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Abstract. We study the asymptotic behaviour of a stochastic particle sys-
tem that is determined by an independent motion of each particle and by an
interaction mechanism between pairs of particles. The limit of the empirical
measures of the system is characterized by a nonlinear equation, which is
related to the Boltzmann equation. Using a uniqueness result for the limit-
ing equation, we establish a law of large numbers. We also investigate the
convergence of moments of the empirical measures.
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1. Introduction

We consider a Markov particle system

Z(t) = (Z4(t), ..., Za(t)), >0, (1.1)
with the generator
APE)E) = 3 o (2)(2)+ | (1)
1 .. _ . e
E 131‘;&2_7'5"_ L -/Z [@(J(z7 2,75 21, 22)) - é(z)] Q(zi, 235 dz1, dz?):

where Z = (21,...,2,) € (RY)™, ® is an appropriate function on (R?)", and

zp,if k #‘i,j,
[V(z,4,5,5,5)], = 3 &, §§ IZ: i, (1.3)
29,1 =7

We assume that Ao is the generator of a Markov process with the state
space R?, and that Q(z,2,.,.) are uniformly bounded measures on R x
R?. Thus, the time evolution of the particle system is characterized by an
independent motion of the particles (governed by the generator Ao) and by
a pairwise interaction (governed by the kernel Q).

Let '

p(t) = ~2_ 6z (1.4)
i=1

be the empirical measures associated with the Markov process Z(t), where
the symbol 6, denotes the Dirac measure concentrated in z. We show, under
suitable assumptions, that the limit (as n — oo) of the empirical measures is
a deterministic function characterized as the unique solution of a nonlinear
equation. This equation has the form

(02 = (. 20) + [ (Ao(i0), X(s)) dst | (15)

/Ot/z_/;{./;/é’ [@(21)-1-(,0(52)—90(21)—-(p(zz)] X

@21, 22,d71,d2) } M(s,dz1) A(s,dz)ds, V£>0, Ve € D(4o),
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where the measure Ay on R? is a given initial value and D(Ay) is the domain
of the generator Ao .

Particle systems of the form (1.1)-(1.3) have been studied for a long
time. Early references are papers by M. A. Leontovich [14] and M. Kac [12].
Concerning the case Ay = 0, we refer to the review papers [11] and [17] (see
also the historical comments and the reference list in [19]). Various models
of the form (1.1)~(1.3), for special choices of Ao (usually generating a drift)
and @, were considered in [16], [4], [7], [9], [13], [1], [15], [19]. Such particle
systems were used in [18] to analyze stochastic numerical schemes for the
Boltzmann equation.

Convergence of the empirical measures to the solution of a nonlinear
equation of the form (1.5) with a special kernel @ was established in [16].
The proof was based on the approximation of the independent motion by
jump processes.

In [13], [15] a concrete model related to the mollified Boltzmann equation
(cf. Section 3 of the present paper) was studied via the correlation function
approach. The k-marginals were shown to factorize in the 11m1t n — 0o.
This gives a law of large numbers for fixed time.

The purpose of [1], [19] was to generalize the approach from [16] to cover
the case of the mollified Boltzmann equation. However, the proofs were not
very transparent mainly due to the lack of a uniqueness result for the limiting
equation (1.5).

This gap is filled in the present paper. Our proof of the convergence
theorem is divided into three steps — relative compactness of the sequence of
empirical measures, characterization of the limiting points of the sequence as
solutions to the limiting equation (1.5), and uniqueness for the solution of the
limiting equation. Our results cover the case of Ay generating a diffusion and
 of fairly general continuous and bounded @ . Besides a law of large numbers
we also study the behaviour of moments (unbounded functionals) of the
empirical measures. This problem is of interest for numerical applications.

The paper is organized as follows. The main assumptions and results
are formulated in Section 2. In Section 3 we consider some examples of
systems (1.1)—(1.3), for which the assumptions of the convergence theorem
‘are fulfilled. In particular, the relationship with the Boltzmann equation is
discussed. The proofs of the results are given in Section 4. Finally, Section §
contains some concluding remarks.



2. The convergence theorem

We denote the state space of a single particle by Z = R?. Let B(Z)
be the Banach space of bounded Borel measurable functions on Z with the
norm ||| = sup,cz |¢(2)|, and let C(2) denote the subspace of continuous
functions vanishing at infinity. Furthermore, let M(Z) be the space of finite,
positive Borel measures on (Z,Bz) and P(Z) be the space of probability
measures on (Z,Bz), where Bz denotes the Borel-o-algebra. We write

(p,v) = /zga(z) v(dz), where p € B(Z), v e M(Z).
On P(Z), we consider the bounded Lipschitz metric

9(”17”2) = Sup |<‘107V1> - <(P7V2>I7 (21)
PEB(Z):]le)|cL1

where

= max su’ z su M
o= (gloal, o FEE=A). o

The metric ¢ is equivalent to weak convergence (cf. [8, p. 150]). Let
Dyp(2)[0, o) denote the space of P(Z)-valued right continuous functions with
left limits (cf. [8, Sect. 3.5]).

For the convergence theorem, we need the following assumptions.
Al: The semigroup (Tp(¢) : £ > 0), which corresponds to Ao, is a Feller
semigroup, i.e. To(t) : C(Z) — é’(Z ) are positive contractions and

lim | To(t)e — ol = 0, Vip € O(2). (2.3)

Moreover the process is conservative so that the semigroup and the generator
can be extended to include functions with non-zero limits at infinity with
To(t)1 =1 for all £ > 0.

