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Abstract

We consider an indirect boundary integral equatioh formulation for the mixed Dirichlet-
Neumann boundary value problem for the Laplace equation on a plane domain with a
polygonal boundary. The resulting system of integral equations is solved by a collocation
method which uses a mesh grading transformation and a cosine approximating space. The
mesh grading transformation method yields fast convergence of the collocation solution
by smoothing the singularities of the exact solution. A complete stability and solvability
analysis of the transformed integral equations is given by use of a Mellin transform technique,

in a setting in which each arc of the polygon has associated with it a periodic Sobolev space.

1 Introduction

Consider the mixed Dirichlet-Neumann boundary value problem for the Laplacian in a simply
connected region {1 with piecewise-smooth boundary I' = T'p U I'y: For given f on I'p, g on
Tn, find u in Q such that

Au=0 in Q, ,
u=f on Tp, (1.1)

ou
I = on Ty,

where g—:: denotes the derivative of v with respect to the outward normal vector n.
We use the single layer potential for the representation of u,

uw(P) = _}r/rbg IP - Q|2(Q)dSq, Pe€Q, (1.2)

where |P — Q| is the Euclidean distance between P and @, and dSg the element of arc length.
From the well known jump condition for the normal derivative of the single layer potential at
the boundary, we then have the following boundary integral equations:

_}rfrbg |P - Q|2(Q)dSq = f(P), P eTp,

1 [ dlog|P - Q) (1.3)
S

#(P) - - [ —=x(Q)iSe =o(P), Pelw,

where the density function 2z is sought on I'. Throughout the paper we make the following
assumption.
(A1) Equation (1.3) with f = g = 0 has in Ly(T') a unique solution z = 0 for any p > 1.

Defining zp := z|r, and zy := 2z|ry, (1.3) can be rewritten as a 2 X 2 matrix integral equation
system, where zp and zy are sought:



_%frn 1og1P-Q]zD(Q)dsq-%/FNloglp-Q[zN(Q)dsQ = f(P), P€Tp,
(1.4)
z2y(Q)dSq = g(P),\ PeTly.

1 dlog|P- Q) L[ 2kglp-g
7(‘_/1:‘D Onp 20(Q)dSq+2n(P) T JTy dnp

Even for smooth boundary data f, g, the solutions zp and zy may not be smooth. Let
{Po, Pi} be the interface points (i.e., P; € IpNTy, i = 0,1). Let us assume the polygon T
forms an interior angle w; at P;. Then by [3],

u(P) = C(6)r™** + smoother terms, P € €, : (1.5)

where (r,6) are the polar coordinates centered at P;. We may use (1.2) to define a potential
not only in the interior region Q but also in the exterior domain IR?\Q. Then the single layer
density z is the difference between the normal derivatives of the solution of (1.1) and of u in
the exterior domain IR?\Q. Thus we have

2(P) = Cr* 4+ smoother terms, s; = min{éz—;-;, 2(2—7:3—0)—1)} -1, PeT- (1.6)
near P;. Thus zp and zy have this behaviour near P;, possibly with different constants.

For integral equations with solutions having weaker singularities than in (1.6), the mesh
grading transformation method has often been applied to obtain a rapidly convergent numerical
method [6], [9], [10], [11]. In the following we use a slightly different form of mesh grading
analysis, and apply it to the mixed boundary value problem. The idea of the mesh grading
transformation is this:"if we make a mesh grading a(z) ~ Cz? near P;, then instead of z, with
the behaviour seen in (1.6), we have to consider

5(z) := z(a(z))e'(z) = Ce¥*+5)-1 L smoother terms. (1.7)

Now Z(z) is smooth for large ¢, and Z(z) can be approximated by an evenly spaced high order
spline or a trigonometric function. Moreover, without a mesh grading transformation, the
analysis of (1.4) is only possible in a weighted L, space or in a Sobolev space of negative order
(e.g. H~/?) because of the regularity result (1.6). With a mesh grading transformation, an
analysis in the L, space is possible.

In this paper we assume for simplicity that I'p and 'y are smooth arcs. (In the analysis
we shall make the stronger assumption, that each arc is straight in some neighbourhood of the
corners. This is believed to be an inessential restriction.) The restrictions of 2 to I'p and Ty
are each approximated by a trigonometric cosine function, with the approximation determined
at equally spaced points with respect to the parameter z on each arc. (For a polygon I' with
more than two corners the mesh grading transformation would be carried out for each corner,
and the restriction of Z to each smooth arc expressed by a different cosine series.)

The analysis has a feature that seems to us unusual, and that perhaps will be useful for
other problems. It is that to each smooth arc (after parametrisation as above) we associate a
separate periodic Sobolev space. The periodic setting is obtained by extending a function on a
given arc (after parametrisation) to twice the natural range of the variable z, by requiring the



function to be even about each endpoint. This is an approach which has proved useful in the
past for single open arcs (see [13]), and indeed there is a sense in which our first approximation
is to treat each arc (after the mesh grading transformation) as an isolated arc.

In working through the analysis, it is important not to be misled into thinking of the
above-mentioned extension to an even function as carrying a function defined on one arc of
the polygon across to an adjacent arc: rather, the extension to a periodic function carries the
parametrisation function a(z) (and hence also every function of a(z)) back along the same
arc. Pictorially, it is useful to think of each arc of the polygon as in some sense a flattened
and deformed circle. (The authors understand well the seductiveness of that false view, having
often fallen into the trap themselves.)

