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1 Model equations, notation, and assumptions 1

Abstract

Our focus are energy estimates for discretized reaction-diffusion systems for a finite
number of species. We introduce a discretization scheme (Voronoi finite volume in
space and fully implicit in time) which has the special property that it preserves
the main features of the continuous systems, namely positivity, dissipativity and flux
conservation.

For a class of Voronoi finite volume meshes we investigate thermodynamic equi-
libria and prove for solutions to the evolution system the monotone and exponential
decay of the discrete free energy to its equilibrium value with a unified rate of decay
for this class of discretizations. The fundamental idea is an estimate of the free energy
by the dissipation rate which is proved indirectly by taking into account sequences of
Voronoi finite volume meshes. Essential ingredient in that proof is a discrete Sobolev-
Poincaré inequality.

1 Model equations, notation, and assumptions

Let © C RY be a bounded domain, T' := 9. We consider m species X; with initial
densities U;. These species undergo chemical reactions and underly diffusion processes.
We assume Boltzmann statistics giving the relation between the densities u; of the species
X, and the corresponding chemical potentials v;,

u; =we”, i=1,...,m, (1.1)

where the reference densities u; may depend on the spatial position and express the possible
heterogeneity of the system under consideration. For the fluxes j; of the species X; we
make the ansatz

ji = —piu; Vg, i =1,...,m, (1.2)
with mobility coefficients ji;. To describe chemical reactions we assume that R C Z'* x ZT*
is a finite subset. A pair (o, 3) € R represents the vectors of stoichiometric coefficients of
reversible reactions, usually written in the form

X1 4+ 0 X = B X1+ A+ B X,

According to the mass action law, the net rate of this pair of reactions is of the form
kap(a® — a”), where ko is a reaction coefficient, a; := exp(v;) is the chemical activity
of Xj, and a® := [["; a;"". The net production rate of species X; corresponding to the
reaction rates for all reactions taking place is

R; = Z kap(a® — a?)(B; — o). (1.3)
(,B)ER
The m continuity equation can be written as follows:

6ui
ot

+V‘]12R11HR+XQ, y.jl-:()onRer]:" (14)

ui(O):Ui inQ, i=1,...,m.
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Problem (1.4) has been investigated in various papers, see e.g. [15], [5, 6, 12, 13, 14] for
electrically charged species and [10] with different anisotropies for the different species.
The papers [5, 6, 10, 12] deal with more general state equations. In [9] the limit case of
partly fast kinetics is studied.

The aim of the present paper is to show that there are discretization schemes (Euler
backward in time and Voronoi finite volume meshes in space) for problem (1.4) such
that the discretized free energy along the discrete solutions decays exponentially to its
equilibrium value. The essential new result in this paper is to prove a uniform decay rate
for a class of meshes. In [8] we already proved dissipativeness of the scheme and established
the finite dimensional estimates for a fixed given mesh.

To obtain the uniform estimates for a class of Voronoi finite volume meshes we have to
translate the quantities from the finite dimensional discretized problems into expressions
of functions being defined on {2 and being constant on Voronoi boxes of the corresponding
meshes and we have to consider limits of such functions to find a contradiction in the
indirect proof of a Poincaré like estimate of the free energy by the dissipation rate (see
Theorem 3.2).

The paper is organized as follows. In Section 2 we give a weak formulation (P) of prob-
lem (1.4), formulate common assumptions and collect known results concerning energy
estimates for (P). Section 3 is the heard of the paper. First, we introduce the space dis-
cretization by Voronoi finite volume meshes, and give some notation used in the finite
volume context (Subsection 3.1). Subsection 3.2 contains the full discretization scheme
(PM) of the reaction-diffusion system (1.4). The finite dimensional discrete energy func-
tionals are introduced in Subsection 3.3. In Subsection 3.4 we give the steady states of the
discretized reaction-diffusion systems and discuss their relation to the steady state of (P).
The most important results are proven in Subsection 3.5, namely the uniform estimate
of the discretized free energy by the discretized dissipation rate (Theorem 3.2) and the
exponential decay of the discretized free energy to its equilibrium value with a decay rate
not depending on the mesh (Theorem 3.3). The paper ends with Section 4 where remarks
and open questions are formulated.

2 Continuous reaction-diffusion systems

2.1 Weak formulation

In the whole paper we assume

(A1)  Qis an open, bounded Lipschitzian domain in RV, N =2,3, T' = 99Q;
iy Ui, U € L(Q), pi, Wy >0 >0, s €Z, i=1,...,m;
R C ZT x ZT finite subset, kog € LY(Q2), kop > 0 > 0 for all (a, 3) € R.
If N = 3 then max(, g)cr max { Yoy ﬁi} < 3.