A2: There exists a core (cf. [8, Section 1.3]) D for Ay such that ¢® € D if
p€D.

A3: There exists a function 3y on [0, co) satisfying

%o(0) =0, (2.4)



0<vo(z) <%o(y) < <0, VO<z<y, (2.5)

lim (=) = 0, (26)
and such that

Py €D(4o), Vy€Z, and sup|dy(@y)] =& <o, (2.7)
KIS

where the functions ¢, are defined as

¢y(2) = Yo(llz —yll). (2.8)

A4: The kernel Q(z1, 23, .,.) is weakly continuous in (21, 2;) .
A5: The kernel @) satisfies ‘

Q(zla 23, Z: Z) < OQ,ma.m ) Vzl, 2Zy € Z. (29)

A6: Suppose To(t) is given by the transition function Uy (cf. [8, Ch. 4,
Sect. 1]). There exists a function 7 on [0, c0) satisfying

0<P(z)<P(y), W<ez<y, (2.10)
lim #(2) = oo, (2.11)

and such that

I/ZJ’(H%H) Uo(s, 2,d2) — 9(||2))] < co + e P({lz]), (2.12)
Vze Z, Vse[0,t], forsome t>0 and ¢ 6'(0,1),

L L B0+ B01z0)] Qar, 20, din, ) < )
& [L+ @zl + F(lz)], Ver,z2 € 2,

and

timsup B®) [ (l2l]) (0, d2) < oo (2.14)
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Theorem 2.1 Suppose that the assumptions A1-A6 are satisfied. Let p(™
be the empirical measures defined in (1.4).

If for some Ao € P(Z)

lim E™|(p, u™(0)) — (9, X0)| =0, Vo e C(2), (2.15)
then
Jim P® =63, (2.16)

where P™ denote the measures on Dyp(z)[0, 00) associated with u™ ) X is the
unique solution of Eq. (1.5), and E™ denotes mathematical ezpectation.

Corollary 2.2 Suppose that the assumptions of Theorem 2.1 are satisfied
with a continuous function . Let ¢ be a continuous function such that

el _,
e Bz =0 (217)

| Then ‘
Jim B® (o, k() — (0, D) =0, Ve>0. (218)

3. Examples

Consider the generator Ag of the form

d 8 1 d 62
Aq(p)(2) = 2_; bi(2) 5o (2) + 5 Z_ i(2) mames),  (31)

 where z = (201, ..., 2(9) € R%. Assume b : R¥ — R? is Lipschitz continu-
ous, and a : R? — RY x R? is such that a;; € C}(R?), 4,7 =1,...d and
5;5?%;‘(7;%1, 1,7,k I =1,...d are bounded. According to [8, Ch. 8, Th. 2.5],
Ay generates a Feller semigroup, and C®(R?) is a core. Thus, assumptions
Al and A2 are fulfilled, and assumption A3 can be checked easily.

Assume further that

> lasi(2)l <2(L+ll?), Vze R, | (3:2)

1,5=1



and
|(z,b(2))| < 2(1+[|2l|?), VzeRe. (3.3)

Then, according to [8, Ch. 5, Th. 3.10], the corresponding process 2(t) can
be represented as the solution of a stochastic integral equation

(6= 3(0) + [ b(2(s))ds + [ o(3(s))dW (),

“where a = goT. Applying Ito’s formula to the function f(z) = ||2||*, one
obtains '

12E / (5(s), b(5(s))) ds + EZ f aii(2(s)) ds.

=1

Then, using (3.2), (3.3), and Gronwall’s mequahty, one easﬂy obtains that
(2. 12) is fulfilled for the function

fa)=c?, zell,c0). (3.4)

Consider the case of pure drift

d
3]
Aop)(2) = 2 bi(2) gge(2), 2=(,.. ) erR: (35)
=1
Then Up(t, 2,T) = 8p,-)(T'), where

Fit,s) =2+ [ “B(F(s,2)) ds
Assume that b : R — R? is Lipschitz continuous and satisfies
I(z,b(2))| < (1 +||z|]*), VzeRY. (3.6)
Then one easily checks that (2.12) is fulfilled for the function
Bz)=2%, z€[0,00), a>0. (3.7)

Consider the special case of z = (z,v) € R® x R?, where z and v are
interpreted as the position and the velocity of a particle. Let

Ao(9)(2) = (0, V) p(z,0) + (B(z,0), Vo) o(z,0),  (38)
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where the function B describes an external force acting on the particles.
Condition (3.6) takes the form

|(z,v) + (v, 8(z,v))] < (1 +||=]* + [|v]*).
Suppose that the collision kernel @ has the form ;
Qz1, 22, d51,d5) = , (3.9)
6, (48:) 6 (d32) [ 812(d01) 15(d2) ? h(a1,2) Bvs,v3,¢) de,
where zy = (21,v1), 22 = (22,v2), d2; = (dZq,d?,), d2; = (d:iz,di}é),
v =vi+e(e,va—v1), vy =uvs+ele,v1—7v2), (3.10)

h and B are bounded continuous functions, S? denotes the unit sphere in
R?® and de is uniform surface measure. Then assumptions A4 and A5 are
fulfilled. We show that (2.13) is fulfilled for the function (3 7). Note that the

transformation (3.10) preserves momentum and energy, i.e.
vitoi=vitvy, [l + el = o + [leall® (3.11)
Using (3.11) and the inequality
(2% +3°)% < & (2 + 372 < & (e + 3™, 2,y 20,
one obtains
L LBz + $020)] @21, 2, d51, d) <
< [ L lale + 127" Qe 2, d21, di2)
= [ & [loall + 1ol + oall + 3] 5 has,22) Blos,va, ) de
< @ [l + ol 5 Ao, 2) [, Blos,os,e) de
< e [B(lal)+dlal)], Va,zmeZ.
With Ag defined in (3.8) and @ defined in (3.9), Eq. (1.5) takes the form

