� �

� � � � � � � �

� � � � � � � �

� � � � � �

� � � � � � �

� � � � 1 � � � � 1 � � � � � � 1 �

� � � 2

� � � � � �

1_{� � �}

� � � � � � �

� �

� �

� �

� � � � � �

� � �

� � � �

2_{� � �}

� � � � �

� � �

� �

�

� � �

� �

� �

� � � � � � � � � �

� � � � � � � � � � � � � � � � �

� �

� � �

� � � � � � � � � � �

� �

� �

� �

� � � � � �

� � � �

� � � � � � � �

Abstr ac t. Th is pa per is conce rned wit h the sta te-co nstra ined opti mal control of the twodim ensi onal t herm istor pro blem , a quas i-line ar cou pled syste m of a para bolic and ellip tic P DE wit h mi xed b ound ary condi tions . This syste m mo dels the heating of a conduc ting materi al by me ans of dire ct curren t. Existen ce, uni quenes s and cont inuit y for th e stat e system are deri ved by emp loying ma ximal elliptic and parab olic reg ulari ty. By sim ilar arg umen ts th e lineari zed state syste m is discussed, while th e adjoin t system involving measu res is investi gate d using a dualit y argu men t. The se resu lts allow to deriv e fir st-ord er necessar y cond ition s for th e opt imal contro l pro blem .

1. Int r oducti on. In th is pap er we consider state -constrain ed opti mal contr ol of th e two dimensional th ermistor problem. In detail the optimal control problem under consideration looks as follows:

minimize J (θ, u) := 1 2 � D |θ(T) − θ_d |^2 dx + β 2 � Σ_N

u^2 ds dt

sub ject to (1.1)–( 1.7)

and θ(x, t) ≤ θ_{max} (x, t) a.e. in Q 0 ≤ u(x, t) ≤ u_{max} (x, t) a.e. on Σ_N

� � � � � � � � � (P )

where (1.1)–(1.7) refer to th e following coupled P DE system consisting of the instation ary heat equation and th e quasi-static poten tial equation, which is also known as thermi stor pr oblem:

∂_t θ − div(κ∇ θ) = (σ(θ)∇ φ ) ·∇ φ in Q := Ω × ]0, T[ (1.1) ν ·κ∇ θ + α θ = α θ_l on Σ := ∂Ω × ]0, T[ (1.2) θ(0) = θ_0 in Ω (1.3)

− div(σ(θ)∇ φ ) = 0 in Q (1.4) ν ·σ(θ)∇ φ = u on Σ_N := Γ_N × ]0, T[ (1.5) φ = 0 on Σ_D := Γ_D × ]0, T[ (1.6)

ν ·σ(θ)∇ φ = 0 on (∂Ω \Γ_N ∪ Γ_D )× ]0, T[ (1.7)

Here θ is th e tem peratur e in a conductin g material covered by the two dimensional domain Ω, while φ refers to th e electr ic poten tial . The boundary of Ω is denoted by ∂Ω with unit normal ν facing out ward of Ω. In add ition , Γ_D is a closed part of ∂Ω, while Γ_N is an op en par t of ∂Ω which is disjoint t o Γ_D . Moreover, T is a given end time, Q = Ω × ]0, T[ is the space-time cylinder with boundary Σ = ∂Ω × ]0, T[, and Σ_N and Σ_D are defined analogously. Furth ermore, κ and σ repr esent heat and electric condu ctivity. Whi le κ is a given, prescribed function , σ is allowed to dep end on th e tem peratur e. Moreover, α is the heat transfer coeffi cient and θ_l and θ_0 are given boundary and initial data, respectively. The bounds in the opt imizati on problem (P) as well as the desired temp eratu re θ_d are given functions and β is th e usual Tik honov regularization par ameter. Fin ally, D is an op en part of Ω and u denot es th e control. The precise assumption s on the data in (P ) and (1.1)–(1. 7) will be specified in Section 2. In all what follows, the syste m (1.1)–(1. 7) is frequently also called state system.

The P DE system (1.1)–(1.7) models the heati ng of a conductin g mate rial by means of a direct curren t induced on the part Γ_N of th e bound ary. At th e ano de Γ_D , homogeneous Dirichlet boundary condition s are given, whereas one has insulation on ∂Ω \Γ_N ∪ Γ_D . We point out th at the different boundar y conditi ons are essential for a realistic modeling of the process. The objectiv e of (P ) is to adjust t he induced curr ent u to minimize the L^2 -distance between the desired and th e induced temp erat ure at end time T. Moreover, the opt imizati on is sub ject to pointwise contr ol and state 1

constrain ts. The control constrain ts reflect a maximum heating power, while the state constrain ts limit the temp eratu re evolution to prevent possible damage , e.g. by melting of th e material . Similarl y to the mixed boundar y conditions, the inequalit y constrain ts in (P) are essential for a realistic model as demonstrated by th e numerical exam ple withi n th is pap er. P roblem (P ) underlies various app lications, such as for instan ce the heat treatm ent of steel by means of an electr ic curr ent. The examp le, considered in th e numerical par t of thi s pap er, will deal with an appl icat ion of th is type.

The stat e syste m (1.1)–(1. 7) exhibits some non-stand ard featu res, in particul ar due to th e quasi-linear coupling of th e parab olic and the elliptic PDE , th e mixed boundary conditions in (1.5)–(1. 7), and the inhomogeneit y in th e heat equation (1.1). A slightly different version of th e thermis tor prob lem is discussed by Chipot et al. (see [3] and th e reference s th erein). The syste m considered in [3] differs from (1.1)–(1.7) since it accounts for temp eratur e depend ent heat conductivi ties, but does not allow for mixed boundar y conditions and non-smooth domain s. Th e discussion of the state system (1.1)–( 1.7) heavily rests on maxim um elliptic and parab olic regularit y results as derived in Gröger [16, 17]. Based on th ese result s, it is possible to prove continuit y of th e temp erat ure as solution of (1.1)–(1. 7), which is essential in th e pres ence of pointwise state constrain ts as the inequal ity constrain ts on θ in (P). In par ticular, th e applicati on of Gröger’s results implies the restr iction to two dimensional domains since comparabl e results for the three dimensional case are not available.

Up to th e author s’ best knownledge, there are only few contribution s dealing with th e optimal control of the thermis tor problem. We refer to [22] and [21], where, similarly to our setting, two dimensional problems are discussed. In [22], a complete par ab olic problem is discuss ed, while [21] considers th e purely elliptic counterp art to (1.1)–( 1.7). Moreover, both contr ibutions neglect th e mixed boundar y conditi ons and do not consider pointwise stat e constrai nts and non-smooth data. Thus, (P) differs significantly from th e ab ove mention ed pap ers.

Pr oblem (P) repr esents a quasi-lin early coupled state- constrain ed optimal control problem. Such optimization problems are known to provide parti cular diffic ulties, especially due to th e pointwise state constrain ts. In th e semi-linear case, the anal ysis of state -constrain ed opti mal contr ol problems is already quite compr ehensive. We only mention [4, 7, 25, 6] and th e references therein. Concerning the state -constrain ed opt imal control of semi-linear ellipt ic PDE s with mixed boundar y condition s, we refer to th e recent pub lication [19]. In contrast to the semi-linear case, less is known for th e control of quasi-linear PDE s. Concerning quasi-lin ear, elliptic problems with pointwise state constr aints, we refer to [8]. Hence, the discuss ion of optimal control of a quasi-linearly coupled P DE system in th e presence of pointwise state- constrai nts and mixed b oundary condition s repr esents a genuine contr ibution to th e th eory. Here we focus on th e first-order analy sis of (P) . The derivation of second-ord er suffic ient conditions in th e case of stat e-constr ained boundary contr ol of instati onary problems is still an op en question, even in the semi-linear case with smooth data.

The pap er is organ ized as follows: After statin g the detailled setti ng and assumpti ons in Section 2, th e state system is discussed in Section 3. The existe nce of an opti mal soluti on is shown in Section 4, while Section 5 is devoted to the analysis of the linearized state system . In Section 6, the first-ord er analysis of (P) is developed, beginning with th e differen tiab ility of th e control-to-s tate operat or in Section 6.1, followed by th e discussion of the adjoint syste m and th e derivati on of the optimalit y system in Sections 6.2 and 6.3, respectively. Fin ally, some numerical examples for a par ticular applicati on prob lem covered by (P) are presented in Section 7.

2. Not ations and general as sumpti ons . In all what follows, Ω always denotes a domain in R^2 and Γ_D is a closed part of its boundar y. Th e space C^δ (Ω) denotes th e space of Hölder continuous functions, while H^{s,q} (Ω) (s ∈ [0, 1]) is the space of Bessel potentials with diffe rential index s and summabi lity index q on th e set Ω. (P lease notice that H^{1,q} (Ω) coincides with th e Sobolev space W^{1,q} (Ω).) Furth er, we use the symbol H^{s,q}_D (Ω) for th e closure of � ψ |_Ω : ψ ∈ C^∞_0 (R^2 ), su pp ψ ∩ Γ_D = ∅ � in H^{s,q} (Ω). The dual of H^{1,q}_D (Ω) with respect to the L^2 (Ω) inner product is denoted by H^{− 1,q ′}

D (Ω) with^1_q +^1_{q′} = 1. The dual of H^{1,q ′} (Ω) is denot ed by H^{− 1,q}

Ω (Ω). If Ω is understo od, we abbreviate H^{s,q} , H^{s,q}_D and H^{− 1,q}

Ω , respectively. The symbol S ⊂ R always stands for an (op en) interval. If X is a Banac h space, its dual is denoted by X^∗ . Moreover, by W^{1,r} (S; X ), is the set of th ose elements from L^r (S; X ) whose distr ibution al derivativ e also belongs to L^r (S; X ). In this spirit,^∂_{∂t} always means th e distr ibutional derivativ e with respect to time , see [1, Ch. III.1] or [12, Ch. IV]. Furth ermore, C^τ (S; X ) denotes th e space of X -valued, Hölder contin uous function s on S. For all these spaces, defin ed on an interval S =]0 , T[ the subscript_0 denot es th e corresponding subspace of functions which van ish in t = 0. All function spaces under our consideration are real ones. For two Banac h spaces X and Y we denot e th e space of linear, bounded operator s from X into Y by B(X ; Y). Th e norm in a Banac h space X will be always indicate d by ‖ ·‖_X . If X , Y are Banach spaces which form an interp olation couple, th en we denote by [X , Y]_τ th e corres ponding complex interp olati on space and by (X , Y)_{τ,r} th e real interp olation space, see [27]. Fin ally c denot es a generic positive constan t.

Now we are in th e position to stat e the main assumpt ions for th e quantities in (P). Pl ease noti ce th at, in order to obt ain sharp results, here we just mention the assumption s on the quan tit ies in (1.1)–(1.7) that are needed to to obtai n existence , uniqueness, and contin uity of solut ions to the state syste m. For th e Fréchet-di fferentiab ility of the associated solut ion operator one has to requ ire more restri ctive condition s which are formulate d in Assumpt ion 5.1, see Section 5. We start with the condition s on the domain Ω:

Ass umpti o n 2.1. The domain Ω ⊂ R^2 is a bounded Lipschitz domain (see [15]), and Γ_N is an open part of ∂Ω , whereas Γ_D is a closed part of ∂Ω . Furthermor e Γ_N and Γ_D have positive measure and are disjoint to each other. In addition, the set ∂Ω \ Γ_D ∩ Γ_D is fin ite an d no connected component of Γ_D consists of a single point. Moreover, T < ∞ is a given end time.

Rem a rk 2.2. In [19], it is shown tha t Assumption 2.1 implies that Ω ∪ (∂Ω \ Γ_D ) is regular in the sense of Gröger (cf. [16]), which will be of major importan ce for the discussion of the elliptic equation, see Theorem 3.7 below.

Ass umpti o n 2.3. On the quantities in the state system we impose:

i) The function σ(x, θ) : Ω × R → B(R^2 ) is bounded and measu reable w.r. t. x for all θ ∈ R and Lipschitz continuous w.r.t. θ for almost all x ∈ Ω , i.e.

‖σ(x, θ̃) − σ(x, θ)‖_{B(R}2_) ≤ L_σ |θ̃ − θ| a.e. in Ω , for all θ̃, θ ∈ R

with a const ant L_σ > 0. Moreover, for all θ ∈ R and almost all x ∈ Ω , σ(x, θ) is a symmetric mat rix. Final ly, it satisfies

inf_{θ∈ R} essinf_{x ∈ Ω} 2� i,j =1

σ_{ij} (x, θ) ξ_i ξ_j ≥ σ_0 ‖ξ‖_R2 ∀ ξ ∈ R^2

sup_{θ∈ R} ‖σ(x, θ)‖_L ∞_{(Ω ;B(R}2_{))} ≤ σ_1 with constants 0 < σ_0 ≤ σ_1 < ∞ .

ii) The function κ ∈ L^∞ (Ω; B(R^2 )) is symmetr ic for a. a. x ∈ Ω and sat isfies the usual elliptici ty condition, i.e.

essinf_{x ∈ Ω} 2� i,j =1

κ_{ij} (x) ξ_i ξ_j ≥ σ_0 ‖ξ‖_R2 ∀ ξ ∈ R^2 .

iii) θ_l ∈ L^∞ (]0, T[;L^∞ (∂Ω)) iv) α ∈ L^2 (∂Ω) with � Γ α^2 dω > 0 and α (x) ≥ 0 a.e. on ∂Ω v) θ_0 ∈ C(Ω̄) Ass umpti o n 2.4. The remaini ng quant ities in (P ) fulfill:

i) D is an open (not necessar y proper) subset of Ω . ii) θ_d ∈ L^2 (D ) iii) θ_{max} ∈ C(Q̄) with θ_0 (x) < θ_{max} (x, 0) for all x ∈ Ω̄ iv) u_{max} ∈ L^∞ (]0, T[;L^2 (Γ_N )), u_{max} (x, t) ≥ 0 a.e. on Σ_N v) β > 0 Rem a rk 2.5. We point out that the conditi ons in Assumption 2.1, 2.3, an d 2.4 are satisfie d in man y relevant cases. In particu lar, allowing for non -smooth domains is importa nt in man y applicat ions.