To give a weak formulation of the equations (1.4) we introduce the spaces

V= HYQ;R™), W :=V NL°Q,R™),
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and the stoichiometric subspaces
S :=span{a — 3: (a,f) € R}, St :=orthogonal complement of S in R™.
In addition to (A1) we assume that we are given an initial value U € V* such that

(A2) U= (Ur,....Un), D XU, 1) > 00f A= (A1,..., Am) € ST\{0}.

i=1
V* denotes the space dual to V', and 1 means the constant function on €2 taking the value
1. Note that (A2) is satisfied if the initial value of the vector function u := (u1, ..., Unm)
fulfills U; > 0, U; #0,i=1,...,m. We define operators A, £ : W — V*,

(Av,v :—/ZuzuZ iV - szda?—i—/ Z kop(a® —a )(a B) - vde,
=1

(@,B)ER (2.1)
Ev = (ule Lo ume’ ), veW,veV.

A weak formulation of the transient problem (1.4) with (1.1),(1.2), (1.3) is given by

u'(t) + Av(t) = 0, u(t) = Ev(t) fa.a. t € Ry, u(0) =T,
u€ HE (Ry; V), ve L2 (Ry; V)N LS (Ry; L°(Q,R™)).

loc

(P)

2.2 Summary of results on energy estimates for the continuous problem

We collect results on energy estimates which should be carried over from the continuous
problem to a time and space discretized version of (P) in a unified manner for a class of
Voronoi finite volume meshes.

The dissipation rate corresponding to Problem (P), D(v) := (Av,v), v € W, has the form

/Z,umlevz szdx—i-/ Z kap(e” ™ —e” )(a—ﬁ)-vdxzo.

(,B)ER

For u € V* N L2 (Q)™ the free energy F(u) is given by

m
F(u) = / Z {uz(ln? - 1) —|—Hi}dx.
Q= Ui
Moreover, we define the subspaces

U:={ueV*: ((u,1),...,{un,1)) € S},

Z/IL::{UEV: (u,vy =0 VUEU}:{UGV; VU:O,UGSJ-}_ (2.2)

If (u,v) is a solution to (P) then u(t) —U € U for every t > 0. Therefore, if v* := lim u(t)

t—o0
exists, then we have necessarily u* € U + U.



4 A. Glitzky

Theorem 2.1 We assume (Al) and (A2). Then there exists a unique solution (u*,v*) to

Av* =0, uw =Ev", weU+U, v eW (S)

We define the set
A= {aGRT: a® = a” for all (o, B) € R, u € U + U, where u; = u;a;, izl,...,m}

and assume

(A3)  ANORT =

Remark 2.1 We assume (Al). On the one hand, if (u,v) is a solution to (S) then
a=(e",...,e'") € A. On the other hand, if a € 4 and a; > 0,7 =1,...,m, then (u,v)
defined by v; := Ina;, u; :==uw;e", i = 1,...,m, is a steady state of (P), that is a solution
to (S). If in addition (A2) and (A3) are fulfilled then A = {a*}.

Theorem 2.2 Let (A1) — (A3) be fulfilled, let (u,v) be a solution to Problem (P), and let
(u*,v*) be the thermodynamic equilibrium (cf. Theorem 2.1). Then the free energy along
the solution (u,v) decays monotonously and there exists a X > 0 such that

F(u(t)) — F(u*) < e *(F(U) — F(u*)) VYt>0.

The proof of Theorem 2.2 is mainly based on a Poincaré type inequality which gives an
estimate of the free energy by the dissipation rate as formulated in Lemma 2.1.

Lemma 2.1 Let (Al) — (A3) be fulfilled. Moreover, let (u*,v*) be the thermodynamic
equilibrium according to Theorem 2.1. Then for every p > 0 there ewists a constant c, > 0
such that

F(u) — F(u*) < ¢,D(v) (2.3)

forallve N, ={veW: F(Ev)—Fu*)<p, u=EveU+U}.

For these results we refer to [10, Theorem 2.1, Theorem 3.1, Theorem 3.2}, [15, Theorem 1,
Theorem 2, Corollary of Theorem 2] and [5, Theorem 7.1, Theorem 7.2].

3 Discretized reaction-diffusion systems

3.1 Space discretization

Although we work with boundary conforming Delaunay grids where the Voronoi boxes are
the dual grid our notation is basically taken from [1, 3] since we need results provided there
for more general finite volume meshes. Have in mind that Voronoi meshes are admissible
finite volume meshes in the sense of [3, Definition 9.1] (see [3, Example 9.2]).

Let © be an open, bounded, polyhedral subset of RV. A Voronoi mesh of £ denoted by
M = (P, T,£) is formed by a family of grid points P in Q, a family 7 of Voronoi control
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volumes and a family of parts of hyperplanes in RY denoted by £ (which represent the
faces of the Voronoi boxes). For Voronoi meshes we use the following notation.

