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THE SINGULARITY SPECTRUM OF
SELF-AFFINE FRACTALS WITH A
BERNOULLI MEASURE

Jorg Schmeling Rainer Siegmund-Schultze |

of Berlin

1 Introduction

Since the eighties an important idea to understand the long-time behavior
of orbits was that the characteristic invariant sets (for instance attractors)
arising in dynamical systems should be regarded as the supports of some
invariant measures and these measures should be characterized by certain
singularities. Considering a compact set F C R equipped with a measure p
we are interested in subsets K, C F with a given scaling law

K, = {a: € F : there exists limlﬁgi(B—s(—@

and 1t equals a
e—0 log 4

(B.(z) denotes the ball with radius € and centre z. If the centre is the origin
we write simply B,). :

Let f(a) denote the Hausdorff dimension dimg of K. This function is the
so called singularity— or f(a)-spectrum..

Another characterization can be given by the Renyi dimension spectrum,
which to each real g associates a dimensionlike value D,.

A heuristical approach suggests that «, f(a) and g, D, should be related by
the Legendre transform. Our goal is to verify these heuristics in the self-affine
case described below.

We consider a finite set of non-singular linear contractions 73, ..., T} of some
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euclidean space R?. So there are numbers a,a’ in (0,1) with
ox| <|Tix| <alx|, xeR%,1<i<k.

To each k-tupel (ay, ..., ar) € R% we assign the collection of affine mappings
{S:}1,2,.. := {ai + Ti}iz1,2,..k and we define a subset F(ay,...,ax) of R? by
the set—up
U {a,'l + T,-la,»z + T,-ngza,-a +.. } .

€T
Let us denote by Joo the set {1,2,...,k}Y of all infinite sequences of symbols
in {1,2,...,k}. The set of finite sequences of length n we denote by 7,.,, and
finally we write J for the set of all finite sequences, i.e. J = U,>q Jn- Here Jo
denotes the set consisting only of the empty sequence. Ifi, j are two sequences,
where the first one is finite, we write i - j to denote their combination, and
i < jin the case where j has i as starting sequence. If 7 is in {1,2,..., k}, we
write ¢-i for the combination of the starting element 2 and the sequence i. For
two sequences 1,] we write i A j to denote their common starting sequence,
which is simply the empty sequence in case i and j have different starting
elements. If i is a sequence, we denote its (possibly infinite) length by [i|. If
n € {0,1,2,...,[i]} , we denote by i(n) the starting sequence of length n
of i.
We equip Jo with the natural Tychonov product topology. This makes Jo,
to a Cantor set.
Consequently, F(ai,...,a) is the set of all points

W(i) = a; + T,'la,'z + T,;ngza,'3 + ..., 1€ Joo

where the existence of 7(i) is a trivial consequence of our assumptions, and
the mapping 7(.) is continuous from J onto F(ay,...,ax). Of course,
depends upon a := (ay,...,ar) € R%, and if necessary we write ma(i). From
the continuity of 7 and the compactness of J,, we derive that F(ay,...,ax)
is a compact. So it is a measurable set.

Let us extend this definition of 7 to finite sequences i € J by

W(i) = a; + T,'la,'2 + ...+ T,'lT,'2 .. .T,-n_xa;n = S,(O), ie T, .

We have an alternative characterization of F(ay,...,ax). Take some radius
v = 7(a) such that S;(B,) = a; + Ti(B,) € By, i = 1,2,...,k. It is easy to
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show that sufficiently large v have this property. Then we have

F(al,...,ak)z ﬂ U Six""'Sin(B'y)~

n=lieJ,

So F(ai,...,ax) is a subset of B, C R%. F(ay,...,ax) is self-affine in the
following sense

F(ay,...,ar)= |J Si-...- Si(F(a,---,ak)), n=12...
ieTn

* Additionally, let there be given a fixed probability distribution on {1,...,k}
determined by a vector (py,...,pr) with 0 < p; <1, ¥ p; = 1. With respect to
this distribution we consider J,, as space of i.i.d. sequences of symbols from
{1,...,k}. The corresponding Bernoulli (product) measure on J, we denote
by v. The image of v under = (i.e. p := v ') is a measure on F(ay,...,ax),
which is the main object of our interest here. Especially we are interested in
the following question: For given ¢, what is the Hausdorff dimension of that
part K, of points & in F(ay,...,ax) which have the property that the local
dimension of 4 in z is «, i.e. a small ball B.(x) has a u—measure of the order
p(Be:(x)) ~ e* 7 We give a precise formulation only later.

Of course, we can expect the answer to depend on the special choice of the
parameter vector (ay, ..., ax). The reason for us not to fix this vector is that
we intend to find an “almost sure”-type answer: For almost all (ay, ..., ax)
with respect to the dk—dimensional Lebesgue measure the Hausdorff dimen-
sion of K, is some f(a).

This is the same situation as in [Fa], where a number A = d(T3,T5,...) was
evaluated such that dimg(F(ay,...,ar)) = A for almost all parameters a,
supposed that the contraction number fulfils a < 1/3.

We conclude this section with a standard fact about the f(a)-spectrum.
Let p be an arbitrary finite measure defined on the o—field of Borel sets of
R?. For an arbitrary non-negative o we consider the set

KS::{xeR":hml"—g’M<a} .

« ew0  loge -

Then we have



Lemma 1

dimg(KS) < a.

Proof. Let K35(n) := KSnN B,. It is sufficient to prove that
dimg(KS(n)) < a for each n. Choose an arbitrary positive §. Obviously
we find a covering C of KS(n) by balls with centers in K5 such for each of
these balls B the relation

4(B) > (diam(B))***

is fulfilled. The maximum of the radii of these balls can be chosen arbitrary
small. Now by the covering lemma 1.9. in [Fal] we find a subset C’' of C
consisting of disjoint balls such that the set C” which is obtained from C’ by
blowing up each ball in C' with factor three is in turn a covering of K3(n).
This gives the following estimate

Z (diam(B))>*26 = 3=+ Z (diam(B))*+*

Bec" Bec!

< 3*% . sup(diam(B))° Y (diam(B))***
BeC Bec!

< 3ot sup(diam(B))6 z u(B) < 3o+, sup(diarn(B))ls : #(Rd) .
Bec Bec! Bec

So the Hausdorff dimension of KS(n) is at most a + 26. Since § was arbitary
we proved the assertion. -

2 A Self-Affine Fractal with Measure

First let us consider an easier problem.
Let, for i € J,, p; denote the probability p;, -...-p;,,and let T} := T}, -. . .- T},
Sy =8 -...- Si,. We put t; := || T;]|.

Now let, for given i € J, a™ (i) denote the expression

log pi(n
o (i) = lim 28 Pi(n)
n—oo ].Og ti(n)
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and the corresponding upper limit we denote by at(i). In case that these
values coincide we denote the limit by «af(i).
Observe that the set of accumulation points of the sequence

10g Pi(n)
log ti(n)

coincides with the interval [~ (i), a™(1)].
We define, for oo > 0

Ja) ={1 € I : i) = a} .
Let us introduce a metric p in Jo by means of
p(i,d) :==tin; 1#7].

