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Abstract

The aim of this paper is to extend the classical maximal convergence theory of Bernstein and
Walsh for holomorphic functions in the complex plane to real analytic functions in RV. In
particular, we investigate the polynomial approximation behavior for functions F' : L — C,
L = {(Rez,Imz) : z € K}, of the type F' = gh, where g and h are holomorphic in a neigh-
borhood of a compact set K C CV. To this end the maximal convergence number p(S., f)
for continuous functions f defined on a compact set S. C CV is connected to a maximal con-
vergence number p(S,., F') for continuous functions F defined on a compact set S, C RY. We
prove that p(L, F) = min{p(K,h)), p(K,g)} for functions F = gh if K is either a closed Eu-
clidean ball or a closed polydisc. Furthermore, we show that min{p(K, h)), p(K,g9)} < p(L, F)
if K is regular in the sense of pluripotential theory and equality does not hold in general.
Our results are achieved by methods based on the theory of plurisubharmonic Green’s function
with pole at infinity and Lundin’s formula for the extremal function ®. Further, an important
role plays a properly chosen transformation of Joukowski structure.

1 Introduction and main results

1.1 Maximal convergence

An important field in constructive approximation theory is the investigation of the relation be-
tween the smoothness of a function and the speed at which it can be approximated by polyno-
mials. Classical one dimensional results in this context are for instance Jackson theorems and
maximal convergence theorems of Bernstein and Walsh. Both kind of theorems have attracted
much attention and some endeavor has recently been made to extend them to higher dimen-
sions, e.g. Bernstein-Walsh type theorems for holomorphic functions in CV ([Sic62], [Zah76],
[Sic81], [Blo89]), squared modulus holomorphic functions in R? ([Kra07]), harmonic functions in
RN ([And93], [BL91], [SZ01]), pluriharmonic functions in CV ([Sic96]) and solutions of elliptic
equations in RY ([BL93], [BL94]).

The main intention of this paper is to extend the existing theory of maximal convergence to real
analytic functions in RY. In particular, we investigate the polynomial approximation behavior for
functions of holomorphic—antiholomorphic type, i. e.

F(xlv"'ux]\ﬁylv""y]v) =g(x1 +iy17---a$N+in)h(xl +iy17---u$N+in)v

where g and h are holomorphic. In this context we define a real maximal convergence number and
connect this number to the corresponding maximal convergence number for holomorphic functions
in several complex variables.

To state Bernstein—Walsh type theorems we first need to define some approximation measure. As
usual, we choose the n—th polynomial approximation error as follows:

(i) Let K C RN, N € N, be compact and let F : K — R be a continuous function. Then we
define

E,(K,F):=inf{|F- P,|x: Py: RY = R, P, a polynomial of degree < n},



where n € N and | - |k denotes the supremum norm on K.

(ii) Let K ¢ RN, N € N, be compact and let F : K — C be a continuous function. Then we
define

ES(K,F):= inf{|F— P,||x : Pn:RY — C, P, a polynomial of degree < n},
where n € N and | - |k denotes the supremum norm on K.

(iii) Let K ¢ CN, N € N, be compact and let f : K — C be a continuous function. Then we
define

en (K, f):=nf{||f—pulx : Pn: CN = C, p, a polynomial of degree < n},
where n € N and | - ||k denotes the supremum norm on K.

Now let p € (1,00] and f : K — C be a continuous function on the compact set K ¢ CV, N € N,

such that
limsup Ve, (K, f) = —

1
n—o00 ,0'

(1.1)

Then we say a sequence {p, }nen of polynomials p,, of degree < n converges maximally to f, if for
every R € (1, p) the estimate

M

holds, where M > 0 is some constant independent of n.

Theorems which describe the connection between p and f as in equation (1.1) are called maximal
convergence theorems. Analogously, we use this terminology for functions defined on compact
sets in RY. Since we consider functions f defined on sets in CV and functions F defined on sets
in RY simultaneously, we will distinguish them for more clarity by small and capital letters.

A famous result that marks the beginning of a series of studies on maximal convergence is the
Bernstein theorem:

Theorem 1.1 ([Ber52], 1912)
Let F': [-1,1] — R be continuous and let p > 1. Then

limsup v/ E,([-1,1], F) <

n—oo

D=

if and only if F' has a holomorphic extension to the set
{z€C: h(=)] < p},
where h : C — C\{z € C: |z| < 1} is defined by h(z) = z + /22 — 1.

In the year 1934 Walsh (and Russell) discovered an outstanding extension of Theorem 1.1. The
interval [—1,1] in Theorem 1.1 can be replaced by compact sets K C C whose complement is
connected and regular in the sense that for (@\K ,C:=CuU {o0}, Green’s function gx with pole
at infinity exists?.

We recall, Green’s function gg is the uniquely determined function which has a logarithmic sin-
gularity at infinity, is continuous in C, harmonic in C\ K and identically zero on K.

! The branch of the square root is chosen such that h(z) > 1 for z > 1.

2The generalization of Theorem 1.1 is due to Walsh [Wal26] in the case that C\K is simply connected in C
and due to Walsh and Russell [WR34] in the case that C\K is connected and regular. However in the literature
Theorem 1.1 and Theorem 1.2 are just called the Bernstein-Walsh theorems.



Theorem 1.2 ([Wal35], 1934)
Let K be a compact subset of C such that C\K is connected and regular. Furthermore, let
f + K — C be continuous and let p > 1. Then

limsup /e, (K, f) <

n—oo

D =

if and only if f = f]K, where f is a holomorphic function in
L,={zeC: e9cC) < p}.

A first step to an extension of the Bernstein—Walsh theorems to higher dimensions was taken by
Sapagov in 1956. He stated the following analogous result to the Bernstein theorem.

Theorem 1.3 ([Sap56], 1956)
Let F: K ¢ RV — R be a continuous function, where K 1= K; x Ko X --- x K, K; =[-1,1],
1<j<N,andlet p>1. Then

limsup V/ E, (K, F) <

n—0o0

D=

if and only if F' has a holomorphic extension to

L, XLy x---x1L

PN
where L,, = {z € C: |h(2)| < p}, 1< j < N, and h is defined as in Theorem 1.1.

The proof of Theorem 1.3 uses concepts of the proof of Bernstein’s theorem. The function F' is
considered on the intervals Kj, j = 1,2,..., N, separately. In a similar way Theorem 1.2 can be
generalized if the compact set K C CV is the Cartesian product of compact subsets in the complex
plane. However, for an arbitrary (sufficiently nice) compact set K C CV the situation is much
more involved. Siciak [Sic62] was the first who managed to extend Theorem 1.2 to appropriate
compact sets K C CV, see Theorem 1.4. His key to this result was the introduction of an extremal
function ® for compact sets K in CV, which behaves in many ways like the (generalized) Green’s
function for @\K with pole at infinity. Later Zaharjuta found a different approach to Theorem
1.4, using the technique of Hilbert scales, compare [Zah76]. A refinement of Siciak’s proof of
Theorem 1.4 can be found in [Sic81]. We also refer to Bloom [Blo89] for an ingenious modification
of Siciak’s latter proof.

Theorem 1.4 ([Sic62], 1962)
Let K C C¥ be a compact set such that the extremal function ®(z, K) is continuous in CV.
Further, let f : K — C be continuous and p > 1. Then

limsup {/en (K, f) <

n—oo

=

if and only if f has a holomorphic extension to

Ln,={z€C":®(2,K) < p}.



1.2 Results for real analytic functions in R¥

In this work we prove maximal convergence theorems for real analytic functions® in RY, especially
for functions of holomorphic—antiholomorphic type.

Let us start with an approximation question raised by Braess which encounters in the numerical
treatment of elliptic differential equations. In [Bra01] it was conjectured that functions F : By —
R, By = {(z,y) € R? : 22 + y? < 1}, defined by

1
((x —20)2 + (y — %0)?)"

where s € (0,00) and (zg,y0) € R? such that py := V@3 + y3 > 1, satisfy the relation

— 1
limsup {/ E, (B2, F) = —. (1.3)
Po

F(z,y) = (1.2)

n—~o0

Clearly, the function F'in (1.2) can be expressed as the squared modulus of a holomorphic function
in some neighborhood of the closed unit disk D := {z € C : |z] < 1}. If we set g(z) := 1/(z — 20)°?,
where 2y = zg + 1yp, then F' can be written as

1 _
(z—20)2+ (y—w0)?)" 9(2)9(2).

Further, g is holomorphic in D,, := {z € C : |z| < po} but in no neighborhood containing D,
cf. Theorem 1.2. These facts indicate that the approximation behavior for functions of squared
holomorphic type on the closed unit disk in R? is determined by the approximation behavior of
the corresponding holomorphic function on the closed unit disk in C. Indeed, it was shown in
[Kra07]:

Let F : By — R be given by

F(:Cay) =

F(z,y) = |g(z +iy) |,
where g € H(D). Further, let p > 1. Then

limsup {/ E,(By, F) <

n—oo

=

if and only if g has a holomorphic extension to D,

On the other hand the function F' of (1.2) can be continued analytically to some open neighborhood
of By in C?. Therefore Theorem 1.4 gives rise to ask if there exists a similar result for real-valued
continuous functions defined on compact sets K C RY. For that reason we shed some light on
Siciak’s machinery which he used to prove Theorem 1.4, especially on Siciak’s extremal function.
We will show that Theorem 1.4 can be carried over to RY. In particular, there exists non-empty
compact sets K in RY such that Siciak’s extremal function ® is continuous.

Theorem 1.5
Let K C RY be a compact set such that the extremal function ®(z, K) is continuous in CV.
Furthermore, let F': K — R be continuous and p > 1. Then

limsup \/ E, (K, F) <

n—0o0

=

if and only if F' has a holomorphic extension to

Ly,={2€C":®(z,K) < p}.