3. A nalysis of the n onl inear state system. We star t with a precise formulati on of th e syste m (1.1) -(1.7) and th e corres ponding defini tion of weak solution s to (1.1) -(1.7). To thi s end, defin e for any coeffic ient function ρ ∈ L^∞ (Ω; B(R^2 )) −∇ ·ρ∇ : H^{1,2}_D (Ω) → H^{− 1,2}

D (Ω) (3.1) by ⟨−∇ ·ρ∇ w , z⟩ := � Ω ρ∇ w ·∇ z dx ; w, z ∈ H^{1,2}_D (Ω) . (3.2)

The restriction of th ese operator s to the spaces H^{1,q}_D (q ≥ 2) will also be denoted by ∇ ·ρ∇ . Analogou sly, we defin e K : H^{1,2} (Ω) → H^{− 1,2}

Ω (Ω) (3.3) by ⟨K w , z⟩ := � Ω κ∇ w ·∇ z dx + � ∂Ω α wz dω ; w, z ∈ H^{1,2} (Ω) . (3.4)

where (here and in the sequel) ω is the surface measure on ∂Ω. Rem a rk 3. 1. The function ι_0 : [0, ∞ [∋ t → e^{− tK} θ_0 ∈ L^∞ (Ω) (3.5) is continuous on ]0, ∞ [ and admi ts the estimate ‖e^{− tK} θ_0 ‖_L ∞ ≤ ‖θ_0 ‖_L ∞ ; see Lemma 3.18 below. Rem a rk 3.2. For q ∈ [2, 4[ one has the embedding H^{1,q ′} (Ω) → L^{2+ ε} (∂Ω) for an ε = ε(q) > 0 and H^{1,2} (Ω) → L^m (∂Ω) for any finite m, see [15]. Assume now ϱ∈ L^2 (∂Ω) . If one sets m :=^{2( 2+ ε )}_ε , then there is a constant c > 0 such that, for all v ∈ H^{1,2} (Ω) and all ψ ∈ H^{1,q ′} (Ω) , | � ∂Ω ϱv ψ dω | ≤ ‖ϱ‖_L 2_{(∂Ω)} ‖v‖_L m_{(∂Ω)} ‖ψ ‖_L 2+ ϵ_{(∂Ω)} ≤ c‖ϱ‖_L 2_{(∂Ω)} ‖v‖_H 1 , 2_{(Ω )} ‖ψ ‖_H 1 ,q ′_{(Ω )} .

(3.6)

Thi s estimate teaches two things: a) Setting v ≡ 1 one can associate for almost all t ∈ ]0, ∞ [ to the L^2 (∂Ω) function α (t)θ_l (t) an element from H^{− 1,q}

Ω (Ω) , provided q ∈ [2, 4[. In this spir it we will understand α θ_l ∈ L^∞ (]0, T[;L^2 (∂Ω)) as an element α̃ ∈ L^∞ (]0, T[;H^{− 1,q}

Ω (Ω)) . In the same way a function u ∈ L^∞ (]0, T[;L^2 (Γ_N )) will be inter preted as an element ũ ∈ L^∞ (]0, T[;H^{− 1,q}

D ) by sett ing

⟨ũ(t) , v⟩_H − 1 ,q_{D ,H} 1 ,q ′_D = � Γ_N

u(t) v ds, v ∈ H^{1,q ′}_D (Ω)

for almost all t ∈ ]0, ∞ [. b) The estim at e (3.6) shows that ϱ∈ L^2 (∂Ω) induces a (continuou s) linear mapping Φ_ϱ : H^{1,2} (Ω) → H^{− 1,q}

Ω given by < Φ_ϱv, ψ > := � ∂Ω ϱv ψ dω .

Now we are in th e position to give th e precise defin ition of solution s to (1.1)–(1. 7) in a weak sense.

Def initi o n 3. 3. Let u be a given function in L^∞ (]0, T[;L^2 (Γ_N )). We consi der (θ, φ ) as a solution of (1.1) –(1.7) if there are indices q ∈ ]2, 4[ and r ∈ ]1, ∞ [ such that

φ ∈ L^∞ (]0, T[;H^{1,q}_D ) (3.7)

ζ := θ − ι_0 ∈ W^{1,r}_0 (]0, T[;H^{− 1,q}

Ω ) ∩ L^r (]0, T[;H^{1,q} ) (3.8)

and, additional ly, the operat or equations ∂ζ ∂t + K ζ = � σ(ζ + ι_0 )∇ φ � ·∇ φ + α̃ (3.9)

−∇ ·σ(ζ + ι_0 )∇ φ = ũ (3.10)

are sat isfied.

Rem a rk 3.4. The reader will verify that the boundary conditions imposed on θ and φ in (1.2) , (1.5) , (1.7) are incorporat ed in this definition in the spir it of [12, Ch. II.2] or [9, Ch. 1.2], for instanc e.

The main result, we will show in thi s section, reads as follows:

Theorem 3.5. Suppose that u is given in L^∞ (]0, T[;L^2 (Γ_N )). Then under Assum ptions 2.1, 2.3, and 2.4 there holds:

i) Ther e is a solution of (1.1) –(1.7) in the sense of Defin ition 3.3. ii) Thi s solution is unique. iii) Ther e is an index η > 0 such that for every T > 0 the funct ion ζ even belongs to C^η (]0, T[;C^η (Ω)) .

iv) If θ_0 ∈ H^{ς,q} (Ω) with ς>^2_q , then ι_0 takes its values in a Hölder space C^η (Ω) and is Hölderian in time when consider ed as C^η (Ω) -valued, what means ζ + ι_0 ∈ C^η (]0, T[;C^η (Ω)) , if η > 0 is suffici ent ly smal l.

Rem a rk 3.6. Please not ice that the Hölder property of θ in case iv) extends to the boundari es, i.e. θ ∈ C^η ([0, T];C^η (Ω̄)) , and nat urally implies continui ty of θ. This is essential for the deri vation of first-or der necessary conditions for (P ), see Section 6.

3.1. Pro of of Theorem 3.5. Let us start with a brief sketch of the proof. In contrast to [3], where Schaud er’s fixed p oint th eorem is used to anal yze the th ermistor problem, we here app ly Banac h’s contraction principle to prove existence and uniqueness for (1.1)–(1.7) . The associated fixed point mapp ing is constructe d as follows: Let J : θ → φ be th e solution operator associated to the ellipti c equation (3.10) for given u, while K : f → θ is the soluti on op erator of the parab olic equation (3.9) with right hand side f (th e precise definiti ons of J and K with their domain s and ran ges, respectively, will be given lat er on, see Lemma 3.9, 3.11, and 3.21). Then a soluti on of (1.1)–( 1.7) in the sense of Definiti on 3.3 is equivalent to a fixed p oint of the equation

θ = K(σ(θ̃)|∇J (θ̃)|^2 + α̃ ). (3.11)

To prove contractivity of th is combined mapp ing, we appl y maximal elliptic and par ab olic regularit y results in the spirit of Gröger [16] and [17]. Thes e results in par ticular allow to account for th e mixed b oundary conditions in the ellipt ic equation. The contractivi ty will be first shown on sufficie ntly small time intervals. A repetition argu ment th en implies the assert ion of Theorem 3.5 on th e whole time interv al.

The pro of is organi zed as follows: we start with the discussion of the elliptic equation. Afterward s th e parab olic equation is investigate d star tin g with a summary of some well known results on semigrou p theory and maxim um par ab olic regular ity which are proven in Appendix A. Finally th e fixed point mapp ing is constr ucte d and the contractivi ty is shown. Th rough out the proof, let T_0 and T_1 be fixed, but arb itrar y numbers satisfyi ng 0 ≤ T_0 < T_1 < ∞ . The interval ]T_0 , T_1 [ is denoted by S. Moreover, by ι_{T0} , we denote the mapp ing ι(·− T_0 ).

For the discussion of the elliptic equation, we employ a result of Gröger [16]. It covers maximal regular ity for elliptic equati ons.

Theorem 3. 7. Assume that Ω ∪ (∂Ω \ Γ_D ) is regular in the sense of Gröger (see Remark 2.2) an d let ρ, ρ̄ be two positive constants, satisf ying ρ ≤ ρ̄.

i) Then there is a q_0 > 2 such that for every q ∈ [2, q_0 ] and for all coefficient functions ρ with ellipticity constant not smal ler than ρ and ‖ρ‖_L ∞_{(Ω ;B(R}2_{))} ≤ ρ̄ the operator −∇ ·ρ∇ provides a topological isomor phism between H^{1,q}_D (Ω) and H^{− 1,q}

D (Ω) . ii) For each q ∈ [2, q_0 ] the numbers ‖ � −∇ ·ρ∇

�_{− 1} ‖_{B(H} − 1 ,q_{D ;H} 1 ,q_{D )} are uniform ly bounded within the class of all such coeffici ent functions ρ.

Now, let q̃_0 now be the number q_0 from Theorem 3.7 which corresponds to ρ := σ_0 and ρ̄ := σ_1 , where σ_0 and σ_1 are the constan ts tak en from Assumpti on 2.3, and fix a q from ]2, min (q̃_0 , 4)[.

Rem a rk 3.8. It is well known from the theory of mixed boundar y value problems that a number q_0 ≥ 4 canno t be expected in the context of Theorem 3.7.

Wit h Th eorem 3.7 at hand , we can intr oduce th e first par t of our fixed point mapp ing, namely the solution operator associated to the elliptic equation.

Lemm a 3.9.

i) The mapping J which assigns to any function ζ ∈ L^∞ (S; L^∞ (Ω)) the function t → φ_t with φ_t given by

−∇ ·σ(ζ(t) + ι_{T0} (t))∇ φ_t = ũ(t) (3.12)

takes its image in a ball B in L^∞ (S; H^{1,q}_D (Ω)) the radiu s of which only depends on ‖u‖_L ∞_{(S ;L} 2_{(Γ N )} (not on θ_0 ∈ L^∞ (Ω) and the interval S).

ii) J : L^∞ (S; L^∞ (Ω)) → B is Lipschitz continuous.

Pr oof. i) Fir st of all, Rem ark 3.1 shows th at ι_{T0} has globally in time th e L^∞ (Ω)-b ound ‖θ_0 ‖_L ∞_{(Ω )} . Moreover, for almost all t ∈ S, u(t) ∈ L^2 (Γ_N ) defines an element ũ(t) ∈ H^{− 1,q}

D (Ω), see Rem ark 3.2. Th us, th e first assertion follows from Theore m 3.7 and th e uniform boundedness of σ. ii) Let ζ,ζ̃ ∈ L^∞ (S; L^∞ (Ω)) be fixed, but arbit rary. For almost all t ∈ S, we estimate ‖φ̃_t − φ_t ‖_H 1 ,q_D = ‖ � (∇ ·σ(ζ̃(t) + ι_{T0} (t))∇ )^{− 1} − (∇ ·σ(ζ(t) + ι_{T0} (t))∇ )^{− 1} � ũ(t)‖_H 1 ,q_D = ‖(∇ ·σ(ζ̃(t) + ι_{T0} (t))∇ )^{− 1} � ∇ · � σ(ζ̃(t) + ι_{T0} (t)) − σ(ζ(t) + ι_{T0} (t)) � ∇ � (∇ ·σ(ζ(t) + ι_{T0} (t))∇ )^{− 1}ũ(t)‖_H 1 ,q_D ≤ ‖(∇ ·σ(ζ̃(t) + ι_{T0} (t))∇ )^{− 1} ‖_{B(H} − 1 ,q_{D ;H} 1 ,q_{D )} ‖(∇ ·σ(ζ(t) + ι_{T0} (t))∇ )^{− 1} ‖_{B(H} − 1 ,q_{D ;H} 1 ,q_{D )} ‖ � σ(ζ̃(t) + ι_{T0} (t)) − σ(ζ(t) + ι_{T0} (t)) � ‖_L ∞_{(Ω ;B(R}2_{))} ‖ũ(t)‖_H − 1 ,q_D ≤ ‖(∇ ·σ(ζ̃(t) + ι_{T0} (t))∇ )^{− 1} ‖_{B(H} − 1 ,q_{D ;H} 1 ,q_{D )} ‖(∇ ·σ(ζ(t) + ι_{T0} (t))∇ )^{− 1} ‖_{B(H} − 1 ,q_{D ;H} 1 ,q_{D )} L_σ ‖ζ̃ − ζ‖_L ∞_{(S ;L} ∞_{(Ω ))} ‖ũ(t)‖_H − 1 ,q_D ,

where L_σ denot es th e Lipschitz constan t of σ. Th us the proof is complete. Rem a rk 3.10. Please notic e that non of these estimat es depends on the interval S nor on the initi al value θ_0 ∈ L^∞ (Ω) . The next lemma incorporate s the right han d side of th e parab olic equat ion (3.9) into th e fixed point mapp ing. Lemm a 3.11. The mapp ing

G : L^∞ (S; L^∞ (Ω)) ∋ ζ → σ(ζ + ι_{T0} )∇J (ζ) ·∇J (ζ) ∈ L^∞ (S; L^{q/2} (Ω)) is Lipschitzian and its image is containe d in a ball M ⊂ L^∞ (S; L^{q/2} (Ω)) . Pr oof. Supp ose th at φ, φ̃ ∈ H^{1,q}_D (Ω) and θ ∈ R are fixed but arb itrar y. Using Minkowski’s and Hölder’s inequal ity, we find � Ω |(σ(θ)∇ φ ) ·∇ φ − (σ(θ)∇ φ̃ ) ·∇ φ̃ |^{q/2}

�_{2/q}

≤ � Ω � |(σ(θ)∇ φ ) ·∇ (φ − φ̃ )| + |(σ(θ)∇ (φ − φ̃ )) ·∇ φ̃ |

�_{q/2} � 2/q

≤ σ_1 � Ω |∇ φ̃ |^q dx

�_{1/q} + � Ω |∇ φ |^q dx

�_{1/q} � � Ω |∇ (φ − φ̃ )|^q

�_{1/q} . (3.13)

Now let ζ,ζ̃ ∈ L^∞ (S; L^∞ (Ω)) be fixed but arb itrar y. Hence J (ζ), J (ζ̃) ∈ B ⊂ L^∞ (S; H^{1,q}_D ). In view of (3.13), we then find

‖(σ(ζ + ι_{T0} )∇J (ζ)) ·∇J (ζ) − (σ(ζ̃ + ι_{T0} )∇J (ζ̃)) ·∇J (ζ̃)‖_L ∞_{(S ;L} q / 2_) ≤ ‖(σ(ζ + ι_{T0} )∇J (ζ)) ·∇J (ζ) − (σ(ζ + ι_{T0} )∇J (ζ̃)) ·∇J (ζ̃)‖_L ∞_{(S ;L} q / 2_) ‖[σ(ζ + ι_{T0} ) − σ(ζ̃ + ι_{T0} )]∇J (ζ̃) ·∇J (ζ̃)‖_L ∞_{(S ;L} q / 2_) ≤ σ_1 � ‖J (ζ)‖_L ∞_{(S ;H} 1 ,q_{D )} + ‖J (ζ̃)‖_L ∞_{(S ;H} 1 ,q_{D )} � ‖J (ζ) − J (ζ̃)‖_L ∞_{(S ;H} 1 ,q_{D )} + L_σ ‖ζ − ζ̃‖_L ∞_{(S ;L} ∞_{(Ω ))} ‖∇J (ζ̃) ·∇J (ζ̃)‖_L ∞_{(S ;L} q / 2_) .

