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Abstract

We consider the singularly perturbed parabolic differential equation &?2(
X

%) = f(u,x,t,e) under the assumption that f is T-periodic in ¢ and that the

degenerate equation f(u,z,t,0) = 0 has two intersecting roots. In a previous
paper [1] we presented conditions under which there exists an asymptotically
stable T-periodic solution wy(z,t,€) satisfying no-flux boundary conditions.
In this note we characterize a set of initial functions belonging to the global

region of attraction of wy(z,t,¢€).

1 Formulation of the problem

1.1 Introduction

We consider the singularly perturbed parabolic differential equation

0u  Ou
2 _
Lsu.—e(@—a)—f(u,z,t,e)—() for (z,t) €D
with
D:={(z,t) eR*: -1 <x < 1,t e R}
and

cee€l, ={eeR:0<e<g}, 0<g<kl

Under the assumption f to be T-periodic in ¢, that is

flu,z,t +T,¢e) = f(u,x,t,e) V(u,x,t,e) € G x Iy,

where G is some region which is defined in assumption (A;) below we considered in

[1] the periodic boundary value problem

)
8—Z(i1,t, e)=0 Y(te)eRx L,

u(z,t +T,e) = u(z,t,e) V(z,te) €D xI,
in the case that the degenerate equation
fu,z,t,0) =0

1
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which we get from (1) by setting € = 0, has two roots
u=p(r,t) and u=y(x,t) for (z,t)€D

which are T-periodic in ¢ and intersect along some curve whose projection into the
(z,t)-plane is located in D. This situation is called as case of exchange of stability
(see [2]).

In [1] have derived conditions implying the existence of an asymptotically stable
periodic solution of (1)-(3). In order to recall the main result of our paper [1] we
introduce the following assumptions on the function f.

(Ay). feC?GxI,,R), and f is T-periodic in the third variable. The region G is
defined by

G:={(u,z,t) € R®: u(x,t) <u<u(z,t), (z,t) € D},

where u,w € C?(D, R) are certain given functions T-periodic in .

For the sequel we represent f in the form
flu,z,t,e) = f(u,2,t,0) —efi(u, 2, t) + 2 folu, x,t,€). (5)

Concerning the function f(u,x,t,0) we suppose

(As). The function f(u,x,t,0) can be represented in the form
f(u7 x,t, 0) - h<u7 z, t) (U’ - gOl(.I', t)) (U - (pg(.l’, t)) (6)

with h € C?(G,R), o1, 02 € C?(D,R), where all functions are T-periodic in ¢
and satisfy:
There is a positive number m such that

h(u,z,t) >m >0 for (u,x,t)€q, (7)

w(x,t) < pi(x,t) <u(x,t) for i=1,2, (v,t) €D. (8)

Condition (Ay) implies that the degenerate equation (4) has exactly two roots in G.
From the hypothesis (A,) it follows that there is a positive number M such that

|ho(u, z, t)| < M for (u,x,t) €G. (9)

The next condition describes the intersection of the surfaces u = ¢i(x,t) and
u = pa(z,1).



(As). There exists a smooth T-periodic function zp : R — R with
—1<uz(t)<1l for teR (10)

such that
o1(x0(t),t) = @a(xo(t),t) for teR,
o1(x,t) > pa(x,t) for —1<z <zo(t),t €R,
o1(x,t) < pa(x,t) for zo(t) <z <1,teR.

Assumption (Aj3) says that the roots u = ¢1(z,t) and u = y(z, t) of the degenerate
equation intersect in a curve whose projection into the (z,t)-plane is located in the
region D. We denote this projected curve by Iy,

Lo :={(x,t) € D:x=ux0(t), t € R}.