The paper is organised in the following way. In §2, we introduce the mesh grading transfor-
mation, and the mid-point cosine collocation method for the transformed equation is defined.
In §4, some preliminary mathematical results regarding the Hilbert transform, a collocation
projection on even periodic functions, and the Mellin transform are introduced. The colloca-
tion projection is the mid-point collocation, which overcomes an unsymmetric feature of the
collocation projection introduced in [1]. In §5, a complete ellipticity and solvability analysis for
the mesh-grading-transformed equations arising from (1.4) is given in the Ly space. In §6 an
error analysis for the mid-point collocation method is given.

2 A numerical method

Let us first consider a piecewise-smooth parameterisation & : [0,2] — T such that on each
smooth arc |&@'| is bounded above and below by positive constants, and

a([0,1])=Tp, and &([1,2])=Tw.

Let us consider a mesh grading transformation v such that, for some € satisfying 0 < € < 1/2
and some g > 1,

() = z?, 0<z<e¢
@)= 11 a9, 1-e<o<l.
The parameter g is the order of the mesh grading. For an example of a good mesh grading
transformation, see [11]. Then we consider a new mesh graded parameterisation,

a(z) = { &(v(e)), 0czsl (2.2)

(2.1)

a(1+v(z-1)), 1<z<2.
We now define
£(z) = z(a(z))|e/(z)], (2.3)
and take

z1(z) =3%(z), 0<z<1,

z(z) =3(z), 1<z<2, (2.4)



so that z;-and 2, correspond to the unknown functions on I'p and I'y respectively. Substituting
P = o(z) and @ = a(y), and multiplying the second equation of (1.4) by |&/(z)|, we obtain

— %/01 log |a(z) — a(y)|z1(y)dy — 7%/12 log |a(z) — a(y)|z2(y)dy = f(z), 0<z <1, (2.5)

and

1 ! e(2)l((z) — afy), ns)
Tl ) e
1 2 |e(2)(x(z) — (y), na)
+ae) = = [ e
where f(z) = f(a(z)), 9(z) := g(a(z))|/(z)|, nz = NaE) and (-,-) denotes the Euclidean
inner product in R2.
The numerical method is simply to approximate 2; and 2z, by

(2.6)

2(y)dy = g(z), 1<z <2,

N-1

z;‘(:z;) = Z aj cos(wlz), j=1,2, (2.7)
=0

and then to collocate equations (2.5) at the ‘midpoints’ kh + h/2 for 0 < £ < N — 1, and
equation (2.6) at the points kh + h/2 for N < k < 2N — 1, where h := 1/N.

3 The periodic function space setting

As indicated in the introduction, the first step in the analysis is to introduce a periodic function
space setting, in which each arc has associated with it its own periodic Sobolev space. The
total function space in which the problem is analysed is then the product of these spaces, with
as many spaces in the product as there are arcs (two in the present analysis).

Appropriate Sobolev spaces will be defined in the next section. Here we rewrite the boundary
integral equation (2.6) so that it has an appropriate periodic structure.

Recall that the parametrisation function a, defined by (2.2), has values on I'p for 0 < z < 1,
and values on I'yy for 1 < z < 2. Let us define the corresponding 2-periodic functions:

oy(z) == { acz(—zzzs, 215; 551’0, (3.1)
afz), 1<z<L2,
oz(2) = { a(2(—)a:), 0<z<1, (3-2)

together with
aj(z)=a;(z+2), j=1,2. (3.3)

Thus o is the transformation function corresponding to I'p, and a; the transformation function
corresponding to I'y. (We would have to define further functions a3, ... if I' contained further
arcs.) Both a; and oy are even and 2-periodic. (The reader might find it helpful to observe
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that an even 2-periodic function F is necessarily even about each integer n, since F(n+z)=
F(-n+z)=F(n-z).)

In a similar way we extend 2; and z; (the parts of the solution corresponding to I'p and
T'y respectively) to be even 2-periodic functions:

z1(z) = z(-z), -1<z<0, (3.4)
z(z) = z(2-z), 0<z<1, (3.5)
zi(z) = z(z+2), j=1,2. (3.6)

Then (2.5) and (2.6) can be written as

— _}r_/ol log |ai(z) — a1(y)|21(y)dy — 7_1;‘/'12 log |ai(z) — aa(y)|22(y)dy = f(z), z € R, (3.7)

1 [t leb(e)l(en(z) =~ anly)me)
= e e e O (3.8)

1 fey)l(en(e) —anl)ne) 0
T ‘/1 lag(z) — aa(y)? 2(y)dy = g(z), € R.

+23(z) -

Note that the integrals, here and generally in this paper, extend over only half of the period.
Further, to avoid unnecessary confusion we have left the intervals of integration as the ‘natural’
intervals occurring in (2.5) and (2.6). Thus the periodic extensions of each of our solution
functions 2; and 2, have little effect on the appearance of the equations, while a.]lowmg us later
a simplified analysis that is only possible in periodic spaces.

Let E denote temporarily the space of 2-periodic, even, complexed-valued measurable func-
tions without regard to smoothness. Then we may define operators Vi1, V12, Ka1, K22,

. -
Vua(e) = -1 [ loglas(e) - aa(wla(v)dy, (39)
1 r2
Viaza(z) = —7-;‘/1 log |a1(z) — az(y)|z2(y)dy, (3.10)
1t eg(e)l(es(z) — aa(y), na)
K =—= / 2 : dy, 3.11
2121(3) x Jo |a2(a:) —061(3})!2 zl(y) Y . ( )
1 [? |og(z)|(ez(z) - @2(y), ma)
K z)=—— —=2z2(y)dy, 3.12
2222( ) 7 [az(m)_az(y)lz Z(y) Y ( )
each of which manifestly maps E to E, and then write our boundary integral equations as
Vi Va2 z1 f
Bz = = (3.1
z l:’cn I+K22}[Zz] [9]’ (3.13)

with B an operator from E X E to E X E.
The collocation equations can be written in terms of the operators V41, Vi3, Ko1, K32 as

(Vuzl + Vlzzz) (kh + h/2) = f(kh + h/Z), k= 0, .o ,.N d 1, ) (314)
(’Czlzl + 25+ ]ngZg) (kh + h/2) = g(kh + h/2), k= N, ces ,2N - 1. (315)



4 Spaces and mapping properties

4.1 Sobolev spaces and key operators

Let H?, s € IR, be the Sobolev space of 2-periodic functions with norm

I£IZ =3 max{1,|m|}*|f(m)P?, (4.1)
mez
where 1 n
ftmy=3 [ f@)eimda, (4.2)
-1
so that

flz) ~ Z f(m)ei”’"“’. (4.3)
: mEZ

Following [13], an important role will be played by H?, the subspace of even 2-periodic functions.