Th us, Lemma 3.9 gives th e first assertion . Rem a rk 3.12. An inspection of the above arguments shows that neither the radius of M nor the Lipschi tz constant depend on the initial value θ_0 ∈ L^∞ (Ω) or the interval S.

For the defin ition of the solution operator associate d to th e parab olic equation , which is th e last part of our fixed point mapping (cf. (3.11)), some essential results on semigrou p th eory and maxi mal parab olic regular ity are requir ed. For convenience of th e reader, we collect these in the sequel. The associate d pro ofs are postponed to App endix A.

Lemm a 3.13. Let A be a generator of an an alytic semigroup on a Ban ach space X and 0 /∈ spec(A) (so that th e graph norm on D induced by A is equivalent to the norm ‖A ·‖_X ). Then there holds:

i) For every x ∈ X and every T_0 , T_1 ∈ ]0, ∞ [ the function

]T_0 , T_1 [∋ t → e^{− tA} x ∈ D (3.14)

is Lipschitzian. ii) If x ∈ [X , D]_τ and ρ ∈ ]0, τ[, then the funct ion

]0, T[∋ t → e^{− tA} x ∈ [X , D]_ρ (3.15)

is from C^{τ − ρ} (]0, T[;[X , D]_ρ ) for an y finite T > 0.

The pro of of Lemma 3.13 is fairly standar d and stat ed in App endix A. Let us next recall the concept of maximal regularit y an d p oint out some basic facts on th is:

Def initi o n 3.14. Let X be a Banach space and A be a closed operat or with dense domain D ⊂ X and S =] T_0 , T_1 [⊂ R a bounded interval . Suppose r ∈ ]1, ∞ [. Then we say tha t A satisfies maximal parabolic L^r (S; X )-regularity iff for any f ∈ L^r (S; X ) there is a uni que funct ion w ∈ W^{1,r}_0 (S; X ) ∩ L^r (S; D) which satisfies ∂w ∂t + Aw = f . (3.16)

Rem a rk 3. 15. The following things on maxim al parabolic L^r (S; X )-regularity are known:

i) If A satisfies maximal parabolic L^r (S; X )-regularity, then it does so for any other (bounded) int erval (see [11]).

ii) If A satisfies maximal parabolic L^r (S; X )-regularity, then it satisfies maxim al parabolic L^s (S; X )-regularity for all s ∈ ]1, ∞ [, see [26] or [11].

iii) Ther e is a cont inuous injection

E : W^{1,r} (S; X ) ∩ L^r (S; D) → C(S̄; (X , D)_{1−} 1_{r ,r} ),

see [1, Ch. III, Thm . 4.10.2] , see also [27, Ch. 1.8].

Lemm a 3.16.

i) Assume that A satisfies maximal parabolic L^r (S; X )-regularity. Let L be the operator which assigns to any right hand side f ∈ L^r (S; X ) the solution w ∈ W^{1,r}_0 (S; X ) ∩ L^r (S; D) of (3.16) . Then the norm of L does not incr ease when the inter val length shrinks.

ii) Let E_0 denot e the restr iction of E to the subspace { ψ : ψ (T_0 ) = 0}, then the norm of E_0 does not incr ease if the int erval length shrinks.

As the pro of of Lemma 3.13, the corresponding proof is postp oned to Appendix A. We contin ue with th e following lemma.

Lemm a 3.17.

i) For any η ∈ ]0, 1 −^1_r [ there is a continuous embedding

(X , D)_{1−} 1_{r ,r} → [X , D]_η

and, consequently, a continu ous embedding

E_C : C(S; (X , D)_{1−} 1_{r ,r} ) → C(S; [X , D]_η ).

ii) The norm of E_C E_0 L does not incr ease if the int erval length shrinks. iii) Assume τ ∈ ]0, 1−^1_r [. Then there is an index ϱsuch that W^{1,r} (S; X )∩ L^r (S; D) even continuousl y embeds into C^ϱ(S; [X , D]_τ ).

The pro of is based on the theory of interpolation spaces and also depicted in App endix A. The last aux iliary result on parab olic equati ons concerns an a priori estimat es for th e function ι, as defined in Rem ark 3.1. The associated proof is based on th e theory of semigrou ps and presented in App endix A. Lemm a 3.18. Let us (as above) denote the function [0, ∞ [∋ t → e^{− tK} θ_0 by ι, where K is as defin ed in (3.4) .

i) If θ_0 ∈ L^∞ , then ι admits the estim at e ‖e^{− tK} θ_0 ‖_L ∞ ≤ ‖θ_0 ‖_L ∞ . For t > 0 ι(t) even belongs to H^{1,q} and the restri ction of ι to any inter val ]T_0 , T_1 [ with 0 < T_0 < T_1 < ∞ is Lipschitz continuous if ι is considered as H^{1,q} -valued.

ii) If θ_0 ∈ H^{ς,q} (Ω) with ς>^2_q , then ι takes its values in a Hölder space C^η (Ω) and is Hölderian in tim e when consider ed as C^η (Ω) -valued.

In order to apply the concept of maximal par ab olic regularit y to our situ ation , we need the following result: Theorem 3.19. Ther e is a q_1 ∈ ]2, 4[ such that for every q ∈ [2, q_1 ] and every S ⊂ ]0, T[ the operato r K , defined in (3.4) , satisfies maxim al parabolic L^r (S; H^{− 1,q}

Ω )-regularity with H^{1,q} being the domai n D of K . Pr oof. The th eorem is proved in [17] for the case r = q; namely it is first shown if only A = −∇ ·κ∇ and afterw ard s extend ed to pertu rb ed operator s A + F provided th at F is a mapping from H^{1,2} (Ω) into H^{− 1,q}

Ω (Ω), see Remark 5 of [17]. That this is indeed the case for the α -term in (3.4) was shown in Rem ark 3.2 b). The case of arb itrar y r ∈ ]1, ∞ [ is obtain ed by Rem ark 3.15 ii). Rem a rk 3.20. In all what follows, let q be a fixed num ber in ]2, min(q̄_0 , q_1 , 4)[, where q̄_0 where q̄_0 is the number q_0 from Theorem 3.7 associate d to σ_0 and σ_1 . Following the notation of Lemma 3.16, we denote by L th e operator th at assigns to a given right han d side f ∈ L^r (S; H^{− 1,q}

Ω ) the solution ζ ∈ W^{1,r}_0 (S; H^{− 1,q}

Ω ) ∩ L^r (S; H^{1,q} ) of ∂ζ ∂t + K ζ = f . (3.17)

Since K satis fies maximal parab olic L^r (S; H^{− 1,q}

Ω )-regular ity, L is well defined and the assertion s of Lemma 3.16, and 3.17 hold with X = H^{− 1,q}

Ω and D = H^{1,q} . Lemm a 3.21. Let F denot e the mapping

L^∞ (S, L^{q/2} ) ∋ f → f + α̃ ∈ L^r (S, H^{− 1,q}

Ω ).

(via the embedding L^{q/2} → H^{− 1,q}

Ω ) and define K := E_C E_0 LF . Then K is Lipschi tzian and its Lipschitz constant tends to zero as (T_1 − T_0 ) → 0, i. e. with shrinking tim e interval length.

Pr oof. Let f , f̃ ∈ L^∞ (S, L^{q/2} ) be given. Th e maximal parab olic regularity of K th en implies

‖K(f ) − K(f̃ )‖_{C (S ;[X ,D ]η )} ≤ ‖E_C E_0 L‖_{B(L} r_{(S ;X ); C (S ;[X ,D ]η )} ‖F (f ) − F (f̃ )‖_{L r (S ;H} − 1 ,q_{Ω )}

≤ c |T_1 − T_0 |^{1/r} ‖f − f̃ ‖_L ∞_{(S ;L} q / 2_) ,

with a constant c independ ent of |S| = |T_1 − T_0 | because of Lemma 3.17.

Wit h the ab ove results we can now prove the contr activity of th e fixed p oint mapping, as indicated at the beginning of thi s section . For th is purpose, we consider the combined mapping

KG : L^∞ (]T_0 , T_1 [;L^∞ (Ω)) → L^∞ (]T_0 , T_1 [;L^∞ (Ω))

and show that it is strictly contractiv e if T_1 − T_0 is suffic iently small. Here G is th e operator, defined in Lemma 3.11. In order to prove contrac tivity, let us defin e the number r as r >^{2q}_{q− 2} . P lease notice that th e interval ]^1_2 +^1_q , 1 −^1_r [ is th en not empty due to q > 2. Assume now η ∈ ]^1_2 +^1_q , 1 −^1_r [, th en 2η − 1 >^2_q and , hence,

[H^{− 1,q} , H^{1,q} ]_η = H^{2η − 1,q} → C^ς(Ω) → L^∞ (Ω) (3.18)

with ς:= 2η − 1 −^2_q > 0, see [27, Ch. 4.6.1]. Due to Lemma 3.11, Lemma 3.21, and (3.18), KG is well defin ed and, for all ζ,ζ̃ ∈ L^∞ (S; L^∞ (Ω)) there holds

‖KG(ζ) − KG(ζ̃)‖_L ∞_{(S ;L} ∞_{(Ω ))} ≤ c |T_1 − T_0 |^{1/r} ‖ζ − ζ̃‖_L ∞_{(S ;L} ∞_{(Ω ))} .

Th us KG is contractiv e if T_1 − T_0 < ε provided that ε is suffic iently small. There fore, th e fixed point equation ζ = KG(ζ) must have a unique solution by Banach’s contraction principle if ε is small enough. P lease notice th at ε does neither depend on T_0 and nor on θ_0 . Moreover, by constru ction , thi s fixed p oint equation is equivalent to th e following system of operat or equation s on ]T_0 , T_0 + ε[ ∂ζ ∂t + K ζ = � σ(ζ + ι_{T0} )∇ φ � ·∇ φ + α̃ in H^{− 1,q} Ω −∇ ·σ(ζ + ι_{T0} )∇ φ = ũ in H^{− 1,q} D . (3.19)

Hence, th e fixed point is identical with the unique solution

φ ∈ L^∞ (]T_0 , T_0 + ε[;H^{1,q}_D )

ζ ∈ W^{1,r}_0 (]T_0 , T_0 + ε[;H^{− 1,q}

Ω ) ∩ L^r (]T_0 , T_0 + ε[;H^{1,q} )

of (3.19). Choosing T_0 = 0, the corres ponding soluti on coincides with th e one of Defin ition 3.3 with T = ε. The propert y θ ∈ L^r (]0, ε[;H^{1,q} ) ensur es th e existence of a point t ∈ ]ε/2, ε] such that θ(t) ∈ H^{1,q} (Ω) → L^∞ (Ω). Hence, we may star t once more, i.e. consider (3.19), th is time with T_0 = t. By the contr activ ity of KG, we again obtain a unique soluti on of (3.19) on ]t, t + ε[, which togeth er with the solution on ]0, t[ represents th e solution of (3.9) and (3.10) on ]0, t + ε[. Fin ally, rep eating th is argument yields the unique existence of a solution according to Defin ition 3.3 on ]0, T[. Furthermore, part iii) of Theorem 3.5 follows from Lemma 3.17 iii) and (3.18), and part iv) is obtai ned from Lemma 3.18 ii).

4. Existence of an opti mal con trol. Let us now tu rn to the optimal control problem (P ) and show th at it admits a solution, i.e. a global optim um. Since the state equati on is nonlinear, we can natur ally not expect uniquenes s of an optimal solution. We star t with the defini tion of th e state space Def initi o n 4.1. Let q be the real number from Section 3, hence q ∈ ]2, min{q̃_0 , q_1 }[, while r satisfies 2q/(q − 2) < r ≤ ∞ . Then the state space is defined by

Y := W^{1,r} (0, T[;H^{− 1,q}

Ω ) ∩ L^r (S; H^{1,q} )

and thus coinci des with the space given in Definiti on 3.3. Def initi o n 4.2. Based on Theorem 3.5, we introduce the contr ol-to-stat e operat ors S : L^∞ (]0, T[;L^2 (Γ_N )) → Y × L^∞ (]0, T[;H^{1,q}_D ) and S_1 : L^∞ (]0, T[;L^2 (Γ_N )) → Y by

S (u) = � S_1 (u) S_2 (u) � = � θ(u) φ (u) �

where θ(u) and φ (u) denot e the soluti on (1.1) –(1.7) associate d to u in the sense of Definiti on 3.3. Moreover, S_1 : L^∞ (]0, T[;L^2 (Γ_N )) → Y and S_2 : L^∞ (]0, T[;L^2 (Γ_N )) → L^∞ (]0, T[;H^{1,q}_D ) denot e the componen ts of S . We point out that in all what follows S is sometimes used with differ ent ranges, for simplicity also denoted by S . Using S_1 we define the reduced objective funct ional j : L^∞ (]0, T[;L^2 (Γ_N )) → R by

j (u) := J (S_1 (u), u),

where J is the objective funct ional of (P ). Def initi o n 4.3. A funct ion u ∈ L^∞ (]0, T[;L^2 (Γ_N )) is called feasible for (P ) if it satisfie d 0 ≤ u(x, t) ≤ u_{max} (x, t) a.e. in Q and S_1 (u)(x, t) ≤ θ_{max} (x, t) a.e. in Q. Moreover, the sets U^{(c)}_{ad} and U^{(s )}_{ad} are defined by

U^{(c)}_{ad} = { u ∈ L^∞ (]0, T[, L^2 (Γ_N )) : 0 ≤ u(x, t) ≤ u_{max} (x, t) a.e. in Σ_N } U^{(s )}_{ad} = { u ∈ U^{(c)}_{ad} : S_1 (u)(x, t) ≤ θ_{max} (x, t) a.e. in Q}.