By means of the roots ¢; and @5 we construct the following composed roots of
equation (4):

l’o(t), le Ra

. | er(x,t) for —1 < <

i, t) = { pa(x,t)  for mo(t) < z < 1, teR, (11)
. ] pa(x,t)  for —1 < z < xo(t), teR,

(. t) = { o1(x,t)  for mo(t) < z < 1, teR. (12)

It is obvious that the functions @ and @ are continuous but in general not smooth
on the curve I'y.
From the hypotheses (As) and (A3) we get

u(z,t) > a(z,t) for (x,t) €D\ Ty,

w(z,t) = a(x,t) for (z,t) €Ty,

fult(,t),2,t,0) >0
)

fu(z(x,t),x,t,() <0} for (w,t) € D\ Ty, (13)

fu(a<l‘,t),£€,t,0) =0
fult(z,t),2,t,0) =0 } for (z,t) € I'o. (14)

The inequalities in (13) yield a justification to call the root @ stable (and to call the
root 4 unstable, see [1]). However, the fact that inequality

fult(z,t),2,t,0) >0
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does not hold on the curve I'y is some obstacle to give a unique answer to the ques-
tion whether there exists a solution w,(z,t, ) to the problem (1)—(3) converging to
the composed stable root i(x,t) in D as € tends to zero. As we have shown in [1],
the sign of the function fi(a(z,t),x,t) (see (5)) on the curve I'y plays a crucial role
in answering the posed question. Therefore, we require

(Ag).  filu(z,t),z,t) >0 for (x,t) €Ty.

The main result of the paper [1] is the following one:

Theorem 1.1 Suppose the hypotheses (A1) —(A4) hold. Then, for sufficiently small
g, the periodic boundary value problem (1)—(3) has a solution u, satisfying

lir% uy(r,t,e)) = u(z,t) for (x,t) €D, (15)
and this solution is asymptotically stable in the sense of Lyapunov.

Since the solution w, is asymptotically stable, there arises the question for a global
region of attraction of this solution. We formulate this problem more precisely in
the following subsection including the corresponding main result.

1.2 Global region of attraction of u,

We consider equation (1) for € € I, in the region
Dy :={(z,t) ER*: —1 <z <1, t>t}, (16)
where ¢ is any number, with the boundary condition (2) and the initial condition
u(z,tg,e) =u’(z) for —1<x<1. (17)

According to Theorem 1.1, the solution u,(z,t,¢) is asymptotically stable for suffi-
ciently small €. That means that if the initial function «°(x) in (17) is sufficiently
near to u,(x, to, €), then the solution u(x,¢,¢) of the initial-boundary value problem
(1), (2), (17) exists for t > ¢, and satisfies for sufficiently small ¢ the relation

lim [u(z,t,e) —up(z,t,e)] =0 for ze[-1,1]. (18)
We denote the set of all initial functions u® € C'([—1,1],R) for which the initial-
boundary value problem (1), (2), (17) for sufficiently small € has a solution satisfying

(18) as global region of attraction. The following assumption plays a crucial role in
determining such a region.



(As). Let u® € C([—1,1],R) be a function satisfying the inequality
iz, tg) < u’(x) <u(x,ty) for —1<ax<1,

where 4 is defined in (12) and @ is the function from assumptions (A;) and

(Ag).
The main result of this paper is the following one.

Theorem 1.2 Suppose the hypotheses (A1) —(As) hold. Then, for sufficiently small
g, the initial-boundary value problem (1), (3), (17) has a solution u(z,t, <) satisfying
relation (18).

The proof of this theorem will be given in section 3. As preparation we introduce in
section 2 the so-called regularized degenerate equation and estimate its correspond-
ing roots.

2 Regularization of the degenerate equation

As in [1] we consider the equation

flu,x,t,0) —efi(u,x,t) =0, (1)

which is distinguished from the degenerate equation (4) by taking into account also
first order terms in & and where f; is defined in (5). Using the representation (6)
and exploiting the relation (7), we rewrite equation (1) in the form

(u—pi1(z,t)) (u— oz, t)) — ca(u,z,t) =0, (2)

where a(u,z,t) = fi(u,z,t)/h(u,x,t). According to assumption (A4) and (7) we
have

a(i(z,t),z,t) >0 for (z,t) €Ty (3)
We denote by Cs a d-neighborhood of the curve
C:={(u,z,t) e Rx[0,1] x R:u=1u(xo(t)),z = z0(t),t € R}.