3A function F defined on an open set U C RY with range R or C is said to be real analytic in U, if for each
x € U the function F' may be represented by a convergent power series in some non—empty neighborhood of x in U.



Now, from some “theoretical” point of view the maximal convergence problem in R is solved. We
obtain analogous to the complex case a real maximal convergence number. However, bearing for
example Braess’s problem in mind, we also would like to calculate the real maximal convergence
number p for a given function F defined on a compact set K € RY. Consequently, we need the
explicit formula of ®, which requires even for simple compact sets, e.g. that of a closed unit ball
in RY, much effort. An explicit representation of ® for compact, convex and symmetric sets S in
RY with non-empty interior IntS is due to Lundin [Lun85]*:

Let S be a compact, convexr and symmetric (with respect to 0) subset of R with IntS # () in RV,
Then

D(z,8) = yrenaaBXN ‘h(a(y)(z,y >)‘ for z € cV, (1.4)

where h : C — C\{z € C : |z| < 1}, h(z) = z + V22 =1 and a(y) = 1/ maxges (z,y) for
y € OBy = {z = (21,22,...,2n) € RV : (ij:1|xj|2)1/2 = 1}. The symbol (- ,-) means the
standard scalar product in RY and CV respectively.

Formula (1.4) was obtained by a representation of ® in terms of plurisubharmonic functions. It
took more than twenty years to verify the identity

log ®(z, K) = sup{u(z) : u € L,u|g <0}, zeCV, (1.5)

for compact sets K C CV, where £ denotes the set of all plurisubharmonic functions v in CV
which satisfy the growth condition sup,ccn |v(2) —log(1 + |z])| < oo.

Zaharjuta [Zah76] showed this identity under the assumption that ® is continuous. He studied
various properties of Hilbert spaces of analytic functions in this context. For the general case Siciak
provides two different proofs, see [Sic81] and [Sic82]. His first proof is based on an approximation
theorem by means of spectral theory and the latter proof was obtained by deep classical results
of several complex variables.

It turns out that in general the real maximal convergence number p can’t be determined explicitly
even if the explicit formula of ® is known, see Paragraph §2.7. Regarded from this point of view
it is even more desirable to establish a link between the real maximal convergence number for
functions of squared-modulus holomorphic type in RY and the corresponding complex maximal
convergence number, since then p can often be easily calculated for that kind of functions.
Before we state some results of this type let us introduce some notations.

EN,T and EQN’T stand for the closed balls with center 7 in CV and RZV with respect to the
Euclidean norm whereas 5]\/,1" and E2N7T denote the closed polydiscs with center r in CV and
RN equipped with the maximum norm.

Theorem 1.6
(i) Let g € H(Bn,) and F : Byy, — R be given by

F(.’L’,y) - ‘g(fI,' +2y)’27 (xuy) € EQN,'I" T,y € RN

[ = 1
limsup \ En(B2NraF) < -
’ p

n—oo

Further, let p > 1. Then

“For a different approach to this formula see [BT86]. A generalization of Lundin’s formula for some special
classes of compact, convex and symmetric subsets of CV was discovered by Baran [Bar88]. It was achieved by
considering various properties of a function of Joukowski type and making use of equation (1.5).



if and only if g has a holomorphic extension to By ,, = {z € CV : (Zj\le |zj|2)1/2 <rp}. (ii) Let
g € H(Dn,) and F : Dyy, — R be given by

F(.’L’,y) - ‘g(fI,' +2y)’27 (xuy) € ﬁ2N,7‘7 T,y € RN

[ = 1
limsup \ En(D2NraF) < -
’ p

n—oo

Further, let p > 1. Then

if and only if g has a holomorphic extension to Dy ., = {z eCN ;. max;—1,_ N |zj| < Tp}.

The proof of the above theorem requires a lengthy preparation with several rather technical aux-
iliary results. To this end we fall back on Lundin’s formula and the representation of Siciak’s
extremal function in terms of plurisubharmonic functions. In this context an additional change of
variables is of crucial importance.

Further we prove that for functions of holomorphic—antiholomorphic type the real maximal conver-
gence number can be also derived from the corresponding complex maximal convergence numbers.

Theorem 1.7
(i) Let F : By, — R be given by

F("I,',y) :g(x—i_ly)h(x—i_ly)? (xuy) 6§2N,7’7 xuyeRNv

where g, h € H(Bn,) and g # 0,h # 0. Further, let p > 1. Then

limsup {/ES(Byy,, F) <

n—oo

=

if and only if g and h have holomorphic extensions to By .
(ii) Let F': Doy, — R be given by

F(.’L’,y) :g((II—F’Ly)h(.TJ—f-Zy), (xuy) €§2N,7‘7 xuyeRNv

where g,h € H(Dx,) and g # 0,h # 0. Further, let p > 1. Then

limsup n\/ E;’:L(EQN,WF) <

n—oo

=

if and only if g and h have holomorphic extensions to Dy .

The maximal convergence number p for F'in Theorem 1.7 was determined by the largest Euclidean
ball and polydisc in CV to which ¢ and h have holomorphic extensions. A different approach is
described in Theorem 1.8. Here, the maximal convergence number is received by the holomorphic
extension of F' itself and its singularities.

Theorem 1.8
(i) Assume F € H(Ban ) has the representation

F("I,',y) :g(x—i_ly)h(x—i_ly)? (xuy) 6§2N,7’7 xuyeRNv

where g,h € H(Bn,) and g # 0,h # 0. Then the following conditions are equivalent:

— 1
(a) timsup {/ BBy, F) <

n—oo



(b) F has a holomorphic extension to

{ (21,.. ZQN (CQN Z‘zj

S

(c) F has a holomorphic extension to

N 1

N
2
{Z:(zl,...,ZQN) €C2N: < E ’22]'_14—2‘22]"2) <rp A ( E ’22]'_1—1'2’2]“2> <7“p}.
Jj=1

Jj=1

N

(d) F has no singular points on

_ 2N, _ _@( it; 1 o TR; i, 1 )
{ = (21,...,20n) € C*V: 2954 = oR Re ]+R€it1)’Z2]_i2iR(R6] 7ol )

N
> Ri=R? Re(l,p), Rj€[0,R], t; €0,27], jzl,...,N}.

(i) Let F € H(Dan,) be of the form

F(z,y) = g(z +iy)h(z +iy), (v,y) € Dan,, x,y € RY,

where g,h € H(Dx,) and g # 0,h # 0. Then the following conditions are equivalent:

[ = 1
(a) limsup \ ETCL(D2N7“’F) < -

n— o0 ’ P
(b) F has a holomorphic extension to

2 -\ 2
{o= s e O (1220 |2 4 | (224 (2)° -] ) <

1<j<N r

(c) F has a holomorphic extension to

2N . .
z2=1(21,22,...,% eC ©max |z9i_1 + 1295 < rp /A max z',—zz'<r}.
{z= 1, 2ow) [z +izy| <o A max [z —iz| < rp

(d) F has a no singular points on

rR; rR; 1
_ 2N. it it
{z = (21,...,20n) €EC™: 2954 = 5 (Re i — ) 20 = :I:2 (Re i — eitj>’

1%22%\7}% =R, Re(1,p), R; €[0,R], t; €[0,27], j :1,...,N}.

In the next theorem it is shown that the real maximal convergence number is always greater or
equal than the corresponding complex maximal convergence numbers.



Theorem 1.9
Let K ¢ CN be a compact set such that Siciak’s extremal function ® is continuous in CV and
define L = {(Rez,Imz) : z € K}. Moreover, let F': L — R have the representation

F(z,y) = g(x + iy)h(z + iy),

where g, h are holomorphic functions in an open connected neighborhood of K. Then

limsup {/ES(L, F) < —

1
n—00 P
if g and h have holomorphic extensions to {z eCVN:d(z,K) < p}.

The example below illustrates that the opposite direction of Theorem 1.9 is not true in general,
cf. [Kra07]. In particular, it is not sufficient to assume that the set K is regular in the sense of
pluripotential theory.

Example 1.10

Consider
1 —
F(z,y) = s = 9(2)9(2),
((@ = po)* +4?)
1
where g(z) = = o) s € (0,00) and pg € (1,00). Then
. 1
hmsup T\L/En([_la 1] X [_15 1]5F) =
n—0o0 Po
but
limsup v/e,(K,g) = 1 > &
noo 0 (o)l T o

Here, 1) maps C\K univalently onto C\{z € C : |z| < 1} such that 1)(c0) = 00®.

The paper is organized as follows. Section 2 starts with a discussion of maximal convergence
theory in CV and RY. We give a short comparison about maximal convergence concepts in C
and CV and introduce Siciak’s extremal function ®. In Paragraph §2.4 we focus on necessary and
sufficient conditions for the continuity of ® which are essential for Theorem 1.5. Then we prove
Theorem 1.5 and discuss how the maximal convergence number p can be computed. Here, some
ingredients of plurisubharmonicity are required which are provided in Paragraph §2.6. In Section
3 we set the stage for the main results. We construct some transformations of Joukowski type and
prove several upper and lower bounds for the real maximal convergence number. The estimates are
based on the characterization of possible singularities of functions of squared modulus holomorphic
and holomorphic-antiholomorphic type. Finally, we establish Theorems 1.6, 1.7, 1.8 and 1.9. The
proofs are rather technical and quite lengthy.

2  Maximal convergence in CV and RV

2.1 Notations

At first let us become acquainted with some notations and definitions in RY and CV which we
need throughout our work.

5The conformal mapping v is up to a rotation uniquely determined.



An element of RY is denoted by = = (21, 22, ..., zy) and an element of CV by z = (21, 22, ..., 2N).
We equip the space CV with the Euclidean norm

2] == V2171 + 20272 + - - + 2NZN
and the maximum norm
‘Z’ = max{’zllv cee ‘ZN’}v

where we regard RV as a subset of CV. The open polydisc in CV with center a € CV and radius
r > 0 is abbreviated by
Dy(a,r):={z€C":|z—a| <r}.