(0 A(0) = ()0} + [ (Ao(0), o) o | (312)

/ Ae Ae [3 h(ml’ :L'g vhvz) 6) [90(331,’1);) + ‘P(wZ:vz*)
—90(:1:1, vy) —~ 90(7;2: Uz)] de )\(37 dz,, d'Uz) A(S, dzq, d’u1) ds.
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~ Assume the measures A(%) are absolutely continuous with respect to Lebesgue
measure, b is symmetric and the kernel B has the properties

B(v1,v2,€) = B(va,v1,€) = B(v},v;,¢€).

‘Then, after the substitution of the integration variables (v, ,'Ug) by (vf,v3)
and removing the test function ¢, Eq. (3.12) reduces to

%P(t: z,v) + (v, Vz) p(t,:z:,v)-l— (3.13)
+(B(z,v), V) plt, 2,v) = /R Jdy [ dw [ de
h(z,y) B(v, w,e) [p(t, 2,9") p(t, y,0") — plt, z,0) p(t, y,w)]

Replacing formally A by the delta—function, one obtains the Boltzmann
equation

plt,2,9) + (v, Va) p(t,2,9) + (B(z,v), V2) ot ,0) =
./723 dw ./32 de B(v,w, e) [p(t,m,v ) p(t, z, w*) —p(t,m,‘v)p(t,a:,w)] .

0
o’

This is the basic equation of the kinetic theory of dilute (monatomic) gases.
It describes the time evolution of a density function p(¢,z,v) that depends
on a time variable ¢ > 0, on coordinates z € R® representing the possible
positions of the gas particles, and on coordinates v € R® representing the
possible velocities of the gas particles. The function B is called the collision
kernel, and the function 8 describes an external force acting on the particles.
The objects v* and w* are defined as in (3.10) and are interpreted as the
post—collision velocities of two particles with the pre—collision velocities v
and w. We refer to [5] concerning more information about the Boltzmann
equation. Eq. (3.13) is a mollified Boltzmann equation (with A called
the mollifier) (cf. [5, Ch. 8, Sect. 3]).

4. Proof of the convergence theorem

The proof of Theorem 2.1 is based on the following three results.



Theorem 4.1 (relative compactness) Suppose the assumptions A3, A5
and A6 are fulfilled. ‘ '
Then the sequence (P(")) is relatively compact.

Theorem 4.2 (characterization of limiting points) Let P* be any lim-
iting point of the sequence (P™). Let Q denote the set of allw € Dp(2)[0, 00)
satisfying Eq. (1.5). Suppose the assumptions Al, A2, A4 and A5 are ful-
filled.

Then P>(Q) = 1.

Theorem 4.3 (uniqueness of solution) Suppose the assumptions Al and

A5 are fulfilled.
Then there ezists at most one solution of Eq. (1.5).

Proof of Theorem 2.1. From Theorem 4.2 and Theorem 4.3 we obtain
that any limiting point of the sequence (P(™) is concentrated on the set
Q = {)}. Thus, there is at most one limiting point, and (2.16) follows from
Theorem 4.1. 0O

The proofs of Theorems 4.1-4.3 are prepared by several lemmas.

Lemma 4.4 Consider the function

®(2) =;1L—itp,—(z,-), Z=(z1,...,22) € Z", (4.1)
where ¢; € D(Ao), 1=1,...,n.
Then |
APN@)) = - 3 doli)(ai)+ (42)
1 . . . s
i\ 2 o L Lo+ eitin) = o) = )] Qa2 din ).

If, in addition,
2 €D(A), i=1,...,n, (43)
then
|AM(2%)(2) — 28(2) AP(B)(2) < (4.4)

2 1 ; 1
— max|lo; Ao(p:)l| + ~ max | Ao(¢}) ]| + ~ 16 Coumaz (maxlei]])°
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Proof. We introduce the notations

AP@)E) = 3 Aa(@)2) )
and
o (@)(z) = .
; 2. /z/z[@(J(Z’@j’élviz))—‘I’(f)] Q(z:, 2, d%1, dz,) ,

T 1<iti<n
so that the generator (1.2) takes the form
AP = A 4 o) (4.7)

Taking into account (1.3), we obtain

@(J(2,%,4,%1,%2)) = 2(2) + %[%(51) + pi(5) — (=) — 0i(z)],  (48)

and thus

B2(J(3,0,5,5, %) = 2)+28(2)  [im) + i(8) — pi(a) - ()]

| +$ [pi(21) + 9i(2) — (=) - en) L)
By (4.6), (4.8), and (4.9), we have
Q(8)(2) = (4.10)
;15 19%57; /Z /z [901‘(51) + @i(%2) — pi(z) — %‘(Zj)] Q(zi, zj, d#1, dzp)
and
Q(2*)(2) =28(2) Q™M (2)(2)+ (4.11)
;1'3' 1<i¢z;<n/3/3 [%(51) + @j(%) — pi(z:) — ‘Pj(zjv)}z Q(z:;, 2j,d%,d5,) .