Theorem 4. 4. Let Assum ption 2.1–2.4 be fulfilled and assume that there is at least one feasible contr ol. Then there exists an optimal solution of problem (P ). Pr oof. Since th ere is a feasible control and the objective function al J is clearly bounded from below, there is a minimizing sequence of feasible control s, denoted by { u_n }. Moreover, { u_n } is clearly bounded in L^r (]0, T[, L^2 ) due to the control constrai nts. Hence there is a weakly converging subsequence, also for simplicity denoted by { u_n }, i.e. u_n ⇀ ū in L^r (]0, T[, L^2 ). Since U^{(c)}_{ad} is weakly closed, we have ū ∈ U^{(c)}_{ad} . For every u ∈ L^∞ (]0, T[;L^2 (Γ_N )), there is a unique solution θ ∈ L^∞ (]0, T[;L^∞ (Ω)). In view of the assumption s on σ and Theorem 3.7 ii), we have

‖(σ(θ)∇ φ ) ·∇ φ ‖_L ∞_{(]0,T [;L} q / 2_) ≤ σ_1 ‖φ ‖^2_{L ∞ (]0,T [;H} 1 ,q_{D )} ≤ c ‖u‖^2_L ∞_{(]0,T [;L} 2_{(Γ N ))} .

Then the maximal parab olic regularity of K according to Theorem 3.19 immediate ly implies

‖S (u)‖_{Y × L} ∞_{(]0,T [;H} 1 ,q_{D )} ≤ c � ‖u‖^2_L ∞_{(]0,T [;L} 2_{(Γ N ))} + ‖u‖_L ∞_{(]0,T [;L} 2_{(Γ N ))} + ‖θ_0 ‖_L ∞_{(Ω )} + ‖α θ_l ‖_L ∞_{(]0,T [,L} 2_{(∂Ω) )} � Hence, the sequence of solution s of (1.1) –(1.7) associated to { u_n }, denoted by { (θ_n , φ_n )}, is uniformly bounded in Y × L^∞ (]0, T[, H^{1,q}_D ), and hence weakly converging to a

(θ̄, φ̄ ) ∈ Y × L^r (]0, T[, H^{1,q}_D ). Since C(Q̄) is compactly embedded in Y (due to the compactn ess of C^η (]0, T[, C^η (Ω)) → C(Q̄)), we obtai n

θ_n → θ̄ in C(Q̄) ⇒ σ(θ_n ) → σ(θ̄) in C(Q̄) (4.1)

as n → ∞ . Hence θ̄(x, t) ≤ θ_{max} (x, t) for all (x, t) ∈ Q̄. It remains to show that ū, θ̄, and φ̄ satis fy th e th ermistor equation s. Uti lizing (4.1) once again, we can pass to the limit in (3.12) to obtain

−∇ ·σ(θ̄(t))∇ φ̄ (t) = ~ū(t) f.a.a. t ∈ ]0, T[, (4.2)

where ~ū is th e element of L^∞ (]0, T[;H^{− 1,q}

D ) associate d to ū. Moreover, since th e soluti on to (4.2) is unique for fixed θ̄, it holds for the same subsequence

φ_n (t) → φ (t) weakly in H^{1,q}_D and str ongly in L^2 (Γ_N ) for a.a. t ∈ ]0, T[. (4.3)

Next, we observe that δφ_n := φ_n − φ̄ solves � Ω σ(θ_n (t))∇ δφ_n (t) ·∇ vdx = � Γ_N � u_n (t) − ū(t) � v ds − � Ω � σ(θ_n (t)) − σ(θ̄(t)) � ∇ φ̄ (t) ·∇ v dx ∀ v ∈ H^{1,q}_D

for almost all t ∈ ]0, T[. Insertin g v = δφ_n , in view of (4.3), the weak convergence of u_n , together with (4.1) and Assumption 2.3, gives

∇ δφ_n (t) → 0 str ongly in [L^2 (Ω)]^2

By possibly extractin g a furth er subsequence, we have

∇ φ_n (x, t) → ∇ φ̄ (x, t) a.e. in Q f.a.a. t ∈ ]0, T[.

Owing to th e uniform bound on φ , by Lebesgue’s convergence th eorem we get

∇ φ_n → ∇ φ̄ strongl y in L^r (]0, T[, [L^q (Ω)]^2 )

for any r ∈ [1, ∞ [. Now, we can also pass to th e limit in th e heat equation and conclud e th at ū, θ̄, and φ̄ indeed fulfill (1.1)–(1.7) in th e sense of Defini tion 3.3. The opt imality of ū th en follows by stand ard arguments using th e lower semicontin uity of th e objective functional .

5. A nalysis of the linear ized stat e system. For the derivation of first- order opt imality conditions, it is essential to show th e Fréchet-diffe rentiabi lity of th e contr olto-stat e operator, mappi ng u to θ (see Section 6.1 below). In preparation of a corresponding theorem , we now consider the following linearized version of th e th ermistor problem (1.1)–(1.7)

∂_t θ^′ − div(κ∇ θ^′) = (σ^′(θ)θ^′∇ φ ) ·∇ φ + 2(σ(θ)∇ φ ) ·∇ φ^′ + f_1 in Q (5.1) ν ·κ∇ θ^′ + α θ^′ = f_2 on ∂Ω × ]0, T[ (5.2) θ^′(T_0 ) = θ^′_0 in Ω (5.3)

− div(σ(θ)∇ φ^′) = div(σ^′(θ)θ^′∇ φ ) + g_1 in Q (5.4) ν ·σ(θ)∇ φ^′ = − ν ·σ^′(θ)θ^′∇ φ + g_2 on ∂Ω \ Γ_D × ]0, T[ (5.5) φ^′ = 0 on Γ_D × ]0, T[ (5.6) with given functions θ, φ , θ^′_0 , f_i , and g_i , i = 1, 2, which are specified in th e subsequent section (cf. Assump tion 5.1). Late r on θ and φ will be the solution of the nonlinear state system (1.1)–(1.7) associated to reference control. In th e following, we will show th at (5.1)–( 5.6) admit a unique solution θ^′ which is Hölder continuous in space and time. This result is then used to establ ish Fréchet-differentiab ility of the solution operator associate d to (1.1)–(1.7), see Section 6.1.

5.1. Addi tional assu m ptions and existence res ul t. Beside Assumption s 2.1 and 2.3, we need th e following assumpti ons for the discussion of (5.1)–(5. 6), in particul ar an add ition al hypothesis on σ.

Ass umpti o n 5.1. In addition to Assumptions 2.1 an d 2.3, the quan tities in (5.1) – (5.6) satisf y:

i) θ^′_0 ∈ L^∞ (Ω) . ii) θ and φ are fixed functions in L^∞ (]0, T[;L^∞ (Ω)) and L^∞ (]0, T[;H^{1,q}_D (Ω)) with q ∈ ]2, min{q̃_0 , q_1 }], where q̃_0 and q_1 are the numbers from Theorems 3.19 and 3.7, respectively, (such that q ∈ ]2, 4[).

iii) The functions f_1 , f_2 , g_1 , and g_2 defin e elements of L^s (]0, T[, H^{− 1,q}

Ω (Ω)) and L^s (]0, T[, H^{− 1,q}

D (Ω)) , respectively, where s ∈ ]q/(q − 2), ∞ ]. iv) Each componen t of the mat rix σ = σ(x, θ) is continuously differ entiabl e w.r. t. θ for almost all x ∈ Ω and there is a constan t C > 0 such tha t ‖σ^′(x, 0)‖_{B(R}2_) ≤ C. Furtherm ore, its derivative is locally Lipschitz cont inuous, i.e., to every real number M > 0, there exists a const ant L(M ) > 0 such that

‖σ^′(x, θ̃) − σ^′(x, θ)‖_{B(R}2_) ≤ L(M )|θ̃ − θ|

for all θ̃, θ ∈ [− M , M ] and almost all x ∈ Ω .

Similarly to Rem ark 3.2, one verifies that Assump tion 5.1 iii) is fulfilled if f_1 , g_1 ∈ L^s (S; L^{ρ 1} (Ω)), f_2 ∈ L^s (S; L^{ρ 2} (∂Ω)), and g_2 ∈ L^s (S; L^{ρ 2} (∂Ω \ Γ_D )) hold true with ρ_1 ≥ 2q/(q + 2) and ρ_2 ≥ q/2. As before, we denote the associated function als by f̃_i and g̃_i , i = 1, 2, and define f̃ := f̃_1 + f̃_2 and g̃ := g̃_1 + g̃_2 . Furth ermore, Assumption 5.1 implies th at the Nemyzki-operator associated to σ^′ is continuous from L^∞ (]0, T[;L^∞ (Ω)) to L^∞ (]0, T[;L^∞ (Ω; B(R^2 ))) and there holds

‖σ^′(θ)‖_L ∞_{(]0,T [;L} ∞_{(Ω ;B(R}2_{)) )} ≤ C + L(‖θ‖_L ∞_{(]0,T [;L} ∞_{(Ω ))} ) ‖θ‖_L ∞_{(]0,T [;L} ∞_{(Ω ))} . (5.7)

Similarly to Section 3.1, we set ι^′_{T0} (t) = e^{− (t − T0 )K} θ^′_0 , t ≥ T_0 , such that ι^′_{T0} exhib its th e same prop erties as ι_{T0} , in particul ar Lemma 3.18.

Definiti o n 5.2. A pair (θ^′, φ^′) is consider ed as solution of (5.1) –(5.6) if there exist indices q and s satisf ying the conditions in Assumption 5.1 ii) and iii) such that φ^′ and ζ^′ := θ^′ − ι^′_0 satisf y

φ^′ ∈ L^s (]0, T[;H^{1,q}_D ) (5.8)

ζ^′ ∈ � W^{1,s}_0 (]0, T[;H^{− 1,q}

Ω ) ∩ L^s (]0, T[;H^{1,q} ), if s < ∞ W^{1,ρ}_0 (]0, T[;H^{− 1,q}

Ω ) ∩ L^ρ (]0, T[;H^{1,q} ) ∀ ρ < ∞ , if s = ∞

(5.9)

and additiona lly the following operato r equations

∂_t ζ^′ + K ζ^′ = (σ^′(θ)(ζ^′ + ι^′_0 )∇ φ ) ·∇ φ + 2σ(θ)∇ φ ·∇ φ^′ + f̃ (5.10) −∇ ·(σ(θ)∇ φ^′) = ∇ ·(σ^′(θ)(ζ^′ + ι^′_0 )∇ φ ) + g̃ (5.11) hold tru e. Notice that, due to H^{1,q} (Ω) → L^∞ (Ω), q > 2, we have σ^′(θ(t))θ^′(t) ∈ L^∞ (Ω) for almost all t ∈ ]0, T[ such th at ∇ ·σ^′(θ(t))θ^′(t)∇ : H^{1,q}_D → H^{− 1,q}

D is defined as in (3.2). Theorem 5.3.

i) Ther e is a solution of (5.1) –(5.6) in the sense of Defin ition 5.2. ii) Thi s solution is unique. iii) If s > 2q/(q − 2) and θ^′_0 ∈ H^{ς,q} , ς>^2_q , then θ^′ ∈ C^η (]0, T[;C^η (Ω)) .

5.2. Pro of of Theor em 5.3. The proof basically follows the lines of the analy sis for the nonlinear state syste m, investigated in Section 3. Again, T_0 and T_1 are fixed, but arb itr ary numbers satisfy ing 0 ≤ T_0 < T_1 < ∞ and S =] T_0 , T_1 [. We start with th e investigation of th e elliptic equat ion (5.11). Similar to Lemma 3.9, we find the following Lemm a 5. 4. Let γ be defined by γ :=^{2q}_{q− 2} and g̃ be given in L^s (S; H^{− 1,q}

D ). Then, the affine linear mapping H which assigns to every ζ^′ ∈ L^s (S; L^γ ) the solution φ^′ of

−∇ ·(σ(θ)∇ φ^′) = ∇ ·(σ^′(θ)(ζ^′ + ι^′_{T0} )∇ φ ) + g̃ (5.12)

is Lipschitz continuous from L^s (S; L^γ ) to L^s (S; H^{1,2}_D ). Moreover, the associated Lipschitz constant neither depends on S nor on θ^′_0 . Pr oof. Fir st of all, we find 1/γ + 1/q = 1/2 such that ι^′_{T0} ∈ L^∞ (S; L^∞ ) (by Lemm a 3.18), ζ^′ ∈ L^s (S; L^γ ), and φ ∈ L^∞ (S; H^{1,q}_D ) imply (ζ^′ + ι^′_{T0} )∇ φ ∈ L^s (S; L^2 )^2 . Hence, due to Theorem 3.7, (5.12) admits a unique solution in L^s (S; H^{1,2}_D ) for every g̃ ∈ L^s (S; H^{− 1,q}

D ), since σ^′(θ) ∈ L^∞ (S; L^∞ (Ω; B(R^2 ))) according to (5.7). Moreover, one has ‖φ̃^′ − φ^′‖_L s_{(S ;H} 1 , 2_{D )}

≤ ‖ − (∇ ·σ(θ))∇ )^{− 1} ‖_{L ∞ (S ;B(H} − 1 , 2_{D ;H} 1 , 2_{D ))} ‖∇ ·σ^′(θ)(ζ̃^′ − ζ^′)∇ φ ‖_{L s (H} − 1 , 2_{D )} .