In particular, we denote for simplification
DN,T’ = DN(O, 7”) and DN = DN(O, 1)

The closed polydisc in CV with center a € CV and radius r > 0 is defined by

Dn(a,r) = {z€CN : |z —a| <r}.
Similar as before, we put

5]\/77« :=Dn(0,7) and Dy :=Dn(0,1).
The symbols Doy (a,r) and Doy (a,r) are used for the sets

Don(a,r) = {z = (z1,...,72y) € RV : miﬁ|x%j_1 +x%j —al <r}

1<y
and

D) N
Don(a,r) = {:c = (z1,...,22N) € R2V . 1%223\7@%]-71 +x§j —al| < 1“},

where a € R?Y and r > 0.

Polydiscs are balls with respect to the maximum norm. Open and closed balls in CV with respect
to the Euclidean norm are abbreviated by By(a,r) and By/(a,r), whereas By(a,r) and By(a,r)
stand for the open and closed balls in RV .

2.2 Comparison of maximal convergence in C and CY

As a preparation for our further considerations we give in this paragraph a rough outline of the
ideas behind the proofs of Theorem 1.2 and Theorem 1.4.

The “only if”—part of Theorem 1.2 is based on the so—called Bernstein-Walsh property:

Let K be a compact subset of C such that @\K is connected and possesses a Green’s function g
with pole at infinity®. Then gk has the representation

1
9K (2) = max {0,sup {d— log |p(z)|}}, z€C, degp: degree of p, (2.1)
egp
where the supremum is taken over all non-constant polynomials p satisfying ||p|x < 1.
Furthermore, if
L,:={zeC: e < p},

where p > 1, then
p(2)| < |lpllix p8P  for z € L,,.

Let G be a domain in C. Then there exists a unique Green’s function for G if and only if G is non—polar.



As we will see in Paragraph §2.3 there exists an extension of the Bernstein—Walsh property to
several complex variables. Using this generalization the “only if”—part of Theorem 1.4 can be
proved quite similar to the one dimensional case.

In the complex plane one shows that there exists a sequence of polynomials p, : C — C, n € N,
such that the series po + > .2 (Pn — Pn—1) converges uniformly on compact subsets of L, to a
holomorphic function f which agrees with f on K.

The “if”—part of Walsh’s theorem can be established by using series expansions for holomorphic
functions f in the region L,, which can be approximated by lemniscates. To be more precisely,
one can construct a sequence of lemniscates

Qn,:={z€C:|p(2)| <rn}, neN,

where p,, is a polynomial of degree < n and 7, is a positive number, such that €2,, increases up to
L, and contains K for n sufficiently large. Within the lemniscates €2,,, n € N, the function f can
be expanded into a Jacobi-series of the form

F(2)=) ai()[pa(2)V,
=0

where ¢; is a polynomial of degree < n — 1. The Jacobi-series of f converges uniformly on
Q, :={z€C:|pn(2)] <7}, 0 <1/, <r, Truncating the series appropriately we get a suitable
polynomial approximant to f. For details see Section III and Section IV of [Wal35].

In several complex variables the lemniscates can be replaced by a sequence of polynomial polyhedra
which contains K and increases up to Ly,,. A polynomial polyhedra is defined as follows:

Q= {Z:(Zl,ZQ,...,ZN)GCN:’ZZ" <rn, pi(2)| <rn, i=1,...,N, j=1,...,k},

where r,, > 0, p; are complex-valued polynomials of degree < n and n,k € N.

Now, a holomorphic function f in CV can be expanded into a series of polynomials analogously to
the one dimensional case. To this end one has to fall back on a deep theorem in several complex
variables, namely the Oka—Weil extension theorem, see [Hoe66].

Sequences of polynomials which converge maximally to the corresponding holomorphic function
can also be constructed by interpolation. A proper choice of interpolation points are for instance
the extremal points of a compact set K C C" introduced in [Sic62]. These points coincide with
the well-known Fekete points if K C C, see e.g. [Gai80].

Note, Green’s function which plays the central role in approximating and interpolating holomor-
phic functions by polynomials in the complex plane is replaced by log ®, where & is Siciak’s
extremal function introduced in [Sic62].

2.3 The extremal function ¢
Let K C CV be compact and define for every n € N the function ®,, : C¥ — R U {co} by
@, (2, K) :=sup {|p(2)| : p € Py, |p(2)| < 1 for z € K}, (2.2)

where PS¢ = {p: C¥ — C : p a polynomial of degree < n}. Then the extremal function ® may be
introduced by means of ®,,.

10



Definition 2.1
The function ® : CV — R U {oo} defined by

P(z,K) =sup /P, (z, K) (2.3)
neN

is called the extremal function for the compact set K C CV.

A wide variety of polynomial estimates can be derived from the extremal function ®. The cause
depends upon the different ways to express ®, cf. [Sic62]. In Paragraph §2.6 we will be acquainted
with an important representation of ® in terms of plurisubharmonic functions.

We also would like to point out that the extremal function ¢ may be written in an analogous form
to equation (2.1). In fact,

1
log®(z,K) = max{(), sup{@log ]p(z)\}}, zeCV,

where the supremum is taken over all non-constant polynomials p : CV — C satisfying |p|x < 1.

To generalize the Bernstein-Walsh inequality in higher dimensions the compact set K C CV has
to satisfy an additional property, i.e. K has to be unisolvent:

A set S C CV is called unisolvent, if every polynomial p : CN — C that vanishes on S is identical
zero on CN.

A first glimpse about unisolvent sets gives the following examples.

(i) Let K; C C, j =1,...,N, be an arbitrary set consisting of at least n + 1 different points.
Then K := Ky x --+- x Ky is unisolvent of order n.

(ii) A compact set K C RY with non-empty interior in R¥ is unisolvent.

(iif) If K C CV is unisolvent, then K O K is also unisolvent.

Now let us state the Bernstein-Walsh inequality in higher dimensions.

If K ¢ CV is a unisolvent compact set and p, € PS then

pa(2)] < lpnllx[®@(z, K" for z € CY. (2.4)

A useful tool for our further work is the preceeding theorem due to Siciak [Sic62], which describes
the extremal function ® for Cartesian products of compact sets. Observe, Theorem 1.3 is then
just an application of Theorem 2.2. Moreover, we see that Cartesian products of compact intervals
with non—-empty interior have a continuous extremal function ®.

Theorem 2.2 ([Sic62])
Let K1 € CN' and Ky C CN? be compact sets, N1, Ny € N. Then the extremal function ® for
Ky x K is given by

O((z,w), K1 x K9) = max{®(z, K1), P(w, K2)}, (z,w) € CN1+N2,

We refer the reader to [Kli91] for a nice proof of Theorem 2.2.
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2.4 Necessary and sufficient conditions for the continuity of ¢

Theorem 1.5 is based on the assumption “® is continuous in CN”. For that reason we like to
discuss some necessary and sufficient conditions for this prerequisite.
At first we show that the extremal function ®(z, K) can only be continuous in C¥ if K is unisolvent.

Lemma 2.3

If K ¢ CV is a compact set such that ®(z, K) is bounded in some closed proper neighborhood U
of K, then K is unisolvent.

In particular, if ®(z, K) is continuous in C then K is unisolvent.

Proof:
We assume K is not unisolvent. Then there exists a polynomial p,, € Py, for some n € N, such

that
[Dnllx =0 but ||15n||ﬁ =t t>0.

Now, since ®(z, K) is bounded in U, there exists some constant M > 0 such that
|®(2, K)| < M, zeU.

As (M™ - py)/t € P5(K) we obtain due to the definition of ® the inequality

Mn
)| <@, sect
In particular,
M _
—t Pu(z)| < M" for z € U.

The latter is clearly impossible, since we have |p(2)| = t for some 2 € U. Hence K is unisolvent.
|

In the sequel sufficient conditions for the continuity of ® are described.

Remark 2.4 ([Sic82])
Let K be a compact subset of CN. Then the following conditions are equivalent:
(i) @ is continuous at every point z € K, that is lim ®(z;, K) = ®(z, K).

zp—zEK,
ZkE(CN

(i) @ is continuous in CV.
(iii) To each real number R > 1 there exist an open neighborhood U of K and a constant M > 0
such that
lpllo < Mjp|x R

for every p € P., n € N.

Remark 2.5

Baouendi and Goulaouic [BG74] as well as Siciak and Nguyen Thanh Van [SN74] provided an
additional equivalent condition in Remark 2.4 in the case that the compact set K is not too
“small”. The requirement “K should not be too small” means that any holomorphic function
defined on a connected open neighborhood of K with f|x = 0 is identical zero.

Now, let K be such a set. Then (i), (ii) and (iii) of Remark 2.4 are equivalent to the statement:
If f is continuous and limsup,, ., Ve,(f,K) < 1, then f extends to a uniquely determined
holomorphic function in a neighborhood of K.
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In view of Theorem 1.6 and Theorem 1.7 we prove that closed balls in RY are not too "small”
compact sets.

Lemma 2.6 .
Let F : By — R be continuous. If F : By — R has a holomorphic extension F to some
neighborhood of By in CV, then F is uniquely determined.

Proof:

Suppose this were not true. Then there exist two different holomorphic extensions F,:G,—C
and FQ : Gy — C, where G; and Gy are appropriate chosen neighborhoods of By in CV. In
particular, these extensions are holomorphic in Dy (0,e) = {z ceCV: |zl < 6} C G :=G NGy
for £ > 0 sufficiently small. There we may expand Fy and F into their power series

Fi(z) = Z ae2® and Fy(z) = Z bz, z€ Dn(0,¢),

aeNYY aeNy
where o = (a1, g, ..., an) and Ng = NU {0}. As we have
Z a2t = Z baz®
aeNy aeNYY
for z € Dn(0,¢) = {x cRV : |z| < 5}, we get by the identity principle of power series
o = by, a € Név,

and therefore
Fi(z) = Fy(z) for z € Dn(0,e).