Let M denote the number of grid points, M = #P. For each grid point of the set {xx € P}
the control volume K of the Voronoi mesh belonging to the point xx is defined by

K={zeQ:|zv—ok|<|r—xr| VL eP, zp #zx}, KeT.
mes(K') denotes the measure of Voronoi box K € 7. The mesh size of M is defined by

size(M) = sup diam(K).
KeT

For K, L € T with K # L either the (N — 1) dimensional Lebesgue measure of K N L
is zero or K N'L = & for some ¢ € £. The symbol ¢ = K|L denotes the Voronoi surface
between K and L. We introduce the following subsets of £. The set of interior Voronoi

surfaces is dﬁnoted by Eint. Additionally, for every K € T we call £ the subset of £ such
that 0K = K \ K = Uyeg, 0. Then € = Ugerék.

Moreover, for o € £ we denote by m, the (N — 1) dimensional Lebesgue measure of the
Voronoi surface o. For 0 = K|L € &;,; let d, be the Euclidean distance of zx and x, see
Figure 1, too.

Ty,

Figure 1: Notion of Voronoi finite volume meshes M = (P, T, ¢&).
Definition. Let © be an open, bounded, polyhedral subset of RV and M a Voronoi finite
volume mesh.

1. X(M) denotes the set of functions from 2 to R which are constant on each Voronoi
box of the mesh. For w € X (M) the value at the Voronoi box K € 7T is denoted by wg.

2. For w € X (M) the discrete H'-seminorm of w, |w|y a4, is defined by

m
|w]? = Z TJ(DUM)27 D,w = |wg —wg|, (3.1)
Uegint g

where 0 = K|L and wg is the value of w on the Voronoi box K.
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For our considerations in Section 3 we use the additional assumptions

(A4) Let Q C RY be a polyhedral domain and let Q = U;c7Q; be a finite disjoint
union of subdomains such that the discontinuities of uw;, 2 = 1, ..., m, coincide
with subdomain boundaries. Let the over all (N —1) dimensional measure of all

internal subdomain boundaries be bounded by . There exists some vy € (0, 1]
such that w; € C%7 () := {w|q,,w € COY(RN)},i=1,...,m, [ € T.

If N = 3 then max, g)cg max { Yoy BZ} <3

Let M be a Voronoi finite volume mesh of €2, where P is a boundary conforming
Delaunay grid (see [2, 4]).

We introduce coefficient functions being constant on the Voronoi boxes K € 7T,

Wik = me:(K)/K'ul($) de, u;x = mesl(K)/Kul(:E) dzx, kaﬁK = nws.l(l()/I(kaﬂ(x) dzx.

Note that the corresponding piecewise constant functions Koo G kop can be estimated
from above and below by the upper and lower bounds of p;, u;, kg, respectively.

For K € 7 we denote by ul(»K) the mass of the i-th species in K and by wu;x the constant

()

density on K, u;x = es(K) Associated to the grid points we have chemical potentials
vk, © = 1,...,m. The discrete version of the state equations (1.1) then is
W) =Gt mes(K), keT,i=1,...,m. (3.2)

To vectors characterized by lower indices, wg, K € 7, we associate a function w € X (M).

3.2 A discretization scheme for reaction-diffusion systems

(A5)  Let Z = {tg,t1,...,tn,...} be a partition of Ry with to =0, ¢, € R4,
tn—1 < tn,n €N, t, — 400 as n — 00, h := sup, ey (tn — th—1) < 00.

We introduce the discrete initial values

7

U ::/Uidx, KeT,i=1,...,m.
K

The space discrete version of the continuity equations (1.4) is obtained by testing the
corresponding equations with the characteristic function of K and using Gauss theorem
for the divergence terms. We obtain the following discrete reaction-diffusion system (P.M)
where the time discretization is done fully implicitly

uf(tn) —uf"(

tn_tn 1

tn P meg
U S v 20t () v () 2 = B0,
o=K|LEEK g

UEK)(tn) =T K tmes(K), i=1,...,m, n>1,

w0 =0, i=1...m KeT,
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(K

where the source terms R;

RZ(K) (tn) = Z (B; — al)kaﬁK(exp { Z a;vjk(t )} — exp { Zm:ﬂjij(tn)}>mes(K),
j=1

a,BeER

) have to be calculated by

eVik (tn) 4 gvir(tn)

2 )
and Y7 represents some mean value of p;u; associated to the face o = K|L which is sym-
metric in K and L and fulfills essinf,cq p; essinfpeq @ < Y7 < ||u;||zoc ||Til| oo . Possible
choices are e.g.