Furthermore, it follows from (4.1) and (4.5) that
n oL ¢
ASH®)(Z) = =3 Ao(ipi)(=:). (4.12)
=1

11



Since

nZ ZZ 0i(2) pj(z;) + Z 03 (z),

&2
we obtain
Ao (2%)(2) = J;cAo(%)(Zk)%(zg)wL
L ng(zz ) Aofii)ex) + 5 Aol D)),
and, by (4.5),
A (3%)(z) = nzzon(sow(zk)so,(zJ)Jr ZAo(sakxzk) (413)

k=1 j#k
=20(2) A5(@)) - 25 3 Aolen)(a) n(a0) + 75 3 Aalen)-

Now (4.2) follows from (4.7), (4.12), (4.10), and (4.4) is a consequence of
(4.7), (4.13), (4.11), and (2.9). O

Lemma 4.5 Let 9 be a function on [0,00) satisfying (2.5). Let ¢ € B(Z)
be such that ||p|lL <1 (cf (2.2)).
Then

lo(2) —0(3)| < e+ ——=b(|z— 2|}, Ve>0, Vz,2eZ.

¢()

Proof. If ||z — Z|| < e, then [p(2) — ¢(2)| < €.
If ||z — 2|| > e, then 9¥(]|z — :2||) > z,b(s) and consequently

@) < goyplliz=2l).

Lemma 4.6 Suppose there ezists a function 1o on [0,00) satisfying (2.4),
(2.5), and such that (2.7) holds.
Then

p(2) —e(2) < 2=

E® ot + ), s @)FM] < e + ¢ ( ) [61 4+ 4Comaz 0] , (4.14)
Vi>0, Vu>0, Ve>0, Vn.

12



Proof. Using Lemma 4.5, one obtains

(i, st + ) — {0, k()| < —Z|<P(Z (t+w)) — (Z(2))]

1 ,
< et gTm S 4G+ u) - ZO),

and, according to (2.1), ‘
(WM (t+u), uM(t)) <& ) Z%(IIZ (t+u) = Z(®)). (4.15)

Let ESJ) denote the conditional expectation under the condition
Z(t)=2°, where 2°= (zf,. . .,zg) € 2",
Consider the functions

pi(2) =do(llz = 2I), i=1,...,n,

and the function @ defined in (4.1). The assumption of Lemma 4.4 is fulfilled
because of (2.7), (2.8). Using the fact

EQ®(Z(t + ) = 8(z°) + BS /t T ARN@)(2(t + 5)) ds
and the inequality '
AT (2)(2)| < & + 4 Cgmaz &,
which follows from (4.2), (2.7), and (2.5), we obtain
ED®(Z(t +u)) < 8(2°) +u [&1 + 4 Cgmaz &) - (4.16)

Now assertion (4.14) follows from (4.15), (4.16), (2.4), and the Markov prop-
~erty. O

Lemma 4.7 Let ¢ be a nonnegative function on Z such that

|/z<,o(z) Us(s,2,d5) — p(2)| < co+c1p(2), Vze Z,V¥se[0,f], (4.17)
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for somet >0 and ¢; € (0,1), and
L, [ o) + e(2)) Qar, 20,431, d22) < (£18)
e[l +¢(z) +o(22)], Va,z2€Z.
Then
E®™ o, ™ (u + 1)) < c3 [E™ (o, u™(w)) +1], Yu>0.  (419)

Proof. Consider the function

n

3(z) = - o) +1]

=1
We will show that
TM(t)(2)(2) < 2 8(2), Ve 2™, (4.20)

where 7(™)(¢) is the semigroup corresponding to the process Z(t). Assertion
(4.19) follows from (4.20), since

B(Z(s)) = (p, u™(s)) +1, Vs20.

Define 9 = Q™ + (n — 1) Cg,maz Id. Then O is a positive operator.

We use the series representation
T(t) = exp (~Comaz (n — 1)) [TEV(8)+ (4.21)

oo t t— ~ ~
Y [ dn.. -/0 T Tt - ) O LTty — 1) QT ()]
=1

where 7™ (t) denotes the semigroup corresponding to the generator A{Y
defined in (4.5). We proceed in two steps showing

T (@) (2) < ca ®(2), Vze 27, (4.22)
and

QT (s)(®))(2)] < es T (s)(@)(2), Vze 2™, Vs.  (4.23)

14



Using (4.23), one obtains
QUL (5)(@))(2) = Camen (n = 1) T (s)(2)(2) + QAT(s)(2))(2)
< [Coumas (n 1) + es] T(s)(2)(2).
Consequently, it follows from (4.21) and (4.22) that
TO)(2)(8)(2) < exp(~Camas (n = 1)1) [L7(2)(2)(2)+
> [t [ T Camar(n = 1) + o]
= %(n)(t)(@)(z) exp ([—'CQ,ma:c (n - 1) + CQ,ma:n (n - 1) + CS} t)
< caexp(est) 2(z).

First we show (4.22). We have T(M(t) = [T, To,2(t), where Tp ()
denotes the semigroup corresponding to the generator Ao, because of the
independence of the components. Consequently,

n

TO(0)8() = = 3 [+ To(eho(=)] - (4.24)

i=1
It follows from (4.17) that
To(s)(@)(z) L @(2) + co+ c1p(2), Vse€|[0,1]. (4.25)
From (4.24) and (4.25), one obtains
TM()8(2) < [1 + o + 1] 8(3).
Next we show (4.23). We have from (4.24) and (4.10)

Q(")(%(")(S)(‘I’))(EF;IE 2 /z/z

1<i#i<n
[Tuls)e() + To()ol22) — Tl )e() — ol ()] @ 23,451, d)
and ’ )
QT ($)(8))(2)] < 2 Coman T (s)(B)(2)+ (4.26)
'T','li Z /z ./z [T0(8)90(21) + To(s)cp(z"'z)} Q(z, zj,d%1, d%,) .