Since Dy (0,¢) is a non-empty open set of G we can apply the identity principle of holomorphic
functions and obtain
F 1‘(; = Fglg.

A useful geometric criterion to check the continuity of ®(z, K) in CV goes back to Plesniak [Ple84].
We also refer the reader [Sic97].

Theorem 2.7 ([Ple84]) B
Let Q be a bounded open subset of CV with C'-boundary. Then the extremal function ® for Q)
is continuous in CV.

2.5 Maximal convergence in RY

Now we are well prepared to prove Theorem 1.5.

Proof of Theorem 1.5:

“<": Let us associate to each complex—valued polynomial p,, : CN — C of degree < n,

pa(x)= > aaz,

ozENéV, la|<n
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the real-valued polynomial P, : RN — R,

Py(z)= > Re(aq)z” .

aeNY, |al<n
Notice, P, (x) = Rep,(z) for z € RY. Therefore we obtain the inequality
IF" = Polle = | F' = Repallie < [|F" = pnllre

and in view of Theorem 1.4 we achieve

limsup y/E, (K, F) <limsup {/e, (K, F) <

n—oo n—oo

=

“=”: For an arbitrary real polynomial P, : R” — R of degree < n we define
pn(z) = Po(2), zeCN.

Since p, € PS we derive the estimate

limsup Ve, (K, F) <limsup \/E,(K,F) <

n—oo n—0o0

=

Theorem 1.4 now implies that F' has a holomorphic extension to

L,={2eC":9(z,K) < p}.

2.6 On some representations of ®

Explicit representations of ® are mainly based on the identity (1.5). For that reason we take for
the convenience of the reader a short “pluricomplex interlude”. We refer [Hoe66], [K1i91] and
[Kra01] for a comprehensive discussion about this topic.

2.6.1 Plurisubharmonicity
Let us first recall the definitions of subharmonic and plurisubharmonic functions.

Definition 2.8
Let © C C be an open set. A function u :  — R U {—o0} is called subharmonic, if
(i)  w is upper semicontinuous;
(ii)  the local submean inequality holds, i.e. for every zy € € there exists an p > 0 such that

1 2 "
< — )dt
u(zp) < 5 /0 u(zo +re’)
for any r € (0, p).
Definition 2.9
Let Q C CN be an open set. A function u : Q2 — R U {—oc} is called plurisubharmonic, if
(i) w is upper semicontinuous;

(ii) to each z € Q and w € CV correspond a neighborhood U of 0 in C such that the
function

T — u(z + Tw)

is subharmonic in U.
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The set of all plurisubharmonic functions defined on an open set 2 C C¥ is denoted by PSH ().
Typical examples of plurisubharmonic functions are log | f| and |f|* for « > 0, if f is holomorphic.
A function v € PSH(CV) is said to be of minimal growth at infinity if

u(z) —log(l+|z]) <O(1) as |z] — oc.
The family of all such functions will be denoted by
L:={ue PSH(CY):u(z) < B +log(l+ |z]) for = € C"}, (2.5)

where 8 € R may depend on wu.
An attractive feature of plurisubharmonic functions with minimal growth at infinity is the full
description by polynomials, see [Sic82].

Further, we put for any set S ¢ CV
L(S):={ueLl:u(z) <0 forzeS}
and define for every z € C"V the function
V(z,S) :=sup{u(z) : u € L(S)}.

The function V is called the pluricomplex Green’s function to emphasize the analogy to the one-
dimensional case.

Now, if S is compact, then the pluricomplex Green’s function coincides with Siciak’s extremal
function .

Theorem 2.10 (cf. [Sic82])
Let K ¢ CV be compact. Then

V(z,K) =log®(z,K) forzeCV.

2.6.2 An explicit representation of ® for compact, convex and symmetric sets in R™Y

Theorem 2.10 is the gist of Lundin’s formula for the extremal function ® for compact, convex and
symmetric (with respect to 0) subsets S of RY whose interior IntS is not empty. These sets have
the nice property that they can be described by a continuous function with range in [—1, 1]. More
precisely:

If S ¢ R¥ is a compact, convex and symmetric (with respect to 0) subset of RY and IntS # ) in
RY | then S can be described by

S={xe RY :a(y)(z,y) € [-1,1] for every y € OBN},

where a(y) := 1/ maxges (z,y) is a continuous function defined on 0By and (-,-) means the
standard scalar product in R and C¥ respectively.

Lundin’s formula:
Let S be a compact, convex and symmetric (with respect to 0) subset of RY with IntS # () in RV,
Then

O(z,89) = yre%anN \h(a(y)(z,y))| forze€ ch,

where h : C — C\D is defined by h(n) =n+ /n?> — 1 and a(y) := 1/ max,cs (x,y) for y € IBy.

Now, if S is the closed unit ball in RY then the formula for ® can even be refined, cf. [Bar88].
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Corollary 2.11
Let h : C — C\D be defined by h(n) =n+ +/n* — 1. Then

®(z,Bn) = Vh(||z|2 + |(2,Z) —1]) for zeCV.

2.7 Computation of p

In this paragraph we like to show how Theorem 1.5 and Lundin’s formula can be utilized to get
some information on the real maximal convergence number p for a given continuous function. For
that purpose we first combine Theorem 1.5 and Corollary 2.11 to the following

Lemma 2.12
(i) Let F : By — R be a continuous function and let p > 1. Then

— 1
limsup {/E,(By,F) = -
p

n—oo

if and only if F has a holomorphic extension F to

Ly, := {z = (21,...,2n8) € CN 1 ||2)* +

N
1 1
2 2
E zj—1‘<§(p +?)}
Jj=1

but to no larger domain containing ZN,/)-
(ii) Let F': Doy — C be a continuous function and let p > 1. Then

— 1
limsup {/ E,(Dyy, F) = =
p

n—oo

if and only if F has a holomorphic extension F to

Lonpi=132=(21,...,2n5) € C*N : max (J22j—11? + |225* + |25, + 235, — 1
<N J J

1<j
but to no larger domain containing Lo N,p-

Thus in view of Lemma 2.12 the number p is the largest root of the equation

éz?—l'}z%(f—i—%) (2.6)

— inf 2
7y erelP{HZH +
and

1 1
— 2 12 1.2 2 _ L7
7= Zlfel}f){ B (=1 * + Joj|* + |23 1 + 235 — 1‘} = 5(/) + ?> (2.7)

respectively, where P denotes the set of all non-removable singularities” of F'.

Let us apply this lemma to a class of functions whose approximation behavior is also of special
interest in the numerical treatment of elliptic differential equations, cf. [Sau], [Bra01] and [Kra06].

Let F: Boy — R be given by
1
N )
(Y5m (@5 — w0 )% + (y5 — v0,4)?))°

TA point Z € CV is called a non-removable singularity of F if the function F has no analytic continuation to a
non—empty open neighborhood of Z.

F(.%',y) -

(2.8)

16



where s € (0,00) and (xg,y0) € R with py = \/Zj\le x%’j + yaj > 1.

Then L
F(Zl,ZQ,...,ZQN): N
(2= (22j-1 — 0,3)% + (22 — 90.4)%)°
is the uniquely determined holomorphic extension of F' to C2N\P, where P = {(z1,22,...,2N)
e C?N . Zoj—1 = o ;Ei(295—v0,5),J = 1,2,..., N}, see Remark 2.6 for the argument of uniqueness.

Thus v of equation (2.6) takes on the form

N N
: 2 - 2 2 2 -
vy = ;glfj { Zl (\@j! + @0, £i(225 — yo,5)] > + 21 (xo,j — Yo, £ 2iw0,5(yo,5 —Z2j)+2yo,mj) - 1‘}
j= j=

Obviously, the exact value for v can’t be given straight away and consequently the same holds
for p. So the way we proposed to determine p by means of the maximal convergence number for
the corresponding holomorphic function has the advantage that it can be done explicitly, i.e. we
have p = pg. Here, in contrast we have the possibility to find easily some upper bounds for p
by evaluating ||2]|> + | Z] 1 ] — 1‘ for a given non-removable singularity Z of F. We can also
calculate p numerically. However, we have to bear in mind that the computation of v gets more
involved if N increases.

The following example illustrates how a sharp lower bound for the approximation error of Fin
(2.8) can be derived by a suitable chosen non-removable singularity.

Example 2.13
The function F in (2.8) has a non-removable singularity at

(2‘17227 cee 722N—172'2N) =
1(( +i )2+1) ! (( +iyor)? 1)
—_— T 1 —_— T 1 — e
200 0,1 Yo,1 ) %m0 0,1 Yo,1 ) )
P ((OCO,N +iyo,n)” + 1), — ((OCO,N +iyo,n)” — 1) .
2po 2ipo

After a lengthy but straight forward computation we receive

2N
$0-1):

J=1

N .
|$0j+2y0j|2( |SCOJ +zy0]|
- Y :CO, +Zy07 +‘7 s, ) 1
> g g v | Z

Jj=1 209
1(2 1
=5 p0+_>7
2 I

1nf {||z||+

where P is the set of all non-removable singularities of F. This implies

" — 1
limsup {/ E,(Bon, F) > —

n—00 Po

3 Proofs of Theorems 1.6, 1.7, 1.8 and 1.9

The proof of Theorem 1.6 in one complex variable is based on some special factorizations of
holomorphic functions ¢ like ¢ = gB, where B is a Blaschke product, see [Kra07]. As inner
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functions of that form lack in several complex variables we have to choose a different approach in
order to establish Theorem 1.6. Here, a useful tool is Lemma 2.12. We will see that

F € H(Lan,y) if and only if g€ H(Bn,).