Similarly, H; denotes the subspace of odd 2-periodic functions, so that

H' =H'oH, (4.4)

expressing the fact that » € H® can be written uniquely in the form v = u, + u,, With ue € H?
and u, € HJ.
Now let H be the well-known Hilbert transform on H*, defined by the principal value integral

1 1 T
Hu(e) = ~5pv [ cot(F(e - v)ulu)y
= 1 Z (signm)a(m)e™= (4.5)
meZ
if '
u(z) ~ ) A(m)e ™, (4.6)
meZ
It is clear from (4.5) that H : H®* — H® is isometric, i.e., ||Hu|ls = ||z|s, that it maps even
functions to odd functions and vice versa,
H:H: > H:, H:H!- H, (4.7)
and that
H? = 1. ‘ (4.8)

Now let A be the single-layer operator for an appropriately parametrised circle of radius
e1/2,

Au(z) = _}r /_11 log |2¢~1/2 sin(;—r(z - y))|u(y)dy. ' (4.9)



It is well known (see [1], [13]) that A is expressible as

Au(z) =;r1- > __Um) _ iema (4.10)
meE

max{1, [m|}

if u has the Fourier representation (4.6), from which it is clear that
A:H®— g (4.11)

is an isometric operator, apart from an unimportant constant factor. From the Fourier repre-
sentation it is also clear that

DA=AD =MH,
where D is the operator of differentiation. From this we recover, on recalling (4.8) and (4.10),

Al=-DH+T=-HD+7T, (4.12)

where 7 = 7 fy u(y)dy.
The Hilbert transform (4.5) can be written, using only properties of the trigonometric
functions, as

.Hu(z) _ /1 51n(7r:z:)+sm(7ry) w()dy

1 cos(mz) — cos(Ty)
sin(rz) sin(7y)
2 /1 cos(z) — cos(7y) uy)dy +3 2 / 1 cos(mwz) — cos(ry)u(y)dy
=: Heu(z) + Hou(z), (4.13)

where (because the kernel of H, is even in ¥, and the kernel of H, is odd in y), if u = ue + %,
with u. € HS and u, € HJ, then

Heuo =0, ﬂeue = Hue, Hote =0, Hoto = Hu,. (4.14)

Also important to us is the restriction of A4 to H;. If uc € H; then because u,. is even we
have, from (4.9),

du(e) = o= [ (loglze™sin(G (e - )l + logl2e™2sin(F (e + )] ) welu)dy

= —;‘[) log [2¢ ™ (cos(nz) — cos(my)|ue(y)dy
— Acus). (4.15)

From (4.10) we then have

Acu(z) = 7% > r_8m) cos(Tmz), (4.16)

, max{1l,m}



where, from (4.6),
ue(z) ~2 S 'te(m) cos(rmz), (4.17)
mez+

and Z* = {0,1,2,...}, and the prime indicates that the m = 0 term is to be multiplied by 1/2.
Finally, we see from (4.12), (4.14), (4.15) that, as an operator on H;,

A7l'= —DH,+T =-H,D+T. (4.18)

The last relation will play an important role in the subsequent analysis.

4.2 The collocation projection

Let us define a space of 2-periodic cosine functions of degree N — 1,
Ten = span{cos(rmz): 0 < m < N —1}. (4.19)

From here on, we set % (z) := cos(rmz).
We introduce a collocation projection P, from H? (with s > 1/2) to T, 4, that is similar
but not identical to the one introduced in [1]:

N-1

Puf =2 (£, Yr)ntr, (4.20)
’k=0
where
N-1
(f,9)h =R Y (f-)(kh+ h/2).
k=0

In the next lemma, we introduce several interesting properties of P. It turns out that P is an
interpolatory projection operator.

Lemma 4.1 The operator Py satisfies the following properties as an operator on HZ, s > 1/2.
Let f € H with s > 1/2. Then

(1) (th)'lp)h = (fy’d))h’ "b € Te,h-

(2) P}f = P.
(3) Punf(kh+ h/2)= f(kh+h/2), k=0,---,N—-1, h=1/N.
(4)

IIf = Puflle £ CA*7Y|flls fors>1/2,s>t>0. (4.21)

Proof. The property (1) follows from the definition of Py f and the easily verified ‘discrete-
orthogonality’ property

(k> ¥j)n = agbpj for 0 < k,j < N -1, (4.22)



with ap = 1 and ag = 1/2for 1 < k < N — 1. Property (2) follows from property (1). To prove
(3) it is useful to define first the N X N matrix M with elements

S vh if k=0,
T V2hr(lh+ h/2) H1<kE<N -1,
and 0 < [ < N—1. Then (4.22)is equivalent to M M* = I, from which it follows that M*M = I,

or
N-1

2> "Yk(lh+ h/2)dr(VR + h/2) = G, ‘ (4.23)

k=0

(This identity can of course also be established directly.) The property (3) follows immediately
from (4.23). The approximation property (4) is standard, see [1]. o

Remark 1 The projection in [1] is also a collocation projection at evenly spaced node points,
but in that work the nodes are not located symmetrically on [0, 1], because whereas 0 is a node,
1 is a ‘midpoint’. Here our collocation is a simple midpoint collocation, and the nodes are
symmetrically located.