1<i#i<n

15



Suppose we ha.ve‘
[ [ 1T(e)p(8) + To(s)p(2)] Qen, 22, 2, d22)
< 6 [L + To(s)p(z1) + To(s)p(22)] - (4.27)
Then one obtains from (4.26)
QT ($)(@))(2)] < 2 Caman T8 ()(B)(Z) + 206 T (s)(2)(2),

and (4.23) follows.
It remains to show (4.27). Using (4.25) and assumption (4.18), we obtain

[, L 10()o() + Tol)o2)] @an, 2,852, d52) <
< 260 Cqmaz + [1+ 1] /z /Z [o(21) + ¢(22)] Q(21, 22, dZ1, d22)
| < 260 Comaz + [1 + 1] c2 [1 + @(21) + 0(22)] - (4.28)
From (4.17) we have
0(2) < To(s)0(2) + o+ crplz), Vs € [0,4],
o(2) < [1— el oo + Tols) (2)], Vs € [0,1]. (4.29)
Consequently, by (4.28) and (4.29),

_L L [To(s)e(21) + To(s)e(22)] @(21, 22, dZ1,dZ2) <
2¢ CQ,max + [1 + CI] Ca [1 - Cl]—l [l 4+ 2¢9 + TO(S)SO(ZI) + To(S) <P(Zz)] ,

and (4.27) follows. O

Proof of Theorem 4.1. According to [8, Ch. 3, Theorem 8.6]), it is suffi-
cient to check the conditions
(a) Vp>0,Vt>0 3 compact I';y C P(Z) such that

liminf Prob{u(™(t) € Tpe} > 1 -7 (4.30)

and )
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(b) VI'>0 I8>0 and 3 random variables 7,(6)>0,
§€(0,1), n>1 such that '

E@[P(u™(t +w), M) FM < By (6)F™M, (4.31)
| Vi€ [0,T], Vue[0,6],
and
lim lim sup E™1(6) = 0. (4.32)

To check condition (a), we note that the sets

K={veP(2): [$(lehud)<c}, c20,

are compact in P(Z), where the function 2 is supposed to satisfy (2.10) and
(2.11). Thus, condition (a) will be fulfilled if ‘
V>0, Vt>0 3J¢(n,t)>0 such that

lim inf Prob {p.(")(t) € Kc(n,t)} >1—9,
or, ,
lim sup Prob { /Z B2l £, dz) > c(n,t)} <n. (4.33)

From (4.33) and Chebyshev’s inequality, one obtains that the condition

timsup B [ (2 s(2, d2) < oo

is sufficient. This is assured by Lemma 4.7 and the assumption A6.
It remains to check condition (b). According to Lemma 4.6 and assump-
tion A3, we obtain ‘

n 26 .
EOg(p(t +u), lIDNF] S €4 =5 [0+ 4 Caman ol
Vt>0, Vue[0,6], Ve >0, Vn.

We choose £(8) = 15 (V/6) (the inverse function exists because of (2.4)—(2.6))
and denote ‘

Y(8) = €(8) +2V6 [Go+ 4 Cg.maz <o - |
Then (4.31) is fulfilled with 8 = 1, and (4.32) holds because of (2.4) and
(2.6). O
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Lemma 4.8 Suppose @ satisfies (2.9) and assumption A4, and let ¢ €
D(Ay) be such that ¢ and Ao(p) are bounded and continuous.
Then the mapping ¥, : Dp(z)[0,00) — Dg[0,0), defined as

LD = (o0t — (p,w(0) - [ (ol@hu(e)ds = (439
L LLAL L Lo + o) - o) - oe2)]
Q(z1, 22, d%, déz)} w(s,dz)w(s,dz;) ds,
18 continuous.
Proof. First we notice that lim, e wa(0) = w(0) in P(Z), if limp_,eo wn = w

in Dp(z)[0, c0), according to [8, Ch. 3, Prop. 5.2], since 0 is a continuity point
for any w. Thus, the mapping

TDW)(E) = (p,w(0)) . (4.35)

is continuous.
Next, we use the fact (cf. [8, p. 153]) that the mapping

f(a)(t) = [ (s)ds

from Dg[0, 00) into Dz[0, ) is continuous. Therefore, it remains to show
that

T (W)(E) = (p,0(t)),  TOW)(2) = (Aole), (),

and

vW)t) = [ [{ [ [ ez)+ () - o) - ela)] x
Q(zl,22,d21,d22)} w(t,dz1) w(t,dzs)

are continuous mappings from Dp(z)[0, 00) into Dg[0,c0). This is fulfilled
(cf. [8, p. 151]), if

\i’(:)(’/) = (‘P: V): ‘i’fos)(”) = (AO((P)ﬁ U>7
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and
W) = [ [{[] [ o)+ o) - o) - o) x
Q(21, 23, dZ1, déz)} v(dz1) v(dzs)

are continuous mappings from P(Z) into R. These properties are fulfilled
because the functions ¢ and Ag(p) are bounded and continuous, and the
kernel @) satisfies (2.9) and assumption A4. O