In this context an additional change of variables is of crucial importance.
Now, let us set off on proving Theorem 1.6 and Theorem 1.7.

3.1 Auxiliary results

In the preceeding lemma we construct a transformation of Joukowski type for the domains
C2\{(21,22) €C%: 21 =0V 25 =0} and C?\{(21,20) € C?: 21 = Fiz}.

Lemma 3.1
Consider the map h: C2\{(£,n7) € C2: ¢ =0V =0} — C]\{(21,20) € C?: 2y = Fiz},

1 1 1 1
&mn) — (55(77‘1' 5)75%(77 - ;)) .
Then h is surjective.
In particular, any point (21, z9) € C?\{(21, 22) € C? : 21 = Fizy} can be expressed as
1 1 1 1
(o, 22) = (%(”* 3)a(n 5))7
if &, n € C\{0} are chosen appropriately.
Proof:

Observe, h maps C?\{(&,7) € C?: € =0V n =0} in C*\{(21,22) € C?: 21 = Fiz}.
Now let (21, 22) € C?\{(21,22) € C?: 21 = iz} be an arbitrary point. Then

/ z1 + iz
V2 T+ 25

is an element of C?\{(¢£,1) € C?: € =0V n =0} and we calculate

e = (3 (). e (1))

[\

2 (»n +iz2)\/z%+z§ 720 (zl+i22)\/z%+z§

1(z1 +iz0)2+ 22 +22 1 (21 +i2)%— 23 — z%)

(
o

1 227 + 2229 1 2iz129 — 223
2(21 +izm)/22 + z%’ 20 (29 +i29)\/27 + 25
. 9
B _—2122—22’2> _
(51— ) = i),

The next two lemmata may be regarded as the nub for determining non-removable singularities
of functions F' of squared modulus holomorphic and holomorphic—antiholomorphic type.
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Lemma 3.2 ~
Let pj € (0,00), j =1,2,..., N, be arbitrary real numbers such that p:= | > p? > 1.

Then the function h : CV — R defined by

, w:(wl,wg,...,wN)E(CN,

attains its minimum at the points w = (£p1/p, £p2/p,...,E£pn/p). In particular,

h(w) > % for w e CN\{w}.

Proof:
Note, we may consider h as a function of 2N real variables. For that reason we define the function
h:R2N — R by h(z,y) = h(z +iy), where 2,y € RY. Then the function h can be written as

N N

S| |
= Z x5+ zyj —1

j=1 2p.7 j=1

N N 2 N 2
x +y

=2 L (Zx — —1> +(QZ%‘%‘) :

j=1 p] j=1 j=1

Observe, for & = (£p1/p, £p2/p, ..., xpn/p) and § = (0,0,...,0) the function h takes the value

N
:AC Q 2,04 + Z
7j=1 7j=1

bm|hbm
—_

p
Since our intention is to show that h assumes its minimum at the points (z,7), we compute the
first partial derivatives of A which necessarily vanish at critical points:

N

N
. 2<Z(x2—y2-)—1 230'+2<22x'y->2y-
oh(z,y) - 2(x?+yj2)2xj N = J J ) J = Y5 | 4Yj

Jj= =

2(j§1(w§ —v5) - 1) (=2y;) + 2(2;2%1 wjyj)%j

~0 (3.1)

Oh(z,y) _ 2] +y})2y;
6yj 2p2 N 2 N 2
J 2\/(2@3—%2)—1) +(2'2:1xjyj)
= ]:

for j =1,2,...,N. Now (3.1)y; — (3.2)x; gives

~0 (3.2)

8( JZV: (x? - ij) — 1>xjyj + 4( ]ZV: 2x]y]) — x?)

i=1
2
xj%)

(G- +

Jj=1 J

=0

MZ

1
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for j=1,2,...,N.
N N
For simplification we set A := Z(m? - yJQ) — 1 and B := ) 2z;y;. Hence the last equation
j=1 =1
assumes the form
8Ax y; + 4B(yj2 - sz)

oVAZ+ B2

for j =1,2,...,N.
Note, the assumption A # 0 implies B = 0 and A = 0 entails B = 0 since

2zjy;A = B(a? —yj), j=12,...,N, (3.3)

and therefore
N N
AB = A(Z2xjyj> = B(Zx? - y?) = B(A+1).
j=1 j=1

Thus, we only have to distinguish the two cases:
(i) A#0and B=0
(ii) A=0and B=0

Case (i): By equation (3.3) we obtain
zj=0 or y;=0 for j=1,2,...,N.
Ifxj =y; =0for j =1,2,..., N, we have B(O, 0) = 1. Hence h can’t have an absolute minimum

at (0,0). Therefore we may assume that there exists at least one xy or yx, k € {1,2,..., N},
which is not zero. Thus equations (3.1) and (3.2) simplify to

3
—- +-——=0 (3.4)
v 1Al
if ¢ # 0, and
3
Yk yrA
== (3.5)
p; A

if yp # 0. Equation (3.4) implies A < 0 and (3.5) shows A > 0. Thus either 2; = 0 for all
j=12,...,N,ory; =0 for all j =1,2,...,N. Since h(0,y) > 1 for y = (y1,y2,...,yn) € RV,
we only have to study the case y; =0 for all j =1,2,..., N. Because of (3.4) we get

;=0 or or x;==%pj, 7=1,2,...,N.

Without loss of generality we may assume

and

z; =0 for j=m+4+1,m+2,...,N.

Then we obtain for such a point the estimate

) 1
h(Ep1, ..., Epm,0,...,0) = §Zp§+




as

( m m
Lo m %jzlp§+];pj2—1 for ]Z p2>1
2 2 _ = =
DILEH D DRI
j=1 j=1 §Zp3+1—2p3 for Zp3<1
\ J=1 J=1 J=1
m
5 for Zp]>1
7j=1
—52 >q for Xp
: j:

Consequently, h has a chance to take on an absolute minimum only if A = 0. This fact leads us
indispensably to the second case:

Case (ii): Here, our minimum problem consists in the following extremum problem with side
conditions:

Find the minimum of

under the conditions

N
Zx —y] )—1=0 and go(x,y) ijyj—O
J=1

We shall solve this problem by the Lagrange multiplication formalism as the hypotheses for this
machinery are fulfilled.
Consequently, we have to determine the minimum of the function

N
+y
h(z,y, A1, A2) =Z - +A1<Zx —y; —1)+A22xm
7=1

- 203

for z,y € RY and A1, Ay € R.
Thus the following conditions must be fulfilled:

Oh(z,y, A1, \2) _ 25“]'(5“? +yg2')

A2z + Aoy, =0 =1,2,....N 3.6
61'] pjg + A1 SC]-f— 2Y; ) ) 4y s 4V, ( )
h(z,y, M, Ne)  2y5(@F + v
8 (:C’y’ L 2) - y]( j2 yj) —1—)\12(—2/]) +)\2.%'] - 07 .7: 1727"' 7N7 (37)
Jy; P
Oh(z,y, A\, A2) a
s Yy ALy A2 _z 2 2 _
Oh(x,y, A1, A2) al
sy Yy N1y A2

In order to determine A\; and Ao, we consider the equations

2(zF — y7) (27 +y3) )
(3.6)z; — (3.7)y; = —2 Jpzj 22+ M2(z5 +y5) =0, j=1,2,...,N,  (3.10)
J
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and
4xjyj(:c +4?) .
(3.6)y; + (3.7)x; Tj + Xo(af +y3) =0, j=12,...,N.  (3.11)
J
Now, equations (3.10) and (3.11) imply for j =1,2,..., N,

(@) =g o @ =3, =0 (312

and

dzjy; = —)\gp? or z;=y;=0. (3.13)

Without loss of generality we may assume z; # 0 or y; # 0 for j = 1,2,...,m, m < N, and
rj=y;=0for j=m+1,...,N.

As the case x; = y; = 0 for j = 1,2,..., N, does not meet the side conditions we can exclude it.
Therefore we obtain by (3.12)

and by (3.13)

1
D wy=—gh ) p =0
j=1 j=1
Thus it follows )
)\1 = —m and )\2 =0
>
j=1

Further, we receive from equations (3.6) and (3.7)

rj=xv—-Mp; and y; =0 for j=1,2,...,m.

Inserting z; and y;, j = 1,2,..., N, into h gives

j=1 j=1
Since
m N
2
>0 <D0
j=1 j=1

we conclude that h assumes its minimum if and only if
_ Pj _ —
rj=d+————= and y;=0 for j=1,2,...,N,

> 13

]:

Ql\?

and we are done. [ ]
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Lemma 3.3
Let p > 1 be arbitrary.
(i) Consider the sets

2N
1 1
2N 2 2 2
LQNP {Z—(Zl,...,ZQN)E(C Zl‘zj‘ + Zj—l <§(p +?)}
and
N 1 N 1
2 2
TQN’p = {z:(zl, . ZQN S (C2N <Z ’22]'_14-2‘22]"2) <p A <Z ’22]'_1— 2‘22]"2) < p}.
=1 j=1
Then

L2N7p C TQva.
(ii) Analogously, the sets

EgNyp = {z = (21,22, ... ,ZQN) e N . 1r<nax (’22] 1’ + ‘ZQJ‘Q + ‘2’2] 1+ sz 1‘) <

<j<

1
2
2 (p i ?)}
and
'TgN’p = {z = (21,22, S ,ZQN) S (C2N : 1%3;3\7 ’22]'_1 + iZQj’ <p A 12}sz ’ZQj_l— 2‘22]" < p}

satisfy the inclusion

EQva - ,Zéva
Proof:
To (i): To prove this inclusion let an arbitrary point z = (z1,...,20n5) € C*¥\Tyy, be given.