With the help of the projection Py, the collocation method of this paper can be expressed
as: find 27, 28 € T. 4 such that

Ph(VuZ{" + szé‘) = th, (4.24)

PrKg1 2t + 28 + PKop2t = Pug. (4.25)

4.3 Mellin convolution operators

We recall some results on Mellin convolution operators defined on the half axis or on the unit
interval. These are based on [3], [4], [5] and [7].

(i) The Mellin transform % of a function v : RT — C is defined as
9(z2) = / s 1y(s)ds.
0
The operator v — ¥ is an isometric isomorphism of Ly(R*) onto Ly({Im z = —1/2}),
and its inverse is )
v(s) = — s7H5(2)|dz].
9 fo
(if) If K is a Mellin convolution operator, i.e |

Ko(t) = /0 °° K(%)?%lds‘ (4.26)



with kernel s~1/2K (s) € L1(IR™), then Kv(z) = K(2)-9(z), and K is a continuous operator
on Ly(IR™) with norm bounded by
IKllo < sup  |K(2)l. (4.27)
Im z=-1/2
Note that this extends to more general operators of the form (1{.26) provided the Mellin
transform is bounded on Im z = —1/2; cf. e.g. the operators H, and H. defined below
in (5.4).
From here on, we abuse notation by defining:
K(z) := symbol(K) = K(=).

If K and Ll are Meﬁn convolution operators with bounded symbols on Im z = —1/2, then
KL(z)=K(2)-L(z) .

(iii) The symbol K(z) of the Mellin convolution operator (4.26) is said to be of class 2%
a < —1/2 < B, if it is analytic in the strip @ < Im 2 < § and if the estimates

R(z)=0(1+2))7%), 2]l » o0, ke Z*
hold uniformly in each substrip &’ < Imz < B/, @ < @’ < —=1/2 < ' < . Then the
kernel function K(s) of K satisfies the estimates
’ sup. |.sk_PDkK(s)| <o, keZ", a<p<p. (4.28)
seR*T . '

In particular, (4.28) implies s~1/2K(s) € Li(IRt) so that K is a bounded operator on
L,(IR") satisfying the estimate (4.27).

(iv) Let x be a smooth function with supp(x) C [0,1], and let 9 be a bounded function such
that supp(¢) C [0,1] and %(s) = 0,s € [0, €], for some € € (0,1). If K € X, % for some
a < —1/2 < B and K is the corresponding Mellin convolution operator (4.26), then the
operators xK — KxI and X are Hilbert-Schmidt and hence compact on Ly(RT).

We finally recall standard results on the invertibility of a convolution operator I + K restricted
to the unit interval and on the stability of a corresponding finite section method. Note that,
with the isometry J : L3(0,1) — Ly(R*) defined by (Jv)(t) = v(e~t)e /2, JKIT ' is a
Wiener-Hopf integral operator with kernel function e~*/2K(e~*) € L;(IR). Thus the following
assertions are easily checked via known results on Wiener—Hopf operators ([8]).

(v) Let ¢ and ¢,, 0 < r < 1, be the characteristic functions of the intervals (0,1) and (r,1),
respectively. Suppose the conditions s~Y/2K(s) € L;(R*) and
1+ K(=i/2+9) # 0, v € R; {arg(l + K(=1/2+1))}2% = 0

are satisfied, where {arg-}>  denotes the variation of the argument when y runs from
—o00 to co. Then the Mellin convolution operator ¢(I + K)¢ is continuously invertible on
L5(0,1) and the corresponding finite section operators ¢,(I + K)¢, are stable, i.e., there
is an rg > 0 and a ¢ > 0 such that

lI6-(1 + K)rvllo 2 cligrvllo, v € L2(0, 1),

for any r < rg.

10



5 Mapping properties of integral operators and Mellin tech-

niques
Write (3.13) in the form:
Bz = (A +K)z =f, ‘ (5.1)
where
_ | Ae Vi2 | Vu-A 0
A_[O I }’ K—[ K21 K2z |’ , (5:2)
and

z=[2],f:[§]. (5.3)

Note that K, is a compact operator mapping even functions to even functions since it has a
continuous kernel.

In this section we analyse the opera.tors in (5.2) by use of localization and Mellin transfor-
mation techniques.

- The key to the analysis that follows is the recognition that the difficulties with the integral
equation (5.1) (which in explicit form is (3.7), (3.8)) arise only when z and y are both near 0, or
both near 1, i.e. the values of the parameter that correspond to junctions between the arcs T'p
and I'y. In such a neighbourhood the kernels of each operator behave like a Mellin convolution.
Therefore cut-off functions are introduced, which allow the operator to be separated into Mellin
convolutions, describing all corner effects, and smooth remainders.

Let us introduce smooth cut-off functions xo, x1 on [0,1] and vp, 11 on [1,2], such that for
some 0 < € < 1/2,

xo(z) =1, z € [0,€], supp(xo) C [0,1/2), xai(z)=1, z€ [1 —¢,1], supp(x1) C (1/2,1],
vi(z)=1, z €[1,1+¢€, supp(v1) C[1,3/2), wo(z) =1, z€[2~¢2], supp(ro) C (3/2,2].

Each of xo0, X1, Yo and vy is extended to a 2-periodic even function by expressions analogous to
(3.4)(3.6).