For the latte r norm, we find

‖∇ ·σ^′(θ)a(ζ̃^′ − ζ^′)∇ φ ‖_H − 1 , 2_D = sup

‖v‖_H 1 , 2_D =1 � � � Ω σ^′(θ)(ζ̃^′ − ζ^′)∇ φ ·∇ v dx � � ≤ sup

‖v‖_H 1 , 2_D =1

‖σ^′(θ)‖_L ∞ ‖φ ‖_H 1 ,q_D ‖(ζ̃^′ − ζ^′)∇ v‖_L q / ( q − 1)

≤ ‖σ^′(θ)‖_L ∞ ‖φ ‖_H 1 ,q_D ‖(ζ̃^′ − ζ^′)‖_L γ

with ‖σ^′(θ)‖_L ∞ := ‖σ^′(θ)‖_L ∞_{(Ω ;B(R}2_{))} which is also used in th e sequel. Together with our assumption s on σ, φ , and θ, and Th eorem 3.7 ii), this implies th e assertion . Now, we tu rn to th e right hand side of (5.10). Lemm a 5.5. The mapping Q : L^s (S; L^γ ) → L^s (S; H^{− 1,q}

Ω ) with γ as in Lemma 5.4, given by

Q : ζ^′ → (σ^′(θ)(ζ^′ + ι^′_{T0} )∇ φ ) ·∇ φ + 2σ(θ)∇ φ ·∇H (ζ^′) + f̃ ,

is Lipschitzian with a Lipschitz constant independen t of S and θ^′_0 .

Pr oof. Using twice Hölder’s inequali ty yields for the first part of in the image of Q ‖(σ^′(θ)(ζ̃^′ − ζ^′)∇ φ ) ·∇ φ ‖_H − 1 ,q_Ω ≤ sup

‖v‖_{H 1 ,q} ′_{=1}

‖σ^′(θ)‖_L ∞ ‖(∇ φ )‖^2_L q ‖(ζ̃^′ − ζ^′)v‖_L ( q − 2) /q

≤ sup

‖v‖_{H 1 ,q} ′_{=1}

‖σ^′(θ)‖_L ∞ ‖φ ‖^2_H 1 ,q_D ‖ζ̃^′ − ζ^′‖_L γ ‖v‖_L 2 q / ( q − 2)

≤ c ‖σ^′(θ)‖_L ∞ ‖φ ‖^2_H 1 ,q_D ‖ζ̃^′ − ζ^′‖_L γ , where we used th e continuous embedding H^{1,q ′} (Ω) → L^{2q/(q− 2)} (Ω) for the last estimate . The second par t is estimate d by

‖(σ(θ)∇ φ ) ·∇ (H (ζ̃^′) − H (ζ^′))‖_H − 1 ,q_Ω ≤ sup

‖v‖_{H 1 ,q} ′_{=1}

‖σ(θ)‖_L ∞ ‖φ ‖_H 1 ,q_D ‖∇ (φ̃^′ − φ^′)v‖_L q / ( q − 1)

≤ sup

‖v‖_{H 1 ,q} ′_{=1}

‖σ(θ)‖_L ∞ ‖φ ‖_H 1 ,q_D ‖φ̃^′ − φ^′‖_H 1 , 2_D ‖v‖_L 2 q / (2 − 2)

≤ ‖σ(θ)‖_L ∞ ‖φ ‖_H 1 ,q_D ‖ζ̃^′ − ζ^′‖_L γ , where Lemm a 5.4 gives the latte r estimate . Based on th ese estimates , we obtai n ‖Q(ζ̃^′) − Q(ζ^′)‖_{L s (S ;H} − 1 ,q_{Ω )} ≤ � S � ‖(σ^′(θ)(ζ̃^′ − ζ^′)∇ φ ) ·∇ φ ‖_H − 1 ,q_Ω + 2‖(σ(θ)∇ φ ) ·∇ (φ̃^′ − φ^′)‖_H − 1 ,q_Ω

�_s dt^{1/s} ≤ � ‖σ^′(θ)‖_L ∞_{(S ;L} ∞_) ‖φ ‖^2_{L ∞ (S ;H} 1 ,q_{D )} + 2‖σ(θ)‖_L ∞_{(S ;L} ∞_) ‖φ ‖_L ∞_{(S ;H} 1 ,q_{D )} � ‖ζ̃^′ − ζ^′‖_L s_{(S ;L} γ_) .

Than ks to our assumption s on σ, θ, and φ , the express ion in th e brackets does not dep end on S or θ^′_0 . Similarly to th e operator KG in Section 3, we now consider th e combined mappi ng: W := E_∞ LQ : L^s (S; L^γ ) → L^∞ (S; L^γ ), where L : L^s (S; H^{− 1,q}

Ω ) → W^{1,s}_0 (S; H^{− 1,q}

Ω ) ∩ L^s (S; H^{1,q} ) is defin ed as in Lemma 3.16. Moreover, E_∞ denot es th e embedding of W^{1,s}_0 (S; H^{− 1,q}

Ω ) ∩ L^s (S; H^{1,q} ) in L^∞ (S; L^γ ) which is well defined since W^{1,s}_0 (S; H^{− 1,q}

Ω )∩ L^s (S; H^{1,q} ) → C(S̄; H^{2η − 1,q} ), η < 1− 1/s, by (3.18) and H^{2η − 1,q} → L^γ for s > q/(q − 2) which is ensured by Assumption 5.1 iii). Clearly, due to the ab ove lemmas and the result s of Section 3, in par ticular Lemma 3.16 and Lemm a 3.17, W is Lipschitz contin uous from L^s (S; L^γ ) to L^∞ (S; L^γ ) with a Lipschitz constant L_W independ ent of θ^′_0 and S. Furthermore, if we consider th e operator W_s = E_s W , where E_s : L^∞ (S; L^γ ) → L^s (S; L^γ ) denotes associate d embedding, we obtain for its Lipschit z constan t:

‖W_s (ζ̃^′) − W_s (ζ^′)‖_L s_{(S ;L} γ_) ≤ � S ‖ � W_s (ζ̃^′) − W_s (ζ^′) � (t)‖^s_L γ dt^{1/s} ≤ |T_1 − T_0 |^{1/s} ‖W (ζ̃^′) − W (ζ^′)‖_L ∞_{(S ;L} γ_) ≤ L_W |T_1 − T_0 |^{1/s} ‖ζ̃^′ − ζ^′‖_L s_{(S ;L} γ_) such th at W_s : L^s (S; L^γ ) → L^s (S; L^γ ) is contr active for suffic iently small T_1 − T_0 . The rest of the proof is completely analogous to the theory in the nonlinear case: by construction , the fixed point equation ζ^′ = W_s ζ^′ in L^s (S; L^γ ) is equivalent t o th e operator equation

∂_t ζ^′ + K ζ^′ = (σ^′(θ)(ζ^′ + ι^′_{T0} )∇ φ ) ·∇ φ + 2(σ(θ)∇ φ ) ·∇ φ^′ + f̃

−∇ ·(σ(θ)∇ φ^′) = ∇ ·(σ^′(θ)(ζ^′ + ι^′_{T0} )∇ φ ) + g̃.

(5.13)

on ]T_0 , T_1 [. Pro vided th at T_1 − T_0 is small enough, Banac h’s contraction principle again yields th e existe nce of a uniqu e fixed p oint and consequently a solution

φ^′ ∈ L^s (]T_0 , T_1 [;H^{1,q}_D )

ζ^′ ∈ W^{1,s}_0 (]T_0 , T_1 [;H^{− 1,q}

Ω ) ∩ L^s (]T_0 , T_1 [;H^{1,q} )

of (5.13). By the same arguments as in Section 3, one can repeat th e fixed point t echnique to obtain a solution on th e whole time interval ]0, T[. As in th e nonlinear case, th e additi onal regularity of θ^′, state d in Theorem 5.3 iii), follows from Lemma 3.17 iii), (3.18), and Lemma 3.18. Noti ce that Lemma 5.4 just implies φ^′ ∈ L^s (S; H^{1,2}_D ). However, similarly to the pro of of Lemma 5.4, one obt ains

‖φ^′‖_L s_{(S ;H} 1 ,q_{D )} ≤ ‖ − (∇ ·σ(θ))∇ )^{− 1} ‖_{L ∞ (S ;B(H} − 1 ,q_{D ;H} 1 ,q_{D ))}

‖∇ ·σ^′(θ) θ^′ ∇ φ + g̃‖_{L s (H} − 1 ,q_{D )} ≤ c � ‖σ^′(θ)‖_L ∞_{(S ;L} ∞_) ‖φ ‖_L ∞_{(S ;H} 1 ,q_{D )} ‖ζ̃^′ + ι^′_0 ‖_L s_{(S ;L} ∞_)

+ ‖g̃‖_{L s (S ;H} − 1 ,q_{D )} � , (5.14)

where we used Theorem 3.7 ii) for th e last estimate. Now, by Lemma 3.18 i), we have ι^′_0 ∈ L^∞ (S; L^∞ ). Moreover, due to q > 2, ζ^′ ∈ L^s (S; H^{1,q} ) implies ζ^′ ∈ L^s (S; L^∞ ) such that φ^′ ∈ L^s (S; H^{1,q}_D ) according to Definition 5.2.

Rem a rk 5.6. Suppose that (θ, φ ) is a solution of the non linear sta te system (1.1) – (1.7) in the sense of Definition 3.3. Then, (θ, φ ) ∈ C([0, T];C(Ω̄)) ∩ L^∞ (]0, T[, H^{1,q}_D ) such that Assumption 5.1 ii) is fulfilled. Hence, Theorem 5.3 ensur es the existen ce of a unique solution (θ^′, φ^′) ∈ W^{1,s} (]0, T[;H^{− 1,q}

Ω ) ∩ L^s (]0, T[;H^{1,q} ) × L^s (S; H^{1,q}_D ), s > q/(q− 2), for every right hand side f̃ ∈ L^s (]0, T[;H^{− 1,q}

Ω ) and g̃ ∈ L^s (]0, T[;H^{− 1,q}

D ). Moreover, Theorem 5.3 guarante es θ^′ ∈ L^∞ (]0, T[;L^∞ ) provided that s > 2q/(q − 2). If we further suppose that g̃ is more regular, i.e. g̃ ∈ L^ρ (]0, T[;H^{− 1,q}

D ) with ρ > s > 2q/(q − 2), then an estimate, analo gous to (5.14) , immediat ely implies φ^′ ∈ L^ρ (]0, T[;H^{1,q}_D ).

6. First-order necessar y opti mali t y conditi ons . We start the derivation of first-ord er conditi ons with th e Fréchet-diffe rentiabi lity of th e contr ol-to-state operator S (cf. Defin ition 4.2) in Section 6.1, which is one of th e crucial point of the first-order anal ysis for (P) . However, using the analysis for th e linearized equation , presented in Section 5, the implicit function theorem yields th e desired differentiability of S as well as of th e Lagran ge function , which is defined in a stan dard way, see Defini tion 6.4 below. Afterward s in Sections 6.2 and 6.3, we reformulate the derivativ e of Lagr ange function by intro ducing an adj oint P DE syste m which leads to th e first- order necessary optimalit y condition s in form of a Kar ush-Kuh n-Tucker (KKT) type optimalit y system.

For th e subsequent we redefin e S by S :=] 0, T[. Recall th at the state space is given by Y = W^{1,r} (S; H^{− 1,q}

Ω ) ∩ L^r (S; H^{1,q} ) with r and s as defined in Defin ition 4.1.

Def initi o n 6.1. We define

y(u) := � ζ(u) φ (u) � ∈ Y × L^∞ (S; H^{1,q}_D ), where ζ(u) and φ (u) are the solutions of (3.9) and (3.10) associate d to u. Moreover, let A : Y × L^∞ (S; H^{1,q}_D ) → L^r (S; H^{− 1,q}

Ω ) × L^∞ (S; H^{− 1,q}

D ) be defined by

A(y) := � ∂_t ζ + K ζ − (σ(ζ + ι_0 )∇ φ ) ·∇ φ −∇ ·σ(ζ + ι_0 )∇ φ � .

Hence (1.1)–(1. 7) is equivalent to

A(y) = � α̃ I u � (6.1)

where I : L^∞ (S; L^2 (Γ_N )) → L^∞ (S; H^{− 1,q}

D (Ω)) is defined by ũ = I u (cf. Rem ark 3.2). Therefor e, in view of Theorem 3.5, (6.1) admits a unique solution for every u ∈ L^∞ (]0, T[;L^2 (Γ_N )).

6.1. Differen tia b ili t y of t he con trol- to-state mappi n g. As stated ab ove, we will util ize the implicit function theorem to prove the Fréchet-di fferentiab ility of S . To th is end let us intr oduce th e map ping T : Y × L^∞ (S; L^2 (Γ)) → L^r (S; H^{− 1,q}

Ω ) × L^∞ (S; H^{− 1,q}

D ) by

T (y, u) := A(y) − � α I u �

and hence, (6.1) is equivalent t o T (y, u) = 0. Theorem 6.2. The control-to-state operator S is cont inuously Fréchet-di fferent iable from L^∞ (S; L^2 (Γ_N )) to Y × L^∞ (S; H^{1,q}_D ). Its deri vative at the point u in the direction h ∈ L^∞ (S; L^2 (Γ_N )) is given by the solution of

∂_t θ^′ − div(κ∇ θ^′) = (σ^′(θ)θ^′∇ φ ) ·∇ φ + 2(σ(θ)∇ φ ) ·∇ φ^′ in Q (6.2) ν ·κ∇ θ^′ + α θ^′ = 0 on Σ (6.3) θ^′(0) = 0 in Ω (6.4)

− div(σ(θ)∇ φ^′) = div(σ^′(θ)θ^′∇ φ ) in Q (6.5) ν ·σ(θ)∇ φ^′ = − ν ·σ^′(θ)θ^′∇ φ + h on Σ_N (6.6) ν ·σ(θ)∇ φ^′ = − ν ·σ^′(θ)θ^′∇ φ on (∂Ω \Γ_N ∪ Γ_D )× ]0, T[ (6.7) φ^′ = 0 on Σ_D , (6.8)

where (θ, φ ) = S (u) and (θ^′, φ^′) ∈ Y × L^∞ (S; H^{1,q}_D ) is a solution in the sense of Definition 5.2. Pr oof. We app ly the implicit function th eorem to T (y, u) to verify th e assertion . Fir st, Theorem 3.5 implies that , for every u ∈ L^∞ (S; L^2 (Γ_N )), there is a y(u) ∈ Y × L^∞ (S; H^{1,q}_D ) such that T (y(u), u) = 0. Next, we show that T is continuously Fréchet-diffe rentiabl e with respect to y from Y × L^∞ (S; H^{1,q}_D ) to L^r (S; H^{− 1,q}

Ω ) × L^∞ (S; H^{− 1,q}

D ). The Nemyzki-operator associated to σ is Fréchet-di fferentiab le in L^∞ (S; L^∞ (Ω; B(R^2 ))) because of Assumption 5.1 iv), and th us, than ks to the contin uous embedding, also from W^{1,r} (S; H^{− 1,q}

Ω ) ∩ L^r (S; H^{1,q} ) to L^∞ (S; L^∞ (Ω; B(R^2 ))). Furth ermore, th e Nemyzki-op erator Φ : L^∞ (S; L^q ) → L^∞ (S; L^{q/2} ), defin ed by

Φ( v)(x, t) := v(x, t)^2 , is clearly continuously Fréchet-differentiable from L^∞ (S; L^q ) to L^∞ (S; L^{q/2} ). Consequently, the chain rule implies the continuous Fréchet-di fferentiab ility of |∇ φ |^2 from L^∞ (S; H^{1,q}_D ) to L^∞ (S; L^{q/2} ). Since all other constituen ts of T are linear and b ounded in th eir respective functions spaces, this gives the contin uous Fréchet-di fferentiab ility of T .