Zzg(tn) =

o =K|L,

Wik + pin Uik + Uy 1 / _
Y7 = Y7 = (a)t;(z) do, o = K|L.
’ 2 2 or % mes(K) +mes(L) Jrur pi(@)ti(w) de, o |

3.3 Discrete energy functionals

We use the notation

T= (@1 Gm), T= (T On)s G = (0) ogs T = (0iK) g
U=(0h,....Un), Ui=U")er, i=1...,m.

The discrete dissipation rate D : RM™ — R corresponding to Problem (PM) is given by

m

D= Y Y Z|vig —vi) 76

i=1 0=K|LEEins
+ Z Z kam{(exp { Zajv];(} — exp { ZﬁJU]K}> Z ; — Bi)vikmes(K).
(a,B)eR KET
Due to (A1) and the monotonicity of the exponential function this discrete dissipation
rate is nonnegative, D( v) > 0 for all 7 € RM™,
Next, we define as a discrete version of E (cf. (2.1)) the operator E: RMm _, RMm

Ev = ((mKe”iKmes(K))KeT). =
i=1,...,

The equation @ = ET then contains the discretized state equations (3.2). Corresponding
to E we obtain the discrete potential G: RMm _, R, and introduce the discrete free
energy F as the conjugate functional,

m
) =Y > Wik (e — V)mes(K), F(id) = sup {(@,d)pun —G(@)}.  (33)
=1 KeT veERMm

Then F : RM™ — R is convex and lower semicontinuous. F is differentiable in arguments
i, where uZ(K) >0, KeT,i=1,...,m. If « = E¥, then ¢ = G'(¥) and ¢ = F'(d). In
particular we obtain for @ = E¥, ¥ € RM™ the inequality

F(®) — F(@) > (@ — @, F'(@))garm Vit € RM™, (3.4)
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which guarantees that the (Euler backward in time) discretization scheme (PM) is dissi-
pative. Moreover, for # = E¥ we calculate

F(d) = (B0, 0)gmm — G0 =3 <u§K)viK — ) mees(K)).
i=1 KeT

3.4 Steady states for the discretized reaction-diffusion system

In analogy to the continuous situation (see (2.2)) we define

ﬁ:{ﬁERMm: (ZugK),...,Zug{))eS}

KeT KeT

and UL = {7 € RM™ . (@, #)garm = 0 Vi € U} which can be characterized by

Z:{\J‘:{UERM"L: viKk =vi, KeT,i=1,...,m, (vl,...,vm)ESL}.

Any solution (i, ¥) to the discretized Problem (PM) fulfills
i(ty) —U el VneN. (3.5)

This invariance property follows by [8, Lemma 3.2]. Using the corresponding u(t,) €
X (M), the initial value U and the set U from the continuous setting we rewrite (3.5) as

u(t,) —U el VneN.

We are looking for steady states (u,?) of the discretized Problem (PM) fulfilling the
property @ — U € U, and consider the problem

Z YZ-‘TZf(viL—viK)%:REK),KET,i: R
o=K|LEEK 7 (SM)

Theorem 3.1 We assume (A1), (A2) and (A4). Then there is a unique solution (i@*,7*)

to Problem (SM). This solution satisfies v* € U™.

Proof. The proof is a special case of [8, Theorem 3.1] if no anisotropies and no charged
species are taken into account. Have in mind that our coefficients u;, p;, ko3 now are L™
functions in contrast to (A9) in [8]. But an inspection of the proof shows the validity of
the result for this situation, too. [

Corollary 3.1 We assume (A1) — (A4). Let the pair (u*,v*) be the solution to (S) (cf.
Theorem 2.1) and (@*,v*) the solution to (SM) (see Theorem 3.1). Then the correspond-
ing piecewise constant functions u*, v* and a* are related to the thermodynamic equilibrium
quantities of the continuous problem u*, v* and a* by

u; .
w, ==u;, i=1,....m, v =0" a" =a".
U;
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Proof. If (@*, ™) is the solution to (SM) then D("*) = 0 which guarantees that sz =y
K e T, (vg,...,v5) € St. The discrete chemical activities a’ = e’ i = eViKk = a;‘K,

rrm

K € T, then fulfill
a* €RY, (¢ =(a")’ V(a,f) ER.

Since @* = Ev* € U + U we find that u* — U € U. Thus, for all n € S+

O—Z/U—U mdx—Z/ mdx—Z/auZ— )ni d.

Therefore the constructed a* belongs to the set A. According to (A3) and Remark 2.1 we
have A = {a*}. This ensures that a* = a*. And thus v* = v* and v} = %—zuf O

3.5 Energy estimates for the discretized reaction-diffusion system

We start with some upper and lower estimates of F(@) — F(@*) by means of the piecewise
constant functions v and u*.

