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Abstract

We prove local existence, uniqueness, HOLDER regularity in space and time, and
smooth dependence in HOLDER spaces for a general class of quasilinear parabolic
initial boundary value problems with nonsmooth data. As a result the gap be-
tween low smoothness of the data, which is typical for many applications, and high
smoothness of the solutions, which is necessary for the applicability of differential
calculus to abstract formulations of the initial boundary value problems, has been
closed. The theory works for any space dimension, and the nonlinearities are al-
lowed to be nonlocal and to have any growth. The main tools are new maximal
regularity results [19, 20] in SOBOLEV-MORREY spaces for linear parabolic initial
boundary value problems with nonsmooth data, linearization techniques and the
Implicit Function Theorem.

1 Introduction

This paper concerns initial boundary value problems for quasilinear second order
parabolic equations in divergence form with nonsmooth data and for weakly coupled
systems of such equations. Here nonsmooth data means that the domain can be
nonsmooth (but has to be a set with L1PSCHITZ boundary), that the coefficients of
the equations and the boundary conditions may be discontinuous with respect to
the space and time variables (but have to be smooth with respect to the unknown
function u), and that the boundary conditions can change type (mixed boundary
conditions, where the DIRICHLET and the NEUMANN boundary parts can touch).
The coefficients may be local or nonlocal functions of u, they can have any growth
with respect to u, and the space dimension can be arbitrary. Typical applications
are transport processes of charged particles in semiconductor heterostructures, phase
separation processes of nonlocally interacting particles, chemotactic aggregation in
heterogeneous environments as well as optimal control by means of of quasilinear
elliptic and parabolic PDEs with nonsmooth data.

The main results are Theorem 3.2 about regularity and smooth dependence and,
following from that, Theorem 3.3 about local in time existence and uniqueness and
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Theorem 3.5 about HOLDER continuity of the first time derivative of the solution.
Here regularity and smooth dependence means that the solutions are HOLDER con-
tinuous in space and time and depend smoothly on the data in parabolic HOLDER
space norms over the space-time cylinder. So the door is open to apply the powerful
theorems of differential calculus (principle of linearized stability, analytic bifurcation
theory, existence and persistence of smooth invariant manifolds, enabling a reduction
of the study of the long-time dynamics to finite dimensions) to those initial bound-
ary value problems. In particular, Theorem 3.2 shows how to apply the classical
NEWTON iteration procedure with quadratic convergence rate in parabolic HOLDER
space norms.

Remark that here in the introduction we formulate the results in the language
of HOLDER spaces, which is satisfactory for most of the applications. But it turns
out that the proofs cannot be done by working in HOLDER spaces or in SOBOLEV
spaces because the linearized diffential operators do not have the maximal regularity
property between such spaces in the case of general nonsmooth data and arbitrary
space dimension.

We work in parabolic SOBOLEV-MORREY—CAMPANATO spaces. Those spaces
for functions are known (but much less used than SOBOLEV spaces) since 40 years,
but for functionals almost unknown and not used. Concerning the delicate ques-
tions about embedding theorems, traces on LIPSCHITZ hypersurfaces and behavior
under LIPSCHITZ transformations and pointwise multiplication, which appear nec-
essarily in the future analysis, there existed only a few results, and those mainly
under unrealistic high smoothness assumptions on the data. In [19] a general theory
was developed for parabolic SOBOLEV-MORREY—CAMPANATO spaces on domains
with LIPSCHITZ boundary and LIPSCHITZ hypersurfaces as well for functions as
for functionals. In [20] it was shown that a general class of linear second order
parabolic differential operators has the maximal regularity property between such
spaces. Now, in the present paper we show that these maximal regularity proper-
ties together with linearization techniques and the Implicit Function Theorem give
local existence, uniqueness, regularity and smooth dependence for a general class of
quasilinear parabolic initial boundary value problems with nonsmooth data.

Remark that the authors together with K. GROGER realized the same programme
for quasilinear elliptic boundary value problems with nonsmooth data: Applica-
tions of differential calculus to nonlinear problems [23] via maximal regularity in
SOBOLEV-MORREY—-CAMPANATO spaces for linear problems [18] after investiga-
tion of the needed properties of the spaces [17, 22].

Let us close this introduction by some remarks concerning the so far existing
literature about quasilinear parabolic initial boundary value problems.

As far as we know up to now there did not exist any results about smoothness
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(at least continuous differentiability) of the data-to-solution map for quasilinear
parabolic initial boundary value problems with nonsmooth data.

What concerns local existence, uniqueness and continuous dependence for quasi-
linear parabolic initial boundary value problems, we learned a lot from H. AMANN’s
work [2, 3, 4, 5, 6]. There the main tool is maximal L? regularity of the correspond-
ing linear operators. The smoothness assumptions on the data are slightly, but, from
the point of view of applications, essentially stronger than ours: The leading order
coefficients of the elliptic differential operator have to be continuous in space and
time, and the DIRICHLET and NEUMANN boundary parts in the mixed boundary
conditions are not allowed to touch. On the other hand, H. AMANN’s assumptions
on the possibly nonlocal coefficient functions are weaker than ours: He includes time
delay, we do not. Remark that [3, Theorem 4.1] gives GATEAUX differentialbility
of the data-to-solution map on FRECHET spaces of coefficient functions, which is a
first step to smoothness.

What concerns nonsmoothness of the data, the assumptions in [10, 24, 25] for local
existence and uniqueness for quasilinear parabolic initial boundary value problems
are as weak as ours. In particular, some domains, which are not LIPSCHITZ domains
in the commonly used sense (like two crossing three-dimensional cuboids) are allowed
as well as nonlinear ROBIN or NEUMANN boundary conditions. Further, in [10, 24,
25] as well as in our paper the concept of GROGER’s regular sets, see [21], is used,
which enables to handle mixed boundary value problems with touching DIRICHLET
and NEUMANN boundary parts. In [10, 24, 25] the assumptions concerning the space
dimension (they suppose n < 3) and the allowed discontinuities in the leading order
coefficients are slightly more restrictive than ours (we suppose only L* in space and
time), but general enough for most applications.

The idea, to use maximal regularity properties together with linearization tech-
niques and the Implicit Function Theorem in order to get local existence, unique-
ness, solution regularity and smooth dependence for quasilinear parabolic problems,
is known in the case of problems with sufficiently smooth data, see, for instance,
8, 11, 13, 26].

What concerns strongly coupled systems, it is known that HOLDER regularity of
the solutions cannot be expected in the case n > 3, in general. Similarly, it turns
out that one cannot expect smooth dependence in the case of nonsmooth data,
in general, if the equations contain terms which are not affine with respect to the
spatial gradient of the solution. Therefore we consider only equations and boundary
conditions, which are affine with respect to the spatial gradient. For equations, which
are nonlinear with respect to the spatial gradient, even the question of uniqueness
is much more difficult, see, for instance, [1, 14, 15, 16].
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2 Notation and setting

Let us introduce some notation. Throughout this text we assume S = (o, %) to be
a bounded open interval in R. For r > 0 we define the set of subintervals

8, ={SN(t—r*t):teS}

The symbol | | is used for both the absolute value and the maximum norm in R".
We denote by Q,(z) = {5 ER": | —z| < r} the open cube with center x € R”
and radius » > 0. For subsets Y of R” we write Y°, Y and 9Y for the topological
interior, the closure, and the boundary of Y, respectively. For » > 0 and subsets
Y C R™ we use the corresponding calligraphic letter to introduce the set

Y ={YNnQ,(y):yeY}

of intersections. Let A" be the n-dimensional LEBESGUE measure on the o-algebra
of LEBESGUE measurable subsets of R™.

2.1 Function spaces and regular sets

Let X C R"™ be some bounded open set. The following definition goes back to CAM-
PANATO [7] and DA PRATO [9]: For w € [0, n+ 2] the MORREY space L4 (S; L*(X))
consists of all u € L?(S; L*(X)) such that

[U]ig(s;m(m) =sup  sup 7“‘”// lu(s)[* dA™ ds
1JY

r>0 (I,Y)ES, x X,

remains finite. The norm of u € L§(S; L?(X)) is defined by

HUH%‘Q"(S;LQ(X)) = ||u||2L2(S;L2(X)) + [u]ig(s;m(x»-

Let H}(X) € H C H'(X) be some closed subspace equipped with the usual scalar
product of H'(X). For w € [0,n + 2] we introduce the SOBOLEV-MORREY space

L5(S; H) = {u € L*(S; H) 1w € L5(S; L*(X)), [Vul € L5(S; L*(X))},
and we define the norm of u € L§(S; H) by

||U||%g(s;H) = ||U||%g(s;L2(X)) + |||Vu|||%§’(5;L2(X))'

Note that the spaces Lg(S; L*(X)) are usually denoted by L**(S x X). Apart
from these, later on we use further MORREY-type function spaces. Hence, we have
decided to use a different but integrated naming scheme. The set L>®(S x X) of
bounded measurable functions is a space of multipliers for Lg(S; L*(X)).
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Analogously, we consider function spaces on LIPSCHITZ hypersurfaces in R". Here,
a subset M of R” is called LIPSCHITZ hypersurface in R™ if for each point x € M
there exist a neighborhood U of x and a LIPSCHITZ transformation ® from U onto
the cube @Q1(0) such that ®[UNM] = {y € R": |y| < 1, y, =0} and ®(z) = 0.