Proof of Theorem 4.2. If & € D(A™), then
B(2(2)) = 8(2(0)) + [ AW(®)(Z(s))ds + M(z), (4.36)

where M(t) is a martingale (cf., e.g., [8, Ch. 4, Prop. 1.7]). If &2 € D(AM),
then one can show that

t
E™M(t)? = B™ / [A™(8?) — 2& AT (8)](Z(s)) ds. (4.37)
0 ; :

We consider the function (4.1) with @; = ¢, where ¢ € D(Ap) is such
that ¢® € D(4g). Note that assumption (4.3) is fulfilled, ® € D(AM),
$? € D(AM), and -

®(Z(t)) = (i, k(1)) - | (4.38)
Using Lemma 4.4, (4.36), (4.37), and (4.38), we obtain
t
(b0 = (WO + [ (Aoli), w7 () ot (4.39)
. o :
L LLAL L e+ o) - olz) — o)
Q(z1, 22, d21, déz)} 1™(s, dz;) ,u(")(s, dzp)ds + R(")((p,t) + M(")(go,t) ,
where ’
1 .
B (p,8)] < ~4 ]l Comact 2., (4.40)

and M(™ is a martingale such that

2 1 1
EOMO p,27 < {2 llp o)l + - 1ol + - 16l Camas } ¢ (441)
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Consider the mapping ¥,, defined in (4.34). It follows from (4.39) that
T, (s™)(t) = R™(p, ) + M ™), 1)
and from (4.40) and (4.41) that
lim E™ sup |, (p™)(s)| =0, Vi>o0. (4.42)

n—oo

It is easy to see from the definition of the Skorokhod topology (cf. [8, p. 117])
that (4.42) implies

lim E®dg(T,(uM),0) =0,
or

lim (4, P™) =0, (4.43)

n—co

where the function 1) is defined as
¢(w) = d'R(\I,‘P(w): 0)7 w € D'P(z)[(): OO), (4'44)

and dg is a bounded metric in Dg[0, o) giving the Skorokhod topology.
The function (4.44) is bounded and continuous because of Lemma 4.8 and
the obvious inequality |dg(z,0) — dzr(y,0)| < dr(z,y). Therefore, we obtain

Tim (3, P®) = (3, P*). (1.45)
From (4.43) and (4.45), one obtains
Po({w s ()= 0}) = 1. (1.46)
Next, we use the hypothesis (2.15) on the initial conditions. The function
$1(w) = {2, w(0)) — (2, do)|, @ € Dp()[0, 00),
is continuous and bounded (cf. (4.35)). Thus, we obtain

Pe({w : {p,w(0)) = (p,20)}) = 1. (4.47)
Remembering the definition (4.34) of ¥, and denoting
Q, = {w : ¥, (w) =0 and (p,w(0)) = (g, Ao)}, (4.48)
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we obtain from (4.46) and (4.47) that

(o, w(?)) = (9, 20) + At<AO(@),w(s)) ds+ (4.49)
LtLL{LL [90(51) + o(2) — (z1) — 80(22)} X
Q (21, 22, dzy, dig)}w(s, dz)w(s,dz)ds, Vt>0, YweQ, ,’

and P=(Q,) =1, for any ¢ € D(Ag) such that ¢? € D(4,).
Let D be the core of the generator Ay given by assumption A2. Consider
the sets

Gp(Ao) = {(w, Ao(9)) : ¢ € D} and G(4o) = {(p, 4o(p)) : ¢ € D(Ao)}.
Then
Gp(Ao) C G(Ao) C O(2) x C(2).

Since C(Z) x C (Z ) is separable, the subspace Gp(Ap) is also separable. Let
(¢n) be a dense subset of Gp(A4o), where

¢n:((Pn7A0(pn), n=1,2,.. .

Then (4,,) is also dense in G(Ao), because D is a core. Thus,
V1p € G(Ao) I (¥m,) such that klim Y =,

 and

Vo € D(Ao) I (¢n,) € D such that
1;1.1.{2, Prp =¥, and kli»nolo AO(ﬁank) = AO(‘P)' (4'50)

Consider the set Qo = N,Q,, (cf. (4.48)). Then P*(Qp) = 1, and
Eq. (4.49) holds for all w € Qo and ¢n, n = 1,2,.... By (4.50), it holds
for all ¢ € D(Ao) so that (g C 2, and the a.ssertion of the theorem follows.
O

Notation: If f € C(Z x [0,00)) and t € [O ) then write f; : £ — R for
the function defined by fi(z) = f(z,1).
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Let To(t) : C(Z x [0,00)) — C(Z x [0,c0)) be defined by

To(t)(£)(27) = Tolt) furr)(2)

It is straightforward to check that the collection (To(2) : ¢ > 0) forms a Feller
semigroup. It is the semigroup of the process with time added as an extra
coordinate. Now let Ay be the generator of (To(t) : ¢ > 0) . The following
lemma calculates the value of the generator on sufficiently nice test functions.

Lemma 4.9 If for 1 : Z x [0,00) = R the maps

s, s Ao(), s (90/68),

ezist, are continuous from [0,00) — C(Z) and converge in norm to zero as
s — co, then

peD(A) and Ao()(z,s) = (80/0t)(z,5) + Aalh.)(2)-
The proof is omitted.

Lemma 4.10 IfC C D(A,) is dense and Ty(t) : C — Cfor_a,llt >0 then_C 18
a core i.e. for allp € D(4p) there ezist Yo € C with (%n, AotPn) — (¢, Ach)
in norm in C(Z x [0,0)) x C(Z x [0, 0)).

Lemma 4.10 is a direct éonsequence of [8, Chapter 1, Prop. 3.3].