Without loss of generality we may assume that

2251 ::lz’iZQj for j=1,...,m, m € Ny,
and
Zgj_l#zl:iZQj for j=m+1,...,N.
Now, for j =m +1,..., N we choose the representation of Lemma 3.1
1 1 1 1
Z2‘—1=§‘—(77‘+—) and 22‘25‘—(77‘——)7 &imyj € C\{0}.
J g5\l m J 3o \Mi m 3> 1
In addition, we set
1
i = 1&m;] as well as pj = fj; , j=m+1, N
j
Thus we obtain
2N 2N m N ¢ ¢ 112
Z|Zj|2+ Z’ZJQ’_l‘:ZQ|Z2j|2+ Z <§]<77j+—) 2].(77]'——) )+
j=1 j=1 j=1 j=m+1 113
N 2 2
1
£ ({462 - (50-20))
Jj=m-+1 N N
m N 1
=Y A+ 3 16Pg (4 ) + Y e ]
7=1 Jj=m+1 Jj=m+1
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- 1 1 Gt ]«
— 12 4 = =2, J 2 _
e ey 3 A 3 BE| 5 o
1= By j=1 j=m+1 j=m+1 "J j=m+1
- 2 1o 1 Y ISl al 2
=Y AP rgtes Y BEe| Y g
j=1 j=m+1 J j=m+1
as well as
2N 2N m N 1 1 N
2 2 2
Sl |- =P+ 3 lPg (P g) +| X @1
j=1 j=1 j=1 j=m+1 i jmma1
m 1 X T €[4 N
— 2 4 = 2 - J 2
= DdalPag X gey S Bha) S g
‘ﬂ—7g’ 7j=1 j=m+1 j=m+1 J j=m+1
- 9 1o 1 Y |fj|4 al 2
“Sompi el > By e
Jj=1 j=m+1 Pj j=m+1
N 1 N 1
~ ~ 2 ~ ~ 2
where p = (Zj:m+1 p?) and p = (Zj:m—f—l ,oj2) :
By the definition of Thy,, we have for the chosen element z = (z1,...,22n) either the estimate

N m
Z 2051 + iz9]* = Z 291 +i29,|* + p* > p?
J=1 j=1

or the estimate

N m
D leajr —izg P =Y lzaj1 —izgl? + 7 > %
J=1 J=1
Therefore we conclude
im ‘2 . max{%(pQ - /32)’0} if Z;n:1 |22j—1 + i22j|2 +p% > pt
22 =2 ‘ A
=1 max{(p® = p%),0} it DL, |zajo1 — izl 4 57 = p%
Lemma 3.2 implies now
2N 2N
S+ |21
j=1 j=1
(/32 + ) if Z;n:1 |z0j—1 + Z'sz|2 + p? > p.

max{5(p? — %), 0} + »
max{z(p* = 0?),0} + 5(0* + 72) if JLy leajo1 —izgf* + 57 = p”.
This guarantees

2N

2N 1 1
2 2 2
D leiP+ >4 - 1' > 5 (v +?).
J=1 J=1
Since z = (21,...,22N) € CQN\TQN’p was arbitrary we derive

Lan, C Tonp
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as required.
To (ii): Let z = (21,...,22n) € C*M\Tan, be an arbitrary point. We may assume that

Z9j—1 = + ’iZQj for j=1....m, me Ng,
and
2251 7é:|:’L'ZQj for 7=m+1,...,N.

If j=m+1,..., N, then we take the representation of Lemma 3.1

1 1 1 1

29j-1 = 5]5(?7]' + 77_> and Z9j = ij—Z. (77j - 77_)’ &j,m; € C\{0}
j j

and set

1

é‘._
]77]

A~

= |&nyl as well as T = , j=m+1,...,N.

Hence we obtain either the estimate

1 :
max (|2gj1|° + |29]° + \zgj_l + z%j —1]) > max <§\z2j_1 + izo)|® + 1) >

1<j<m 1<j<m
1 1/, 1
Ep +1> 2(p + ?) if 1r<r;ax {lz2j—1 + P25, |22j—1 — 22|} > p
or

1 1
max_(|z2j-1]7 + |22 [” + [23j1 + 235 — 1]) = max ('51|2§(|’7J'|2 t W> * ‘SJQ - 1D
J

m+1<j<N m+1<j<N
12 &1* 2 102 1Y\ } .
L (4455 g 1) 2300 ) i e izl 2
- 1.2, 1614 2 102, 1Y\ - , .
mALSI <N <§Tj * 2;? + ‘5]- B 1‘) 2300 +5) A mﬁl%}‘(gN'ZQ]*l izl 2 p
Putting all things together gives
1 1
2 2 2 2 2
i (|22l o + |02 — 1) > 5 (o 7)

but this means that
EQva - ,Zéva

|
To make the proof of Theorem 1.6 for the reader more convenient we state an additional lemma
and definition.

Lemma 3.4
Let p € (1,00) and p; € (0,00), j = 1,2,..., N, be arbitrary numbers such that p := \/Zj»v:l p? €
(1, p). Furthermore, let € > 0 be any real number satisfying

2 1
e /3_2 P
e < mln{ 28N ,j:Elzl’.I.l.’N ? .

4
p 41 Z’fﬂ

for £ =(&1,...,6n) € Une = {z:(zl,...,zN) ECNzlg;aS%V

Then
2._1 < =
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Proof:
We first determine an upper bound for the expression

N
> g1
j=1

If €= (&,6,...,&N) € Une we may estimate

ég} ! 2 : (‘ .ZN:(Regj)Z B 1‘ + i:(lmgj)2>2 + 4(%(36@)2) (i(lmfj)2)

2 N 2

_ <Z(<Resj>2—<lm@->2) —1)2+4(§:Refjlmfj) '

Jj=1 Jj=1

N b 2 N b 2 2 N b 2
<<max{z(?ﬂ+e) ~11-Y (22 }+N52> £a>0 (2 o) ne

j=1 j=1

N 2
2
< <—f > hi+ 2N52) + 16N?%e? < (2eN + 2Ne?)? 4 16N%e* < 32N?&2.
p “
J=1

Thus for £ = (£1,&2,...,6n) € Uy, we obtain

A 4
N N N Pi
Lo, 1 1&1* 2 Lo, 1 </3 +€>
Ay -l DICEE T E ) D s
7=1 J 7=1 7=1 J
1o, 1 ~ (pj +ep)* 1y 1 Y (ﬁ?+25ﬁﬁj+52ﬁ2)2
=5/ +§ZT+6N5—5,0 +352 e +6Ne
7j=1 J 7j=1 J
N (2 A a2 N 4 -3 222 79
1, 1o (P +3pp)) 1, 1= P+ 6epp; +9e°p%p;
< pP4 = +6Ne =" +5 ) - J J 4+ 6Ne
54 52 54 52
2 244 P*p; 2 24 p*p;
N
< = — = +6Ne < = 14N
5P +2ﬁ2+ 5 j_1ﬁ3+ e3P +2ﬁ2+ €
1, 1 9 9 1) 1( 9 1>
<= - ——-p—=)== —
2”+2ﬁ2+2<p+2 2) = a\r Tt e

Definition 3.5

Let Q C CV be a Reinhardt domain, where a Reinhardt domain is characterized by the prop-
erty that (z1,...,2zy) € Q implies (€1zq,...,e"Nzy) € Q for all ; € [0,27], j = 1,...,N.
Furthermore, let 0 € Q and a function f € H(Q)) with its homogeneous expansion

o0
f(z):ZZaaza, 2€Q, aeZ¥,
k=0 |a|=k
be given®. Then we define the function

f(z) = Z Z 2", z € Q.

k=0 |a|=k

8The following result in several complex variables is well-known: Let @ C CV be a Reinhardt domain with

0 € Q. If f is a holomorphic function in €, then f can be expanded into a series of homogeneous polynomials
converging locally uniformly on €.
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Clearly, we have f_ € H(Q).

3.2 Proof of Theorem 1.6 and Theorem 1.7

After this lengthy preparation all basic tools are now available to prove the main results.

Proof of Theorem 1.6:

Without loss of generality we may assume that » = 1. Otherwise consider the scaled function
F(z,y) = F(ra,ry) = |g(r(z + iy))* for (z,y) € R*Y.
Proof of (i):

Let us begin with some notes which we need for the verification of both directions. We define for
p € (1,00) the sets

1 1 1 1
2N ., _
SQNW = {Z = (21,2’2,...,22]\7) eC .Z2j_1_§j§(nj+77j>722j _ijZ' (77j ’17]')7

2\ 1
) <o}
and

N 1
2
TQva: {z:(zl,.. ZQN GCQN < E |2’2J 1+'LZQ]| ) <p A < E |sz1—’i22j|2> </)}.
Jj=1

Then Son, C Ton,p. To see this inclusion, let us choose for any element z = (21, 22, ..., 22n) of
San,p the representation

1 1 1 1 1 1 1 1
(21,22,23,...,22N) = 51—(771+—),51—.<771——>,52—(772+—>,---,§N—.<77N——> .
2 m 2i m 2 72 2i N

N

& ny € C\{0}, j=1,..., (Z!fjn]P) <p A (Z

j=1

Sji

nj

We receive

N N
Z |20j-1 + izo]* = Z &mil® < p°
j=1 j=1

and
N . ) N 1.2 )
D lmait = imil* = Yo Je | <
=1 j=1

Consequently, Son,, C Ton -
“<”: By hypothesis we have g € H(By,,). We now show that F" has a holomorphic extension to
Loy p, where Loy, is defined as in Lemma 2.12, because then

limsup \/ E,(Bay, F) <

n—oo

=

follows from Lemma 2.12. Therefore we define the function f; : Toy,, — C by
fi(z1, 22, ..., 2an—1, 22n) = g(21 + 422, ..., 2an—1 + i22Nn) g-(21 — 922, ..., ZaN—1 — 122N), (3.14)

where g_ is specified in Definition 3.5. Since g is holomorphic in By, we deduce from the definition
of Ton,, that fi is holomorphic in Ty ,. Moreover, fi is a holomorphic extension of F' to Toy,,
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as f1 = F|B and Baon C Ton,p- Since Loy, C Ton,, by Lemma 3.3 we are done.
“=": This dlrectlon is proved by contradiction. We suppose

limsup \/ E,(Byy, F) <

n—0o0

=

but g has no holomorphic extension to By .
Then there exists a number p € (1, p) such that g € H(Bn ;)\ H(Bn,;). Hence we can find to an
arbitrary €9 > 0 a non-removable singularity Z = (21, 22, ..., 2y) of g with

= |12l € [3, ) N [, p + €0)- (3.15)

Further, let us set p; := [%;], j =1,2,...,N.