Lemma 3.1 We assume (A1), (A2) and (A4). Let @ = E¥ € U +U and let (@*,7*)
be the discrete thermodynamic equilibrium according to Theorem 3.1. Moreover, let w,
u* € X(M) be the piecewise constant functions corresponding to @ and @*. Then there
exist constants c1, co > 0 not depending on the mesh M such that

m m
e Y IV = Vuillz: < F@@) = F(a) < ex Y llu; — wfl|Z..
i=1 =1

—

Proof. Using the assumptions of the lemma, (@ — @™, *)gam = 0 and (3.3) we evaluate

F(d) - F(a*) =

— %

, >RMm—@<ﬁ> (@*, 7" garm + G(T*)
— ) gaim — G(T) + G(T%)

. . *
g u;gmes(K (e”ZK(viK — Vi) — eVE + e”iK)

1Ke
/u i(v; —v)) — e9i+ey:)dx

u ln——u +u>dx.

/\

|
\\Mg ||M3 ||M3 f:\l

Using the estimates xln%—az—ky > (\/5—\/@)2 and :cln%—:z:%—y < l(33—y)2 forx, y >0

in the arguments x = u;, ¥ = u; and taking into account that u; = *’u , and that u;,
are bounded (uniformly for all M) we find the desired estimates. D

U;

Next, we want to prove a Poincaré type inequality (similar to Lemma 2.1 for the contin-
uous case) which gives for the discretized situation an estimate of the free energy by the
dissipation rate. This estimate is desired to be independent on the underlying mesh M.
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In [8, Theorem 3.2] we presented an indirect proof for one given mesh. But we could not
show that the constant is universal for a certain class of meshes.

To establish this qualitative new result, we have to formulate some additional assump-
tions on the geometry and the meshes:

(A6) We assume that Q C RY is star shaped with respect to some ball B(yo, R).

Let o be the function o : RY — [0, 1],

2 .
oly) = eXP{—W} if |y —yo|l < R,
0 if |y — yo| > R.

We introduce piecewise constant approximations o™ € X (M) by

o (z) = ming(y) for z € K. (3.6)
yeK

Let kg, k1, ko € R with 0 < kg < fRN o(x)dx, k1 > 0 and kg > % be given. For all
finite volume meshes M under consideration we additionally suppose the following two
properties:

(A7) Let M = (P,T,€) be a Voronoi finite volume mesh of Q with [, o™ (z) dz > kg
and with the property that Ex N Eepy # () implies zx € ON.

(A8) The geometric weights fulfill
0 < diam(o) < k1 d, for all o € &y, and

max |rx — T,| < kg min d, for all xx € P.
c€EKNEint c€EKNEint

These additional assumptions guarantee the validity of a discrete Sobolev-Poincaré in-
equality for functions with arbitrary boundary values (see [11, Theorem 2.2]) which is
needed in the proof of Theorem 3.2.

Theorem 3.2 We assume (Al) — (A4) and (A6) and consider Voronoi finite volume
meshes M fulfilling (A7) and (A8). Let for M the pair (@*,v™*) be the thermodynamic
equilibrium of (PM) according to Theorem 3.1. Then for every p > 0 there exists a mesh
size kp, > 0 and a constant c, > 0 such that for all these Voronoi finite volume meshes M

with size(M) < k, and all U € ./\Afp = {176 RMm . F(Ed)—F(a*) < p, i =Ev € (74-(/7}
the inequality
F(a) — F(i*) < ¢, D(7) (3.7)

is fulfilled.

Proof. In this proof we denote by ¢ (possibly different) positive constants depending only
on the data but not depending on the mesh.
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1. Let p > 0 be arbitrarily given. For & € RM™ we can estimate

D(7) >CZ Z Z?|Dyv 1]2 +c Z / exp évi?}—exp{gviﬁ;}fdw

i=1 oc€&int (a,B)ER
=: Dy (7).

Here we used (A1), (A4), (3.1) and the inequality (x — y) In % > IV — /y|? for z,y > 0.
Therefore it suffices to prove the inequality

F(@)) — F(@*) < CDy(3) Vo eN, (3.8)

with some constant C' > 0 not depending on the mesh M (if size(M) < k).

2. If (3.8) would be false, then we would find a sequence of Voronoi finite volume meshes
M, with size(M,,) — 0 and corresponding v, € Np, Uy = Evn el +L{ n € N, such
that R R

F(u,) — F(u)) = C,D1(0,) > 0, (3.9)

and limnaoo C,, = 4. Clearly, for each M, we have to use the corresponding quantities
M, ﬁ, E’, F Dq,... and sets &y, U N But we don’t write them with an index M,,.
Let anix = ek, K € T,. By Uy, Upis @pi € X(My), @ = 1,...,m, we denote the
corresponding piecewise constant functions.