Let M be a compact LIPSCHITZ hypersurface in R™. By Ay, we denote the (n—1)-
dimensional LEBESGUE measure on the c-algebra £,, of LEBESGUE measurable
subsets of M, see [12]. For s € [0,n + 1] and relatively open subsets K of M we
define the MORREY space L5 (S; L*(K)) as the set of all u € L?(S; L?*(K)) such that

[U]ig(s;m(z{)) =sup sup 7 //|u ) dar ds
r>0 (I,[)e8, x K-

remains finite, and we introduce the norm of v € L¥(S; L*(K)) by

”uH%g‘(S;L?(K)) = HUH%Q(S;LQ(K)) + [U]%g(S;LQ(K))'

The set L>(S x K) is a space of multipliers for L¥(S; L*(K)).

For our investigations on global regularity we use a terminology of regular sets
G C R", which is equivalent to the version introduced by K. GROGER, see [21].
Being the natural generalization of sets with LipSCHITZ boundary it allows the
proper functional analytic description of elliptic and parabolic problems with mixed

boundary conditions in nonsmooth domains. For x € R™ and r» > 0 we introduce
the halfcubes

Q; (1) = {€ R 6 — 2l < 7, € — 7 < O},
Qf(v) ={¢eR:|g —a| <7, & — 0 <0},
Qf(x)z{fé@ff(x):§1—x1>00r§n—xn<0}.

A bounded set G C R" is called regular if for each x € G we find some neighborhood
U of z in R and a LIPSCHITZ transformation ® from U onto ()1(0) such that

TIUNG) € {Qr(0),QT(0),QF(0)} and &(x) = 0.

Regular sets G X UT are to be understood as the union of some open set
X C R™ with LipscHITZ boundary and some relatively open NEUMANN part I' of
the boundary 0G. From now on we keep in mind this notation.

We define function spaces associated with relatively open subsets Y of regular sets
G C R™. By H}(Y) we denote the closure of

CY) ={ulY°:ue CPR"), supp(u) N (Y \Y) =2}

in the space H'(Y°), and we write H1(Y) for the dual space of H}(Y). Let I C R
be an open subinterval of S. If Zg : H}(Y) — H(G) is the zero extension map,
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then we define Zs¢ : L*(I; Hy(Y)) — L*(S; Hy(G)) by

Zou(s) ifsel,

for u € L*(I; Hy(Y)).
0 otherwise, ( o(¥)

(Zs,gu)(s) = {

Note that Zgy is a linear isometry from L?(I; H}(Y')) into L*(S; H (G)).

In the same spirit as the well-established MORREY spaces of functions, in [19]
we have constructed a new scale of SOBOLEV-MORREY spaces of functionals as
subspaces of L*(S; H71(QG)).

To localize a functional f € L?(S; H '(G)) we define the assignment f +— Ly f
from L?(S; H~(G)) into L*(I; H~'(Y")) as the adjoint operator to the zero extension
map Zsq : L*(I; Hy(Y)) — L*(S; HY(G)):

(Lryfow) e miyy = (s Zscw) sy for w e L*(I; Hy(Y)).

As usual, we denote by ( , ) and ( | ) dual pairings and scalar products, respec-
tively. Using the isometric property of Zgq, we get

||LI,Yf||L2(I;H*1(Y)) < ||f||L2(S;H*1(G)) for all f € L2(S; H_I(G))

For w € [0,n + 2] we define the SOBOLEV-MORREY space Ly (S; H'(G)) as the
set of all elements f € L?(S; H*(G)) for which

Pysricy = Sup sup / 1y P By,

r>0 (I,Y)eS, ><9T

has a finite value. We introduce the norm of f € L§(S; H '(G)) by

‘|f”%g(S;H*1(G)) = Hin%s;H 1@y T [f]Lw(SH 1(@))

The assignment (g, go, gr) — V(g, go, gr) defined by

(¥(9, 90, 9r), // s) dA\" ds
//90 d)\"ds+//gr s)dAr ds (2.1)

for ¢ € L?(S; H}(G)), generates a linear continuous operator
W [L5 (S5 L2(X)]" x Ly2(S: LX(X) x Ly~ (S, LA(T)) — L5 (S; HH(G)), (2.2)

and its norm depends on n and G, only, see [19, Theorem 5.6].
Based upon the preceeding definitions, in [19] we have constructed new function
classes suitable for the regularity theory of second order parabolic boundary value
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problems with nonsmooth data, see [20]. Here, we present a version being adequate
for systems of equations with m € N unknowns. In particular, for the modelling
of instationary drift-diffusion problems we are interested in dealing with nonsmooth
capacity-like coefficients a',...,a™ € L*(X), which are supposed to be d-definite
with respect to X and 6 € (0, 1], that means, we assume that

§ <essinfa®(z), esssupa®(z) < forallwe{1,...,m}. (2.3)
zeX zeX

We consider the linear continuous operator € = (&!,..., &™) from [L*(S; H'(X))|™
into [L?(S; H~'(G))]™ being defined componentwise by

(E%, ) = /S/Xaav(s)gp(s) d\"ds, a€{l,...,m}, (2.4)

for ¢ € L*(S; H}(GQ)). For w € [0,n + 2] and every a € {1,...,m} we intro-
duce the SOBOLEV-MORREY space W, (S; H'(X)) as the set of all functions v €
LY(S; HY(X)), such that the weak time derivative (£%v)" of €% € L*(S; H '(Q))
exists and belongs to Ly (S; H 1(G)). We define the norm of v € W, (S; H'(X)) by

||U||%/Vg&(s;H1(X)) = ||U||%‘2“(S;H1(X)) + ||(EU),||%§J(S;H—1(G))>
and consider the following closed subspaces:
WE(S: HYG)) = {v € Wa(S HY(X)) s v € Ly (S: HY(G))),
Wiea (S5 Hy (G)) = {v € Wea (S; Hy (G)) : v(to) = 0}
Finally, as a natural generalization, we set
W (S; HY(X)) = Wa (S H'(X)) x -+ x Wen (S: H (X)),
WE (S5 Hy(G)) = W (S Hy(G)) x -+ x W (S; Hy(G)),
We(S; Ho(G)) = Woea (S: Hg (G)) x -+ x Wegn (S5 Hy (G)),
and equip these spaces with the maximum norm of the components, respectively.
For w = 0 we drop superscripted indices.
Note that for w € (n,n + 2] and 3 = (w — n)/2 the space Wg.(S; H'(X)) is
continuously embedded into the space C%#/2(S; C(X))NC(S; C%¥(X)) of functions,

which are HOLDER continuous is space and time. This embedding is completely
continuous, whenever 0 < 8 < (w —n)/2.

2.2 Formulation of the problem

Let G = X UT be a regular set, U an open subset in [C(S; C(X))]™, A a BANACH
space, and V' an open subset in A. We look for solutions

(u,A) = (u',...,u™ \) € (UNWe(S; HY(X))) x V
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of weakly coupled systems of quasilinear operator equations
(Eu™) + B(AY(u, \),u®) = F*(u, A), «a€{l,...,m}, (2.5)

of order m € N, where A € V' plays the role of a control parameter, which includes,
for instance, inhomogeneities of the problem. The linear continuous operator

€=(&,....&m)  [L(S; HY(X))™ — [L*(S; HH(G)™

was already defined in (2.4) via d-definite leading order coefficients a',... a™ €
L>®(X), see (2.3). The bilinear continuous map

B: L®(S x X;R™™) x L*(S; HY(X)) — L*(S; H (@)
is given by
(B(A,v), ) = /S/XA(S)VU(S) -V(s)d\" ds (2.6)

for ¢ € L*(S; H}(@G)).
Concerning the nonlinearities we suppose that

A* € CH(U x V; L®(S x X;R™™)),
F*e C'(U x V; Ly (S; HH(G)))
are VOLTERRA operators with respect to u, where wy > n is a common MORREY

exponent for all a € {1,...,m}. Note, that for all (u,A) € U x V the linear
continuous operators

22 (u, A) : [C(S; C(X))]™ — L2(S x X;R™™)), (2.9)
Z=(u, A) - [C(S; C(X))™ — Ls°(S; HH(G)), (2.10)

have the VOLTERRA property, too.