It is easy to check that the triangle inequality is fulfilled. This metric gener-
ates the natural topology of the Cantor set J.

Observe that, taking this metric, J(«) 1s the set of those points i, for which
the local dimension of v exists and is a. ,

With this metric the mapping 7 becomes Lipschitz continuous with Lipschitz
constant 2. Our motivation to choose this metric is that for given 1,j € Jw
the value t;,; is the magnitude of |ma(i) — 7a(j)| for almost all parameters a,
see [Fa], Lemma 3.1. We have some hope that with this metric J,, becomes
'nearly isometric’ to F'(ay,...,ax) and 7 preserves the Hausdorff and local
dimensions we are interested in. We will see that this hope is partially justi-
fied. ‘

We have to cope with the problem that the Lipschitz mapping 7 in general
has not a Lipschitz continuous inverse or is not invertible at all. So the local
dimension of 7 (i) with respect to x may be less than the local dimension of
i with respect to v. The simplest reason that this may happen is the case
where 7 is not injective. If w(i) = 7(j) and the local dimension in j is less
than in i, then clearly the application of = diminishes the local dimension of
i.
Although we do not employ the injectivity of 7 in the sequel, since this prop-
erty is not strong enough to ensure that dimensions remain unchanged with
the application of 7, the following assertion should be of some independent
interest. For the definition of A see [Fa] or chapter 2 of this paper. It is the
Hausdorff dimension of J,, with respect to p. .
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Lemma 2 Ifa < 1/3, A <1 and A < d — 2% then for almost all

loga—1’
a € R% (with respect to Lebesque measure) the mapping a is injective.

Proof. It is obvious from the property of F(ay,...,ax) to be self-affine that
we can confine ourselves to prove that for almost all a we have 7(i) # 7(j)
for 1,j € Jw supposed that i(1) # j(1), i.e. already the first members of i
and j are different.

Observe that ma(i) is linear as function of a. So we prove that 7 is injective
for almost all a € By, § being chosen such that the volume of the ball is one.
So we show that 7 is injective with probalility one. Denote the (probability)
- Lebesgue measure on By by P.

Observe that we find a common value of the number v = v(a), that was
defined in the introduction, which does not depend on a € By.

Choose 1,7 € {1,2,...,k}, 1 # j and n € N.Consider the event

E,:= {a € By : ( U Si.i(B.,)) N (jU sj_j(Bg) - o} .

ieJn €Tn
Then
P(E,) < Y. P (S:(By)NS;5(By) #0)

ijeTn
< S P(Buy (7)) 0 By y(n(i ) £0)
ijeTn
< X P(ImG D) =7 S vt + )
ijeTn
In order to make things compatible to [Fa], Lemma 3.1. we choose an arbi-

trary ©' € Jw and continue as follows, where s € (A, d) is non-integer and
¢, 18 a positive constant depending on s,
< X P(nG i) = (3 1)) S 2t +5)
i,jEJn '
< X P(Gei i) —w( i DI 2 2l +49)) )
ijedn
< D) Ealw(ii-1)) = (g5 U)ITT - (29t + 859))°
ijegn

< e Yo (Bt i)
1jETn



Here in the third step we used Cebyshev’s inequality. We continue with some
~ positive constant ¢/

<c, Y B+t <2 kY
ijE€Tn ieTn

We apply Proposition 4.1. in [Fa] to continue (observe A < 1)

<2 k- jné?fxtj"‘\‘ Sotf<ad - km- a8 h(n)
" ieTn

where h(n) is a positive function of n such that n™* log h(n) tends to zero as
n tending to infinity, and we may continue for some ¢ > 0and 0 <7< 1

<C-1,

in view of our assumptions, supposed we choose s close enough to d.
Observe that in view of S;(B,) C B,,1=1,2,...,k, the E, form a descend-
ing sequence of events. So we get

r(os)-

i.e. for almost all a there is some n with a ¢ E,, which in view of the remark
at the beginning of the proof implies that 74(i) # ma(j) for all i # j € Jeo-
|

Next we try to find the Hausdorff dimensions of the J(q).

A remarkable tool to attack our problem are some special measures on Jo.
The idea to consider these measures is adapted, on the one hand, from [CM],
where the special case of similarity mappings instead of general linear con-
tractions was treated. On the other hand, we follow closely the considerations
in [Fa], where the Hausdorff dimension of F(ay,...,ax) was investigated. For
any subset 7 of J, we consider countable coverings by p-disks. Any such
disk is given by a natural number n and by an element i of J,. In fact, in
order to specify the disk it is enough to give the centre and the number of
elements, up to which the starting sequence of this centre determines the
starting sequence of any other element of the disk. So we denote the disk by
D;. A covering of 7 by p—disks is given by a subset K of J with the property
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that any element in 7 has some element of K as starting sequence. The set
of all coverings of Z we denote by C(Z). Let us write C,(Z) for the subset of
all coverings K, such that any i € K has length |i| > 7.

We define for any pair of real numbers g, s and for any natural number r

23(T) .= inf .45 = inf 2. (diam D;)*
vy () fcelgr(z)igcp‘ § Kelgr(z)gcpl (diam D;)

and
v#(Z) := lim vy (T) -

This is the standard construction of a net measure (see [Ro], [Fal]). It is not
difficult to verify that v?* is an outer measure on gp(J) which restricts to a
measure on the Borel sets of the metric space (Jw, p). Obverse that p—disks
have the ’net—property’: Two p—disks are either disjoint or one of them is
contained in the other one.

We have the following

Lemma 3 For each ¢ € R there is a 8(q) such that v¥*(J) is zero for
s > fB(q) and is infinite for s < B(q). This B is a decreasing function of q.

Proof. v?#°(J) is a decreasing function of s and q. If one of the argu-
ments g, s is fixed, for large values of the other argument v%*(J) is zero
(take the J, as coverings of J), and for small values of the other argu-
ment it is infinite, since we may manage p{ - t{ to grow exponentially fast
with growing length of i in that case. Finally, observe that there cannot be
two values s < s’ such that v%*(J,) and uq"'(.,’foo) are both non-zero and
finite, since the quotient ti"'" of corresponding terms in the defining sums
tends to zero exponentially fast with growing length of i (uniformly in i). So
we would get uq"(joo)/uq”'(Jw) = 0, which is a contradiction. Hence the
threshold between 0 and +oo is a single value of s. -

The expression p{ - t{ is a convex function of (g, s) for fixed i. So we have

Lemma 4 For any I C J., the ezpression v¥*(I) is a convex function of
q and s.

By Lemma 3 we obtain



Lemma 5 The threshold function B is decreasing and convez. In particular
1t 15 continuous.

- Let us denote, for each ¢ € R, by a™(q) and at*(g) the lower and upper
derivatives of the concave function —f at q. If 8 is smooth at ¢ we define

a(q) == —p'(q)- Let
AT = a(—o00)
A7 = a(+0) .

Note that these values are well-defined.