Since

I/an — Vall2e < el — Vi3 < —(F(a@,) — F(i})) < c(p) (3.10)

C1

by assumption and Lemma 3.1 and because of @, = a} (see Corollary 3.1) we find

Ivanille < clp), i=1,...,m, foralln (3.11)
with a suitable constant ¢ depending only on p.
3. We write for 0 = K|L € &y, i =1,...,m,

UniK Ynil

9 e 2 —e 2 \2 2 o
(Vanix — vanin)* = ( ) o 77 IDovl

UniK — UniL eUniK 4 eVnil

Using the generalized mean value theorem we estimate

YniK YnilL
— 2 ) )
(e e ) 2 < Lopmaxgloge ey 2 1
UniK — UpiL, / €VniK 4 eUnil — 4 emax{vnik,Unir} 2

Therefore we conclude that

m
Z’\/Qni’%,/\/ln Z Z ‘D RY nz’27<0D1(Un) 0.
i=1

i=1 oc€&nt

Applying the discrete Poincaré inequality for functions with general boundary values (see
[7, Lemma 4.2] or [11, Theorem A.1]) we find for the functions ,/a,; € X(M,,) that

1

mes(Q)

Vi —ma(y/a,;) — 0 in LQ(Q) where mqo(y/a,;) := —— /”dx
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1=1,...,m.

Moreover, applying to the function ,/a,; € X(M,) the discrete Sobolev-Poincaré inequal-
ity (see [11, Theorem 2.2, Corollary 2.1]) we obtain that

/@i — Mo (/@) |l La <

with a constant ¢, > 0 not depending on M, for ¢ € [1,00) if N =2 and for ¢ € [1,6) if
N =3.

Since mq(/a,;) mes(Q) = ||v/@nill 1 < ¢llv/anillr2 < c(p) by (3.11) for all M,, we find (for

a subsequence, and we restrict our further investigations to this subsequence) mq/(,/a,;) —
Vva; in R. Using that

Vs — Vai| < |V — ma(yap)| + ma(y/an) — Vil

we conclude that

—0 (3.12)

Qpill,

Vi — @, in LIQ), i=1,...,m, (3.13)
for ¢ € [1,00) if N =2 and for ¢ € [1,6) if N = 3. From

A \/ Zng \/7 \/ Zng + \/> \/Qm' - \/Z?z)2 + 2\/2?1'(\/Qni — al)
we find that

@i — @il L2 < [1v/@ns — Vil 74 + 2V @il /@ — Vaill 2 — 0. (3.14)

Moreover, taking into account the restriction of the order of the reactions if N = 3 (see
(A4)) and (3.13) we have for (a, ) € R

A(ﬁ(am)aiﬂ _ﬁ(am)ﬁimydx —>/Q ﬁ S0 /2 HA@/2)

i=1 i=1

Because of
m m 2
/ (Il ~TT(@)*") "z < eDy(@) — 0
=1 =1
we have for @ := (ay, ..., a,) necessarily that
a*=a" Y(a,p)eR. (3.15)

4. For y € K where K € 7,, with K C Q7 for some I € 7 we estimate by (A4)

,i(y) — T ; do< " [ z—yPd
) =T < e /ru )l <~ [ o=y da

<c Slze

For y € K with mes(K N Q) # 0 and mes(K N Qy) # 0 for some I # J we estimate
[@,,;(y) — u(y)| by 2 times the L>(£2)-bound of @; (see (Al)). For each n the measure of
the set

{yeQ:ye KeT, withmes(KNQr)#0, mes(KNQy)#0, I#J forsome I,J €T}



3 Discretized reaction-diffusion systems 13

can be estimated by 26size(M,,), where 6 is a bound for the over all (N — 1) dimensional
measure of the internal subdomain boundaries (see (A4)). Since size(M,,) — 0 for n — oo
we conclude by the arguments of Step 4 that

@, — Wil g2 < ¢ size(My,)7 + ¢ size(M,) =0 (n — 00). (3.16)

We introduce
u=u;a;, 1=1,...,m, (3.17)

and estimate by (3.14) and (3.16)

Hgm - aZ'HL2 = Hgnzﬂnz - aiﬂi”L2

< lap; = @ill 2@yl e + @ill@n; = @il L2 — 0 (0 — 00).

5. We set w := (uy,...,Un). Because of i, — U7 € U we obtain u, — U € U. And the
convergence u,,; — u; in L2(Q), i =1,...,m, from Step 4 gives 4 —U € U. Thus, together
with (3.15) we find @ € A, and according to (A3) and Remark 2.1 we obtain that a = a*.
By the definition of @ this yields u = u*.