Now, for more clarity we divide the proof of this direction into two steps. Step 1: Z; # 0 for
j=1,2,...,N and Step 2: 2, = 0 for at least one k € {1,...,N}.

Step 1: We define the function f; : Ton 5 — C as in the “if”—direction. Then f; can be expressed
by

f1(z1,29,23,...,228) = f1 <51 <n1+n> ;(77 _%)’%(ng—l—%),...,%(n]v—n%))

= 9(51771, e 7§N77N)9—<51a7 e 7§NLN)7

if (21,22,...,22n) € Sang, 22j-1 = &a(nj + ), 205 = &a-(nj — ,7—1]), §,m; € C\{0}, j =
1,2,...,N. From the “if”—direction we know that f1 is holomorphic in Toy ;7 and f1 = F|§2N.

In addition, we infer from Lemma 2.12 that F' has a holomorphic extension F to Lan,p. Thus,
in view of Remark 2.6 and by the identity principle we obtain that f; has a unique holomorphic
extension to Loy, and that fl\LQNyp = F]L%,’p.

Let us now define the set

Zj =

UN75:= ZZ(Zl,ZQ,...,ZN)G(CN: max
1<j<N

where € = min { (5% + 1/p* —p* = 1/p%)/(28N), min, (|51/5). (v —1) min (|1%,1/7)}.

1<j<N

Then for n; = 2;/&, j = 1,2,...,N, and £ = (&,...,6n) € Ung we may express the non—
removable singularity Z in the form

Z2=(21,...,2n) = (&1m1,. .., ENTIN)

and obtain

<51—(771+nl) 51—<?71—nl) 52_(772+7712)7---75N (nN—niN>> € Lan p,
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since for £ € Uy ¢ the inequality

N
1 12
SIGP 5+ =) +
2 n
=1 !

-2+
> ((3s )+ Gilo=3))) -1 -
ﬁ: 121(\m 1,2)+\ing§—1\

Lo

:§p+, A2+1zs]—1\ (4 ) (3.16)

is valid, where the upper bound follows from Lemma 3.4.
In addition, if n; = 2;/&;, j = 1,2,...,N, and £ = (&1,...,6n) € Ung, we derive from the
estimate

> [oy -2 [

that . . .
(51_552_5 cee aé-N_> S BN
m 12 N
We now claim

1 1
(G5 8o o) =0 for = (@& i) € U
22 ZN

Proof of the claim: This is done by contradiction. Therefore we assume there exists some £ =
(51’ cee ,fN) S UN,E~ such that
) o

a1 o 1 ry 1
g—<§%A_ +w1)£%A_ +w2a"'7£]2\7A_ +U}N> 7é 0
21 Z2 ZN

(SlA ’€2A Y NA

Then we also have

for w = (wy,ws,...,wy) € Dy(0,e) if ¢ > 0 is sufficiently small. Further, in view of the
inequalities (3.16) and (3.17) we may suppose that for w = (wy,ws,...,wy) € Dy(0,¢)

<5l( +5l>+w &(é_é) 52( +52)+w2,” 5N<zN &))ELW
& A& & A & & EN AN

1 1 Y 1
(5%7+w1,§%A—+w2,---7§12vA—+wN> € By.
21 z2 ZN

and

Next, we consider the functions

h(wl,wg,...,wN) =
b(a )., G(a &) b(a & b (v by
f1<2(51+21>+w (51 z1> 2(52—1—22)—1—1112,...,22.(5]\7 ZN))
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and

) L1 L1 o 1
g_(’wl,’lUQ,...,U)N) ::g—(S%A_+wla£%A_+w2)'”7£]2\/'A +U}N)
21 Z9 ZN

for w = (w1, wa,...,wy) € Dn(0,e). Then h and §- are holomorphic in Dy (0, ). Furthermore,
g-(wi,wa, ..., wyn) # 0 for w = (wy,ws,...,wy) € Dy(0,e). Thus the function
h
H(wy,ws, ..., wN) = = (w1, wp, ..., wN)
g-(wy,wa, ..., wN)

is holomorphic for w = (w1, ..., wy) € Dy(0,€). Since for g9 > 0 sufficiently small Dy (0, 5)ﬂ{w =

(wi,...,wy) € CV . (Z;Vﬂ |Z; + wj\Q)l/z < p} is certainly a non-empty open set in C (see
(3.15)), we obtain that g has a holomorphic extension § to some non—empty neighborhood of Z.
To be more precisely,

G(21 +wi, 2 +wa, ..., AN +wyn) = H(wy, wa, ..., wN)

for w = (w1, ws,...,wn) € Dy(0,e) which contradicts the hypothesis that g has a non-removable
singularity at 2. These aspects show

1 1 1
g—(&%_ 3 DI ]ZV«%N):O f0r52(51552)°°°7£N)€UN,§

21) 2225

and the claim is proved.

By the identity principle we conclude
g-(2) =0 for ze€ By

and therefore
g(z) =0 for ze€ By,

which is clearly a contradiction to the assumption that g has no holomorphic extension to some
neighborhood of By ;.

Step 2: Now let 2z = 0 for some k € {1,2,...,N}. Without loss of generality we may assume
that
2, #0 forj=1,2,....,m, m<N,
and
Zma1 =0 foril=1,2,...,N —m.

Next, we consider instead of Son ; the set

B ) 1 ) 1
Son 5= {22(21,---7Z2m,w17---,w2N—2m) € C™: 29, 1= %(m-i-n—),?&j: g_]i(nj__)’

J

m N—m 1
2
&,m; € C\{0}, 5 =1,...,m, (Z €5m51% + Z |waj 1+ iw2j’> <pA
Jj=1 Jj=1

m 2 N-m %
<Z + Z |w2j1—iw2j|) < ﬁ}
j=1

J=1

1
£i—
]77]'
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Now let us define the function f'l : Ton 5 — C, like in equation (3.14). Then f'l takes the form

fl(zl,zQ, e 3 29m, W1, W, .. ng_gm)
= 51 & 1 Em 1
f 1+ — 1 — iy =\ m , W1, W2, ..., WIN—9m
m " 24 171 21 nm
= 9(51771, oo Enlim, w1+ twe, w3 + iwy, ..., WaN—2m—1 + iw2N72m>
1 . . .
9—(51—, coy €, W1 — W2, W3 — 1Wy, . .., WIN—2m—1 — Zw2N72m>a
m
if z = (21,22, .., 22m, W1, W2, ..., WaN_2m) € SonN,j.

As fl = F|§2N Lemma 2.12 and Remark 2.6 ensure that fl can be continued analytically to Loy ,.

Hence we may proceed quite similar to the case Z; # 0 for j =1,2,..., N.
We define for ¢; > 0 the set
UN751 = {(z,w) = (2’1,2’2,...,Zm,wg,w4,...,w2N_2m) S (CN Lz 7& O,j = 1,... ,m,
- & }
ax |z; —| <er A max |wyj| <erg.
1<j<m p 1<j<N-m
If now n; = 2;/&; for j = 1,2,...,m and wy_; = —iwy for i =1,..., N —m, where ({1,&2,...,&m,
W2, Wd, . .., WaN—2m) € Une,, we will see that for e; > 0 sufficiently small
2= (21,1 2m,0,...,0) = (&1, - - -, EmMm, w1 + fwa, . .., WIN—2m—1 + 1WIN—2m)

is a non-removable singularity of ¢ such that the following conditions are fulfilled:

1 1 1
(a) <51—(771+ ) 51—<?71——) ---afm_.<nm__>7w17w27---7w2N—2m) € Lan,
m m 2 m

(b) <§1i7§2i,---,§mi
Uil 2

W1 — W2, W3 — 1Wy, -+« WIN—2m—1 — iw2N—2m> € By
m

To (a): By Lemma 3.4 we obtain for (§1,&2,...,&m,wa, ..., wan—2m) € Une,

m
1 Iy 1 12
el 1 1/, 1 p
]Z:‘{‘g]’ <‘2<n]+nj>‘ +‘2¢<77J nj)‘)Jr ; jwj|” +

S (Gl ) Gl ) )+ 3 v
Z'@'z (E( j)(2+ 5 (i - n—i)f) +22]:§§m|wj|2+

m

>80+ 3)) + Go-3)) -

J

L, 1 | |
P2+ 52 > +‘Z§f—1‘+4(1v—m)e%<§(p2+—2),
7j=1

IN

l\.')lr—l
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if 1 > 0 is sufficiently small.
To (b): For (&1,82,...,&m,wa, ..., wan—2m) € Une, and e1 > 0 sufficiently small we estimate as
in equation (3.17)

N—m
‘5]_‘ Z |w2j,1 — iw2j|2 <1+ 4(N — m)s% < ,52.
j=1 J=1

Now, item (a) and (b) combined with the proof of the claim in case (i), yield

(51 ay 2A . —i2w2,—i2w4,...,—iQwQN_gm) 0

for (&1,&2,. .., &mywa, ..., WaN—2m) € Ung, if €1 > 0 sufficiently small. However this would imply
g(z) =0 for 2z € By,

which is clearly impossible.