Before proving the main result of this section, we give the following alterna-
tive characterizations of the threshold functlon B, Whlch is the adaptation of
the corresponding result in [Fa]:

Lemma 6 For each q € R, the following numbers ezist and are all equal to

B(q)

(6) inf{s : v7*(Ju) = 0} = sup(s : ¥7#(Jo) = o0}

(5)  the unique s such that lim, oo [Sics 98 8] =1
(c) inf{s P Lieg Pi - H < oo} =sup{s: Yiesp{ - 8 = +oo} .

The measure v¥PD has total mass not less than one for ¢ < 1 and not
greater than one for ¢ > 1.

Proof. 1. (a) is simply the definition of 5(g).
2. For a finite subset Z of J we introduce the notation

S(q,s,I):=> p 1 .
ieT

From the fact that the matrix norm is submultiplicative we get that S(g, s,7)
is a submultiplicative or supermultiplicative function of 7 (in the sense that
I, I, = {i-j: 1 € I1,j € I,}), depending on whether s is positive or not.
So log S(q, s, Jr) is sub— or superadditive as function of r. As is well-known,
in either case there exists the limit for 7 — oo of (S(q,s,J;))*/™ which we
shall denote by U(q, s). In our situation this expression is finite, continuous
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and strictly decreasing in s (observe that a' < tj(n)/tjn-1) < @ holds for any
‘n € N,i € Jx). U(g,s) is greater than one for small values of s and less
than one for large values of s, so there is a unique sp for which the limit is
one. Now it is obvious that this value is the threshold value appearing in (c). -
3. Since each J, is a covering for J.,, we have the relation 5(g) < so. On
the other hand, assume that v%*(J,) = 0, but U(q,s) > 1. Then to each ¢
and each 7 we find a finite covering K of the compact Jo with [i| > 7 for
each i € K and such that the sum S(g,s, ) over that covering is less than
€. To come to a contradiction, we consider the two cases s < 0 and s > 0
separately.

4. First let s < 0. Assume without any loss of generality that the covering
K is non-reducible in the sense that it does not include an i which could be
omitted. We define the section of level ', ' € N, of that covering by

K(r'):={j € Jr : there is some i € K with j <i}.

Choose some large number M and assume that S(g, s, C(r')) > M. Fix some
n large enough to ensure that 7 := S(g, s, J») > 1. Now we have the following
relation :

Kir'+n)=K(") - Tn \ K(r',7" +n)

where

K(r',r' +n)
:= {j € Jr14n : thereis some k € K withr' < |k| <7 +nand k < j}.

Here we used the property of X to be a non-reducible covering of J.,. We
get by the supermultiplicativity of S

S(g,s,K(r'"+n))>71-M —S(g,s,K(r',7" +n)) .

Denote the set {i € K : ' < |i| < 7' + n} by K, and observe that there is
some constant ¢ depending on ¢, s,n but not on 7/, such that

S(q,s,K(r',r" +n)) <c-S(q,8,Kwn) .
Since K1, is a subset of K we get
S(g,s, K(r'"+n))>7-M—c-€.
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Hence, if M is large enough, from the property S(g,s,K(r")) > M we get
S(g,s,K(r"+n)) > M, too. But from the property |i| > r for i € K we get
that

K:(T) =T >-

which has a measure growing exponentially with growing r. So for r large
enough all the sections (), K(r +n), £(r+2n),... have a measure not less
than M. This contradicts the finiteness of K, yielding that so = 5(q).

5. The case s > 0 can be treated in exactly the same way as in [Fa]. Assume
that S(q,s,K) < 1. Let p := max{|i|] : i € K}. Define coverings K,,, n > p,
by

Kno={iy ig-... i :i; €K, iz -dz ... it| >nand iy iz ... 11| <n} .

Then the submultiplicativity of S yields

S(q> S)il : i2 et il ' }C) < pgl.iz._,,.i, ' t‘igl-iz-...-i[ : S(Q) S)K:)

g s
pipiz-...-i; tlrlz-...-l; .

IA

Using this we inductively get
S(g,s,Kn) <1.

Now observe that K, is a covering with all elements having a length between
n and n + p. So we conclude that there is some ¢ depending on ¢, s, p but not
on n such that

S(q,s,Jn) <c-S(q,5,Kn)<c.

So U(g,s) <1 which contradicts the assumption, yielding that so = B(q).

6. For ¢ < 1 we obviously have B(q) > 0, so that we are in the submultiplica-
tive case treated in the 5th step. If uq’ﬁ(Q)(joo) would be less than one, then
we would find a finite covering K of Jo with S(g,8(g), ) < 1. But the same
argument as applied in 5. yields that this would urge the sums S(q,5(q), J»)
to go to zero exponentially fast, in contradiction to U(q,3(g)) = 1. The case
g > 1 is trivial: If Vq'ﬂ(q)(joo) would be greater than one, there should be
S(q,B(q), Jn) > 1 for n sufficiently large, so that by the supermultiplicativ-
ity this sum would tend to infinity exponentially fast, again in contradiction

to U(q,B(q)) = 1.
[
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In general we cannot expect that the Hausdorff type measures v%* considered
here have finite non—zero total mass at the critical value s = B(q). If v?° is
the zero measure, it yields no information about nothing. Compared with
this situation, the case of infinite total mass is clearly better, but anyway
we would like to have to do with a probability measure. Fortunately, there
is always a modification of ¥2#(%) which has finite non-zero total mass. In
fact, to each ¢ € R we find some function h, : J — Ry such that
lim exp(—bn)- sup hq(i) = 0 and lim exp(—bn)- IS,;lp(hq(fl))"1 =0
1j=n 1|=n

for each positive real b, and such that the measure 7%* defined by modifying
the definition of ¥?* as follows:

—4q,8 —— : : s
U(r)(I) S K:Elgf(l.)lgchqo) : P;Z : tia yA g -.700 )

and
(1) = Im 7N(Z), ICJw,

T—00

has total mass one for s = B(g). The fact that this defines a measure can
be seen in exactly the same way as above. We give the proof of the property
79P(@)(7,,) = 1 in the appendix.

We write v? for the measure 79A(9) and define

J(@) ={i € Joo:a (q) < a (i) < a™(i) < a*(q)} .
As main result of this section we get

Proposition 1 For each g € R, the probability measure v? is concentrated
on the set J(q), i.e. we have

A (T()=1.

Remark. The statement of this proposition is that, for any ¢, each accumu-
lation point of the sequence a(i(n)), where for i € J

.\ ._ logpi
a(i) == Togt; ’

is within the interval [@™(g),a%(g)] for almost all i with respect to v, so
that in case of B being smooth at q the local dimension (i) exists a.s. and is
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a(q). Since B is convex, there is at most a countable number of g, where this
function is not smooth. But we cannot exclude, that with the exception of a
finite number of local dimensions & the whole spectrum of these dimensions
is covered by the points, where £ is not smooth. Then the identification of
the set of points with a certain local dimension « with the support of the
measure v?, where a = —'(q), is impossible for the most part of values a.

Proof of Proposition 1. Consider first the case of ¢ being positive.