6. Because of Lemma 3.1, w);, = %”Z’ u; (see Corollary 3.1) and due to the convergences

Uy — ul in L2(Q) and (3.16) we have

m
N = (i) = F(3) < 2 g — unal
i=1
m
<263 (s — w13 + N} — wil22) (3.18)
<262 (It = w2 + 15 o 03 = Tyl fz) — 0 25 m— oo
. (2

Additionally (according to (3.9)) we find
1

1 S
o = )\—%Dl(vn) — 0 asn — oo. (3.19)
7. For all n we introduce
1 * 1 [0 .
gm‘ = /\7<@ni_@m’)€X(Mn)7 bnz ::/\7( T__l) EX(Mn)v i=1,...,m.

The relation

OniK Anil 2 9 ( )2
2 Vooa ai K|L\UniK — UniL
(bniK - me) = < > Z | = -

UniK — Unil, eUniK 4 eUnir " A2

and the estimate

[Onikk [ GniL \ 2 2
( a; a; > 2 < 1 (\/aniK_\/aniL> 2 < 1

UniK — UnilL eUniK 4 eUnil " q; UniK — UnilL

eUniK + eUnil 26%
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(compare Step 3, too) guarantee that

Z|Q7LZ|%,M77. Z Z ‘D bm|2,rn(7 = ( n) — 0.
i=1 n

i=1 Ueglnt

Applying to the function b,,; € X (M,,) the discrete Sobolev-Poincaré inequality [11, The-
orem 2.2 and Corollary 2.1] we obtain that

Hbm - mﬂ(bm')HLq < Cq@m’l,Mn —0, i=1,...,m, (3'20)

with ¢, > 0 not depending on M,, for ¢ € [1,00) if N =2 and for ¢ € [1,6) if N = 3.

Using a; = af = a;, (3.10) and (3.18) we obtain

1 1
b mes() < 5 [ VG VA e S 5 VT
c c o~ ~ c
< Ve < (i) - F@) < a =

n n

for all M,,. Thus we find (for a subsequence) mq(b,,;) — b; in R. By
b = Bil < lbus = ma(bui)| + [ma(b) = bi

we conclude that

b, —b; in LYQ), i=1,....m, (3.21)
for g € [1,00) if N =2 and for ¢ € [1,6) if N = 3.
8. We define Z//\z = 2glu;f = 2/61'21\1'@@', i=1,...,m. Since
Yy ':r(gniigm):)\im(gnii ): m \/ Ay V \/ Qp; + Val
n
- umbm vV Qni + \% al) V az
we can estimate
1y, = Uillze = [Wnibni(v/@n; + V@)V @i — 2b;a:0; || 12
< Hgni(vgni + \//C"TZ) V a’ZHL4Hbm - biHL4
1152 oo i (/g + /@) @7 — 26573 2

According to [|b,; —EHLAL — 0,
(/i + V@)Vl < il VG (I = Vil + 21Vl ) < e,
i (/s + V@)V = 257 2 < 2Ty — Tl 12 + [Tl VBB — V|2 — 0

for n — oo we conclude that

Y., — 7 in L*(Q), i=1,...,m, (n— o0).
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9. In view of u, —U € U, u;, —U € U we havey = /\%L{(gn—U)—(y;‘L—U)} € U. Passing
to the limit we find that 3 € U, thus

(1, 1),...,(Um, 1)) € S. (3.22)

By the definition of b,,; and @ we obtain for all («, 3) € R,

m m 2 m m
a” (H(am‘)ai/z - H(am)&ﬂ) = (H(/\nbm‘ +1)% — H()\nbm- + 1)@-)2

i=1 i=1

where

|Qnl < eX(lby] + 1P,

0<p0<2 max maX{Zaz,Zﬂz}

Assumption (A4) ensures pg < 6 if N = 3. Taking into account that A\, — 0 as n — oo
(see (3.18)), we find

1
)\THQnHLl < C)\n/(|bn| + 1)P°dx — 0 as n — oo.
n Q

This together with (3.19) and (3.23) gives

lim (me ﬂl) z=0 Y(a,f)€R.

n—oo

Therefore, L R
b=(b,...,bm) €St (3.24)
By the definition of y; in Step 8 and exploiting (3.22) and (3.24) we end up with

m

0="> (Gibi) =2 zmjufb?

i=1 i=1

Thus b = 0, and y = 0.
10. By the definition of A, (see (3.18)) and Lemma 3.1 we find

1= 5z () - P )<czz||y 12 —o0.

This contradiction shows that the assumption made at the beginning of Step 2 of the proof
was wrong, i.e., (3.8) holds, and the proof is complete. [

Finally, we are able to prove the main result of the paper which concerns the (monotone
and) uniform exponential decay of the free energy on solutions to the discretized Problems
(PM) for all Voronoi finite volume meshes fulfilling the properties (A4), (A7) and (AS8).
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Theorem 3.3 We assume (Al) — (A8). For M, let (d*,0*) be the solution to (SM).
1. Then the (fully implicit in time) discretization scheme (PM) is dissipative, i.e. solu-
tions (u,v) to (PM) fulfill

F(ii(tny)) < F(ii(tn,)) < F(U)  for all ty, <tp,.