We also introduce certain Mellin convolution operators on the half axis (0, c0). (For further
discussion of the Mellin transform and Mellin convolution operators, see 3], [5], [6].) Let us
define

Fou(z) = l/ o(:z: u(y)

T

Rty = = [7m )"(”) 69

T

Ewu(a:) _ l/“’ w(z u('.‘/)

T

Route) = 1 [7 Kw(~y—>u3%—)dy,

T

11



where

2 2t
Ho(t)z l-——tz’ He(t)z 1—¢2°
g7 (12 — cos(w))

qt9 1 sin(w)
" 24 — 242 cos(w) + 1

L,(t)= .
o(t) 129 — 2t9 cos(w) + 1

Ku(t)=-

It is worth noting that if ¢ = 2 then Lo = H,.

It is convenient to extend the kernels of these operators to the whole real line in the following
way: H, and L, are extended to be odd functions, and H, and K, are extended to even
functions. It is then clear that H.u and L, u are odd, while ’Flou and Izwu are even. -

The symbols of these Mellin operators are (see (3], [6])

Ho(2) = icoth(vrg),

’}z(z) = icoth(vrz_l—z

);

o _ jcosh((r—w)(z +4)/g)

Lu(z) = sinh(r(z +1)/q) ’

sinh((7 — w)(z + z)/q)
sinh(7(z + 1)/q)

The integral operators in (5.2) can now be expressed as in the following lemma. In this
lemma, and throughout the paper, £ denotes a generic compact operator, which may be different
in its different appearances. In the first term of the first result, property (1), it is understood
that the domains of the Mellin operators Lo and 7:23 are restricted to a finite interval in the

——

natural way. In the second term of property (1) the double tilde on Lo indicates that the
transformations £ — 1 — z and y — 1 — y are to be carried out, corresponding to the fact
that in this term the singularity is not at £ = 0 and y = 0 but at z = 1 and y = 1. The
double-tilde notation in the remaining terms is to be understood in an analogous way, with the
precise transformations in each case being apparent from the proofs.

(5.5)

Lemma 5.1 As operators on even functions,

(1) o
DV — A.) = Xo(Eo - ﬁe)XO - XI(ZO - ﬁe)Xl +é,

(2) _ _
DVis = x0Lwo¥o — X1Lwy 1 + &,

3) ) )
K21 = voKuoxo + 1Kuy X1 + €.

And as an operator on odd functions,

12



(4)
Ho = XoHoto — x1Hotr + Ho(l —x0 — x1) + €,

where 1o and v are suitable cut-off functions such that Yoxo = Xo, Y1Xx1 = X1, Yox1 = 0 and
P1xo = 0.

Proof. The results all follow from the asymptotic behaviour of the kernel of the integral
operators. First, by the definition of @, o; and a3 in (2.1), (2.2) and (3.1)—(3.3) we can assume
that

ai(z) — a1(0) = Coz?, 0<z<eg
ag(a:) - ag(O) = Coeiw°(2 - :I:)q, 2—¢ S T S 2,
ai(z) — a1(1) = C1(1 - z)9, l1-e<z<1,
ax(z) — az(l) = Cle‘i“’l(a: —1), 1<z<1l+e

(5.6)

where wp and w; are the interior angles at the corners corresponding to z = 0 and z = 1
respectively and Cp and C; are complex constants. (Points in IR? are here identified with
complex numbers in the usual way.) Then for ¢ € H? we have, from (3.9) and (4.15),

D(Vi1 — Ao)d(z) = -}r /0 "Re ((al(w) — a1(y), @i (z)) o __msin(ra) ) S)dy.

lai(z) — a1 (y)|? cos(mz) — cos(my)

Noting that the apparent singularities at z = y in the two terms of the kernel cancel, we see
that

D(V11 - A.)¢(z)

-1 [xol)l®) (qw_; _ zf_myz) 5(3)dy
) 2(1 - 2)

+ %/ll_em(m)m(y) <(1 —oR—(1-y)¢ (-e22-(1- y)z) é(y)dy
+ smoother terms
= - % /0°° Xo(2)xo(¥) (xqui - mzz_zyz) #(y)dy

g1 2%

+2 [T (

z9— g9 g2 - 42

{5":1_3:1 ‘g=1—y}
+ smoother terms.

Then (1) follows.
By the same argument,

= 1 g, ((ealz) — aa(y) o (2))
DVagle) = -3 [ R (b= sl 4150,

q(1 —z)T((1 - 2)? - (y — 1)%cos(w1))

z)2 — 2(1 - z)2(y — 1) cos(wi) + (y —
gz?~" (29 — (2 — y)? cos(wp))

— 229(2 — y)2 cos(wg) + (2 — y)* ¢(y)dy

_].“. /1'1+e xl(m)yl(y)(l —

T

B lf: Xo(m)Vo(y)mzq

T J2

Iy $(y)dy

13



+ smoother terms
1 foo g2~ (&9 — § cos(wy ))
= /(; x1(z)n(y) £29 — 28979 cos(w ) + §22

$(7 +1)dy

™

{#=1-z, j=y—1}

1 foo q:Eq"l(:iq — 99 cos(wp)) o~

{&=z, §=2-v}
+ smoother terms,

which proves (2). Similarly, to prove (3),

- o (z)|(ea(z) — e1(y), nz)
Kagp(z) = Wfo ( l02(2) ~ o1 (0 )¢(y)dy,

= 3 L e S et S
L (z = 1)174(1 — ) sin(ws)
I ./1-5 l/1(-’v)x1(y)( 1)% q2(“’ - 1)‘1(1 - y?)/q cos(ws) + (1 — y)2q¢(y)dy

+ smoother terms

1 q39 199 sin(wp)
— dy
- x ‘/; VO(m)XO(y) 529 2$qu COS( 0) I yzq ¢(y) Y

{g=2-2, §=v}

1 G871 sin(wn)
— WA V1($)X1(y)52q‘ 2$qu cos(wl) +y2q¢(1 y)dy

{g=z-1, j=1-y}
+ smoother terms.