Lemma 4.11 Suppose X : [0,00) — P(Z) is measurable and satisfies for all
0 € D(Ay), t>0

()0 = Po,0) + [ (A(s), Ao — cods + [[(KOS)o)ds  (4:51)
where ¢ € [0,00) and K : M(Z) —» M(Z) is measurable and
" K(u)(Z) < const, VueP(Z). O 452)
If 9:Zx[0,t] > R satisfies
H1: the limit limpo(Ys+n — ¥s)/h ezists in norm for each s € [0,t] (right

and left hand derivatives at s = 0,t)
H2: 1, € D(Ap) for all s € [0,1]
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H3: the maps s — ,, s — Ao(¢s), s — (a¢/at) are continuous from
[0,%] to C(2)
then for s € [0, 1]

(A(s),"ﬁas) = (Ao, %o)+ (453)
+ [ [0, Aot +(89/02), = i) + (KO)), )] dr

Proof. Define

(s, @) =TI, %i(s)pi(=) where |
C={pel(Zx[0,00)): 1 are dlfferentlable with 1,94 € C([0, o0))
and @; € D(A4)

For 1 € C we can use integration by parts to directly calculate that for all s

(A(8),%s) s: (Ao, Yo)
+ [T (), Aot + (9188 = ce) + (KO, %) dr

= Qoo + [ [0), (Aab), — ) + (KO@), o) dr . (454)

The aim is to extend this to all ¢ € D(Ap) by checking that C is a core
for Ay. Let C be the norm closure of C. Then C contains all functions ¥
of the same form as in C but with ¢; € C(2) (since D(Ao) is dense in
C’(Z)) and so separates points of Z x [0,00). So C contains an algebra
which satisfies the assumptions of the Stone-Weierstrass theorem. So C is
dense in C(Z x [0,00)). Since Th(t) : D(Ao) — D(Ao) it follows easily that
To(t) :C — C for each t > 0. Lemma 4.10 then shows that C is a core i.e. if
¥ € D(Ao) then there exist 1, € C so that (n, Adotpn) — (¥, Apb) in norm.
We may then pass to the limit in (4.54) to see that it holds for all 3 € D(4o).

Finally take ¢ satisfying the hypotheses H1-H3. Take also g, : [0, 00) —
[0,1] smooth, decreasing with g(z) = 0 for z > ¢ and p(z) = 1 for z €
[0,¢ — n~!]. Then %, = o, satisfies the hypotheses of Lemma 4.9 so that
Yn € D(4p) and :

(Aotn)s = (8%n/81)s + Ao(Pn)s -

Applying (4.54) for 1, and noting that 9,(s) = ¢(s) for s € [0,¢ —~n""] we
have that equation (4.53) holds on [0, — n™'). Therefore by continuity it
holds on [0, %] completing the proof. O
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Remark: The technique used in Lemma 4.11 has been used in branching
measure valued processes and was first shown to one of the authors by Ed
Perkins.

Lemma 4.12 If ¢ € D(Ao) then *
W(s,z) = eI To(t — s)p(z)  for s € 0,1
satisfies H1,H2,H3 of Lemma .11 and
Aops + (8¢ /0t)s — cps =0 for s €[0,¢]. (4.55)
Proof. Recall that for ¢ € D(A) (see [8, Chapter 1, Prop. 1.5])

t
To(t)p = @ + /0 To(s) Aop ds (4.56)
and that if 9(s, 2) = To(s)p(z) then
(89/0t)s = To(s)Aop = AoTo(s)p = Agths .
The strong continuity of the semigroup implies that

s "zsa s AOOLS)) = (6"»5/675)3

are all continuous on [0,%]. So the hypotheses H1,H2 H3 are satisfied for P
and this then implies that they hold for % in the lemma. Equation (4.55)
follows from (4.56) and a little calculus. O

Proof of Theorem 4.3. We introduce a kernel

Qma:’:(zlazZ)FI)PZ) = Q(zlazZ;F17P2)+ :
[CQ,maw'— Q(ZI:ZZ;‘Z’Z)] 621(P1)522(F2)7 21, 22 € Z’ Pl’Pz € Bz'

Furthermore, we define the dual semigroup
T(e) ()(0) = [ wd=)Uolt,2T), pe€ M(Z), Te€Bz, (457
and a function

K@) = [ [ [@mesa, 20,1, 2)+ (.58)
Qmam(zl:zZ;Z;F)l/ﬁ(dzl) p(dzy), peM(Z), Te€Bz.
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It is straightforward to see that (4.57) and (4.58) define operators M(Z) —
M(Z), justifying the notations.

On M(Z), we consider the distance induced by the total variation norm
on the space of finite signed Borel measures (cf. [8, p. 495]),

ln—rell=  sup  [p,01) — (p,v)].
pEB(Z):]l¢]I<1

It follows immediately from the definitions that
I To(£)*(21) = To(t)*(v2)ll < lor = vell, Von,vs € M(Z),  (4.59)
and

| K () — K(v2)] < (4.60)
|1 — v2|4 Comas max(11(Z2),v2(Z)), Vvi,ve € M(Z).

thice that
[ #(2) K(u)(d2) = 2 Comaz p(2) [ (z) p(dz)+
L AL L o) + o) — ole) - o(a2)] x (461)
Qar, 22, 471, d20)} plde) wldm), Vg € B(Z), Vpe M(Z),

so that Eq. (1.5) takes the form (4.51) with ¢ = 2Cg maz - ,
Taking equation (4.53) with the choice of ¢ in Lemma 4.12 gives

(A2), 0} = €7 (o, Tolt)e) + fot e~ (K(X(s)), Tolt — s)p) ds.  (4.62)
So
() = = To(t) o — | ") Ty (¢ — 5) K (A(s)) ds, ) = 0.