It remain s to verify th at ∂_y T (y, u) is contin uously inverti ble. Given an arbi trary g = (g_1 , g_2 ) ∈ L^r (S; H^{− 1,q}

Ω )× L^∞ (S; H^{− 1,q}

D ), th e equati on ∂_y T (y, u)y^′ = g is equivalent to ∂_t ζ^′ + K ζ^′ = (σ^′(ζ + ι_0 )ζ^′∇ φ ) ·∇ φ + 2(σ(ζ + ι_0 )∇ φ ) ·∇ φ^′ + g_1 −∇ ·(σ(ζ + ι_0 )∇ φ^′) = ∇ ·(σ^′(ζ + ι_0 )ζ^′∇ φ ) + g_2

with y^′ = (ζ^′, φ^′). We observe th at it coincides with (5.10) and (5.11) with ι^′_0 = 0, which of course corres ponds to θ^′_0 = 0. Hence, Theorem 5.3 yields the unique existence of y^′ in Y × L^∞ (S; H^{1,q}_D ) (cf. Remark 5.6), giving in tu rn th e invertib ility of ∂_y T (y, u). Therefore, th e implicit function th eorem implies th at y(u) is as smooth as T and th us contin uously Fréchet-differe ntiabl e. The part icular form of S^′ immediate ly follows from

y^′(u)h = − ∂_y T (y(u), u)^{− 1} ∂_u T (y(u), u)h = ∂_y T (y(u), u)^{− 1} � 0 I h � . Notice th at I is linear and continuous and consequently Fréchet-differe ntiabl e.

Rem a rk 6. 3. Based on Theorem 5.3, the system (6.2) –(6.8) is also uniqu ely solvable if the inhomogeneity is only an element of L^s (S; H^{− 1,q}

D ). The associat ed solution is also denoted by θ^′ and φ^′, i.e.

(θ^′, φ^′) ∈ W^{1,s}_0 (]0, T[;H^{− 1,q}

Ω ) ∩ L^s (]0, T[;H^{1,q} ) × L^s (]0, T[;H^{1,q}_D )

solves

∂_t θ^′ + K θ^′ = (σ^′(θ)θ^′∇ φ ) ·∇ φ + 2(σ(θ)∇ φ ) ·∇ φ^′ (6.9)

−∇ ·(σ(θ)∇ φ^′) = ∇ ·(σ^′(θ)θ^′∇ φ ) + h̃. (6.10)

Notice however tha t the above proof cannot be carr ied out with this notion of solutions to (6.2) –(6.8) since the Nemyzki-operator Φ is clearl y not Fréchet-differ entiabl e from L^s (S; L^q ) to L^s (S; L^{q/2} ).

It is well known that the Lagrange multip liers associate d to pointwise state constrai nts are in general only regular Borel measures, see for instan ce Casas [5]. Hence we define th e Lagran ge function associated to (P) as follows:

Def initi o n 6. 4. The space of regular Borel measu res on Q̄ is denot ed by M (Q̄). The Lagrange function L : L^∞ (S; L^2 (Γ_N )) × M (Q̄) → R associate d to (P ) is given by

L(u, μ) = j (u) + ⟨S_1 (u) − θ_{max} , μ⟩_{C (} ¯_{Q ),M (} ¯_{Q )} ,

where j is the reduced objective functiona l defined in Definition 4.2.

Rem a rk 6.5. Notice that L is well defined since, by the Riesz representat ion theorem, M (Q̄) can be ident ified with the dual space of C(Q̄) and Theorem 3.5 iv) implies that S_1 (u) = θ(u) ∈ C(Q̄).

Cor o l lar y 6.6. By the chain rule L is continuous ly Fréchet-differ entiable w.r .t. u from L^∞ (S; L^2 (Γ_N )) to R, and its deri vative at u ∈ L^∞ (S; L^2 (Γ_N )) in direction h ∈ L^∞ (S; L^2 (Γ_N )) is given by

∂_u L(u, μ)h = � D (θ(T) − θ_d ) θ^′(T) dx + β � Σ_N

u h ds dt + ⟨θ^′ , μ⟩_{C (} ¯_{Q ),M (} ¯_{Q )} (6.11)

with θ^′ = S^′_1 (u)h = ⟨(1, 0)^⊤ , S^′(u)h⟩_R2 , i.e. y^′ := (θ^′, φ^′) = S^′(u)h is the solution of (6.2) –(6.8) . In the next section , we will reformulate the derivativ e of L by intro ducing an ad joint state which is a solution of a P DE system, adj oint to (5.1) –(5.6), with measures on th e right hand side.

6.2. An ad join t equation involvi ng measur es. In the subsequent section, we discuss the following equat ion, which is th e formally adj oint syste m to (5.1)–(5.6):

− ∂_t ϑ − div(κ∇ ϑ) = (σ^′(θ)ϑ∇ φ ) ·∇ φ − (σ^′(θ)∇ φ ) ·∇ ψ + f_1 in Q (6.12) ν ·κ∇ ϑ + α ϑ = f_2 on ∂Ω × ]0, T[ (6.13) ϑ(T) = ϑ_T in Ω (6.14)

− div(σ(θ)∇ ψ ) = − 2 div(σ(θ)ϑ∇ φ ) + g_1 in Q (6.15) ν ·σ(θ)∇ ψ = 2 ν ·σ(θ)ϑ∇ φ + g_2 on (∂Ω \Γ_D )× ]0, T[ (6.16) ψ = 0 on Γ_D × ]0, T[. (6.17) The regularity of the inhomogeneiti es f_1 , f_2 , g_1 , and g_2 and of the terminal value ϑ_T will be specified in th e subsequent. The analysis for (6.12)–(6.17), carried out in the following, mainly relies on a dualit y argument in the spirit of Amann [2], i.e. we use Theorem 5.3 to prove existence and uniqueness of solution s to (6.12)–(6.17). Def initi o n 6.7. Let q and s be a real numbers that satisf y the conditions of Assumption 5.1, an d denote their conjugate exponent s by q^′ and s^′ such that

q^′ ∈ ]max{q̃^′_0 , q^′_1 }, 2[ and s^′ ∈ ]1, q/2[,

where q̃_0 and q_1 are the numbers from P roposition 3.7 and Theorem 3.19. Def initi o n 6.8. Let q, s ∈ R satisf y the conditions of Definition 6.7, Then, we set

W_s ′ := W^{1,s ′} (S; H^{− 1,q ′}

Ω ) ∩ L^{s ′} (S; H^{1,q ′} ) W_{s, 0} := W^{1,s}_0 (S; H^{− 1,q}

Ω ) ∩ L^s (S; H^{1,q} ). The associate d dual spaces are denot ed by the superscri pt ∗. Moreover, given r, m > 1, we define

H^{1,m}_{1/r ′,r} := (H^{− 1,m}

Ω , H^{1,m} )_{1− 1/r ,r} ,

where r^′ satisfies 1/r^′ = 1 − 1/r. Note th at, due to the dual ity prop erties of real interp olati on functors,

H^{1,q ′}_{1/s ,s ′} = (H^{− 1,q ′}

Ω , H^{1,q ′} )_{1/s ,s} ′ = (H^{1,q ′} , H^{− 1,q ′}

Ω )_{1/s} ′_{,s} ′ = � (H^{− 1,q}

Ω , H^{1,q} )_{1/s} ′_{,s}

�_∗ = (H^{1,q}_{1/s ′,s} )^∗

(6.18)

holds tru e. Let us now define th e notion of weak and stron g soluti ons in the spirit of Amann [2].

Def initi o n 6.9. Let q and s be numbers according to Definition 6.7. Suppose tha t the inhomogeneities f_1 and f_2 defin e an element f̃ of L^{s ′} (S; H^{− 1,q ′}

Ω ), whereas g_1 and g_2 are identifie d with g̃ ∈ L^{s ′} (S; H^{− 1,q ′} D ). Furtherm ore, let ϑ_T be given in H^{1,q ′}_{1/s ,s ′} . Then, a pair (ϑ, ψ ) ∈ W_s ′ × L^{s ′} (]0, T[;H^{1,q ′}_D ) is said to be a str ong solution of (6.12) –(6.17) if it satisfies

1. the following operator equations

− ∂_t ϑ + K^∗ ϑ = (σ^′(θ) ϑ∇ φ ) ·∇ φ + (σ^′(θ)∇ φ ) ·∇ ψ + f̃ (6.19) � − ∇ ·(σ(θ)∇

�_∗

ψ = − 2∇ ·(σ(θ) ϑ ∇ φ ) + g̃ (6.20)

2. and the terminal condition

ϑ(T) = ϑ_T . (6.21)

Clearly, since κ and σ(θ) are symm etric, K and −∇ ·σ(θ)∇ are formally self adj oint such th at K^∗ : H^{1,q ′} → H^{− 1,q ′}

Ω and (−∇ ·σ(θ)∇ )^∗ : H^{1,q ′}_D → H^{− 1,q ′}

D are defined anal ogously to (3.2) and (3.4) , respectively. Notice moreover th at

W_s ′ → C(S̄, (H^{− 1,q ′}

Ω , H^{1,q ′} )_{1/s ,s} ′ ) = C(S̄, H^{1,q ′}_{1/s ,s ′} ) (6.22)

(cf. Lemma 3.15, iii)) such that (6.21) is well defin ed. Def initi o n 6.10. Let f_1 and f_2 defin e an element f̃ ∈ W^∗_{s, 0} , while g_1 and g_2 are identifie d with g̃ ∈ L^{s ′} (S; H^{− 1,q ′}

D ). Moreover, ϑ_T is given in H^{1,q ′}_{1/s ,s ′} with γ as defin ed in Assum ption 6.7. Then functions ϑ ∈ L^{s ′} (S; H^{1,q ′} ) and ψ ∈ L^{s ′} (S; H^{1,q ′}_D ) are said to be a weak solution of (6.12) –(6.17) if they fulfill � S ⟨∂_t Θ , ϑ⟩_H − 1 ,q_{Ω ,H} 1 ,q ′_Ω dt + � Σ α Θ ϑ dω dt + � Q � κ∇ Θ ·∇ ϑ − (σ^′(θ)∇ φ ) ·∇ φ Θ ϑ + (σ^′(θ)∇ φ ) ·∇ ψ Θ � dx dt

= ⟨Θ , f̃ ⟩_{W s, 0 ,W} ∗_{s, 0} + ⟨Θ( T) , ϑ_T ⟩_H 1 ,q_{1 /s ′,s ,H} 1 ,q ′_{1 /s, s ′} ∀ Θ ∈ W_{s, 0}

� � � � � � � (6.23)

� − ∇ ·(σ(θ)∇

�_∗ ψ = − 2∇ ·(σ(θ) ϑ ∇ φ ) + g̃. (6.24)

Note th at the termin al conditi on is implicitly incorporate d in this defin ition via the term ⟨Θ( T) , ϑ_T ⟩ which is well defin ed b ecause of W_{s, 0} → C(S̄, H^{1,q}_{1/s ′,s} ) and (6.18) (cf. also [2, Section 7]). Rem a rk 6.11. Since the set D := C^∞_0 ([0, T[, C^∞ (Ω̄)) is dense in W_{s, 0} , (6.23) can equivalently be formulat ed with D as test space. Theorem 6.12.

i) Under Assumption 6.7, for every right hand side f̃ ∈ W^∗_{s, 0} , g̃ ∈ L^{s ′} (S; H^{− 1,q ′} D ) and every ϑ_T ∈ H^{1,q ′}_{1/s ,s ′} , there exists a unique weak solution to (6.12) –(6.17) in the sense of Defin ition 6.10.

ii) If the f̃ is more regular, i.e. f̃ ∈ L^{s ′} (S; H^{− 1,q ′}

Ω ), then the weak solution is a strong solution according to Definiti on 6.9.

Pr oof. We mainl y follow the lines of [2]. Let us star t with th e derivati ve of th e operator A as given in Defin ition 6.1. As shown in the proof of Th eorem 6.2, A is contin uously Fréchet-diffe rentiabl e from Y × L^∞ (S; H^{1,q}_D ) t o L^r (S; H^{− 1,q}

Ω ) × L^∞ (S; H^{− 1,q}

D ) and its derivati ve at y := (θ, φ ) in direction w := (Θ , Φ) is given by

A^′(y)w = � ∂_t Θ + K Θ − (σ^′(θ)Θ ∇ φ ) ·∇ φ − 2(σ(θ)∇ φ ) ·∇ Φ −∇ ·(σ(θ)∇ Φ) − ∇ ·(σ^′(θ)Θ ∇ φ ) � . (6.25)

In view of Th eorem 5.3 A^′(y) is also well defin ed and , by th e open mapping theorem, contin uously invertibl e when considered as an op erator from W_{s, 0} × L^s (S; H^{1,q}_D ) to L^s (S; H^{− 1,q}

Ω ) × L^s (S; H^{− 1,q}

D ) (cf. also Remark 6.3). For simplicity let us denote thi s operator also by A^′(y). Now, set p = (ϑ, ψ ) ∈ L^{s ′} (S; H^{1,q ′}_Ω ) × L^{s ′} (S; H^{1,q ′}_D ). Then th e adjoint operator A^′(y)^∗ : L^{s ′} (S; H^{1,q ′} ) × L^{s ′} (S; H^{1,q ′}_D ) → W^∗_{s, 0} × L^{s ′} (S; H^{− 1,q ′}

D ) is given by

⟨A^′(y)^∗ p , w⟩ = ⟨p , A^′(y)w⟩ = � S ⟨∂_t Θ , ϑ⟩_H − 1 ,q_{Ω ,H 1 ,q} ′ dt + � Σ α Θ ϑ dω dt + � Q � κ∇ Θ ·∇ ϑ − (σ^′(θ)∇ φ ) ·∇ φ Θ ϑ + (σ^′(θ)Θ ∇ φ ) ·∇ ψ � dx dt + � Q � (σ(θ)∇ Φ) ·∇ ψ − 2(σ(θ)∇ φ ) ·∇ Φ ϑ � dx dt.