1. Assume that a(i(n)) has, with a positive v?—probability, an accumulation
point outside of the given interval. Then there is an a outside of it such that
“each e-neighbourhood of a contains an accumulation point of a(i(n)) for a
set of i € J with a positive measure. We choose ¢ small enough so that
[@ — €, + €] does not intersect with [~ (g), o™ (q)].

2. Define ‘

Knloye):={i€ J :a(i) € (a —g,a+¢),li| >n},
J(e,€) :={i € T : a(i(n)) has an accumulation point in (o — e, +€)} .
Then, for each n, K,(a,¢€) is a countable covering of J (e, €). Since
vi(J(e,€)) >0,
we find, for sufficiently large n

0<1/2-v4(T(,e)) < 3 ho(i) p?- £ .

1€Kn(a,e)

Since the family {IC,(a, €)} of coverings is descending, we even get

too= 3 hy(i) Bl
ieKn(a,e)

We get by the definition of Kn(a,€),

too = E ho(i) 'P? : tiﬁ(q) < Z hy(i) - t?(a_s)w(@ ‘
1€Kn(a\e) 1€KA(a,e)

We conclude from the convexity of 8 and from the fact that o does not belong
to [@7(g), 2™ (q)], that we can find some ¢’ > 0 and may choose ¢ so small
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that g(a —€) +B(q) = ¢'(a —¢) + B(¢') + (2¢' + 1)e. So we have

too = 3 k(i) (el
1€Kn(a,e)
< Z hq(i) 'P?I ) tf(q e
i€k (a\e)
Hence , ,
> ho(i) B -t = oo .
ieg
So

Zpgl .tf(Q')+=/2 = 400,

ieg
too. This is in contradiction to the property (¢) in Lemma 6.
If ¢ < 0 we can do the same, but we have to replace a — € by a + ¢ and vice
versa, and we have to choose ¢’ negative, too. Finally, for ¢ = 0 the signs

have to be chosen according to on which side of the interval [a@~(0), a™(0)]
~ the value « is situated.
N

We conclude this section with the following

Lemma 7 For vi-almost all i we have

"% hgli(n) - Pl -t

Proof. Assume that there is some ¢ > 1 such that the upper limit is greater
than c for a set Z. of positive v?%-measure. We may choose Z. to be compact.
We define coverings of Z. by means of

vi(D;)

Kn={ieJ: —————=>
{ hq(i) q tﬁ(e)

¢, il 2 n}.

For each n we select a non-reducible finite subcovering X!, of the compact Z..
We define inductively a sequence of natural numbers: Once n; is given, we
choose nj;; greater than the greatest length of any element i in IC' Then
the sequence {W;} := {K, } is a sequence of non-reducible finite coverings
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of Z.. We make use of the fact that two p—disks are either disjoint or one is
completely contained in the other one, to see that the sequence of sets

H; = U D;
iew;

is descending and has as limit a set H D ..
So we get by the definition of ¢

0 < v(H)<Lm Y k(i) -pf- 89 < lim Y ¥ Dy)
= lim ¢ 'W(H;) = ¢ Wi H) .

j—oo

This contradicts ¢ > 1. We are through.

3 The Singularity Spectrum of the Fractal

We turn from the coding space J., to the fractal itself. We denote it by F
for short. Remember that it depends on (ay,...,ax) € R%.

The mapping 7 transforms J, to F', which is a measurable subset of R?, the
image of v? under 7 is a measure on F' which we denote by p9.

We introduce the notations (for ¢ € R and a > 0)

oy ) {i€eTu:a(i)<at(q)} for ¢>0
J(9)= { {i€eJw:at(i)>a(q)} for ¢<0

T { {i€Jo:a(i)<a} for a<a™(0)
() - {i€e Jo:at(i)>a} for a>a*(0)

F(q) == n(J(q9))

F(q) = n(J(q))
Fay = m(Ja)
Foy = 7(Jg)

f(e) = infmax{0,aq+A(a)} -
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This is essentially the Legendre transform of 8. We express it in terms of the
variable g, too, taking into account some abiguity for the case that 3 is not
smooth at gq.

at(q)-q+B(g) for ¢<0.

f+(q) _{ a*(q)-q+pB(q) for ¢=0

“(9)-q+B(q) for ¢<0.
If B is smooth at g, the two values f*(q) and f~(g) coincide and we denote
this number by f(g). Clearly at ¢ = 0 both values always coincide. We
~will denote f(0) by A. In case A < 1 and if some additional assumption

is fulfilled, A is the Hausdorff dimension of F' for almost all parameters
(a1,...,ar) € R%¥, see [Fa]. We have

Proposition 2 The Hausdorff dimension of F(,) is not greater than f(a),

- a™(q)-q+B(q) for g>0
) - )

Consequently,
dimp (F7(g)) < f*(q) -

Proof. We define, in correspondence to the proof of Proposition 1,
Ki(a,e):={ie T :a(i) <a+eg, i >n}, neN,e>0.
Consider the case a < a™(0).
Remember the definition of v in the introduction. We put
Cr(a,€) :={Byy(m(i)) : 1 € K (e, €)} .

Since K, (a,¢€) is a covering of J(a) We derive from the definition of v and

of the fractal that C; (e, ¢) is a covering of F{,). Obviously the diameter of
that covering tends to zero as n is growing. Fix some § > 0. Then we have
for some g > 0 the relation f(a) > ag+ B(q) — 6, and consequently

3 (1) f(=)+2% < 3 t;)2a+Bla)+é

1eK, (a,e) ieky (ane)

< z pq tﬂ(tz)+6 € < Z pq tﬂ(q)+6 g
iEXy (ay€) 16.7
lii>n

16



Choosing € such that ge < 8, this last expression tends to zero as n — oo by
- Lemma 6. So for o < a*(0) we proved the assertion of our proposition. The
proof for a > a*(0) is completely analogous.
- |

Since Fla) C Fy and F(q) C F~(q), we have an upper estimate for the
Hausdorff dimensions of F(,) and F(g), too.
To derive a lower estimate, some restrictions will be made.

Proposition 3 Assume A = f(0) = max f(a) <1 and a < 1/3. Then for
each s € (0, f7(q)) and each & > 0 we have the relation

da dvi(j)
< 4o
/B~ /Joo [ma(i) — ma(3)[*

for vi-almost all i.

Proof. The assumptions of the proposition allow to apply Falconer’s Lemma
3.1., [Fa] which yields, for some constant ¢; > 0

da dvi(j) dv(j) o
< < =5 a(7). )
_/& _/:700 |7|-a(i) . Wa(j)la SC /co 5. SG Z tl(‘n)” (Dl(n))

iAj n=0

Now by Lemma 7 there is v9-almost surely a finite number ¢(i) such that we
may continue
B
< ¢(i)er Z timy - Pa(i(n)) - Py - tx((:))
n=0
Assume g > 0 and choose some § > 0. Then by Proposition 1 we get a.s. for
some finite ¢/(i)

VAN

]
= (i)c(i)es th(l(n) SACHELE

If g < 0 we finally get the same, using a't instead of a~. This last expression
is clearly finite if § is small enough, since tj(,) decreases exponentially.
o
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The next step is to show that the Hausdorff dimension of F(g) is not less
than f~(q) (for almost all parameters a with respect to the dk—dimensional
Lebesgue measure).