2.3 Homogenization and linearization of the problem

Let W be an open subset in Wg°(S; H'(X)) containing regular inhomogeneities we
are interested in, and let Uj, be a neighborhood of 0 in [C(S;C(X))]™ such that
{up +w : up € Uy, w € W} C U. We define nonlinear VOLTERRA operators

A € CH(Up x W x V; L=(S x X;R™™)),
Fp e CH U, x W x V; L (S; HH(G)))
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by setting
AR (up, w, ) = A% (up, + w, N),
Fi(un, w, A) = F(up, + w, A) — B(A* (up, + w, A), w®) — (E*w®),
for (up,w,\) € U, x W x V and a € {1,...,m}. These have the same mapping

properties as A® and F, respectively, where the old control parameter A € V has
to be replaced by the new control parameter (w,\) € W x V. Moreover, if

(up,w, \) € (Uh N Woe(S; H&(G))) x W xV
is a solution to the system
(E%us) + B(AG (up, w, N),uy) = Fy(up,w,N), «a€{l,...,m},

then the pair (u,A) = (u, +w, \) € (UNWe(S; H(X))) x V solves problem (2.5).
Hence, for given inhomogeneities w € W, we can restrict ourselves to look for
homogeneous solutions (u, A) € (U N Woe(S; Hy(G))) x V of problem (2.5).

Besides of the nonlinear operator equation (2.5) we also consider solutions v €
U N Woe(S; H(G)) of its linearization

(€)' + B(A*(ug, Ao), v*)

= 883: (g, Ao) v — B(agf (uo,)\o)v,ug), ae{l,...,m}, (2.11)

at (uo, Ao) € (U N Woe(S; HY(G))) x V. In addition to that, we investigate the
linear operator equations, determining the sequence of NEWTON iterations uyy; €
U N Woe(S; HY (G)) for given uy by

(E%upty 1) + B(A™ (g, Mo), ufty ) + B2 (g, Ao) (whr — wk), uf)

u

= Sm(uk, )\0) + %(uk, )\U)(uk+1 — uk), o € {1, R ,m}. (212)

3 Abstract quasilinear parabolic problems

The following maximal regularity result for linear parabolic boundary value problems
in SOBOLEV-MORREY spaces will serve as the main tool of our considerations. It
generalizes the results [20, Theorem 6.8 and Theorem 7.5] to weakly coupled systems
of linear parabolic equations including nonlocal operators.

Analogously to the notion of §-definiteness with respect to X and § € (0, 1] of
scalar coefficient functions a € L>(X), see (2.3), a matrix valued coefficient function
A€ L*(S x X;R™") is called d-definite with respect to S, X, and ¢ € (0, 1] if

1) ||§’H2 < essinf A(s,x)€-€, esssup A(s, )& < %Hf”27 (3.1)

seS, xeX seS,xeX

holds true for all £ € R™.
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Theorem 3.1. Suppose that S = (to,t;) is an open interval. Further, assume that
N [C(S: C(XN)™ — LS HG)), a€{1,...,m}, (3.2)

are linear continuous VOLTERRA operators having the MORREY exponent wg > n
in common. Further, assume that for all « € {1,...,m} the leading coefficients
a® € L>®(X) and A~ € L>(S x X;R™") are §-definite with respect to S, X, and
0 € (0,1]. Then there exists w € (n,wy] such that for everyw € (n,w) the assignment

v (W) +B(AN V) + N, (E™0™) + B(A™, v™) + N™v) (3.3)
generates a linear isomorphism from Wz (S; Hy (G)) onto [Lg(S; H1(G))]™.

Proof. 1. In view of the maximal regularity result in [20, Theorem 6.8], there exists
some exponent w = w(d, G) € (n,wp| such the linear parabolic operator

v (W) +B(AN VY, . (€M) 4+ B(A™, ™))

is an isomorphism from W% (S; Hy (G)) onto [Lg(S; H1(G))]™ for every w € (n,m).
Due to the completely continuous embedding of W (S; HY(G)) into [C(S; C(X))]™,
see [19, Theorem 6.9], the operator N* maps W¢z(S; H} (G)) completely continuous
into L§(S; H (@) for « € {1,...,m}. Hence, the map defined in (3.3) is a FRED-
HOLM operator of index zero from W% (S; Hy(G)) into [Lg(S; H*(G))]™. For the
assertion of the theorem, it suffices to prove the injectivity of this map.

2. Suppose that v € W(S; Hy(G)) is a solution to the system of homogeneous
initial boundary value problems

(E*) + B(A%v*) + N0 =0, ae{l,...,m}. (3.4)
For fixed t; € S we consider the subinterval S; = (to,t;) of S, the restriction

vy € Wge(S1; Hy(G)) of v to Sp and the restrictions (N“v)|S; € Ly (S1; HH(G)) of
New € Ly (S; HY(@G)) to Si. Due to [20, Remark 6.2] we get estimates
up [[(N0)[S1l Ly 515109 (3.5)

S
1<a<

”U1HW6"8(51§H3(G)) S

where the constant ¢; > 0 may depend on S but not on ¢;. To estimate the right
hand side of (3.5) we arbitrarily choose t] € S with ¢; > t; and some cut-off function
¥ € C*(R) with

0<9<1, ¥(s)=1 forall s<t;, J(s)=0 forallt>1].

The VOLTERRA property of the maps N® : [C(S; C(X))|™ — Lg(S; HY(G)) and
the definition of the norm in L§(S; H1(GQ)) for all a € {1,...,m} yield that

HO\I%)‘SlHL&’(Sl;H‘l(G)) = H(Na(ﬁv))"gl”L‘;(Sl;H—l(G))
< HNa(ﬁv)”Lg’(S;H—l(G’)) < CQHﬁUH[C’(g;C(Y))}m? (36)
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where

¢y = sup {[|IN"w|| 19 (s;1-1(c)) : lwllie@emym <1 a€{l,... ,m}}

is the maximum of the operator norms of N',... , N™. In view of the continuity of
the embedding from W (S; H}(G)) into the HOLDER space [C%F(S; C(X))]™ for
B = (w—mn)/4, see [19, Theorem 3.4, Theorem 6.8], for all s € [t,t]] we get

lv(s)llicaeym < lv(s) — vt)llemym + vt e
< (# — 1)’ |olligos@omym + vllic@Enocym:

and, hence,

1]l c@omym < (1 — t1)5]|v||[co,@(§;0(y))]m + o1 llic@r.om@)m-

Together with (3.6), for all & € {1,...,m} this leads to

[NV)[ St [l g (susrr-1 (e < 2(t; — )P [vllicos@.omym + c2llvillionomm-

Since t7 € S, t7 > t; was arbitrarily fixed at the beginning, we arrive at

H(NO"U)|51||L§’(51;H*1(G)) S CQ‘|U1"[C(§1;C(7))]m for all a € {1, c. ,m}. (37)

To estimate the left hand side of (3.5) we consider the shifted interval S, =
(t1 + to — t¢,t1) which contains S; and has the same length than S, and we define
the zero extension vy € W2 (So; Hy(G)) of vy to Sy by

v(s) ifse S,
vo(s) = :
0 if s € So\Sl.

Using the continuity of the embedding from W (Sy; Hj (G)) into the HOLDER space
[COB(Sy; O(X))]™ for B = (w — n)/4, and the definition of the norms in the corre-
sponding MORREY and HOLDER spaces, the above construction yields

||U1||[CO75(ST;C(Y))W < HUOH[COﬂ(Sio;C(Y))}m < C3||U0||W5J£(SO;H5(G)) < C3||Ul||W5’£(S1;Hé(G))7

where the constant c3 > 0 may depend on S but not on t;. Together with (3.5) and
(3.7) this leads to the key estimate

|’U1|’[CO»6(§;C(Y))}m < C4H711H[C(si;c@))]ma (3.8)

where the constant ¢4 = ¢1coc3 > 0 does not depend on 4.
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3. Because t; € S was arbitrarily fixed at the beginning we may choose
tr =to+ %(ty —to) for ke {1,...,0},
where ¢ € N, / > 1 is large enough to satisfy the condition
2c4(ty — to)? < 1P (3.9)

Furthermore, for k € {1,...,¢} we introduce the intervals Sy = (tx_1,%x) and the
restrictions vy € W (Sy; HY(G)) of v to Sk.