It follows from (3) that there is a positive number aq such that for sufficiently small

d

a(u,x,t) > ai for (u,z,t) € Cs. (4)



Relation (4) implies that for sufficiently small ¢ > 0 equation (2) has two smooth
roots in u. We denote these roots by u = ¢(x,t,¢) and u = ¥ (z,t,¢). From (2) we
get

oz, te) = %{gpl(:p,t) + po(x,t) +

[
+ dea(p(e,t,2),2,0)] 7}, 5
9@, 1,6) = 5 {1, 1) + o2(2,0) — [(1(2,1) — ol 1))+
+dea(y(e.t,e),,1)]) ],
which imply the asymptotic expressions
Plot,€) =a(a,t) + OWE) for (a,0) €T, o
U(x,t,e) =u(z,t) + O(Ve) for (z,t) €Ty,
o(x,t,e) =t(x,t)+O(e) for (x,t) € D\Ts, )

Y(z,t,e) =t(z,t) + O(e) for (z,t) € D\ Ty,

where I'y is any small d-neighborhood of I'y which does not depend on ¢.

As we mentioned in [1], the procedure to replace the degenerate equation (4) by
equation (1) represents a regularization in the sense that we approximate the non-
smooth functions @(z,t) and 4(z,t) by the smooth functions p(z,t,¢) and ¥ (z,t,¢)
for sufficiently small ¢.

In [1] we have shown that the solution w,(z,t,e) of the periodic boundary value
problem (1)-(3) satisfies

uy(z,t,€) = p(x,t,e) + O(e) for (,t) €D. (8)

For the proof of Theorem 1.2 we need some relations concerning the roots ¢ and
of the regularized equation (2). B
From (8) and (5) we get for (z,t) € D

2u,(x,t,e) — p1(x,t) — oz, t) =
=2¢p(x,t,e) — p1(x,t) — pa(x,t) + O(e) = 9)
= [(901(1:7 t) - ()02(367 t))Q + 46@(907 z, t>:| s + 0(8)

From the estimate (4) we get for sufficiently small ¢
a(p(z,t),z,t) > a3, a(y(x,t),x,t) > af for (z,t) € T's (10)
and the obvious inequality

lo1(x,t) — po(z,t)| > 2¢5 >0 for (x,t) € D\ Ty, (11)
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where the constant c; depends on 6 but not on . Using these relations we obtain
from (9) for sufficiently small § and ¢

agy/e for (z,t) € Ty,
_ _ > -9
2Up($,t,€) 501($at) 902(x7t) = { s for (q;7t) € D\F5 (12)

Furthermore, from (5) we get

o(z,t,e) —P(x,te) =

1 1/2
= 5| (@1(@,0) = alw, 1) + dea(o(a, o), 0)] T+ (13)
1 ) 1/2
+ 5| (pr(at) = eua 1) + dea((a.t,2) 3, 1)|
Using (10) and (11) we get from (13) for sufficiently small €
o(x,t,e) —P(w,t,€) > 2a9\/e for (x,t) € D. (14)

From (5) we also obtain

()O(l’,t,é‘) +¢(377t75> =¥ + ©2

1 ) 1/2 ) 1/2
+ 5{ [(901 - 902) + 45@(907 z, t)] - [(901 - 902) + 4€a<¢7 xz, t)] }
In what follows we will show that the expression in the curly brackets on the right
hand side of (15) has the order O(¢) in D.

In order to get this we use the identity

(15)

[(Sﬁl — 9)? + 4ealp, x’t)] vz [(gm — o)? + deal(d, x,t)] 1/2 _

defa(p, x,t) — a(, x, t)]
[(Qpl - 902)2 + 45@(90’ z, t>:| / + [(901 - @2)2 + 48&(’!7/), z, t)}

According to the mean value theorem we have
a((pa T, t) - (I(Q/}, T, t) = au(@ + 8(90 - ¢)7 xz, t)((p - ¢>
Taking into account (13) we get that the expression in the curly brackets on the

right hand side of (15) is equal to 2ca, (¢ + 0(p — ), z,t) = O(e). Thus, we obtain
from (15)

o(x,t,e) +(z,t,e) = pi(x,t) + po(x,t) + O(e) for (z,t) €D. (16)

For the proof of Theorem 1.2 we also need the following estimates of some derivatives
of ¢ and 1 derived in [1] for sufficiently small e:

w.(z,t,€) = O(1), oy(z,t,e) =0O(1) for (x,t) €D, (17)

1/2

C

< for (z,t) €Ty,

X 7t7 < \/E )
Pral €>_{c for (z,t) € D\ T,

where the constant ¢ does not depend on ¢ and ¢ for sufficiently small e.
The same estimates hold for the function 1.