Proposition 4 Assume A = f(0) = max f(a) < 1 and a < 1/3. For
almost all parameters a we have

dimg(F(q)) > f~(q) -

Consequently, if B is smooth at q, for o = a(q) we have

dimz(Fa)) = f(a) -

Proof. 1. By Proposition 3, if s < f~(gq), for u?-a.e. z € R? and each x > 0

we have da p dq
//au(y) // dadviy) _
JF [x =y x I 7w X — Ta(j)|®

So for almost all parameters a the integral

/ dpi(y)
Flx—yl

is finite p9-a.s. Fix a and choose some N such that

p(Fy) >0

Fy —{xeF /|x y|) <N} .

Denote by p} the restriction of u? to Fiy. Then we have

where

// dug (x d#N(Y)

Ix -yl

Hence by the potential-theoretic characterization of the Hausdorff dimension
any set supporting p has at least dimension s, see [Fal], Corollary 6.6.
Obviously, this is true for u?, too.

18



2. We do not know, whether F'(q) is measurable. But obviously by Proposition
1 its outer p9-measure is the total mass of p?. It is easy to see that this is
enough to conclude that dimg(F(g)) > s. In fact, let us assume the opposite.
Then there would be some s’ < s such that to each pair n,n' of positive
integers there would be a countable covering K, of F'(q) with open balls of
diameter less than n~! and such

3" (diam(B))* < (n/)*.

Bek

nn'

Consider the measurable set

= U 2F().

nn' K

n,n/

Obviously all the K, »/, are coverings of G, too. So G has a dimension less
than s. But since G is a measurable set containing F(q) it supports p? and
so it should have a Hausdorff dimension of at least s. This is the desired
contradiction.

This proves the proposition, since s was arbitrary in (0, f~(q)).

Remark. So far, we estimated the Hausdorff dimension of sets with scaling
properties which are defined in terms of the J,—coding of F'. The remaining
part of this section deals with those sets, the scaling properties of which are
defined with respect to the fractal itself and the measure pu.

We define in similar way as above

K(q) = K(q,a) :=
{xep:a—(q)shmb_g@ﬂsl l?g_l‘(w<a+(q)} ,
c—0 loge Pty loge
{xeF hmfs—q%ul<a+(q)} for ¢>0
K™ (q) =K (¢q,a):= 5
{XEF:a(q)<hr%i';£g—:(—D} for ¢<0
_ {xEF:limi"l(-BA—D<a} for a<at(0)
K7 = K7(a) := es0  8°
{XEF a<lmgﬂ';°%—n} for a>at(0).
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Proposition 5 Ifx=n(i) (x € R%,i € Jy), then we have

. 1 .
a) lim log u(B.(x)) H(B:(x)) < lim 8 Pi(n) ,
e—0 log g n—oo log ti(n)
— — log pitn
b) i 28 MB(X)) o 1 198 Piem)
e—0 log £ n—oo log ti(n)

Proof. For each j € J we define ¢(j) := 2vt;, where, as in the introduction,
v denotes a radius such that a; + 73(B,) C B,,7=1,2,...,k. Then we have

x € m(i(n) - Joo) = Si(m)(F) C Si(m)(By) € By, (7(i(n))) € Bei(n))(X)
so that

B(Be(in)) (%)) = p(Sin)(F)) = pm(i(n) - Te0)) = Pin) -

From this we immediately conclude the validity of a). On the other hand,
the sequence log t;,) decreases in steps of bounded size, so that we may
invert the definition of &(.) yielding to each € > 0 some n(e) such that
27%i(n(e)) < € < K - ti(n(e)) for some constant K and consequentely

#(Be(x)) 2 p(Sin(ey)(F)) = p(m(i(n(e)) + Too)) = Pi(n(e)) -

This proves b).

The next two propositions show that for almost all parameters a in a) of
Proposition 5 we have even the equality. Remember that by o~ (i) we de-
noted the expression

lim log pi(n)
n—oo log tl(n)

Proposition 6 Assume A = f(0) = max f(a) <landa <1/3. If i€
Jw, then for each s € (0,1) with s < a™(i) and each £ > 0 we have the

estimate
da dv(j)
/ / < 400 .
Bx JJw |Ta(i) — ma ()
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Proof. Let § > 0, a := a~(i). Then there is some no € N such that for
n > no we have pi,) < i )6 We use again Falconer’s Lemma 3.1., [Fa] to

conclude that for § < ¢ — s

da dv(j
< / < te n
/x/le?ra ) — a( )| Sa . t-’- qZ l(n) Dim)

1A] n=0

= G Z tl(n) Pi(n) < c(1)01 z tla(n;i *< 400

n=0 n=0

Proposition 7 Assume thatt; < p; fori = 1,2,...,k. Letn be any measure
on Jo with finite mass. Then for almost all parameters a € R* we have

lim 108 MBe(m(1)) o i log Pin)
e—0 log € n—oo log tl(n)

forn-a.e. 1 € Ju.

Proof. By Proposition 6, if i € J and s < a~ (i), the relation

dv(j) "
Lunm—mmr<+

holds for almost all a. So the set of (i,a) such that this integral is finite
has full 7 x m¥*-measure, where m? denotes the dk-dimensional Lebesgue
measure. Hence the set of 1, with this integral being finite, has full —measure
for almost all a. '

So assume that for (i,a) the integral is finite. Assume in addition that

" e 08 (B((0)

e—0 log g

<a (i) .

Then there is some sequence {¢,} with &, | 0 and some § > 0 such that

log p(B.,((1)))

log &,

<a(i)—96
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Note that the finiteness of the integral considered above implies that
(B, (w(i))) | 0 as r — co. So we may assume without any loss of the
generality that the following condition is fulfilled for each » € N:

(Be.((1))) = 2p(Be, .., (7(1))) -

This leads to the following estimate

dU(J) dv(j)
/m,o |7r(1) —x()l* = Z /{Jexx, tengr <[x(i)=x(j)<er} [ (1) — 7(§)[*

r=1
> 1/2 Z e7° (B, (m(i))) > 1/2 Z gosra(®)=6
r=1 r=1

This sum is infinite for s sufficiently close to a™(i) in contradiction to our
assumption concerning the integral. So (%) cannot be valid.
N

Proposition 8 Assume A = f(0) = max f(a) <1 anda < 1/3. Moreover,
assume that t; < p; fort1=1,2,... k. Let @« > a~(1). Then we have

dimg(K;) < f(e)

and consequently for ¢ <1 we have

dimg(K~(9)) < F¥(q),

both relations being valid for almost all parameters a.