We prove that for every k € {1,...,¢ — 1} from v(tx_1) = 0 it follows that
v(s) = 0 for all s € S;. To do so, we proceed by induction: Starting from k = 1 and
using (3.8), condition (3.9) ensures that for all s € S} we have

[o(s) — v(to) lcym < (s = t0)’ 1 llcos@romnm < 3lvillicEnemym-

Since v(to) = 0 this leads to v(s) = 0 for all s € 5].
Assuming that v(tx_1) = 0 holds true for some k € {1,...,¢ — 1}, we apply (3.8)
and (3.9) to vy € W (Sk; Hy(G)) to get

[o(s) — v(te-1) licarym < (s = tre-1) 1ok llicos @mmemmm < 3llvellicEmemm

for all s € Sy. Therefore, v(t;_,) = 0 yields v(s) = 0 for all s € S
Hence, we have proved, that v = 0 is the unique solution of the homogeneous
problem (3.4) in the space Wz (S; H (G)). Due to Step 1, the proof is finished. [

3.1 Regularity and smooth dependence

We continue our considerations with the existence, uniqueness and regularity of
solutions to the nonlinear problem (2.5) in the neighborhood of a known solution
(uo, M) € (UNWoe(S; Hi(G))) x V. Moreover, we prove that the solution u depends
smoothly on the parameters A of the problem.

Theorem 3.2. Let (ug, o) € (U N Woe(S; Hi(G))) x V be a solution to (2.5) and
suppose that there exists some constant ¢ € (0,1] such that a® € L*®(X) and
A% (ug, o) € L*(S x X;R™™) are e-definite with respect to S and X for all o €
{1,....,m}. Then we find a parameter w € (n,wy| and a neighborhood Uy of ugy in
[C(S; C(X))]™ with Uy C U such that the following holds true:

1. There exists a neighborhood Vi of Ao in A with Vo C V and a solution map
® € CH(Vo; Wi (S5 Hi(G))) such that (u, X) € Uy x Vg is a solution to (2.5) if and
only if w = ®(X\). In particular, for each solution (u,\) € Uy x Vi to (2.5) we get
u e Wi (S5 HY(G)).
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2. If for all « € {1,...,m} the maps

we U % (u,\) € Z([C(S; C(X))]™; Lo(S x X;R™™),

C
uelUm— —(U o) € g([c(? C(X)]™; Ly (S; H™ (G))),

are locally LIPSCHITZ continuous, then for each uy € Uy NW:(S; HY(G)) the equa-
tions (2.12) define a sequence of NEWTON iterations u, € Uy for k € N, k > 2,
which converges to uy in Wi (S; Hy (Q)) for k — oo.

Proof. 1. Let us prove the first assertion. Because of (3.1) there exists some § € (0, 1]
such that a® € L*(X) and A%(u, \) € L>(S x X;R™") are d-definite with respect
to S and X for all u, which are close to uy in [C(S;C(X))]™, all A, which are close
to Ao in A, and all @ € {1,...,m}. Hence, Theorem 3.1 yields that there exist an
exponent w € (n,wp] and neighborhoods Uy of ug in [C(S; C(X))]™ with Uy € U
and Vg of A\g in A with V5 C V such that for all solutions (u,\) € Uy x V, we get
u € Wg(S; Hy(G)), in particular, ug € W (S; Hi(G)). Hence, close to the solution
(uo, o) it is equivalent to look for solutions (u, A) € (U N W:(S; H} (G))) x Vo of
problem (2.5). To do so, we will apply the classical Implicit Function Theorem.
Note that W (S; Hi (G)) is continuously embedded into [C'(.S; C'(X))]™ for w > n.
Therefore, Uy N Wg:(S; Hy (G)) is open in Wz (S; HY (G)). Moreover, since

B L®(S x X;R™™) x LY(S; Hy(Q)) — Ly(S; HHG))
is a bilinear continuous map, see (2.1), (2.2), for every a € {1,...,m} the operator
(u, A) = P*(u, A) = (E%u®) + B(AY(u, A), u®) — F*(u, \)

is a C'-map from (UyNWgz(S; Hi(G))) x Vp into L§(S; HH(G)). Its partial deriva-
tive with respect to u at the solution (ug, Ag) is the linear continuous map from
6z(S; Hy(G)) into L§(S; H™'(G)) given by

%—T(UQ,)\())U = (SO‘UO‘)' —I—B(.AQ(UO,)\()) ) —FB(G‘A (Uo,)\o)v UO) 8;7 (Uo,)\o)’v

for v € W2 (S; Hy (Q)); it corresponds to the linearization (2.11). Applying Theo-
rem 3.1, the derivative

v (8621 (0,5 Ao), - 833: (Uo,/\o))a (3.10)

generates a linear isomorphism from W (S; Hy (G)) onto [Lg (S; H*(G))]™, because
the map N¢ defined by

N = B(%E (ug, Ao) v, uf) — %= (ug, Ao) v for v € [C(S; C(X))]™,
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is a linear continuous VOLTERRA operator from [C(S; C(X))]™ into LY(S; HY(G))
for every av € {1,...,m}, see (2.1), (2.2), (2.6), (2.9) and (2.10). Hence, the Implicit
Function Theorem, see [27, Theorem 4.B], works for the first assertion.

2. Finally, we prove the second assertion of the theorem. Remembering (2.12),
the sequence of NEWTON iterations is defined by

(8auz+l)/ + B(‘Aa(uk’ )‘0)’ UZ_H) + B(%(ukﬁ /\0> Uk+1, ug) - %(ukv )‘0) Uk+1

= B(agf (g, Ao) uk,ug) + F(ug, Ao) — %(uk, Xo)ug, «a€{l,...,m}. (3.11)

Starting the iteration with & = 1 and u; € U N W (S; Hy(G)), the right hand side
of (3.11) belongs to L (S; H~'(G)). Since we have

D2 (1, Ao) 0 = (E%0) + B(A™ (1, Ao), v®) + B (22 (1, o) v, u®) — 222 (u, Ag) v
for all v € Wg(S; H(G)) and o € {1,...,m}, the derivative

v (%_ﬂ;l(u’ )\0)""7%(7@ /\0))7 (312)

is close to the isomorphism defined by (3.10) with respect to the operator norm
in the space 2 (W (S; H} (G)); [Ls (S; H™'(G))]™) and, therefore, an isomorphism
from W (S; Hy(G)) onto [LE(S; H1(G))]™, too, whenever u is sufficiently close to
up in W (S; Hy(G)). Hence, if uy is sufficiently close to ug in W (S; Hy(G)), then
the new iteration uy is uniquely defined by (3.11), belongs to W% (S; Hy (G)) and
is close to ug in W (S; Hi (G)). Now, the classical NEWTON iteration procedure,
see [27, Proposition 5.1], works for problem (2.5), since the norm of the map (3.12)
in & (Wgi(S; Hy(G)); [L5(S; H1(G))]™) depends even LIPSCHITZ continuously on
u in a neighborhood of ug in W% (S; Hy (GQ)). O

3.2 Local existence and uniqueness

One cannot expect that solutions (u,A) € (U N Woe(S; HY(G))) x V to prob-
lem (2.5) exist on arbitrarily long time intervals S = (to,t;) without imposing
further structural or growth conditions on the nonlinear operators A® and F*. Set-
ting U, = {u|S; : u € U}, our next assertion deals with the fact, that in the case
(0,\) € U x V we can always find a solution (u-,\) € (U, N Woe(Sr-; Hi(G))) x V
to the problem

(E2u) + B, (A2 (ur, A), 1) = F2(ur, A), a€{l,...,m}, (3.13)

» T

restricted to the subinterval S; = (to,to+7) of S, whenever we choose 7 € (0, t; —to]
small enough. For a € {1,...,m} and leading order coefficients a® € L*>°(X) and
A% € L*(S; x X;R™™), the linear continuous operator

€v: L*(S,;; HY(X)) — L*(S,; HY(@))
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as well as the bilinear continuous map
B, : L=(S, x X;R™™) x L*(S,; HY(X)) — L*(S;; H1(G))

are defined analogously to (2.4) and (2.6). Furthermore, using the VOLTERRA prop-
erty of A and F* with respect to u, both the nonlinear operators

A2 € CH(U; x V; L®(S, x X;R™™)),
F2 e CY(U, x V; Ly (S;; HH(G))),
are uniquely defined by the identities
A2 (u] Sy, A) = A%u, A)|S7,  F2(u] Sy, A) = F*(u, N)|S;,

for (u,\) e U x V and a € {1,...,m}.
Theorem 3.3. Assume that (0, \) belongs to U x V', and let € € (0,1] be a constant
such that a® € L>®(X) and A*(0,\) € L>=(S x X;R"*™) are e-definite with respect
to S and X for all v € {1,...,m}.

Then we find a parameter w € (n,wp] and some T € (0,t, — to] such that there

exists a solution (ur, \) € (U N Wi (Sy; HY(G))) x V to (3.13) on the subinterval
Sy = (to,to + 1) of S.