(6.26)

As stated ab ove, in view of the open mapping theorem , Th eorem 5.3 implies that A^′(y) is contin uously invert ible giving in tur n

(A^′(y)^∗ )^{− 1} ∈ B(W^∗_{s, 0} × L^{s ′} (S; H^{− 1,q ′}

D ), L^{s ′} (S; H^{1,q ′} ) × L^{s ′} (S; H^{1,q ′}_D )).

Hence, for every right-han d side b̃ ∈ W^∗_{s, 0} × L^{s ′} (S; H^{− 1,q ′}

D ), th ere is a unique solution of th e equation ⟨A^′(y)^∗ p , w⟩ = ⟨b̃, w⟩ ∀ w ∈ W_{s, 0} × L^s (S; H^{1,q}_D ) (6.27)

in L^{s ′} (S; H^{1,q ′} ) × L^{s ′} (S; H^{1,q ′}_D )). Now suppose th at b̃ tak es the form ⟨b̃, w⟩ = ⟨Θ , f̃ ⟩_{W s, 0 ,W} ∗_{s, 0} + ⟨Θ( T) , ϑ_T ⟩_H 1 ,q_{1 /s ′,s ,H} 1 ,q ′_{1 /s, s ′} + ⟨Φ , g̃⟩_{L s (S ;H} 1 ,q_{D ),L s} ′_{(S ;H} − 1 ,q ′

D ) ,

where ϑ_T clearly defines an element of W^∗_{s, 0} due to the ab ove mention ed embeddings. If one inserts this defin ition of b̃ and test function s (Θ , 0) and (0, Φ), respectively, with arb itrar y Θ and Φ in (6.27), then the defin ition of A^′(y)^∗ in (6.26) immediately yields par t i) of the th eorem. Next assume that f̃ is more regular, i.e. f̃ ∈ L^{s ′} (S; H^{− 1,q ′}

Ω ) and insert Θ( x, t) = z(t) v(x) with z ∈ C^∞_0 [0, T] and v ∈ H^{1,q} (Ω) as test function in (6.23) such th at � S ∂_t z ϑ dt, v � H^{− 1 ,q ′}

Ω ,H^{1 ,q} = � S (− K^∗ ϑ + (σ^′(θ) ϑ∇ φ ) ·∇ φ + (σ^′(θ)∇ φ ) ·∇ ψ + f̃ ) z dt , v � H^{− 1 ,q ′}

Ω ,H^{1 ,q} . Since v was chosen arb itrar y, we have for the distrib ution al derivativ e of ϑ

∂_t ϑ(z) = − � S ∂_t z ϑ dt = − � S (− K^∗ ϑ + (σ^′(θ) ϑ∇ φ ) ·∇ φ

+ (σ^′(θ)∇ φ ) ·∇ ψ + f̃ ) z dt ∀ z ∈ C^∞_0 [0, T].

Th us, ∂_t ϑ is a regular distri but ion generate d by

f := K^∗ ϑ − (σ^′(θ) ϑ∇ φ ) ·∇ φ − (σ^′(θ)∇ φ ) ·∇ ψ − f̃ .

Consequently, if we identify ∂_t ϑ with f, (6.19) is obtained. Moreover, this immediate ly implies th at ∂_t ϑ is an element of L^{s ′} (S, H^{− 1,q ′}

Ω ) due to th e regularity of f. Hence we obt ain ϑ ∈ W_s ′ , i.e. th e regularit y of a str ong solution . Th us, with regard to [2, Pr oposition 5.1], we are allowed to integrate by parts w.r.t. time and obtai n � S ⟨− ∂_t ϑ + K^∗ ϑ − (σ^′(θ) ϑ∇ φ ) ·∇ φ − (σ^′(θ)∇ φ ) ·∇ ψ − f̃ , Θ ⟩_H − 1 ,q ′

Ω ,H^{1 ,q} dt

+ ⟨Θ( T) , ϑ(T) − ϑ_T ⟩_H 1 ,q_{1 /s ′,s ,H} 1 ,q ′_{1 /s, s ′} = 0 ∀ Θ ∈ W_{s, 0} .

In view of (6.19), thi s finally gives th e terminal condition (6.21) . Now, let s > 2q/(q − 2) such th at

H^{1,q}_{1/s ′,s} = (H^{− 1,q}

Ω , H^{1,q} )_{1− 1/s ,s} → C(Ω̄)

(cf. Lemma 3.17 i) and (3.18)). In additi on, Remark 3.15 iii) yields W_{s, 0} → C(Q̄). Since both embeddings are dense, we therefore have

M (Ω̄) → H^{1,q ′}_{1/s ,s} and M (Q̄) → W^∗_{s, 0}

provided that s > 2q/(q − 2). Here, M (Ω̄) and M (Q̄) denote th e spaces of regular measur es on Ω̄ and Q̄, resp ectively (see Definition 6.4). As in case of M (Q̄) ≃ C(Q̄)^∗ , we identify M (Ω̄) with th e dual of C(Ω̄) by th e Riesz repres entati on th eorem. Consequently, Theorem 6.12 implies the following Cor o l lar y 6. 13. Assume that μ ∈ M (Q̄) is given and that the restriction of μ on 0× Ω̄ is zero. Moreover, denot e the restri ctions of μ on Q, Σ := ∂Ω × ]0, T[, and T × Ω̄ by μ_Q , μ_Σ , and μ_T . Then the equation

− ∂_t ϑ − div(κ∇ ϑ) = (σ^′(θ) ϑ∇ φ ) ·∇ φ − (σ^′(θ)∇ φ ) ·∇ ψ + μ_Q in Q (6.28) ν ·κ∇ ϑ + α ϑ = μ_Σ on ∂Ω × ]0, T[ (6.29) ϑ(T) = μ_T in Ω (6.30)

− div(σ(θ)∇ ψ ) = − 2 div(σ(θ)ϑ∇ φ ) in Q (6.31) ν ·σ(θ)∇ ψ = 2 ν ·σ(θ)ϑ∇ φ on (∂Ω \Γ_D )× ]0, T[ (6.32) ψ = 0 on Γ_D × ]0, T[ (6.33)

admits a uniqu e weak solution (ϑ, ψ ) ∈ L^{s ′} (S; H^{1,q ′} ) × L^{s ′} (S; H^{1,q ′}_D ), s^′ < 2q/(q + 2), in the sense of Defin ition 6.10. Rem a rk 6.14. We point that, if measur es appear on the right hand side of the adjoi nt equation, then ϑ ∈ L^{s ′} (S; H^{1,q ′} ) such that no weak differentiability of the adjoint state w.r. t. time can be expected in this case.

6.3. Deriv ati on of the optim ali t y system. Now we are in th e position to state th e first-order necessary optimalit y condition s for (P). Let us begin with the not ion of local opti mality: Def initi o n 6. 15. A function ū ∈ L^∞ (S; L^2 (Γ_N )) is called locally optimal for (P ), if there is an ε > 0 such that j (ū) ≤ j (u) holds for all feasible u ∈ L^∞ (S; (Γ_N )) with ‖u − ū‖_L ∞_{(S ;L} 2_{(Γ N ))} ≤ ε.

Recall th at th e Lagran ge function is Fréchet- differentiable w.r.t. u by Corollary 6.6. Hence we contin ue with th e defin ition of Lagran ge multip liers associated to the state constrain ts in (P ). Def initi o n 6.16. Let ū be a locally optimal solution of (P ), then μ ∈ M (Q̄) is said to be a Lagrange multiplier associate d to the state const raints in (P ), if

∂_u L(ū, μ)(u − ū) ≥ 0 ∀ u ∈ U_{ad} , (6.34) μ ≥ 0, (6.35) ⟨θ − θ_{max} , μ⟩_{C (} ¯_{Q ),M (} ¯_{Q )} = 0, (6.36)

hold tru e. Here, (6.35) is equivalent to

⟨y , μ⟩_{C (} ¯_{Q ),M (} ¯_{Q )} ≥ 0 ∀ y ∈ { y ∈ C(Q̄) | y(x, t) ≥ 0 ∀ (x, t) ∈ Q̄}. (6.37)

Moreover, (6.36) is referred to as complement ar y slackness conditi ons in all what follows. The following theorem stat es the first- order necessary optimalit y conditi ons for (P ), i.e. th e existence of Lagrange multi pliers in th e sense of Definiti on 6.16. It is for instance proven by Casas in [5]. Theorem 6.17. Assume that ū is a locally optim al solution of (P ) and satisfies the following linearized Slate r condition : there exists an int erior point u_0 ∈ U^{(c)}_{ad} and a real number δ > 0 such that

S_1 (ū)(x, t) + S^′_1 (ū)(u_0 − ū)(x, t) ≤ θ_{max} (x, t) − δ ∀ (x, t) ∈ Q̄. (6.38)

Then, there exist a Lagrange multiplier μ ∈ M (Q̄) according to Definition 6.16 such that (6.34) –(6.36) are sat isfied. It is well known th at a certain constrain t qualification is needed to ensur e the existence of Lagrange mult ipliers, as for instan ce th e linearized Slat er condition (6.38) (cf. also Zowe and Kurcyu sz [28]). Noti ce th at th is conditi on requires to consider the state constrain ts in C(Q̄). Next , let us tran sform (6.34)–(6.36) into th e opt imality system of (P ) by introducing th e adj oint state. To that end, let us consider a fixed, but arb itrar y local optim um ū with associated state ȳ = (θ̄, φ̄ ). Moreover, we again denote th e derivati ve of S in an arbi trary direction h ∈ L^∞ (S; L^2 (Γ)) by y^′, i.e. y^′ = S^′(ū)h. Now, consider h as an element of L^s (S; H^{− 1,q}

D ) with q and s according to Defini tion 6.7, i.e. q ∈ ]2, min{q̃_0 , q_1 }[ and s ∈ ]q/(q − 2), ∞ ]. Then y^′ clearly also solves

A^′(ȳ)y^′ = � 0 h � , (6.39)

where, as in the proof of Theorem 6.12, A^′(ȳ) is considered as an op erator from W_{s, 0} × L^s (S; H^{1,q}_D ) t o L^s (S; H^{− 1,q}

Ω ) × L^s (S; H^{− 1,q}

D ) (which is well defined and contin uously inverti ble, cf. also Rem ark 6.3). Note th at, according to Definition 6.8, W_{s, 0} is given by W_{s, 0} = W^{1,s}_0 (S; H^{− 1,q}

Ω ) ∩ L^s (S; H^{1,q} ). Now, define p_1 = (ϑ_1 , ψ_1 ) as soluti on of

− ∂_t ϑ_1 − div(κ∇ ϑ_1 ) = (σ^′(θ̄) ϑ_1 ∇ φ̄ ) ·∇ φ − (σ^′(θ̄)∇ φ ) ·∇ ψ_1 in Q (6.40) ν ·κ∇ ϑ_1 + α ϑ_1 = 0 on ∂Ω × ]0, T[ (6.41) ϑ_1 (T) = I_D (χ_D θ̄(T) − θ_d ) in Ω (6.42)

− div(σ(θ̄)∇ ψ_1 ) = − 2 div(σ(θ̄)ϑ_1 ∇ φ̄ ) in Q (6.43) ν ·σ(θ̄)∇ ψ_1 = 2 ν ·σ(θ̄)ϑ_1 ∇ φ̄ on (∂Ω \Γ_D )× ]0, T[ (6.44) ψ = 0 on Γ_D × ]0, T[, (6.45) where I_D : L^2 (D ) → H^{1,q ′}_{1/s ,s ′} (Ω) is defined by

⟨I_D (g) , Θ ⟩_H 1 ,q ′_{1 /s, s ′ ,H} 1 ,q_{1 /s ′,s} := � D g Θ dx, g ∈ L^2 (D ), Θ ∈ H^{1,q}_{1/s ′,s} ,

while χ_D is the characteristic function on D . Notice that I_D is well defin ed since H^{1,q}_{1/s ′,s} = (H^{− 1,q}

Ω , H^{1,q} )_{1− 1/s ,s} → H^{2η − 1,q}

with η = 2/q < 1 − 1/s because of s > q/(q − 2) such th at 2η − 1 > 0 due to q < 4. Therefore H^{1,q}_{1/s ′,s} → L^2 (D ). Th eorem 6.12 implies th at th ere is th e strong soluti on p_1 ∈ W_s ′ × L^{s ′} (S; H^{1,q ′}_D ) to (6.40)–(6.45) th at satisfies

⟨A(ȳ)^∗ p_1 , w⟩ = � D (θ̄(T) − θ_d )Θ( T) dx.

for all w = (Θ , Φ) ∈ W_{s, 0} × L^s (S; H^{1,q}_D ). Next, assume s ∈ ]2q/(q− 2), ∞ ] and intro duce p_2 = (ϑ_2 , ψ_2 ) ∈ L^{s ′} (S; H^{1,q ′} ) × L^{s ′} (S; H^{1,q ′}_D ) as weak soluti on of (6.28)–( 6.33), where th e inhomogeneity μ is the Lagr ange mult iplier associated to the stat e constr aints in (P ). Notice in thi s context that, due to Assumption 2.4 iii), the state constr aint is not activ e at t = 0. Consequently, th e positivity of th e Lagran ge multip liers and the complementary slackness condition s yield that th e restr iction of μ on 0 × Ω̄ is indeed zero as in case of (6.28) –(6.33). Hence, p_2 solves

⟨A^′(y)^∗ p_2 , w⟩ = ⟨Θ , μ⟩_{C (} ¯_{Q ),M (} ¯_{Q )} ∀ w ∈ W_{s, 0} × L^s (S; H^{1,q}_D )

with s > 2q/(q− 2) (such th at W_{s, 0} → C(Q̄), cf. Corollary 6.13). Th us, together with (6.39), we obtain � D (θ̄(T) − θ_d )θ^′(T) dx + ⟨θ^′ , μ⟩_{C (} ¯_{Q ),M (} ¯_{Q )}

= ⟨A^′(ȳ)^∗ p_1 , y^′⟩ + ⟨A^′(ȳ)^∗ p_2 , y^′⟩ = ⟨p_1 + p_2 , A^′(ȳ)y^′⟩

= ⟨p_1 + p_2 , � 0 h � ⟩ = � Σ (ψ_1 + ψ_2 )h ds dt.