(18)
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3 Proof of Theorem 1.2

3.1 Definition of lower and upper solutions

The proof of Theorem 1.2 is based on the method of differential inequalities. For
this reason we will construct for the problem (1), (2), (17) upper and lower solutions
in the subsections 3.2 and 3.3. First we recall their definitions.

Definition 3.1 Let U(xz,t,¢) and U(x,t,€) be functions mapping Dy x I, into R,
twice continuously differentiable in x and continuously differentiable in t, where Dy
is defined in (16). The functions U and U are called lower and upper solutions
of the initial boundary value problem (1), (2), (17), respectively, if they satisfy for
sufficiently small € the inequalities

1
for (z,t) € Dy, (1)
a—Q(l,t,{:‘) <0< a—g(—l,t,&t) for t>t,
o o 2)
oUu ou
%(—1,25,5) SOS —x(]_,t,f‘:) for tzto
U(x,ty,e) <ul(x) <U(x,tg,e) for —1<az<1, (3)

It is well-known [3] that the lower and upper solutions defined above are ordered
and that their existence implies the existence of a solution u(z,t,¢) to problem (1),
(2), (17) satisfying

Uz t,e) <u(z,te) <U(x,t,e) for (z,t) € Dy. (4)

3.2 Construction of an upper solution

We construct an upper solution U to (1), (2), (17) in the form

Uz, t,e) =uy(z,t,e) + oz, t,e)Et,€), (5)

where u,, is the solution of the periodic boundary value problem (1)—(3) (see Theorem
1.1),

alz,te) =1z, t) —p(x, t, &) +ez(z, ), (6)

where @ is introduced in assumption (A;) and satisfies (8), ¢ is defined in (5),

z(x,&?)::exp{—kle}—i-exp{kx;l}, k>0, (7)

8



t—t
E(t,e) := eXp{—ng—/zo}, 0>0, (8)

the numbers k£ and p will be chosen suitably later.
We note that for sufficiently small € the following relations hold:

(i). There is a positive constant « such that

a(z,t,e) > ay>0 for (x,t)€ Dy.

(ii).
az(z,t,e) = O(1), ayw,t,e) = O(1) for (x,t) € Dy.

(ill). v, satisfies outside some small ¢ - neighborhoods of the straight lines = =
—1 and = 1 the same estimates as ¢, (see (18), while inside this J-
neighborhoods we have £2a,, = O(¢) since in these neighborhoods it holds

£220n = O (%) .

Taking into account (i) we obtain

2y (2,t,2) — at(:v,t,e)‘ < ecpr

_ (9)
for (z,t) € Dy.

where in the sequel we denote by cg, c1, ... suitable positive constants not depending
of € and 6.

Next we will show that for sufficiently large k and o the function U defined in (5)
satisfies the inequalities (2) in Definition 3.1.
Indeed, by taking into account (5) we have

oU _ Ouy, Ja B
o, Thte) = 5 o(=hte) + (=Lt e)B(t e) =
ou, 8@ -2
where we used the relation 2 ( t,e) =0.
From the relations
(9u Op
_ A — >
(-1 t‘ (1), FE(-Lte)=0(1) for t>1

(see (17)) we have for sufficiently large k
oUu
8x< 1,t,e) <0 for t>t.

9



Analogously we can show that for sufficiently large k

a—Ul,t,g >0 for t>t.
0
iy

Thus, the function U satisfies the inequalities (2) in Definition 3.1. Next we prove
that U obeys the inequality (3) in Definition 3.1.
By (8), (5) - (8) we have

Uz, to, €) = up(x, to, ) + a(z, to,e) = oz, to, ) + O(e)+

+u(z, ty) — o(x,tg,€) + ez(x, €) = u(x, ty) + O(e).

