immediately follows that
V[D(3)Vi + 5(A(5)Vi+ B(E)] =0 in Q.
Finally, letting tx — oo in (5.2), we then obtain
V- [A(#)Vi+ B(#)] = 0.

As for the boundary conditions, they are obviously satisfied. Thus the theorem is
proved. :

By imposing more conditions on the structure of the system or the boundary data,
we can prove

Theorem 5.2: Assume that one of the following conditions is satisfied
(i) : vo = const, or
(i1) : A(v) = Ag, D(v) =Dy and
ColQI~(M —m) max, |B'(s)|D5" <1,
where Cy is an absolute constant, M = maxr, vo, ™ = minr, vo. Then the solution

of problem (Ip) is unique, and consequently, the solution of (I) converges to the
solution of (Io) in the sense of C***(Q) as t — co.

Proof: If condition (ii) is satisfied, it needs only to check the proof of Theorem 2.1.
If condition (i) is satisfied, constant v is the unique solution to

{ V[D(#)Vi] + [A(3)Vi + B(3)] - Vi =0

U, =vo, V- -y, =0

and thus the solution to

{ V - [A(v0)Vi] + B(vo)] = 0
Uy, =uo, [A(v0) Vi + B(vo)] - v, =0

1s unique.

18



Remark: In general, condition (ii) in Theorem 5.2 is necessary for the uniqueness
of problem (Ip). In the case of thermo-convection in porous media this condition is
called the small Rayleigh number condition (cf. [3]).
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