Proof. Let @ > a*(0). Then in view of Proposition 5 we have K C F(,
and the assertion follows from Proposition 2. So in the following we treat the
case o~ (1) < a < af(0). Then the set K, consists of the those points of
the set F, the lower local dimensions of which are not greater than «. Since
the Lipschitz mapping = may only diminish local dimensions, we infer from
Proposition 2 that the assertion of the theorem may be violated only for the
following situation: There should be some o' > a such that for each positive
n < 1/2(a’ — a) the following set has a Hausdorff dimension greater f(c)

L:={i€Ju:(d/—n,d+n)N[a"(i),a™(1)] #0, (i) € Ky}
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for a set of parameters a with positive Lebesgue measure.
To say it equivalently, the set of those sequences i, such that

log Pi(n)
log ti(n)

has an accumulation point belonging to (o' — n,a’ + 7), but for which the
application of m diminishes the lower local dimension to the interval [0.c],
should have a Hausdorff dimension greater than f(a) with positive probabil-
ity with respect to a € By. Here 8 is the number introduced in the proof of
- Lemma 2.
The following subsets of J are coverings of £

D

Kn:={icJ: 11‘2 t € (' —n,a +7), p(Begiy(n(i)) > (e(i))**, li| > n},

where as in the proof of Proposition 5 £(i) = 2vt; and v is the number
defined in the introduction. Just as in the proof of Lemma 2 we may choose
~ independent of a € By. Observe that for each 1 € J, and each n we have
the relation

Sim ' C Byg (7(1)) € Bayy (n(i(n))) .
Choose an arbitrary § > 0. Let us write for short p; ~ ti“' instead of

log pi
log t;

€ —n,d +7).

Let us write P for the Lebesgue probability measure on By and E, to denote
the mathematical expectation, where a is distributed according to P. We
have the following estimate, where ¢;, ¢y, . .. are suitable constants

Ea| > (ti)i(am)

iekn

a)+d
= Ea| > (6] faenonus g rimsieanern
ie7,lil>n

7
o ~t X
Pi i
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= > @I*P({a € R* : u(B(n(i))) > (e(1))**"})

i€-7-lilzln
Pi""f .
< Y (@W)E(e(i) T Bap(B.g)(r (1))
ieg lil>n
pi~t§"
<o Y @B, | Y pliaermmiystiicon
ieg lij>n Jeg
e 4

Here we wrote tj ~ t; for short, meaning the following property of j : ¢j < ¢;
and j(j-1) > t;. That is, we consider all those finite sequences j which have
the property that ¢; < ¢;, but the sequence obtained from j by omitting the
last member yields a ¢ which is still greater than ¢;. Observe in the following
that these j from a covering of J.

We can continue the above chain of inequalities as follows, using again Fal-
coner’s lemma 3.1 and Cebyshev’s inequality

IA

IA

IA

a Y ()= Y piP({a € R : [n(i) - 7()| < 4yti})

ies lil>n jes

piNt? tj~ti
D — (i)~
1 Z (ti)i(a)+5—a—17 Z P_]P ({a = de . !W(I)LL 71"91)1’7 > 1})
ieg lij>n Jjes . ( ’Ytl)
pi~ciz’ g~y
2y, (G N piBalm(i) — w(5) 7"
ieg lij>n Jeg
pi~tf' !
c3 Z (ti)i(a)+5—a+1—zn Z Pjti—,\le
ie7 lij>n jes
Pi,.,tia tj~ti
DD C) D D R
ies i|>n jeg
Pi""f’ j<i

Here in the last step we used that the inner sum is formed over a covering
of Joo. Now in view of ¢; < p;, 2 = 1,2,..., k, for sufficiently small  we may
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estimate the last expression by

<o X (e g

1

iEJJilz'n
pi~t.°‘
= §—a— +6—a— a'-n
= ¢y, GO <o Y (LT
ieg lij>n ieg lij>n
pi~ti"l pi~t?

Now in view of the assumption concerning « there is a unique ¢ in [0, 1] such
-that a € [a(g),a™(q)]. Then the last expression equals

Cs4 Z (ti)aq+ﬁ(4)+a’_a+5—2ﬂ < ¢y Z (ti)aq+ﬁ(q)+q(a1_a)+6_2n

ieg li>n ieg lij>n
a! al

Pi~¢i pi~ti
— o'q+B(q)+6-2 \(e'+n)a+8(a)+6—(2+
= ¢ Z () B(q) "< ey Z (tl)(a n)g+B(g)+6—(2+q)n

ieg lil>n ieg lij>n

Pi~fi"’ ' Pi~¢i’"

B(q)+6—(24+4a)n B(q)+6—(2+q)n

< ¢4 ptizti() (2+4q) Sc‘ingti() (2+4) _

iez lil>n ies

Pi~t.°' : R>n

For n being sufficiently small this last expression tends to zero as n — oo by
Lemma 6. Hence for almost all a the sums

> ()

iek,

over the covverings K. tend to zero, which leads to the conclusion that the
Hausdorff dimension of £ is not greater than f(«). The proof is complete.
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Now we can prove

Theorem 1 Assume A = f(0) = max f(a) < 1 and a < 1/3. Moreover,
assume that t; < p; fori =1,2,...,k. For any real ¢ we have the relation

f~(q) < dimg(K(q))

for almost all parameters a. Consequently, if 8 is smooth at q, for o = &(q)
we get

fla) < dimH(Ka)

- almost surely in a.
For ¢ <1 we get

f(q) < dimu(K(q)) < f*(q)

and consequently, if B is smooth at q, for o = a(q) we have
dima(K.) = £(a)

for almost all a with respect to the dk—dimensional Lebesgue measure.

Proof. 1. It follows from Propositions 5, 7 and 1 that K(g) supports p?,
so that as in the proof of Proposition 4 we conclude that this set has at least
dimension f~(q).

2. Since K(q) € K~ (q), the second estimate follows from Proposition 8.

Remark. The estimate of the f(a)-spectrum of the self-affine fractal given
by the preceding theorem is not completely satisfactory for two reasons. At
the one hand, if the function 3 is not smooth at g, then the two values f~(q)
and ft(q) are different. Our conjecture is that 3 is indeed everywhere smooth
in our situation under quite general conditions.

The second gap is that we are not able to prove the estimate from above for
all a. We give some comment concerning this problem.

Figure 1 shows the spectral function f(a)in a typical situation. As mentioned
above, we have to cope with the prcﬁalem that under the mapping 7 the lo-
cal dimension might decrease so that the part of the fractal with some local
dimension a could get a higher Hausdorff dimension than f(«), theoretically
even the Hausdorff dimension dimpg (7)) of the part ‘7@) of the symbolic
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fractal J, where the local dimension is greater . This might happen only
for values of a such that dimH(J(‘i)) > dimg(J(a)), i-e. for a < a™(0), see
figure 1. .

.