Proof. 1. Because F%(0,\) € Ly°(S; H'(G)) holds true for every a € {1,...,m},
the maximal regularity result in [20, Theorem 6.8] yields some @ = w(e, G) € (n,w|
such that the solution w € Wye(S; Hy(G)) of the linear auxiliary problem

(E4w®) + B(AY(0, \),w®) = F(0,)), a€{l,...,m}, (3.14)

belongs to W (S; Hy (Q)).

2. We choose two neighborhoods Uy and Vj of 0 in [C(S; C(X))]™ such that the
inclusion {u + v : (u,v) € Uy x V3 } C U holds true. Now, we look for solutions
(u,v) € (U N Woe(S; HY(G))) x Vi of the nonlinear auxiliary problem

(Eu™) + B(AS(u,v),u) = FY(u,v), ae€{l,...,m}, (3.15)

where the VOLTERRA operators A € C(Uy x Vy; L®(S x X;R™™)) and F§ €
CH(Uy x Vs L§(S; HH(G))) are defined by

AS(u,v) = A%(u+ v, \), (3.16)
F(u,v) = (F*(u+v,A) = F40,)) — B(A*(u+v,A) —A%(0, ), w*), (3.17)

) € Uy xVy and a € {1,...,m}. Because of A(0,0) = A*(0,\) and

for (u,v
F¢(0,0) = 0, the pair (u,v) = (0,0) € Uy x Vj is a solution of (3.15).
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In view of Theorem 3.2 we find a parameter w € (n,w|, two neighborhoods Uy
and Vj of 0 in [C(S; C(X))]™ with Uy x Vi C Uy x V) and a solution map ® €
C (Vo; Wz (S; Hy(G))) such that (u,v) € Uy x Vg is a solution of (3.15) if and
only if v = ®(v). In particular, for each solution (u,v) € Uy x V; of (3.15) we get
u € Wih(S; HA(G)).

3. Next, we make use of the fact that the solution w € W% (S; H} (G)) of (3.14)
is small in the norm of [C(S;; C(X))]™ on subintervals S; = (¢, to + t) of S, when-
ever t € (0,t; — to] is small enough: Indeed, due to the continuous embedding of
W(S; Hi(G)) into [C%P(S; C(X))]™, see [19, Theorem 3.4, Theorem 6.8], for all
t € (0,t; —to) and s € S; we get

[w(s) —w(to)llcmym < (s — t0>ﬁHwH[COv@(§;C(Y))]m < CltﬂHwHW&(S;Hg(G)),

where 3 = (w — n)/4 and the constant ¢; > 0 does not depend on 7 > 0. Since
w(ty) = 0 holds true, we can find some 7, t € (0,t; — o] with 7 < ¢ and a cut-off
function ¥ € C*°(R) with

0<9<1, ¥(s)=1 foralls<ty+7, J(s)=0 foralls>ty+t,

such that v = Yw € [C(S;C(X))]™ belongs to V. Now, we apply the result of
Step 2 to get a solution (u,v) € Uy x Vj of (3.15) with u = ®(v) € Wie(S; Hy (Q)).
Because w € W (S; H}(G)) solves problem (3.14), by (3.16) and (3.17) we arrive
at the identity

(E*(u® +w®)) + BA(u+v,\),u* + w*) =F*(u+v,\), ae{l,...,m}

Note, that u, = (u + v)[S; = (u + w)|S; belongs to W (S-; H3(G)). Hence, re-
stricting the functionals on both sides of the last identity to the subinterval S, the
VOLTERRA property of the maps €%, A%, B, F* and the definition of their restric-
tions €%, A, B, F* to S, yield the fact, that (u,, \) € (UT NWge (S H&(G))) xV
is a solution of problem (3.13). O

3.3 Additional temporal regularity

In this subsection we formulate assumptions on the nonlinearities (2.7) and (2.8),
which ensure an additional temporal regularity of solutions to (2.5). To do so, we
consider C*-isotopies T': ¥ x S — S, where ¥ = (—0y,01) and S = (to,t;) are open
intervals. Introducing the notation

T,(t)=T(o,t) forccXandtcS,
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we assume that both the families {7, },ex and {7, '},cx of monotone diffeomor-
phisms from S onto itself have uniformly bounded derivatives of arbitrary order.
Moreover, we suppose that Ty : S — S is the identity.

In the following, for ¢ € ¥ we consider maps, which assign functions w : S — H
with values in a HILBERT space H to its temporal transformation

te S — w(T,(t)) € H.

As a simple consequence of the change of variables formula and the uniform prop-
erties of the above families, these maps generate linear isomorphisms

T from L*(S; L*(X)) onto itself, T from L?(S; L*(T)) onto itself,
T, from L*(S; Hy(Q)) onto itself, M, from L*(S; L*(X;R™"™)) onto itself,

as well as their adjoint operators,

T¢ from L*(S; L*(X)) onto itself, T from L*(S; L*(T)) onto itself,
T from L?(S; H'(G)) onto itself, ~ M from L*(S; L*(X;R™™)) onto itself.

Obviously, T2 maps C(S; C(X)) isomorphically onto itself. Moreover, we get

Lemma 3.4. For w € [0,n+ 2], > € [0,n+ 1], and o € X the following holds true:

1. T2 and T map LY (S; L*(X)) isomorphically onto itself.

2. T and T map L (S; L*(T)) isomorphically onto itself.

3. T, maps LY (S; HY(G)) isomorphically onto itself.

4. T7 maps Ly (S; H1(G)) isomorphically onto itself.

5. Let & € Z(L*(S; HY(X)); L*(S; HY(G))) be defined as in (2.4). Then, T,
maps Wg.(S; Hy (G)) isomorphically onto itself, and for all w € Wg.(S; HY(G)) we
have the identity

T7(E4T,w)" = (E%w)'. (3.18)

6. M, and M7 map L>®(S x X;R" ™) isomorphically onto itself. Furthermore,
we get the transformation rule
T B(A, Tow) = B(M7A, w) (3.19)
for all A € L=(S x X;R™™) and w € L (S; H} (Q)).

Proof. Suppose that L > 1 is a LIPSCHITZ constant for both the transformations
T, and T, . Since the map T, and its inverse 7, ! have the same differential and
topological properties, for the above isomorphism results it is enough to prove the
continuity of the operator under consideration or the continuity of its inverse.
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For the proof of the desired results in MORREY spaces we arbitrarily fix some
radius r > 0 and corresponding subsets

STE{Sﬂ(t—TQ,t)ItES}, XTG{XﬂQr(x):xGX},
I, e{lNQ(z):zel}, G, € {GNQ.(z) :z € G}.

Setting § = Lr we can always choose suitable intersections

Sse{SN(t—81):teS}, X;e{XNQs(x): ze X},
I's € {FﬂQg(x):xEF}, G(;G{GﬂQg(x):xGG},

with S, C T,[Ss], X, € X5, I, C Ts, and G, C Gs. In the following we only
derive the essential estimates on these intersections. As usual, the final step to get
estimates in MORREY spaces consists of multiplying both sides of the inequality
under consideration with radial weights and of taking the suprema over all these
radii and intersections on both sides of the inequality.

1. By a change of variables for u € L% (S; L*(X)) and v € L¥(S; L*(T")) we get

/ / s))|* dx ds < L/ lu(t)|* dA"™ dt,
” Ss J Xs

/ o(T;7Y(5))|* dAr ds < L/ w(t)[ dAr dt,
S JTy Ts

Ss

which yields the continuity of the map (T2)~! from L%(S; L*(X)) into itself and of
the map (TL)~! from L¥(S; L*(T)) into itself.

2. For uw € L(S; L*(X)) and ¢ € L?(S; L*(X)), which satisfy ¢|(S\ S,) = 0 and
©(s)[(X \ X)) =0 for almost all s € S, we obtain

//T‘I" dA"ds—// (Tqu) s) d\" ds
/ / t)d\" dt = /S 6 /X 6u(t) (T20)(t) d\™ dt,

which leads to the estimate

| [ 1@saeravas<ige [ [ o aeas
Sy J X, Ss J Xs

where || T?|| is the norm of the operator T mapping L?(S; L?(X)) into itself. Con-
sequently, J9 is a linear continuous operator from Lg(S; L?(X)) into itself.
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For all u € L¥(S; L*(T)) and ¢ € L*(S;L*(I")) satisfying ¢[(S \ S,) = 0 and
o(s)[(T'\ ;) = 0 for almost all s € S, we have

// (TEu)(s d)\pdS—//‘TFu s)dAr ds
/ / TE0)(t) dAr dt = / / t) dAr dt,
Ss JI's

which leads to the estimate

| [ @mefasds <13t [ [ jutor aveas
Sy JIy Ss JTs

where ||TL|| is the norm of the operator J% mapping L?(.S; L*(T')) into itself. Hence,
T is a linear continuous operator from LF(S; L*(T")) into itself.
3. Due to a change of variables for all u € L (S; H}(G)) we obtain

/ / Vu(T; ()| dN™ ds < L/ [V u(t)|? dA™ dt.
r r Ss JGs

Together with Step 1 this proves the continuity of 7! from L4 (S; H(G)) into itself.
4. For all f € LY(S; HY(G)) and v € L*(S,; H}(G,)) the properties of the zero
extension map Zg ¢ and the localization operators ensure that the identity

/ (L6, T 1)), () s ds = / (T71)(5), (s,60)(3)) i ds
Sy S
- / (0, (T2 s )y de = | (Bsseul) O (Rey0,ToZs0))myc i

Ss

holds true, which yields the estimate

/ 185,677 D) sy d5 < [T, / (L5500 F) ()2
5

where ||T, || is the norm of the operator T, mapping L*(S; H}(G)) into itself. Hence,
J7 is a linear continuous operator from L% (S; H(G)) into itself.