2. Moreover, there exists a A > 0 not depending on the mesh M such that

~

F(d(t,)) — F(a*) < e (F(U) - F(a*)) V¥n>1.

Proof. 1. We use the steps 1 to 3 of the proof of [8, Theorem 3.3] and obtain that

and for ng >ny >0and A\ >0

~

02 (F(ii(tn,)) = F(a*)) = e (P(it(tn,)) ~ F())

n2 L R R (3.25)
< 3 M (tr—tr_l){e’\h)\(F(ﬁ(tr))—F(ﬁ*)) —D(ﬁ(tr))}.

r=ni1+1

2. Since D(%) > 0 for 7 € RM™ we obtain by setting A = 0 in (3.25) that

~

F(ii(tn,)) < F(ii(tn,)) < F(U) V¥ng >ny > 0.
3. Due to the proof of Lemma 3.1 and Corollary 3.1 we estimate

~

F(U)-F(a*) < ey |IU; —uf2
=1

m
<o > max{ U |2, 1|2 } mes(9)
i=1

m
<z )y max{|[Ui| 7w, [|uf |70 } mes(©2) =: p.
i=1

The p defined in this way does not depend on the mesh M and we find F(i(t,)— F(a*) <
p, U(t,) = Ev(t,) € U+ U. This means (t,) € N, for r > 1. Theorem 3.2 supplies a
¢, > 0 such that (3.7) is fulfilled for all admissible meshes M. Choosing now A > 0 such

that )\e’\ﬁcp < 1 which again is independent of the mesh M (see (A5), too) and n; = 0,
the estimate (3.25) proves the second part of the theorem. [J

4 Remarks and open questions

Remark 4.1 The results of Theorem 3.2 and Theorem 3.3 remain valid if instead of (A6)
and (A7), Q is assumed to be a finite union of (suitably overlapping) star shaped domains,
more precisely, if one supposes that
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(A9) ©Q is a finite union of open, polyhedral €;, i =1,...,J, and there
are 0 > 0, R > 0, and points z* € Q such that €; as well as the set
Q5= Qi UUj»i{r € Qy : dist(z, ) < &} are star shaped with respect
to the ball B(z*,R),i=1,...,J.

We introduce the functions
R2 : i
eXp\ — RE, =72 ifly—2' <R
0 if |y — 2| > R,
and their piecewise constant approximations g™ € X(M). Concerning the mesh we
assume

(A10) Let M = (P,T,&) be a Voronoi finite volume mesh of € with size(M) < 8,
with [, QZM (x)dz > Ko, i =1,...,J, and with the property that
Ex N Eept # 0 implies x i € ON.

Then the discrete Sobolev inequality holds true, too (see [11, Theorem 4.1]), and the
arguments in the proof of Theorem 3.2 remain valid.

Remark 4.2 Let N = 3. In the continuous situation also for reactions of order three
the results of Section 2 in Theorem 2.2 and Lemma 2.1 are true. For a fixed mesh we can
prove a corresponding result for the resulting finite dimensional problem, too. But if we
are interested in estimates which are independent of the mesh we needed in the indirect
proof of Theorem 3.2 a discrete Sobolev-Poincaré inequality (for functions with general
boundary conditions) for the discrete square roots of the chemical activities) for ¢ equal
to two times the maximal order of the reactions.

Note that the discrete Sobolev inequality for functions with zero boundaries values for
N = 3 in the references [1, 3] allows for ¢ € [1,6]. But the technique used there fails
in the case of more general boundary values. In [11] Sobolev’s integral representation is
adapted to the discretized setting to prove the discretized Sobolev inequality for functions
with general boundary values. And this method (also in the continuous case) gives only
the result for ¢ € [1,6). Therefore our results Theorem 3.2 and Theorem 3.3 concern only
reactions of order less than three. A unified decay rate of the free energy for problems
involving reactions of order three in three space dimensions remains an open problem.

Remark 4.3 Let N = 2. If one takes into account charged species and problem (1.4) is
extended by a Poisson equation for the electrostatic potential, for N = 2 the results of
Theorem 2.2 and Lemma 2.1 remain true (see [10, Theorem 3.1, Theorem 3.2]). Here an
essential tool in the indirect proof of [10, Theorem 3.1] is a boundedness result of Groger

[16] for the solution to elliptic boundary value problems with nonsmooth data and right
hand side f fulfilling f1In f € L1(9).

For a fixed mesh we can prove corresponding results for the finite dimensional problem,
too (see [8, Theorem 3.2]). But if we are interested in uniform estimates with respect to a
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class of meshes a discrete variant of Grogers boundedness result would be needed. This,
up to now is an open question, too.
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