£lw)
A

(/(I:MH(‘??
i3 | N
) ,
\J
\i\'?-’\»\‘I ‘
q=wq=A =0 gm0 &
Mon x(0) Koy

Fig. 1

Analyzing this problem more carefully we observe that @ may not diminish
the local dimension of a part of 7, without diminishing the Hausdorff di-
mension at least for the same quantity. This leads to the conclusion that this
“bad” effect could only happen at that part of the function f, where the slope
exeeds one, which corresponds to ¢ > 1 resp. a < a™(1). This is essentially
what we prove in Proposition 8. Performing some of the estimates in that
proof with greater exertion we can slightly improve this result to values of
q beyond one. In fact, we find that if the slope of f at a does not exceed
a™!, then the Hausdorff dimension remains unchanged. To give a proof for
all q resp. a would require to show that under 7 it is impossible that, given
n > 0, the number of 1 € J with t; ~ € and such that «(i) € B.(x), is finally
less than €™ as € — 0. To say it in other words, we would have to show
that it is almost impossible (in a) that exponentially many i (compared to
the lenght of 1) are mapped to almost the same position under 7, where this
means that the distance is of the order ¢;. It seems very unlikely that such
a coincidence may happen, but we have no proof that it happens only with
Lebesgue measure zero (in a). So we confine ourselves to ¢ < 1, since the
slight improvement mentioned above is no real progress compared with the
final goal to show the result for all q. '
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4 'The Renyi Dimensions

In analogy to the introduction of the measures ¥%* — which are in fact nothing
but the Renyi measures for the symbolic fractal equipped with the measure
v — we introduce a two—parameter family p?®, q,s € R, of outer measures
carried by F(a) by the set-up.

q,s 1 : q.(d; s
() =ty it 3 (WB)- () b Bcr.
Here C.(E) denotes the set of all countable or finite coverings of E by balls
of diameter less than ¢ and of positive y—-measure. It is quite easy to check
that the p?* are outer measures. Now to each ¢ € R and E C F(a) we define
a number d (E) by

dg(E) := inf{s|p?*(E) < +o0} .

(The Renyi dimensions are usually defined as D,(E) := (1 — q)'dy(E) for
g # 1 and as the negative derivative —supposed it exists— of dy(E) at ¢ = 1.)
Observe that p®°(E) is a convex function of g, s for any subset E of F'. Con-
sequently dy(E) is a convex function of g.

As it was to be expected, the Renyi dimensions are closely connected with
the f(a)-spectrum.

Proposition 9 Under the assumptions of Theorem 1, we have for almost
all a (with to the Lebesgue measure on RIX)

d(F(a)) <B(g) g<1,
do(F(a)) =p(g) ¢<0.

Proof. 1. First assume 0 < g < 1. Fix some small § > 0. We show that
we can cover the interval [0, 1] by a finite number of intervals I such that
the Renyi dimension (with parameter g) of the set of points, the lower local

dimension of which belongs to I, is not greater than B(g) + é for almost all
aecR% '

e—0 log €

do(K(I)) < B(q)+ 6 for K(I):= {xéF(a):limMEI} - (D)
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Observe that there is no point in F(a) with local dimension 1 or greater.
First let 0 < a < at(1) — §/4. Then by Lemma 1 for each £ > 0 we find
some covering B of K(I) I = [a,a + §/4], consisting of balls with diameter
less than ¢ and such that

3" (diamB)*+¥/% < ¢ . (2)

BeB

The proof of Lemma 1 show that we can choose the centers of the B € B in
K(I) and, moreover, we may choose these balls so small that

u(B) < (diamB)*~%/2 |
since the local dimension of the center of each such B is in I. So we get

Z (u(B))*- (diamB)ﬁ(‘Z)+5 < Z(diamB)qa—q6/2+ﬁ(q)+5
BeB BeB

< Z(diamB)qa+ﬁ(4)+5/2 _
BeB

Now we have ga+6(q) — B(g) + (g —1) +a > B(g) +a*(1)(g—1)+a > o,
the latter relation being valid since  is convex. So by (2)

Z (u(B))? - (dia.mB)ﬁ(q)"“’ <¢.

BeB

i.e. we proved (1) in that case. Since [0,a*(1)] can be covered by finitely
many of such I, we get

dg(K([0,a"(1))) < B(q) +6 -

We consider the set [a(1),1]. Obviously. this set can be covered by a finite
number of intervals I = [, @ + §/4]. We learn from the proof of Proposition
8 that for almost all a with respect to the dk—dimensional Lebesgue measure
we may cover K(I) by balls with maximum radius ¢ such that

#(B) < (diamB)*~%/?
and
Y (diamB){+/2 < ¢

- BeB
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- Consequently,

Z (w(B))? - (dia.mB)ﬁ(‘I)"'& < Z (diamB)qa+ﬁ(Q)+6/2
BeB BeB

< Y (diamB)HH2 < ¢
BeB

The last estimate follows from the definition of f. So for 0 < ¢ < 1 we proved
that dy(F) < B(q). For ¢ < 0 this relation is trivially fulfilled, since by the
definition of 8 we find coverings K of arbitrary small diameter of Jo such

that

Zpil 't?(Q)+6 <¢,

ek
and that yields in view of the definition of 7, which we may choose indepen-
dently of a for bounded a,

D (1(Bayy (m(i))))7 - (298:)PO* < (2y)P@*0 . ¢

iek
So for any ¢ < 1 we have dy(F) < B(gq) for almost all a. Consequently for
an arbitrary dense countable subset @ of (—oo, 1] we get for almost all a the
relation

dq(F) < B(q), 7€Q .

Since B(q) is a finite convex function and d,(F') is convex, we conclude that
both functions are continuous and this implies the first part of the assertion
of the Proposition.

2. Let ¢ <0, § < 0. We denote by K,(q) the subset of K(g), consisting of all
points x in K(gq) such that

w(BL(x) < (7> @=%  forall7' < 7.

Then
K(q) = U K‘r(q) .

>0

Hence by Theorem 1 we find some 79 < 1 with dimg(K;,(q)) > f~(g) —6/2.
Then we have for s < 8(g) — (1 — ¢)é and any covering of F' with diameter
less than 74/2

S(B,q,s) = Y (u(B))?- (diamB)* > 5(B,q,s) := ) (u(B))?- (diamB)",

BeB BesB’
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where B’ denotes the subset of B consisting of balls which have a non—empty
intersection with K, (g). So B’ is a covering of K,,(¢). Now we may find to
each B € B’ some ball B* with diameter between diam B and 2 - diamB
such that the center of B* belongs to K, (¢q) and B C B*. This yields, if we
denote by B* the collection of all those B*,

S(B*,q,5):= 3 (W(B))*- (diamB)’ < 2°S(B,q,5) ,

BeB*

so that

S(B,q,s)>27* Y (diamB)*+a(="(2)-5)
BeB*
> 270 ) (diamB)P@+e="@=5 = 970 37 (diamB)f @7 .
BeB* BeB*

First let us assume that (3 is smooth at q. Then f*(gq) = f~(gq). Since the
Hausdorff dimension of K, (q) is at least f(q) — 6/2, the last expression
becomes arbitrary large for coverings B of arbitrary small diameter, this
being valid for almost all a. So for those ¢ < 0, where 3 is smooth, we obtain
dq(F') > B(q) for almost all a. Since f is a finite convex function, we find a
dense countable subset @ of (—o0,0] where it is smooth. So for almost all a
we have d,(F) > f8(q) for each g € @, which in view of the fact that d,(F') is
convex yields that for almost all a we have dy(F') > B(q) even for all ¢ € R.
This proves the Proposition. .