5. If u = T,w € Wg(S; HY(G)), then w = T 'u belongs to Ly (S; Hy(G)) due to
Step 3. Furthermore, for all ¥ € C§°(S) and ¢ € HJ(G) we have

/<at (E*Tw)(t), (V) (15 /< (&*w ), 22(T ()0 (o
- _/9<(8aw)<5)’%(8)¢> ds.
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Hence, Step 4 yields the identity (E%w) = T°(£*T,w)" € Ly (S; H'(G)) and, there-
fore, w € Wg.(S; Hy(G)) with a corresponding norm estimate. If, additionally, we
have u(tp) = 0, this implies w(ty) = 0.

6. Clearly, the operator M, maps L>®(S x X; R™") into itself. Using a change of
variables, for matrix functions A € L>(S x X;R™") and B € C(S x X;R™")) we
obtain the estimate

// (Mo B) d\" di < [|Allo [[(MoB)|ly < L [[Alloo || Bll1;

Here we have denoted by || A/~ and ||B]|; the norms of A and B in L*>®(S x X; R"*")
and L'(S x X;R"™"), respectively. A density argument shows that M7 is a linear
continuous operator from L>®(S x X;R"™*") into itself.

7. By definition for all A € L>®(S x X;R™"), w € Ly(S; H}(G)), ¥ € C5°(S) and
v € C°(G) we get the identity

(B(A, T,w), T,(dv)) = // A M,(Vw @ V(Iv))d\" dt
= / / (M7A) : (Vw ®@ V(9v)) d\"ds = (B(M7 A, w), Jv).

Using a density argument, we see that (3.19) holds true. [

Theorem 3.5. Let (u,\) € (U N Woe(S; HY(G))) x V be a solution to (2.5) and

assume that there exists a constant € € (0,1] such that a® € L*(X) and A*(u, \) €

L>®(S x X;R™™) are e-finite with respect to S and X for all « € {1,...,m}.
Moreover, let W be some neighborhood of u in [C(S; C(X))]™ such that

(‘J'gwl,...,‘J'gwm) ceU forallweW ando e,

and suppose that the nonlinear VOLTERRA operators, defined by

AS(w, o) = MIAX(Tow?, ..., T0w™ \), (3.20)

T (w, o) = T°F(Tow?, ..., To0w™, N), (3.21)

for (w,0) € W x X and o € {1,...,m}, are continuously differentiable in the sense
AS € CH(W x X5 L°(S x X;R™™)), (3.22)

Fy e CH(W x S Ly (S; HH(G))). (3.23)

Then, we can find a parameter w € (n,wy| such that both the solution u and the

time derivative of the weighted solution 3 (0) u belongs to W (S; Hy(G)).
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Proof. 1. Because the temporal transformations 7T, are close to identity for small
o € X, from u € W it follows that there exists a neighborhood X; of 0 in R with
Y1 C %, such that the temporally transformed function satisfies

w= (T, ', ..., T ™) € WNWoe(S; Hy(G))  for every o € 3.
If we apply the adjoint operator T to the functionals on both sides of
(E%u™) + B(A*(u, \),u®) = F*(u, \), «a€{l,...,m},

then, following Lemma 3.4 and the transformation rules (3.18) and (3.19), for all
o€dyand a € {1,...,m} we get

(E*w™) + B(MIAX(T,w', ..., Tow™, \), w®)
= T7(&%%™) + T B(A*(u, \), u®) = T7F*(u, \) = T7F*(T,w', ..., T,w™ N).

Hence, the pair (w,0) € (W N Woe(S; H)(G))) x X solves the transformed problem
(E*w™) + B(AS(w,0),w") = Fs(w,0), a€c{l,...,m}. (3.24)

Note, that the pair (w, o) = (u, 0) is a solution of both the problems (2.5) and (3.24).
In view of (3.22) and (3.23) we can apply Theorem 3.2 to find some MORREY
exponent w € (n,wp] and a neighborhood Wy of u in [C(S; C(X))]™ with Wy, ¢ W
such that the following holds true: There exists a neighborhood ¥y of 0 in R with
3o C ¥y and a solution map ® € C*(So; Wz (S; Hy(G))) such that (w,0) € Wox 5o
is a solution to (3.24) if and only if w = ®(o). Because of the above construction
this yields ®(0) = (T, !, ..., T u™) for all o € 5.

2. To prove the temporal regularity of the solution we calculate the derivative

82(0) € Wg(S; Hy(G)): For every a € {1,...,m}, 0 € %, ¥ € C§°(S) and

¢ € H}(G) we obtain

= S(U“(T; H(s)|gp) O(s) ds = / (u(t)|@) Z (T, ()2 (0, 1)) dt

S
= [ @) GUTA) 0 0% 00) + HT ) 25 .0)

and, furthermore,

/S (u(0)|i0) 22 (T, (1)) 2L (0, 1) 2L (o, ) dt = / (u(T5 () 2 (0, T () |i0) 22(s) ds.

Specifying o = 0, from both identities it follows that

/S(g—f(o,w—u(t)%g—g(o,t)}@) ﬁ(t)dt:/s(u(t)g—Z(O,t)Lp)%(t)dt
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for all ¥ € C5°(S) and ¢ € H(G), in other words,
5 (52 (0)u) = u Z52(0) = 52(0) € WEe(S; Hy (G)), (3.25)
which finishes the proof. m

Example 3.6. Let S = (to,?;) be a bounded open time interval and fix o; > 0 such
that 204(t; — tp) < 1. Given an open interval ¥ = (—oy,01) of parameters, we
consider the polynomial 7' : ¥ x S — R and the corresponding family of temporal
transformations 7, : S — R defined by

T,(t)=T(o,t) =t+o(t—to)(ty —t) forc€XandteS. (3.26)
Since we have the uniform estimate
Lot)=1+0((ti—t)—(t—tg)) € (3,3) foralloc€eTandte S,

every transformation 7, is a monotone diffeomorphism from S onto itself and all
derivatives of the families {T,},ex; and {7, '},cs are uniformly bounded. Obvi-
ously, Ty is the identity. Further partial derivatives being of interest with respect to
Theorem 3.5 and (3.25) are given by

Loty =(t—to)(t1 — 1), 2Z(o,t)=(t1—t)—(t—1y) forceT andteS.

Note, that the function ¢ — g—f(a, t) degenerates at the endpoints of the interval S.
Nevertheless, on compact subintervals of S this function is uniformly bounded from

below and from above by positive constants.

Corollary 3.7. Let (u, \) € (UNWye(S; Hy(G))) x V be a solution of problem (2.5).
Suppose that the assumptions of Theorem 3.5 are satisfied with respect to the family
{T,}sex given by (3.26).
Then, there exists an exponent w € (n,wy| such that the solution u as well as
the time derivative of the weighted solution t — (t — to)(t1 — t)u(t) belongs to
&:(S; Hy(G)). In particular, on compact subintervals I of S the time derivative of
the restricted solution u|l € Wg(I; Hy(G)) is an element of Wg(I; Hy(G)), too.

4 Examples of nonlinear operators

In this section we indicate some classes of nonlinear operators, which are candidates
for the leading order coefficient maps A® and the right hand sides F* occuring in
the operator equations in Sections 2 and 3.
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4.1 Leading order coefficients

In place of the maps A® and A of Section 3 we consider superposition operators

Alu, N)(t, x)
Clu, A, 0)(t, x)

A(t,x,u(t, z), ) for almost all (t,z) € S x X. (4.1)
A(T,(t),z,u(t,x),\) for almost all (¢,z) € S x X. (4.2)

Here, A: Sx X xQxV — Ris the function, generating the superposition operators,
() is an open subset in R™, and V is an open subset of the BANACH space A.
Introduced in Section 3, we consider the family of diffeomorphisms 7, : S — S with
uniform properties with respect to 0 € ¥ = (—o0y,01). In view of applications to
parabolic systems we will consider vector valued functions u : S x X — R™.