Proof of (ii):

Observe, Lemma 2.12 and Theorem 2.2 ensure

— 1
limsup \/ E,(Dan, F) < =
n— 00 P
if and only if F' has an analytic continuation to
;CQN’p = {z = (zl,ZQ, ... ,ZQN) S (CQN © max (‘Zgj_ﬂz + ’22]"2 + ‘Zgjfl + Zgj — 1’) <
1<j<N
1/, 1
G ;)}-
Next, we define the set
75 ~:{: C2V . P 120 A 1— 1295 ~}
IN,p z=(21,29,...,22N) € 1%%\[\,22] 1+iz95] < p 1%%\[\,22] 1— iz < pr,

where j € (1,00) is so chosen that g € H(Dn ;)\H(Dn ;). If g is holomorphic in CV we set p = oo
and consider ToN 00 = C2?N,
Then the function f; : Ton,; — C defined by
fi(z1, 22, ..., 2an) = g(21 + i22,23 + 024, ..., 2aN—1 + 122N)
g-(21 — @29, 23 — i24,...,22N-1 — i22N)

is holomorphic in 7oy ; and

fl(x17y17x27y27"'7xN7yN) :F(x17x27"'7xN7y17y27"'7yN)

for (z1,y1,22, Y2, -, 2N, YN) € Dan.
“<”: By hypothesis we have g € H(Dy,,). Consequently, p < p and f; is holomorphic in Top .
Since Lan,, C Ton,, by Lemma 1.8, we see that f; is a holomorphic extension of F' to Loy, which

implies
— 1
limsup {/ E,(Dan, F) < —
n—00 p

“=": This direction is proved by contradiction. We suppose

limsup \/ E,(Dan, F) <

n—oo

=
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but g has no holomorphic extension to Dy ,. Then f; has a uniquely determined holomorphic
extension to Loy , and p is a number of the interval (1,p). Hence there exists a non-removable
singularity 2 of g such that p := |2| € [p,p) N [p, p + €0), where g9 > 0 is an arbitrary number.
Without loss of generality we may assume

2; #0 for 7=1,2,....,m, m<N,

and
2, =0 for j=m+1,m+2,...,N.

Now, we write the non-removable singularity Z of g in the form

z ) .
<515 ,525 ---ygmg_m’wl + 1w, ..., WoN—2m—1 t+ “U2N2m>,
m

where &5 € C\{0}, j =1,2,...,m, and wy;_1 = —iwgj, w; €C, j=1,...,N —m.
Next we define for £ > 0 the set

N . ) 5.1/5 = . =
Ungz={z=(21,22,...,2n) € C" : 12;35”‘31 —2l/p| < €,m+r{12;<§N]zj] < &}
Further, let for the rest of the proof

(&1yees&my W, Wa ey waN—2m) € Ung, nj=2;/&, & #0, j=1,2,....m,

and
ng_lz—’ing, j=1,...,N—m.

Then we deduce from Lemma 3.2 that for £ > 0 sufficiently small

<51—(m+ )51 (m—n—> 52—(n2+771>€2—(772—n—12)---,

1
§m§ (77m ) fm (77m - 77—) W1, W2, ... 7w2N2m) € Lon,p-

m

Moreover, we have for € > 0 sufficiently small

max{ max [

1
max \wgl,l — iwgl]} < max{ max [£2—|, max 2\w21\‘} < p.
1<j<ml ™ n;

T1<I<N— 1<i<m 1> 25 7 1<ISN-m

Observe, f; takes the form

J1(z1,22, .., Zom, Wi, Wa, . .., WaN—_2m)
B 51 & 1 Em 1
fl 1+ n Y ERERE R nm__ 7w17w27"'7w2N—m
m " 2 171 21 Nm
= 9(517717 oo &, w1 W, w3 + 1wy, . .., WIN—2m—1 + iw2N—2m>
1 . . .
9—(51—, oo §n——, w1 — fwg, w3 — Wy, ..., WIN_2m—1 — Zw2N72m>
m Nm

if 2051 = & (n] + ) Z9j = %(nj — %), &m; # 0,7 =1,2,...,m. Thus, by similar arguments
as in the proof of Theorem 1.6, we conclude

g(z) =0 for z € Dy,
which is in contrast to our assumption that g has no analytic continuation to 5]\775. |

The methods we used to prove Theorems 1.6 can also be applied to prove Theorem 1.7.
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Proof of Theorem 1.7:

Since the proof of this theorem can be established by slight modifications of the proof of Theorem
1.6 we only give a rough sketch.

(i): The “if”—part follows immediately from the proof of the “<”—direction of Theorem 1.6 if we
replace g_ by h_, where h_ is specified as in Definition 3.5. Thus let us concentrate on the “if and

only if”—part. We suppose
limsup \/ E¢(Byy, F) <

n—~oo

=

but g or A has no holomorphic extension to By ,.

We first consider the case that g € H(Bn ;)\H(Bn,5) and h € H(Bn ;), where p € (1,p). Then,
we may proceed as in the proof of the “="-direction of Theorem 1.6, if we choose h_ instead of
g-. Hence we obtain that A = 0 on By which is a contradiction to the hypothesis.

Now, let h € H(Bn,3)\H(Bn,3) and g € H(By,3), where p € (1, p). Then we define

G(x1,y1, 2, ..., yn) = h(z1 + iy, v2 + iy, ..., xn +iyn)g(z1 + iy1, v2 + iy, ..., N +YN).

As
limsup {/ E¢(Byy, G) = limsup {/ ES(Byy, F)

n—oo n—oo
we may argue as above (take G instead of F' and h for g). Thus we derive that ¢ = 0 on By in
contrast to our assumption and we are done.
(ii) This statement can be verified by similar arguments as in item (i). |

Observe, the proofs of the “if”—directions of Theorem 1.6 and Theorem 1.7 are based on Lemma
3.2 and Lemma 3.3. A different approach shows the proof of Theorem 1.9.

Lemma 3.2 and 3.3 play the key role for Theorem 1.8.
Proof of Theorem 1.8:

Without loss of generality we may assume that » = 1. Otherwise we can take the scaled function
F(z,y) = F(rz,ry) = |g(r(z + iy))|? for (z,y) € RN,

(i): Ad (a)<(b): This equivalence follows immediately from the Theorems 1.7 and Lemma 2.12.
Ad (b)&(c)<(d): Firstly, we assume that ' has no holomorphic extension to C2V. Therefore
we can choose p € (1,00) such that F' € H(Ton,,)\H(T2n ), see Lemma 3.3 for the definition of
Ton,p- Lemma 2.12 and the proof of the “if”—part of Theorem 1.6 combined, shows

F e H(Tony)\H(Tan,)  ifand only if  F € H(Lan ) \H(Lan,p).
Hence, since Ty, D Loy , by Lemma 3.3, there exists a singular point 2 of I satisfying
ze 8T2N7p if and only if z e aLQva.

Consequently, we obtain that F' has a holomorphic extension to Ty, if F' has no singular points
on My, (and vice versa), where

Moy, = {z = (21,...,22N) € C2V .

2N N
2 2 _l 2 L . s 12 _ p2
2l + D 2 -1 =5(F*+ 53 N lagjatizg? =RY) v
j=1 j=1

2N N
1 1 .
(||Z||2 + 5 2]2- — 1' = §(R2 + ﬁ) A E |22j-1— 122j|2 = RQ), R e (LP)}-
j=1 j=1
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Now, from the proof of Lemma 3.3 we conclude z = (z1,...,20n) € Man,, if and only if z =
(21,...,29n) has the form

)7 j:R 1<R it

(ReZt7 + R 2i

R;1 .
21T R Retts Reitj)’ J=Llenh,
N
where ) R? =R? Rj€[0,R],t; €[0,2n], j=1,...,N, and R € (1,p).
j=1
If F has a holomorphic extension to C?V then the statement is quite obvious, if we regard it as
the limiting case “p = 00”. This finishes item (i).

(ii): We skip the proof of this result as it can be obtained quite similar to (i). |

3.3 Proof of Theorem 1.9

Theorem 1.9 demonstrates that the “if”—direction of Theorem 1.7 can be extended to a much
larger class of domains than closed balls in R?Y, whereas the “if and only if”~direction fails to be
true in general.

Proof of Theorem 1.9:

Due to Theorem 1.4 we can choose two sequences {p1, }nen and {pa , fnen of polynomials pi ,,, p2.n
of degree < n such that for an arbitrary R € (1, p) and all n € N the estimate

M
max {lg = pralle, b = prallc} < 70 (3.18)

holds, where M > 0 is some constant independent of n. Consequently, we have
lgh = p1nPzallL < llgh = pruhlls + [prah — p1aPaallL

<|hlzllg = pinlL + [Ip1nllLlh — D2allL

M,y
< Mis=3Mmaxlgle, bl
Next we put
q1.0(2) == p10(2), @ x(2) = p1r(z) = prr-1(2), keN, zecV,
and
q2,0(2) = p20(2), @i(2) = p2r(2) — P2x-1(2), keN, zecCV,
Further, let us define the polynomials
QTL(‘T’?/) = Z Q1k Q2l sz‘f'i?/, xvyeRN) neNa
k,1=0
k+1<n
as well as
Pon(z,y) := Z 011(2) 21(2) = pra(2)pan(z), z=z+iy, z,yeRY, neN,
k,1=0
Then we get

Pon(2,y) = Qu(z,9) = Y q1x(2)qau(z ZChk (P2.n(2) — P2n—k(2))-
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In view of equation (3.18) we obtain

2M
p2() = p2a(2) < W) = poa(D] +10(2) —pos( < T for k<l zEK.
From the definition of g1 ;, and the last estimate we conclude
2M 2M  4M?
This gives
4nM?
|Pon(2,y) = Qulz,y)l < o for (zy) €L

and in consequence,

My  4nM?
< R—i + gn—l for (x,y) € L.

Thus the result

limsup {/ES(L, F) <

n—oo

|-

follows as R < p was arbitrary. |
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