The proof of (4) follows in the same way as above, using the fact that the commutator of
xI and H, is an integral operator with smooth kernel for any smooth 2-periodic even function

X- ‘ m]
Remark 2 It is easily seen from (5.5) that the symbols of the Mellin convolution operators

Lo—H. and L, Ky, 0 < w < 27, are of class 2-7%. For g > 2, these symbols even belong to
ITh

Lemma 5.2 The operator A defined in (5.2) is an isomorphism of HO x H? onto H! x HY?,

with inverse given by
AT —AZTY
-1 _ e e 12
AT = [ 0 I ] . (5.7)

Proof. By Lemma 5.1 (2), Remark 2 and §4.3(iii), V12 : HY — H! is bounded. Hence (5.7)
is a bounded operator of H! x H? into H? X H?, which is easily seen to be the inverse of A. O
To investigate the solvability of Equation (5.1), we consider the operator

(5.8)

M £
AT'B=I+M, M:=A"'K =
+ { Ka1 Koz ]

14



where

M = A7 (Vi — Ae) — ATWV10Ko, € i= — A7 V15K0,. (5.9)

Note that M and X,; are bounded operators on H? while £ and K3, are compact; see Lemma
5.1, Remark 2 and §4.3(iii). With the notation of Lemma 5.1 (except that we now put aside
the double tilde notation), we have:

Lemma 5.3 As an operator on even functions,
M = xoMoxo + x1Mix1 + €, (5.10)

where the symbols of the Mellin convolution operators Hj, 7 =0,1, take the form

M;(2) = ~Fo(2)[Lo(2) = Hel(2)] + Ho(2)Luy (2)Kus(2) (5.11)
and are of class Z:fo.
Proof. From (4.18) and Lemma 5.1, (1) and (4), we obtain

ANV = Ae) = ~HoD(Vii - Ae)+€
= “HO[BCO(L:O —He)xo — x1(Lo— He)xa + €]+ €
= _XOHO(£0 - He)XO - XIHO(»CO - He)Xl + 5,

where we have used the compactness results of §4.3(iv). Analogously,

A7V13Ka1 = —HoDVipKay + €
= _HO[XOL:onO - XIEM. 4 + g][VOKWOXO + V17Cw1X1 + 6] + ¢
= _XOHocwo ’ConO — X1 Ho£w1 }Cwl X1+ 5,

where we have used (4.18), Lemma 5.1, (2), (3) and (4), and the compactness results of §4.3(iv).
Combining the above relations with (5.4), (5.5) and (5.9), we get (5.10) and (5.11). The last

assertion of the lemma follows from Remark 2 and the fact that H,(z) is analytic and (together
with all its derivatives) bounded on each strip ~1 + 6 < Im 2 < -6, § € (0,1/2).. O

Lemma 5.4 For ¢ > 2, I + M is a Fredholm operator of indez 0 on HY.

Proof. Let ¢g and ¢, denote the characteristic functions of the intervals (0,1/2) and (1/2,1),
respectively, extended to 2-periodic even functions. From (5.10) and §4.3(iv), we obtain the
representation

I+ M= qbo(I + ./Cio)(ﬁo + ¢1(I+ Ml)qﬁ +£. (5.12)

To prove the assertion, it is obviously sufficient to verify the invertibility of the Mellin convo-
lution operators ¢o(I + Jqo)¢o and ¢ (I + H1)¢1 on Ly(0,1/2) and L3(1/2,1), respectively,
and we shall do this for the first term without loss of generality. In view of §4.3(v) we have to
show that '

{arg(1 + Mo(y — i/2))}=, = 0. (5.13)

15



From (5.11) and the identity HoHe = —1, we have

1+ Mo(2) = ~Ho(2)Zo(2)[1 = Lun(2)Eo(2) ™ Ko (2)].

To check (5.13), it is now enough to prove the estimates

Re{—Ho(2)Co(2)} 2 ¢ > 0, Im z = —1/2, (5.14)
|Z~:°(Z)Z)(z)flla(z)| <C<1,Imz=-1/2. (5.15)

By a simple calculation,

sinh(ry) +4 sinh(27ry/q) — isin(7/q)
cosh(ry)  cosh(2ry/q) — cos(r/q)’
sinh(7y) sinh(27y/q) + sin(r/q)

cosh(my)(cosh(27y/q) — cos(7/q))’

which implies (5.14) for any g > 1. To prove (5.15), we observe that

_ cosh((m — w)(z+14)/q) sinh((r — w)(z+14)/q) _
cosh(m(z+1)/q) sinh((7 (2 +%)/q)

where a(z) := sinh((r — w)z)/sinh(7z) is the symbol of the double layer potential in case of
the arc-length parametrisation, which satisfies (see [3], [2])

~(HoLo)(y—i/2) =

Re{—(HoLo)(y —i/2)} =

Lo(2)Zo(2)" Kou(2) a(2(z +13)/4),

sup |a(iy + )| < 1for |y| < 1/2.
yER

Thus we obtain the desired result whenever g > 2. =

Corollary 5.5 Assume (A1) and q¢ > 2. Then the operator B : HO x H? — H! x H? has a
bounded inverse.