We define U as the subset of all u € [C(S;C(X))]™, for which we can find a
compact set F' C Q such that u(t,x) € F for all (t,2) € S x X. Obviously, U is
open in [C(S; C(X))]™. Next, we state conditions on the function A, which ensure
that A € CH(U x V;L®(S x X)) and € € CH(U x V x %; L=(S x X)):

Theorem 4.1. Let us formulate the following C'-CARATHEODORY conditions on A:
(C1) (&,X) — A(t,x,&,N) belongs to CH (2 x V) for almost all (t,z) € S x X, and

(t,x) — %(t, z,&,\) and (t,x) — 2 (t,x,&,\) are measurable for all (€,)) € Qx V.
(C2) For all A € V' and compact sets F' C ) there exists a o > 0 such that

|5 (2, 60| + || Gt 2,6, 0)

for almost all (t,z) € S x X and all £ € F'.
(C3) For all A € V, compact sets F C Q and € > 0 there exists a 6 > 0 such that

AT EN)] <o

%(t>$a€7 )\) - %(tﬂ'ﬂ%ﬂﬂ + H%(taxagv)\) - %(t7$7naﬂ)| A*
+ ‘A<tax7§7)‘) - A(tw’tﬂ?;,u)‘ < g,

for almost all (t,x) € Sx X and all§ € F, (n, 1) € F XV with |[E—n|+[|A—p|ls < 0.
(C4) For all X € V and compact sets F' C Q) there exists an L > 0 such that

%(t7x7€7 >‘) - %<t7x77]7 >\)| < L‘f - 77’7

for almost all (t,x) € S x X and all§, n € F.

(C5) t — A(t,z,&, N belongs to CL(S) for almost allx € X and all (§,\) € QxV,
and x — 22(t,z,€, \) is measurable for allt € S and (§,\) € A x V.

(C6) For all X € V and compact sets F' C ) there exists a 0 > 0 such that

|24t 2,6, N)| < o

for almost all x € X, allt € S and £ € F.
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(C7) For all X € V', compact sets F' C Q and € > 0 there exists a § > 0 such that

Gt x,6,0) — ag(sngHI (t,2,6,0) = G5 (s,2,m, p) || .
“Mta:g)\) (sxnu‘+|Atx§>\) (s,:c,'r],u)|<€

for almost all v € X, all s, t € S and all € € F, (n,p) € F x V, which satisfy the
conditions |s —t| < 0 and | —n| + ||A — plla < 0.

1. If conditions (C1), (C2), and (C3) are satisfied, then the operator A defined
by (4.1) belongs to C*(U x V; L>(S x X)). Moreover, we have

BA(u, ) (t,x) = Z(t, 2, u(t, x), N) v(t, z) 4.3a
(G5 (u, ) p) (8, 2) = GR(t, @, u(t, @), ) o, (4.3b)

for almost all (t,r) € S x X, all (u,\) € U x V, v € [C(S;C(X))]™, and pu € A.

2. If, additionally, (C4) holds true, then u +— %2(u,\) is locally LIPSCHITZ
continuous from U into £ ([C(S; C(X))]™; L=(S x X)) for all A€ V.

3. If conditions (C1), (C2), (C3), and (C5), (C6), (C7) are satisfied, then the

operator € defined by (4.2) belongs to C*(U x V x X; L®(S x X)), and we get

(%&(u, N\, 0)v)(t,z) = %(Tg(t),x,u(t,x), N o(t, ), (4.4a)
(a—f(u, A, 0) ,u) (t,z) = %( o(t), z u(t,x), N p, (4.4b)
%(u, N o)(t,x) = %—‘g(TU(t),x,u(t,x), A) gZ(U t), (4.4c)

for almost all (t,z) € S x X and all (u,\,0) € U xV x X, v e [C(S;C(X))]™, and
e A.

Proof. For the sake of simplicity let us denote by || ||¢ the norm in [C(S; C(X))]™.
1. From the definition of the set U and from conditions (C1) and (C2) it follows
that A maps U x V into L>(S x X).
In order to prove (4.3a) we fix a pair (u, A) € UxV and € > 0. Again, the definition
of U and conditions (C1) and (C2) yield that the operator, which assigns v to

(t,z) — %(t,x,u(t,x),)\) v(t, x),

is a linear continuous map from [C(S;C(X))]™ in to L>®(S x X). Since U is an
open subset of [C'(S; C(X))]™, we can choose a compact set F' C Q and some § > 0
such that for all v € [C(S;C(X))]™ with ||v]|c < § we have both u(t,z) € F and
(u+wv)(t,z) € F for almost all (t,z) € S x X. Taking § small enough we can assume
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that this ¢ corresponds to A, F' and ¢ with respect to condition (C3). Hence, for all
v € [C(S;C(X))]™ with ||v]|¢ < 6 and almost all (t,z) € S x X we obtain

|A(t, , (u+v)(t, :c) A) — Atz u(t, z), \) — %(t,x,u(t,x),/\) v(t, )|
‘ fo ( (u+Tv)(t,x),\) — %—’g(t,x,u(t,x), )\)) dr v(t,x)} <e|lvle,

which proves (4.3a) and the differentiability of A in U x V' with respect to .

To show that (4.3b) holds true, we fix a pair (u,\) € U x V and ¢ > 0. From
the definition of the set U and from conditions (C1) and (C2) it follows that the
operator, which assigns u to

(t,2) = Gr(t, 2, ult,2),A) o,

is a linear continuous map from A into L>*(S x X). We choose F' C Q such that
u(t,z) € F for almost all (t,z) € S x X. Additionally, we take § > 0 small enough
such that A + p € V holds true for all u € A with [|u]|a < 6 and we suppose that
this ¢ is suitable for A, F' and ¢ > 0 from condition (C3). Then, for all © € A with
llpe|la < 6 and almost all (¢,z) € S x X we get

|A(t, z, u(t, @), A+ p) — A(t, @, u(t, x), A) — Gt 2, u(t,z), \) p|
2 (B2t A4 7) — 880l ) ] < <l

which leads to (4.3b) and the differentiability of A in U x V' with respect to .

2. In order to prove that aﬁ and aA are continuous maps, we fix a pair (u, \) €
U x V and some ¢ > 0. Because U is open in [C(S;C(X))]™, we can find a compact
set F© C Q and some & > 0 such that for all v € [C(S; C(X))]™ with ||v]|c < J we have
both u(t,z) € F and (u 4+ v)(t,x) € F for almost all (¢,z) € S x X. Taking 0 small
enough we ensure that this ¢ corresponds to A, F' and € with respect to condition
(C3) and that A + p € V holds true for all 4 € A with ||u||x < §. Hence, for all

€ [C(S;C(X))™ and p € A with [[v]lc + [|ul|a <, for all ¢ € [C(S;C(X))]™ and
X € A and almost all (¢,2) € S x X, condition (C3) yields

(%2 (u -+, )\—i—u) — 2 (u,\) p)(t,2)|
‘( u+v)( )7)‘+:U“)_%(t’x7u(tvx)’/\)) 90<t7x){ S5“90”07
and

‘(%‘(u+v,)\+,u) —M(u A) )(t,x}!
‘( u—i—v)( 7x)7)‘+ﬂ) - %(tﬂ‘%u(t?I)?/\)) X‘ S 5||XHA7
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in other words, ‘M and BA are continuous on U x V.

3. Next, we show that U — g—A is locally LIPSCHITZ continuous, whenever all the

conditions (C1), (C2), (C3), and (C4) are satisfied. To do so, we fix (u,\) € U x V,
and, again, we choose a compact set F' C ) and some § > 0 such that for all

€ [C(S; C(X))]™ with |[v]|¢ < & we have both u(t, ) € F and (u+wv)(t,z) € F for
almost all (t,x) € S x X. Let L > 0 be the LIPSCHITZ constant, which corresponds
to A and F in condition (C4). Then, for all v € [C(S; C(X))]™ with ||v|c < 4, for
all ¢ € [C(S;C(X))]™ and almost all (t,7) € S x X, we arrive at

‘(g—f(uij,)\)gp— %(u, A) gp)(t,x)‘
= |<%(t,l‘, (u+v>(t7x)7)‘) - %—?(t,x,u(t,x),)\)) (p(t,$)| < LHUHCHQPHCH

which leads to the local LIPSCHITZ continuity of u — 24 (u, \).

4. Analogously to Step 1, we can use the definition of the set U and conditions
(C1), (C2), (C3), (C5), (C6), and (C7) to show that € maps U x V x A into
L*>(S x X), that @ is differentiable with respect to v and A in U x V' x ¥, and
that (4.4a) and (4.4b) are the corresponding derivatives.

5. To prove the remaining assertions, we make use of the uniform properties of
the family of temporal transformations: We take M > 0 such that |9L(0,t)| < M
forall t € S and o € X.