Since this is true for all ¢ € D(Ao) which is dense in C(Z) (true for Feller
process generators) we obtain that for all ¢ > 0

Mt) = e Tt + [ Ceml-) Tyt — )" K(A(s)) ds. (4.63)

Uniqueness of the solution of Eq. (4.63) follows from the Lipschitz proper-
ties (4.59) and (4.60) of the operators Ty(¢)* and K , respectively, and from
Gronwall’s inequality. O
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Lemma 4.13 Let ¢ be a continuous function satisfying (2.10) and (2.11).
Assume that

/zlz(“g”w"(s’z’dé) < a(t)[1+9(l=l)], | (4.64)
Vze€ Z,Vse[0,t], forsome t>0,

and that @ satisfies (2.13).
Then

/z B(2) A(t, dz) < const /Z #(2) Mo(dz),
where A is the solution of Eq. (1.5).

Proof. We consider the equivalent form (4. 62) of Eq. (1.5). According to
(4.61), this equation takes the form

()0 = Do, ToB)g) + [ D e(To(t = 5)p, Ms)ds  (465)

N /Ot /Z /2; {/; ,/z To(t - s) (,0(21) + To(t — S) (p(Zz) — To(t — S) ga(zl)
~To(t — s) c,a(zg)] Q(z1, 22,d21, dég)} (s, dz1) A(s,dz2) ds .

Using bp-limits of sequences of functions from C/(Z) , one finds that Eq. (4.65)
holds for arbitrary bounded continuous functions ¢ . Consider the function

. P(z),if z< R,
¢R(m)={JER)),if z>R.

First we show that

) Voo zaz) o (e66)
< max(1,(t)[1 +Pr(|2l])], Vz€ Z, Vs€[0,t], YR>O0,

and

/;; _/Z [Q'ER(”‘;Q”) + ’»ZR(HEZH)] Q(21, 22,dz,d2;) < } (4.67)
max(2 Cg,maz; €2) [1 + JR(”AH) + ‘!,ZR(HZzH)] , Vzl?zz €Z.
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To show (4.66), one considers the cases ||z|| < R and ||2|| > R, and uses
assumption (4.64). To show (4.67), one considers the cases max(||2:]], || 22]]) <
R and max(||z1]],[|22]|) > R, and uses assumption (2.13). Using (4.66) and
(4.67), one obtains from Eq. (4.65)

[, Ballz) At d2) < const | [ Fa(llal) o(de) + [ [ Ballzl) X dz) s

and, via Gronwall’s inequality,

[, Falllzl) At dz) < const L¢R<||z1|>xo<dz>. @)

The assertion follows from (4.68), since the constant does not depend on R.
O

Proof of- Corollary 2.2. Using assumption (2. 14) and Lemma 4.7, we
obtain

lim sup o) /Z B(ll2])) g™, dz) < 00, VE>0. (4.69)
. Consider the function |
1 if |lz]| <R
xr(z)=4q 1+ R—|lz|,if |lz| € (R,R+1),
0 if |z 2 R+ 1.
Then we obtain
lim sup E™ (i, u™)(2)) — (0, A1) < | (4.70)
lim sup B |{p x&, ™ (8)) — (0 x2, A(®))]
+ limsup E®{p (1 xr), s ()] + {2 (1 = xR), M)

The first term on the right side of (4.70) equals zero, for any R > 0, according
to Theorem 2.1, since the function ¢ xg is continuous and bounded. The
second term is estimated as

lim sup E™|(p (1 — xz), s™ ()] <

IS (ig(ol(lzl)ll)> lim sup 5 f Bl 12, d),

and tends to zero as R — oo, because of (4.69) and assumption (2.17).
Finally, the third term tends to zero as R — oo according to Lemma 4.13.
(]
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5. Concluding remarks

The uniqueness result for the limiting equation (1.5) allowed us to avoid
the approximation of the independent motion by jump processes, which was
used in [16], [1], [19]. The convergence theorem became more transparent,
since the deterministic limit of the empirical measures is characterized as
the unique solution of the limiting equation. The case of the independent
motion being a diffusion is covered now. Also convergence of moments of
the empirical measures has been obtained. Such unbounded functionals are
important in the applications, since they are the basis for the calculation of
physical quantities like temperature or heat flow.

The discussion of the relationship with the Boltzmann equation in Sec-
tion 3 shows that an interesting and practically important problem is to
consider kernels ) depending on n, i.e.

Q(")(zl, 23, dgl, dég) = h(n)(.’Bl, {Eg) 53,1 (d:f:l) 63;2(d5}2) Q(Ul, V2, d’51, dﬁz) ;

Where A (:Bl,’lll), Z9g = (232,"1]2), dé]_ = (dizl,dﬁl), d§2 = (d:ﬁz,d‘l‘}g), with
h{™) tending to the delta~function as n — oo . Under appropriate assumptions
on A{™ , one would expect convergence to the DiPerna-Lions solution [6] of
the Boltzmann equation.

Results concerning convergence to the solution of an unmollified one-
dimensional Boltzmann equation have been obtained in [2], [3]. They are
based on a different approach, studying the interaction trees of the particle
system. An interaction graph technique has been used in [10] to study general
(mollified) Boltzmann type equations.
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