According to assumption (As) it holds u(x, tg) > u°(x). Hence, for sufficiently small
€ it holds B
Ux,tg,e) >u’(z) for —1<a<1,

that is, U satisfies the inequalities (3).
Now we show that U also obeys the inequality (1). By (1), (5), (6) we have

9’U  oU

LU= 62(W - E) — f(U,z,t,e) =
() A B s

— h(uy, + aE, z,t)(uy, + «F — 1) (up + aE — p2)+
+efi(u, + B, x,t) — 2 fo(u, + aE, x,t,€) =

0%u ou
— [é"( 63:210 — 8—;) — h(up, 2, t)(u, — @1)(up — p2)+
’a O
+ 5f1(up7 Z, t) - EQfQ(U’p? Z, t)i| + 82 (@ B _>E+

ot
+VeoaE—
— (b + B, 1) = by, 2,1) ) (1 — 1) (1 — 02) =
— h(u, + aF, z,t)(2u, — 1 — p2 + aE)aE+
+ 5<f1(up +aF, x,t) — fl(up,x,t)>—

—¢? (fg(up +aFE,x,t) — fa(uy, , t)>

Taking into account that w, solves (1) and that f has the representation (5) and
(6) we can conclude that the expression in the square bracket vanishes. Using the
inequalities (7), (9) we get the obvious estimates

h(u, + aE,z,t) > m > 0,

\h(up + aE, x,t) — hy(uy, z,t)| < MaE,

10



|fi(up + aF,x,t) — fi(uy, x,t)] < caF,
|fo(uy + aE,x,t) — fouy, x,t)] < coaE.

Using these estimates we get from (10)

L.U < ecoaE + veoaE + M|u, — p1||u, — pala E—
—m(2u, — 1 — 2)aE +eciaE + 2coaE) =

— aF|vEo + Mlu, — ¢1]|up — @2|— (11)
— m(2u, — p1 — p2) + O(e)]
According to (8) we have
up—p1=¢—p1+0(e), up—pr=0p—p2+0(e)
Consider the neighborhood I's of the curve I'y. By (6) it holds
(.t €) = iz, t) + O(Ve),

hence one of the differences ¢ — @1 and ¢ — o is O(1/€), while the other one satisfies
|1 — pa| + O(y/2), that is, it is an expression of order O(d) + O(y/2). Therefore,

lu, — @1]|u, — 02| < c3v/e(d +Ve) for (z,t) € Ts. (12)
By using inequality (12) we obtain from (11)
L.U < aEve|o+ Mcs(6 + v/e) — mag + O(\/E)] for (z,t) € Ts.

Due to the term —may, for sufficiently small g, d, and ¢ the expression in the square
bracket is negative, and we have

LU <0 for (x,t)€Ts.

Outside the neighborhood I's one of the differences u, — ¢; and u, — ¢ is a term of
order O(g) according (8), (7). Thus

lup, — o1]|u, — 2| < cse for (z,t) € Dy \ Ts. (13)
For the expression 2u, — @1 — @2 the estimate (12) holds such that we get from (11)
LU < aFE [\/Eg + Mcye —mes +O(e)|  for  (z,t) € Dy \ Ts.

Since the term —mcy is negative and does not depend on €, we can conclude that
the expression in the square bracket is negative for sufficiently small £ and we have

L.U <0 for (x,t)€Dy\Ts.

That implies L. < 0 in Dy, therefore, the function U defined in (5) satisfies for
sufficiently small £ and § the inequality (1) in definition 3.1 and is an upper solution
of the problem (1), (2), (17).

11



3.3 Construction of a lower solution

We construct a lower solution to (1), (2), (17) in the form
Uz, t,e) = up(x,t,e) — Bz, t,e)E(t, ), (14)
where u, and E are the same functions as in (5),
Bz, t,e) = @(x,t,e) —Y(x,t,e) +ez(x,€) — apV/e, (15)

¢ and 1 are the roots of equation (2), z is defined in (7) and aq satisfies (12), (14).
We note that due to (14) the following inequality holds

B(x,t,e) > agy/e for (x,t) € Dy, (16)

and for the derivatives of § outside some d-neighborhoods of the straight lines x =
—1,2z = 1 there hold the same estimates as for the functions ¢ and v in (17) and
(18), respectively. Hence, outside the mentioned neighborhoods we have the estimate
analogously to (9)

e’ (ﬁm - @)

S 8006. (].7)

Inside the d-neighborhood of the straight lines x = —1 and = = 1 we have 52% =
O(e) such that [ can be estimated by

Blx,t,e) > ¢ >0

which is stronger than the corresponding inequality (16). Therefore, the estimate
(17) holds in the full region Dy. As in the case of the function U it can be easily
checked that for sufficiently large k the function U satisfies the inequality (2) in
Definition 3.1.