Proof. First we observe that the operator

I+M £

I+M-=
+ [ Ka I+Kz

] : HOx H? —» H? x H?

is Fredholm with index 0, using Lemma 5.4 and the compactness of £ and K3;. Thus, by
Lemma 5.2, B is a Fredholm operator with index 0. So it suffices to show that Bz = 0 and
z € H? x H? imply z = 0. We now proceed as in the proof of Theorem 2 in [6] and consider

the function
Z(P):=|(a”)(P)lz(a"*)(P)), P €T,

where a1 : T — [0,2] is the inverse transformation of (2.2). Then Z solves the homogeneous
version of the original integral equations (1.4) and satisfies (cf. [6]) Z € Ly(T') for some p > 1
sufficiently close to 1. Hence Z = 0 by (A1), which implies z = 0. o
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Finally, for the convergence analysis of §6, we need a stability result for a finite section
method applied to the operator I+ M defined in (5.8). Introduce, forv € Hl and 0 < r < 1/2
the truncation T,v as the 2-periodic even extension of

— 'v(:z:), ze(rm l1-r
Trv(:z:) = { 0, = (O,TS u (1 —)’I‘, 1) (516)

The finite section approximation to M is then defined to be

MT, £
M, = r .
[ KaT: Ka ]

Lemma 5.6 There ezists rg > 0 such that

1T+ MT)VHHSXHS 2 C“V”ngﬂga veH)xH]

er)

for any r < 1.

Proof. Using (5.12), we may write M, = N, + F,, where

[N o _[er ¢
N, = [’CZlTr 0],.7-',—[ 0 7622]’

N = ¢oModo + 1 Mighy.

Note that I + AN is invertible on H? (cf. the proof of Lemma 5.4) while I + M is invertible on
H? x H? by Corollary 5.5 and Lemma 5.2. Further, since T, converges strongly to the identity
as 7 — 0 and the operators £ and Kj; are compact, a standard perturbation result (cf. [12],
Chap. 17.1) reduces the assertion of the lemma to the corresponding stability estimate for the
operators I+ N,. The latter is equivalent to showing that J + AT, and hence that T,.(I + AT,
is stable on H? (cf. [6], Theorem 6).

Finally, we note that the stability of T(1 +N)T, obviously follows from the stability of the
finite section operators Tr¢o(I + Mo)gboT and T, ¢1(I+M1)¢1T on L(0,1/2) and Ly(1/2,1),
respectively, and it remains to apply the stability result of §4.3(v), using (5.13). O

6 Error Analysis

In this section, we study the stability of the collocation method (3.14), (3.15) and give an error
estimate in the Ly norm. Using (5.1)-(5.3) and the collocation projection

| Pn O
Pr= { 0 P ] ’
with P, defined in (4.20), Equations (3.14), (3.15), or equivalently (4.24), (4.25), can be written

PpBz, = Pr(A + K)zp, = Pif, 2z, € Teh X Tepp. (6.1)
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However, the stability can only be proved by allowing the possibility that the method be
modified slightly, i.e. by cutting off around the corners at ¢ = 0 and z = 1. Let Tj«x be
the truncation operator introduced in (5.16) with » = i*h, and instead of (6.1), consider the
modified collocation method

Ph(A + K;+n)zp = Pyf, z5 € Tep X Tepp, (6.2)
where .
V1= AT 0
Ky = 6.3
n Ka1Tin Ka2 (6:3)
Lemma 5.2 allows us to rewrite (5.1) as the (formally second-kind) equation
(I+M)z=e, withM=A"'K, e= A7'f. (6.4)

We now attack the stability of (6.2) by writing this method as a non-standard projection method
for (6.4). For any z € H? x H}, let Ryz € Ten X Tep solve the collocation equations

PrARjz = PrAz. , (6.5)
The following lemma shows that Rj is a well defined projection operator with range Te s X Te -

Lemma 6.1 For any z € HY x H!, the unique solution to (6.5) is given by

_ | BRn Qn
Rz = [0 Ph]z,

R = A7'PyA., Qn = A7 PVia(I - Pp). (6.6)
Moreover, for any z € H* X H*, m > 1, we have the error estimate
(T = Ra)zllmox e < ch™||zl|mpxHp- (6.7)

Proof. Since P, commutes with A, on T, the unique solution to (6.5) is (cf. Lemma 5.2)

_ | AT AT PV, Ae Va2
Raz=1"9 P, Polo 1|2

which gives (6.6). Moreover, using (4.21) we obtain

(X~ Ra)zl 1o x 0 {|l( = Rn)zillo + (£ = Pr)2z2lo + ||@n22]lo}
ell(Z = Pu)Aez|ls + c|[(I — Pr)zello

ch™{|| Aez1|lm+1 + ||22]lm}

ch™||2|| s mze -

IA A DA A

Using Lemma 6.1, it is easily seen that zj solves (6.2) if and only if

zn + RaM;spzn = Rpe, (6.8)
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where (cf. (5.8), (5.9), (6.3))

(6.9)

Mi*h = A_lKith = l: Mﬂ*h 8 } .

KanTin Kaa
The following lemma is crucial for the stability of (6.8).
Lemma 6.2 Assume q > 2. For each € > 0, there ezists i* > 1 independent of h such that
| (T~ Rp)Misnzl moxas < €llzl|moxme, 2 € HY x HY, (6.10)
for all h sufficiently small.
Proof. From (6.6) and (6.9) we obtain for all z € H? x H?

(X — Ra)Minz||goxzre < [|( = Rp)MTisnzillo + ¢l|( — Pa)KarTinz1lo
+ “(I-— Rh)g.Zg”o + C”(I— Ph)]ngZz”o. (611)
Here we have used the uniform boundedness of AZ1P,V;, on H? which is a consequence of

estimate (4.21). Furthermore, since Ry converges strongly to the identity on H? and since K3,
is a bounded operator of H? into H? for g > 2, we have

(I = Ru)€2lo + ¢||(I — Pr)Kaz22llo < €|z2lo (6.12)

for all sufficiently small k. To estimate the first two terms on the right side of (6.11), we observe
that (4.21) (with t = 0, s = 1) and (6.7) imply the estimate

12 = Pallo + (T — Ra)zlo < ch|[Dllo, = € HL,

since I — P, and I — Ry annihilate the constants. Together with (5.9) and (4.18), we then
obtain for any z € H?