In order to show that % and % are continuous operators, we fix a triple (u, A, o) €
UxV x¥and e > 0. Since U is an open subset of [C(S;C(X))]™, there exists
a compact set F C Q and some § > 0 such that for all v € [C(S;C(X))]™ with
|v]|c < 0 we have both u(t, ) € F and (u+v)(t,z) € F for almost all (¢,z) € Sx X.
We choose ¢ small enough such that it corresponds to A, F' and € with respect to
condition (C7) and that A+ € V and 0 + k € ¥ hold true for all p € A with
[plla < 6 and all £ € R with |s] < L. Consequently, for all v € [C(S;C(X))]™,
€ A, and k € R with [[v|lc + ||u]ja < 6 and |x| < <&, for all p € [C(S;C(X))]™
and y € A, and almost all (t,z) € S x X, we obtam

E(u+v, A+ p,0+k) @ —%(u o) )(t,:c)‘
(G (Toru(t), a, (w+0)(t, 2), A+ p) = G2 (T, (1), 2, u(t, ), N)) ¢(t, )| < ellplle,

‘(g—f(u—l—v,)\—%u,a—ﬂﬁ)x (u, o) )(t,x)|
= %(To-_pn(t),l’,(U‘I"U)(t,ﬂ?),)\—{—/ul,)x— %(Tg(t) X U(t 1’ X‘ < €||X||Aa

which means, 2¢ and 8—§ are continuous on U x V.

ou
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6. For the proof of (4.4c) we fix a triple (u, A\,0) € U x V x ¥ and € > 0. Because

of conditions (C1), (C2), (C5), and (C6) the function
(t,2) = DT (1), 2, u(t,2), ) 2L (o),

belongs to L>*(S x X). We choose a compact set F' C € such that u(t,z) € F for
almost all (¢,x) € S x X and some bound p > 0 corresponding to A and F' with
respect to (C6). Furthermore, we can find some 6 > 0 such that for all K € R
with k| < 2 we have both o + x € ¥ and |T,,.(t) — T,(t) — Z(0,t)k| < elx].
Simultaneously, we take 6 small enough such it corresponds to A, F' and ¢ from
condition (C7). For all £ € F and x € R with || < 2 and almost all (t,2) € S x X
this leads to

A(Tysn(t), 2,6, N) — A(T, (1), 2,6, ) — LT, (1), 2, &, X) S (0, 1)k
= [L (1 = )T, () + 1Ty (1), 2,6, N) d7 (Typu(t) — Ty (t) — 2L (0, t)k)
+ fol (%_1:((1 - T)Ta(t) + TTJ+n<t)7x7€7)‘) - g( U(t)7x7€’ )‘)) dr %(Ua t)/{a

which yields

|A(Ty1s(t), 2, u(t, 2), \) — AT, (), z, u(t, z),\) — Z2(T,(t), z, u(t,z),\) (0, 1)K

< (0+ M)e|k| for all k € R with |x| < 2 and almost all (¢,z) € S x X.

This proves (4.4c) and the differentiability of Cin U x V x X with respect to o.

7. Finally, we show that 2 —a is continuous: We fix a triple (u,A\,0) € U x V x %
and some £ > 0. Because U is open in [C(S;C(X))]™, we can find a compact set
F C Q and some § > 0 such that for all v € [C(S; C(X))]™ with |Jv||c < § we have
u(t,z) € F and (u+ v)(t,z) € F for almost all (t,z) € S x X. In view of (C6) we
take some bound g > 0 depending on A and F', and we choose § small enough such
that it corresponds to A, F' and e with respect to condition (C7), that A\ + p € V|
o+r€Xand |5 (o +k,t) — GE(0,t)| < e hold true for all u € A with [[ufx < 4 all
rk € R with || < £, and all t € S. Consequently, for all v € [C(S; C(X))]™, p € A,
and k € R with |[v[|c + [|ul[a < § and |x| < £, and almost all (¢,z) € S x X, we get

(57

IN §1%

(u—l—v A0+ K) — gs(u A a))(t,x){
| (55 (Torn(t), 2, (w+0) (), A+ 1) = GH(To(1), 2, u(t,x), ) Go (0 + K, 1)
+ |G (T (1), 2, ult, 2), N (GE (0 + k,t) = §E(o, 1)) | < (M + o),

(o

which finishes the proof. Il



28 J. A. GRIEPENTROG and L. RECKE

4.2 Right hand sides

In this subsection we consider operators ¥ € C*'(U x V; L§(S; H*(G))), which are
candidates for the right hand sides F* of problem (2.5). Please, remember that the
notation G = X UT indicates the decomposition of the regular set G C R" into its
interior X C R" and its NEUMANN boundary part I' C 0G.

Theorem 4.2. If w € [0,n + 2] and

L e CH(U x V; Ly (S; LA (X)),
90 € C'(U x V; Ly *(S; L*(X))),
G e CY(U x V; Ly~ 1(S; L*(I))),

are VOLTERRA operators for ¢ € {1,...,n}, then the following statements hold true:
1. The map F, defined by

Flu, N, ) = / /X de(u,A)(s)%(s)d)\”ds

//Sou)\ )dA”der//gFuA() (s)dA\rds (4.5)

for (u,\) € U xV and ¢ € L*(S; H}(Q)), belongs to C*(U x V; Ly (S; H(Q)))
and admits the VOLTERRA property.
2. If, for certain A € V and all € € {1,...,n} the maps

uwelUwr— a—?f( ) € Z([C(S; C(X)]™; Ly (S; L*(X))), (4.6a)
we U B(u,\) € 2([0(S; C(X)™ Ly~2(S; LA(X))), (4.6b)
we U %5 (u,\) € 2(IC(S; C(XN]™ L5~ (8; L(T))), (4.6¢)

are locally LIPSCHITZ continuous, then the operator
ueUw— P(u,\) e Z([C(S;C(X))™ Ly (S; H(G))), (4.7)

15 also locally LIPSCHITZ continuous.

3. Let W be an open set in [C(S;C(X))|™ such that (Tow',...,Tow™) € U
holds true for every w € W and o € X, and assume that for some A € V and all
te{l,...,n} the assignments

(U), U) = ngg(g‘gwla SR 7‘ngm7 )‘)7 (483)
(w, o) — TIGY(Tow?, ..., Tow™, N), (4.8b)
(w, ) — TEGH (T0w!, ..., Tow™ N), (4.8¢)
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generate continuously differentiable operators

g € CH(W x S5 Ly (S; L*(X))),

S € CH (W x 5 Ly2(S; L*(X))),

G\ € C'(W x =y Ly~'(S; L*(T))),
respectively. Then the map (w,o) — TF(Tow!, ... TOw™ N\) defines a VOLTERRA
operator F, € C*(W x £; L (S; H1(@Q))).

Proof. 1. Due to (2.1), (2.2) the assignment (g, go, 9r) — V(9, 90, gr), defined by

(¥(g, 90, gr); // s) d\" ds
//90 d)\”ds—l—//gp s)dAr ds (4.9)

for ¢ € L?(S; H}(G)), generates a linear continuous operator
U [L5(S5 LX) x Ls72(S; L*(X) x Ls™1(S; L*(T)) — Ly(S; HH(G)),
and its norm depends on n and G, only. Since (4.5) holds true, we obtain
Flu,N) =U(5" (w, A), ..., §"(u, A),G%u, A), " (u, \))  for all (u,\) €U x V.

Hence, as a superposition of continuously differentiable operators, the map F be-
longs to C*(U x V;Lg(S; H Y(G))). Moreover, for all (u,\) € U x V and v €
[C(S; C(X))]™ we get identity

O, N v =W (% (u, N v,y B (u, A) v, §0(u, ), G (u, )
+ U (G (u, N), ..., G (u, N), 9u(u A) v, G5 (u, \))
F (G A), -y Gy N), GO, N, 25 (u, A) ). (4.10)

2. For ¢ € {1,...,n} the maps u %—?f(u, A), U aaiu(u, A), and u — %%(u, A)
are locally LIPSCHITZ continuous in the sense of (4.6) by assumption. Applying the
mean value theorem, the maps u +— G(u, \), u — G°%(u, \), and u — G'(u, \) are
locally L1PSCHITZ continuous in the sense of (4.6), too. Now, it is an easy conse-
quence of (4.10) that the operator u — %% (u, \) given by (4.7) is locally LIPSCHITZ
continuous.

3. Because of (4.8) and (4.9) for all (w,0) € W x ¥ we obtain
Fr(w,0) = V(G)(w,0),...,5%(w,0), 5 (w, ), G\ (w,0)).

As a superposition of continuously differentiable maps, the operator &, belongs to

CH(W x %; Ly (S; HH(@))). O
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