Now we verify inequality (3). Using the relations (8), (6), (7) we have

Ul(x,to,€) = up(w, to,€) — p(x, ty, &) + (x, tg,€) — ez(w,€) + agv/e =
= Y(x, to, ) + O(Ve) = iz, 10) + O(Ve).

Since according to assumption (As) it holds 4(x,ty) < u’(x), we can conclude that
for sufficiently small £ the inequality

U(x,tg,e) <ul(x) for —1<z<1

is valid, that is U satisfies inequality (3).
Finally, we have to verify inequality (1). Analogously to (11) we obtain

L.U > —ecofE — eofBE — Mu, — @1|Jup — @o| +
+ h(u, — BE,x,t)(2u, — 1 — 2 — BE)BE — cc; SE—

— 2e,0F = BB — Va0 — Mlu, — pulli, — oal+ (18)

+ h(u, — BE, x,t)(2u, — p1 — pa — BE) + O(e)|.

12



From (12) and (13) it follows that to any ¢ > 0 for sufficiently small e there holds
the inequality

[up — @rlluy — o] < e5v/E(0+E) for (x,t) € Dy, (19)

Furthermore, using (8), the obvious inequality 0 < E(t,e) < 1 and the relation
@ — =1 —ez+ agy/c (see (15)) we obtain

2u, —p1 — 2 — BE =2+ O0(e) — 1 — g — BE >

20 =1 =2 —B+0(E)=¢+(p—0) —p1 —pa +0(c) =
= (¢ + 1 — 1 — p2) + apv/e + O(e).
By (16) we have ¢ + 1 — 1 — @2 = O(e), thus it holds

2u, — o1 — 2 — BE > ag/e + O(e) for  (x,t) € Dy. (20)

Taking into account the estimates (19), (20) and the inequality h(u, — BE, x,t) >
m > 0 we get from (18)

LU > BEVe| —0— Mcs(6 + \e) +mag + O(ve)| for (x,t) € Dy.

For sufficiently small p,d, e the expression in the square bracket is positive due to
the presence of the term may such that we have

LU >0 for (z,t) € Dy,

that is, the function U satisfies the inequality (1) in Definition 3.1. Therefore, the
function U defined in (14) is a lower solution for the problem (1), (2), (17) provided
k occurring in the function z is sufficiently large, ¢ arising in the function E is
sufficiently small and ¢ is sufficiently small.

3.4 Completing the proof of Theorem 1.2

As we mentioned in subsection 3.1, the existence of ordered upper and lower solutions
for the problem (1), (2), (17) implies the existence of a solution of that problem
satisfying the inequalities (4). Taking into account (5) and (14) we obtain from
these inequalities

—0(x,t,e)E(t,e) <ulx,t,e) —uy(z,t,e) < alx,t,e)E(t,e). (21)
Since E(t,e) — 0 as t — oo we have
u(z,t,e) —uy(x,t,e) - 0 as t— oo,

that is the limit relation (18) is valid, and the proof of Theorem 1.2 is complete.
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Remark 3.1 Theorem 1.2 states that all smooth initial functions u° satisfying the
condition (As) belong to the region of attraction of the periodic solution u,.

Remark 3.2 From the inequalities (21) and the form (8) of the function E we can

conclude P
— 1o

i ) for t <ty,

that is, the solution u tends to the periodic solution u, exponentially fast. Especially,

if t — ty satisfies t — to = O(/?77), where v is any small positive number, we have

the estimate for any natural number n

|U({L‘7t,€) - Up(f,t,€)| < cexp < -0

u(z,t,e) —uy(x,t,e) < cewp(—%) = o(e").
£

Remark 3.3 As well in our paper [1] as in this paper the assumption (A4) plays an
important role. If the function f does not depend on e, then assumption (Ay) is not
fulfilled. In that case the problem of the existence of a solution to (1)-(3) is more
complicated and we try to contribute to that problem in a forthcoming paper.
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