(I = Ro)MTienz||o + ||(T — Pu)Ka1Tisnzllo < ch||DMTisnz||o + ch||DK21Tisnz||o
< ch{||D*(Vi1 — Ae)Tinzlo + || D* V12K 1 Tisn2llo

+”D’C21ﬁ~hzllo}. (6.13)

An inspection of the proofs of Lemmas 5.1 and 5.3 shows that, for ¢ > 2, each of the operators
D(V1; — Ae), DV13K3; and Ky takes the form

xoKoxo + RxoK1xoR + €, (6.14)

where Ko, K1 are Mellin convolution operators on R+ with symbols of class £_7%, R is the
reflection operator defined by (Rz)(z) = 2(1 — z), and £ is a bounded operator of H? into H!.
We are now left with proving the following fact. Let XC be a Mellin convolution operator of

the form (4.26) with kernel function K and symbol K € 773 Then the estimate

1DKSrvllo < (e/r)llvllo, v € L2(0,1), 0 < 7 < 1 (6.15)
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holds, where ¢, is the characteristic function of (r,1) and the constant ¢ does not depend on v
and r.
Indeed, combining the estimates (6.11)-(6.13) and applying (6.15) with » = 4*h and *
sufficiently large to the corresponding operators of the form (6.14) in (6.13), we obtain (6.10).
To prove (6.15), we observe that

1 1
DEgo(@) < [ IDK(e/n)ly o)y < [ 1K (e/y)ly " o()ldy

= [ 1K e /)y o)y, = € (0,1). (6.16)

IA

Since K € %777, the kernel estimates (4.28) (with £ = 1 and —1 < p < 1) imply that the
Mellin convolution kernel |K'(z/y)|y~! satisfies z~1/2|K’(z)| € L1(IR*). Therefore, taking L,
norms in (6.16) and applying §4.3(ii), gives the result. ' a

We are now in the position to prove our convergence result for the collocation method (6.2).

Theorem 6.3 Assume (A1) and q > 2, and suppose that i* is sufficiently large. Then, for all
h sufficiently small and all f€ H? X H?, s > 1/2, there is a unique solution zp € Tep X Tep of
(6.2). Moreover, if for some m > 1 the ezact solution z of (5.1) satisfies
z = [z(1 — z)|™v, withz € H" x H™, v € H® x H?, (6.17)
then we have the error estimate , '
iz — zallmoxme < ch™(llzllapxay + || V]iHoxHE)- (6.18)

Remark 3 It can be proved that the solution z of (5.1) takes the form (6.17) with arbitrarily
large m if the functions f and g in (1.1) are sufficiently smooth and the grading ezponent in
(2.1) is large enough: see (1.6). '

Proof of Theorem 6.3. First, from Lemmas 6.2 and 5.6, we immediately obtain the stability
of the equivalent method (6.8), i.e. the estimate

[(T+ RaMir)zn||goxme > cllznllgoxme, zh € Ten X Tephs (6.19)

as h — 0 whenever :* is sufficiently large. This gives the first assertion since the right side of
(6.2) is well defined for f€ H? x HZ, s > 1/2.
To prove the error estimate (6.18), we note that

llz — zalloxae < (X~ Phr)zllgoxae + |12n — Prz||moxae,

where the first term is of order A™ by (4.21) and (6.17).

Furthermore, using (6.19) and then (6.8) with (6.4) and (6.7), we obtain

lzn — Przllgoxee < cll(T+RaMip)( zn — Prz)||moxme

I RALT+ M)z — (1+ Mo )Pl g1
c[|(Rn — Pr)zllmoxnp + | RaMz — RaMinPrz||moxmg
ch™|lzllrpx o + €l|Mz — MienPrz||goxag
+ch||D(Mz — Mi'hPhZ)”ngHg . (6.20)

IA A
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Using (4.21) and (6.17), the second term on the right side of (6.20) can now be estimated by

Mz — MinPrz||rrox o [Mien( I = Pr)zl|goxme + (M = M)zl goy o
c||(X—Pn)zl| oz + cll(I = Tisn)z1llo

ch™(|lzllgrxmr + |V Hexme)-

IA N IA

Note that M;+4, is uniformly bounded since M is bounded on H?x H? (see §5) and the truncation
operator T;« is uniformly bounded on H, 2.
It remains to show that the last term of (6.20) is of order A™. Using (6.9) and (4.21), we
have '

|D(Mz — MishPrz)|lgoxee < [[D(M = MTpnPr)zillo + (| D(Ka1 = KaaTisn Pr)z1 o
+HIDE(T — Pr)2alo + || DK22(1 — Pa)zalo
< ch™||z2||m + || DMTisn(I — Pr)zllo + || DK21Tisn(I — Pr)21o
+||DM(I — Tiep)21 |0 + || DK21(I = Tixn)21o-

From the proof of Lemma 6.2 we see that the second and the third term can be bounded by
(/&I = Pr)ziflo < eh™ |z lm.

To estimate the last two terfns, we again proceed as in Lemma 6.2 and are left with proving
the estimate

IlD’C¢Tmmv||0 < CTm_l“’"”o, v € L2(07 1)1 0<r<l,

where 1, is the characteristic function of (0,7) and K is a Mellin convolution operator with
kernel K and symbol of class £77%. We have

DK e™(z)| < /()’|D,,K(z/y)|ym-llv(y>|dy
= /0'|K'<z/y)|y-1|ym-1v<y)ldy
< /ol 1K' (2/9)ly v(y)ldy, @ € (0, 1),

and as in the proof of (6.15) we obtain the result. m]
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