5 Appendix

We prove here the fact that we can find a finite nonzero modification of ¥%(2),
This is a consequence of some standard knowledge about net measures, as it
was presented by [Be], [Ro], [Fal]. Nevertheless we give a detailed exposition
of this proof. :
1. First note that by Lemma 6 in the case ¢ < 1 we have to treat the case of
infinite total mass, whereas for ¢ > 1 we have cope with the possibility that
v2P(a) is the zero measure.

To begin with, let us show that in the infinite mass case we find a modification
with zero mass. In fact, if ¥2#(9(J,,) = +oo, then S(q,8(q), Jn) tends to
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infinity as n — +oco with a sub—exponential speed by Lemma 6, so that
hqo(i) := (S(q,B(q), J))~? is an admissible choice in the sense of section 1.
Obviously this yields as modified measure 7%#(®) the zero measure.
The fact that a modification can turn the zero measure (in the case ¢ > 1)
into a measure with non-zero total mass seems to be less obvious. We are
going to show this in the second step.
2. Let ¢ > 1. Choose any strictly increasing sequence {s;}i=12,... tending to
B(q) < 0. We learn from the fourth step of the proof of Lemma 6 that for
each [ there is some number & > 0, some n; € N and some 7; > [ such
that for any finite non-reducible covering K of J from S(g,s;,K) <1 and
S(gq,s1,K(r)) > M we would infer S(q,s;,K(r +n;)) > 71 - M — k; for any
r € N. Choose some 7] with 1 < 7/ < 7 and choose an increasing sequence
{M} in such a way that 7,- M;—k; > 7/ M;. Let ko be the first index such that
S(g, 81, Tk,) > My and let k; = ko +my -ny, where m; € N we choose in such
a way that (7{)™ - M; > M,. Then we choose m, such that (75)™2 - My > M;
and we put k2 = k; + mz - ny and so on. We define an expression (i), 1 € J,
as follows. For |i| < k; let (i) := (¢;)*. For k; < |i| < ko we put

82

(i) := (tige,))™ (ti/ti(k1)> ,

and in the general case ki < |i| < ki1 we put

n(i) = (ti(kl))al . (ti(kz)/ti(kl))” . (ti(ka)/ti(kz))’a el (ti/ti(k;)) A .
Now consider the net measure ¥ which is obtained by substituting the expres-
sion tiﬁ(q) in the defining relation of ¥%#(2) by 7(i). We find that 7(7.) > 1. In
fact, assume there would be a finite covering K € C, (Jw) with the property
Yiexpi - m(i) < 1. Then we see that the ko—section K(ko) of K (which is
simply Jk, ) fulfils » '

> of (i) = S(q, 51, Tko) > My .
1€K(ko)
We see by induction that

> pion()> M.
iEK:(k;_l)

In fact, in the same way as in the broof of Lemma 6, step 4., we get

Z Pl . n(i) > ( Z pi -n(i)) ()™ > My (7)™ > Mg .

ieK(ky) ieK(ki—y)
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So again we have a contradiction to the assumption that 7(Jew) < 1.

Now let hy(i) := n(i)/t?(q). We find that this is a modifying function in the
sense of section 1. Consequently we found a modification of ¥%#(2) which has
non-zero total mass.

3. We are now in a position where we do not need to treat the cases ¢ < 1
and g > 1 separately: In either case we have modifications of ¥%#(9), which
have zero and infinite total mass (or 2. yields already a measure with finite
mass). We have to find something between these extrema.

Let us denote the modifying functions by h° and h2° (one of them is con-
stantly equal to one), and let us write V‘LB(Q) for the modification of »2#(9)
" with infinite mass. Next we prove that in the case where v2#(%) has no atoms
we find a compact set £ C Jo, with ugf(q)(f:) = 1. This is a standard result
for net measures, we follow closely the considerations in [Fal], proof of 5.4.

Let us write 7 instead of ¥22(9) for short and denote by 7, the set function

which is defined by

_ ol q Bla) C |
(1) := Kég’_f(I)Zh Y, TC T -

Since Up(Jw) T ¥(Je) = 400, we find some 7o with 7 (J) > 1. There
is a compact subset & of Jo with 7,(&;) = 1. In fact, let us perform the
following construction. We take the elements of 7, in lexicographic order and
remove one by one from Jo, those disks Dj, i € J,,, which can be removed
leaving the U,,—value of the remaining compact not less than one. Then we
do the same with the new compact and J;,+1 and so on. We get a descending
sequence £(1), &), ... of compacts the intersection of which is the desired
compact &;. Indeed, assume first that 7,,(&;) < 1. This would mean we find
a finite covering K € C,,(&;) with

oot B(a)
iex

We denote by &' the compact set Ujcx Di,-which covers ;. Observe that
Js \ €' is compact, too. The intersection of the descending sequence of com-
pact sets &) \ £ is empty. So K covers already one of the &, which is in
contradiction to their construction. ,

Now assume that 5,0(51) = 1+4, where § > 0. Since ugf(Q) has no atoms, the

expression Ag°(i(n)) - p(,, - tfa((:)) takes arbitrary small values for each i € &;.

33



Hence we find some n > ro making this expression less than §. Now it is
obvious that we may remove Dj,,) from &, and the remaining compact has
still a v, —value not less than one, since any covering of &; \ Di(n) plus Dj(n)
yields a covering of &. But this contradicts the construction of &;.

So we have a compact & with the property 7,,(€;) = 1. We even find com-
pacts £ D & D ... such that U,,11(E7) = Upgs2(E]) = ... = Uroyr(E]) = 1.
Again we prove this by induction: Choose £? = &;. Let &] be given. For each
i € Jpo4r we consider the set & N Dy. If Try4r41(E] N D1) < A(0) - pf - 9,
we leave this part of £ unchanged. But if this relation is not fulfilled, we
substitute £ N D; by a compact subset F with ¥y, 41(F) = AP (1) - pf -tiﬁ(q).
This is possible, see the construction of & . In that way we do not change
the values of 7,,4+;(£7), 0 < 57 < 7. Doing this for all i € Jry4r, we get
ETT! C £7 as desired. We denote the compact limit of these sets by £. The
same argument as above shows that 7,(£) = 1 for each r > 7ro. So we have
v(€) = v2PE(E) = 1.

4. Now we are in a position to prove the existence of a modification of ¥%A(®)

with total mass one. If ¥2%(@) is non-atomic, by 3. we find a compact £ with
v2P)(£) = 1. Now choose

. Re(i) for END; #0 .
— g
ha(1) = { hI(i) else ’ 1€J.

Let us denote the corresponding modified measure by 79. It is obvious that
74(€) = 1. On the other hand, on each D; which has no intersection with £
the measure 7? coincides with the zero measure by definition of hg. So it is
the zero measure on the countable union of all these disks, i.e. on Js \ €.

This is the proof in the non-atomic case. The case where there is an atom 1o
of v%P(9) is easy: The expression

oo (s B
b3 (lo(n) - Py - iy |
must have a non-zero lower limit and it can only have a sub-exponential
growth (since S(g,8(g), J-) has a sub-exponential growth). So by

o P for i< :
hq(‘)“{ R else ,  1€J

we get a modifying function and obviously we have for the modified measure

7% = &;,. The proof is finished.
N
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