Insertin g this in (6.11) and (6.34) and a pointwise evaluati on of the arising inequalit y imply by stan dard argume nts

ū(x, t) = Π_{ad} � − 1 β (τ_N ψ_1 + τ_N ψ_2 ) � , (6.46)

where Π_{ad} denot es th e pointwise projection operator on U^{(c)}_{ad} and τ : L^{s ′} (S; H^{1,q ′}_D ) → L^{s ′} (S; H^{1− 1/q′,q ′} (Γ_N )) is the trace operator on Γ. In th is way, we have proven the following result stati ng the first-order necessary condition s for (P): Theorem 6.18. Let ū ∈ L^∞ (S; L^2 (Γ_N )) be a local optimum of (P ) with associate d state

ȳ = (θ̄, φ̄ ) ∈ W^{1,r}_0 (S; H^{− 1,q}

Ω ) ∩ L^r (S; H^{1,q} ) × L^∞ (S; H^{1,q}_D )

with q ∈ ]2, min{q̃_0 , q_1 }] and r > 2q/(q − 2). Suppose further that a function u_0 ∈ U^{(c)}_{ad} exists such that the lineari zed Slater condition (6.38) is fulfilled. Then there exist a Lagrange multiplier μ ∈ M (Q̄) and adjoint stat es

p_1 = (ϑ_1 , ψ_1 ) ∈ W^{1,s ′1} (]0, T[;H^{− 1,q ′}

Ω ) ∩ L^{s ′1} (]0, T[;H^{1,q ′} ) p_2 = (ϑ_2 , ψ_2 ) ∈ L^{s ′2} (S; H^{1,q ′} ) × L^{s ′2} (S; H^{1,q ′}_D ) with q^′ = q/(q − 1), s^′_1 < q/2, and s^′_2 < 2q/(q + 2), such that the following conditions are sat isfied:

• the stat e equation (1.1) –(1.7) in the sense of Defin ition 3.3 • the first adjoint equat ion (6.40) –(6.45) in the sense of Defin ition 6.9 • the second adjoint equation (6.28) –(6.33) in the sense of Defin ition 6.10 • the positivi ty property (6.37) of the multipliers • the complementary slackness conditions (6.36) • the projection formu la (6.46) .

Notice that Π_{ad} clearly maps L^{s ′} (S; H^{1− 1/q′,q ′} (Γ_N )) into L^{s ′} (S; H^{1− 1/q′,q ′} (Γ_N )) such th at th e generic regularit y for a local optimal contr ol is given by

ū ∈ L^∞ (S; L^2 (Γ_N )) ∩ L^{s ′} (S; H^{1− 1/q′,q ′} (Γ_N ))

with s^′ < 2q/(q+ 2), q ≤ q_{max} = min{q̃_0 , q_1 } < 4 (see Remark 3.8), such that s^′ < 4/3. In add ition , we have q^′ ∈ [q^′_{m in} , 2[, where q^′_{m in} is th e conjugate exponent to q_{max} . Note furth er th at the optimalit y system can be simplifi ed by intr oducing p = p_1 + p_2 as adj oint state , i.e. th e weak solution of

− ∂_t ϑ − div(κ∇ ϑ) = (σ^′(θ̄) ϑ∇ φ̄ ) ·∇ φ − (σ^′(θ̄)∇ φ ) ·∇ ψ + μ_Q in Q ν ·κ∇ ϑ + α ϑ = μ_Σ on ∂Ω × ]0, T[ ϑ(T) = I_D (χ_D θ̄(T) − θ_d ) + μ_T in Ω

− div(σ(θ̄)∇ ψ ) = − 2 div(σ(θ̄)ϑ∇ φ ) in Q ν ·σ(θ̄)∇ ψ = 2 ν ·σ(θ̄)ϑ∇ φ̄ on (∂Ω \Γ_D )× ]0, T[ ψ = 0 on Γ_D × ]0, T[.

7. A sp ecific appli cation and numeric al tes t s. As mentioned in the introduction a problem of type (P ) for instan ce arise s when optimizing the heat treatme nt of steel by means of an electr ic curr ent. Thi s procedure is appl ied in the automotiv e industr y for the har denin g of gear racks as part of the widely-used rack-and-pin ion steering. Here th e workp iece is heate d up by the direct curren t and th en rapi dly cooled down by means of wate r nozzles to produce a hard martensitic outer layer. The aim of th e opti mization is a uniform heating of the teeth of th e gear rack which is essential for th e hard ening process in order to avoid thermal stres s and to guaran tee a uniform hard ening of th e to oth system. Thus th e measurement domain D in th e objective function al of (P) is th e domain which is covered by th e teeth of the gear rack. Since it is essential to prevent melting during the hard ening pro cess, th e bound θ_{max} in the state constrain t of (P) is given by the meltin g temp eratur e of th e material . In addi tion, the control constr aints in (P) reflect th e maxi mum electr ical power that can be induced into the workp iece.

In th e following, we rep ort on two numerical tests for th is parti cular app lication problem. The respective optimalit y syste m, described in Theorem 6.18, is solved by means of a projected grad ient metho d fittin g to the first-ord er analysis prese nted in th e preceding section s. Wh ile th e contr ol constrain ts are incorp orated into the projecte d grad ient metho d, the pointwise state constrain ts are regular ized by means of a quadrat ic penalization , see [20] and th e references th erein. Moreover, th e partial differential equations, arising in each step of th e optimiz ati on algorithm, are discretize d by linear finite elements in combination with a semi-implicit t ime stepp ing. Furth ermore, the control is discretize d by piecewise linear and continuous spati al ansatz function , while piecewise constan t ansatz functions are used in time .

For th e compu tation al domain we choose the two-dimensional simplified gear rack shown in Figu re 7.1. Aside from σ, th e mate rial parame ters are constan t and chosen

0 0.05 0.075 0.1 0.15 0.2 0.25 0.3 0.325 0.35 0.4 0.45 0.5 0 0.01

0.02

x_1 x_2

Γ_D Γ_N

Fig. 7.1: Compu tational domain.

to approximate th e realistic distr ibution s. The par ticular values are shown in Table 7.1. Here C_p and ϱrefer to the specific heat capacity an d the densit y, resp ectively,

ϱ C_p κ α θ_0 θ_l θ_d

7900^{kg}_{m 3} 470^J_{kg K} 50^W_{m K} 20^W_{m 2 K} 290 K 290 K 1500 K

Table 7.1: Materi al parame ters within the numerical tests.

th at enter the heat equation via

C_p ϱ∂_t θ − div(κ∇ θ) = (σ(θ)∇ φ ) ·∇ φ,

which clearly does not influence the theory since th ey are assumed to be constan t. Notice th at all parame ters are positive constan ts such that th e hypoth esis in Assumption s 2.3, 2.4, and 5.1 are satisfied. Moreover, in th is case, th e function σ is a scalar valued function , only depending on θ, i.e. σ : R → R, which is given by

σ(θ) = � a + bθ + c θ^2 + d θ^3

�_{− 1} , if θ ∈ [0, 10000],

with a = 4.9659 ·10^{− 7} , b = 8.4121 ·10^{− 10} , c = − 3.7246 ·10^{− 13} , and d = 6.1960 ·10^{− 17} (see [10] for details). On R \ [0, 10000], σ is smoothly ext ended such th at 0 < σ_0 ≤ σ(θ) ≤ σ_1 < ∞ is satisfied for all θ ∈ R. Hence it fulfills the condition s in Assumption s 2.3 and 5.1. Finally, th e end time T was set t o 2.0 s. The Tikhon ov par ameter β with in the objectiv e functional is set to 10^{− 13} to comp ensate for th e compar ativ ely high values of th e control (see below).

In the following two numerical tests are prese nted differing concerning the inequalit y constrain ts in (P ). Wh ile there are only inequ alit y constrai nts on th e contr ol but not on th e state in the first example, we choose θ_{max} = 1800 K in the second test case. In both cases we set u_{max} = 7 ·10^7 A/m^2 . Note that both test cases are covered by th e ab ove th eory, since th e contr ol is uniformly bound ed in L^∞ (]0, T[;L^2 (Γ_N )). In all what follows we refer to th e first example as free opti mization since no state constrai nts are present in this case. It serves as reference problem in comparison to th e stateconstrain ed case. Figur e 7.2 shows a detail of the to oth-s ystem at end time for th is case. We observe th at the desired temp eratur e of 1500 K is nearl y reached. However, since no state constrai nts are imp osed, the mate rial is in dan ger to melt in the corners of toot h system as Figure 7.4 illustr ate s. The situ ation changes, if the temp eratu re is forced to sta y below the meltin g temp eratu re by th e add ition al state constrai nts in (P ). In th e second numerical test th is is approximat ely enforced by a quadr atic penalt y term resultin g in a maximum tem peratur e of 1805.1 K in the right corner of th e to oth system at t = 0.26 s. However, in th is case, the tem peratur e distri but ion

Op tima l contr ol of th e th ermis tor proble m 27

0.194 0.196 0.198 0.2 0.202 0.204 0.206

0.012

0.014

0.016

0.018

0.02

Temperature ^� (in K), t=2.00

x_1 x_2

1350

1400

1450

1500

1550

1600

Fig. 7.2: Temperatu re at end time for th e free optimization.

0.194 0.196 0.198 0.2 0.202 0.204 0.206

0.012

0.014

0.016

0.018

0.02

Temperature ^� (in K), t=2.00

x_1 x_2

1350

1400

1450

1500

1550

1600

Fig. 7.3: Temperatu re at end time for th e stat e-constr ained optim izati on.

0.29 0.292 0.294 0.296 0.298 0.3 0.302

0.012

0.014

0.016

0.018

0.02

x_1

Temperature ^� (in K), t=0.58

x_2

1000

1200

1400

1600

1800

2000

2200

Fig. 7.4: Temp erature at t = 0.58 s for th e free optimization.

0 0.5 1 1.5 2 0 1 2 3 4 5 6 7 x 10^7 Control u (induced current density)

Time t (in s) u (in A/m^2)

Fig. 7.5: Time evolution of the contr ol in case of free and state- constrain ed optimization .

differs more significant from th e desired 1500 K compared to th e free optimization , as Figu re 7.3 shows. This observation app ears natur al since th e inequalit y constrai nts on stat e do not allow for the extrem e temp eratu re evoluti on observed in case of the free optimization. Therefor e, it seems that a time interv al of 2.0 s is not suffic ient for heat ing up the workp iece to 1500 K before cooling it down if, at the same time , melting should b e prevented.

In Figure 7.5 the time evolution of th e contr ol u in case of free and state -constrain ed opt imizati on is depicted. Here the star s refer to the state-c onstr ained case, while th e circles represe nt th e free opt imizati on. Th e values are tak en at a fixed, but arb itrar y point on Γ_N . One observ es that the time evolut ion of the control differs significantly between both cases. Moreover, the control significan tly decreas es in time in both exampl es. An explanati on for this observati on is the fact that th e curr ent does not flow directly throu gh the teeth . Only th e area straigh t below th e to oth system is heate d up intense ly by the current. Afterwards, heat conduction from th is area into th e teeth increases the temp erature in the tooth syste m. Th us, to achieve a tem peratur e distrib ution in the teeth as uniform as possible, it app ears reasonab le to heat up the area below the teeth compar ativ ely fast to ensure a uniform heat condu ction into th e teeth . Finally the optimal poten tial φ in th e state -constrain ed case at end time T = 2.0 s is shown in Figure 7.6. We observe that the expected decay from catho de to ano de is reflected by the numerical compu tation s.

App endix A. Here, the basic prop ert ies of solution s to par ab olic equat ions, mentioned at the beginning of Section 3.1, are proven. We start with Lemma 3.13.

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

-0.01 0 0.01

0.02

0.03

x_1

Potential ϕ (in V), t=2.00

x_2

0 0.05 0.1 0.15

Fig. 7.6: Potential at end time for th e state -constrain ed optimiz at ion.

Pr oof of Lemma 3.13. i) Based [24, Ch. 2.5], we estimate for s, t ∈ [T_0 , T_1 ] with s < t

‖e^{− sA} x − e^{− tA} x‖_D = ‖Ae^{− sA} x − Ae^{− tA} x‖_X

≤ ‖Ae^{− s2 A} ‖_{B(X )} ‖e^{− s2 A} x − e^{− (t − s )A} e^{− s2 A} x‖_X

≤ c ‖Ae^{− s2 A} ‖^2_{B(X )} ‖x‖_X |t − s|,

which gives the first assertion . ii) Fir st one notices th at ‖e^{− tA} ‖_{B(D )} ≤ ‖e^{− tA} ‖_{B(X )} , what implies by interpolation that ‖e^{− tA} ‖_{B([X ,D ]τ )} ≤ ‖e^{− tA} ‖_{B(X )} for all t ∈ [0, ∞ [ and all τ ∈ ]0, 1[ (see [27, Ch. 1.2.2 and Ch. 1.9.3]). Now let T > 0 be given and s, t ∈ ]0, T[, then we have by th e reiterati on th eorem (see [27, Ch. 1.9.3])

‖e^{− tA} x − e^{− sA} x‖_{[X ,D ]ρ} |t − s|^{τ − ρ} ≤ c ‖e^{− tA} x − e^{− sA} x‖_{[X ,[X ,D ]τ ] ρτ}

|t − s|^{τ (1 − ρ}τ^) ≤ c � ‖e− tA x − e− sA x‖_X

|t − s|^τ

�_{(1 −} ρ_{τ )}

‖e^{− tA} x − e^{− sA} x‖^{ρτ}_{[X ,D ]τ} ≤ c � sup s ∈ ]0,T [

‖e^{− sA} ‖_{B(X )}

�_{(1 −} ρ_{τ )} � sup t ∈ ]0,T [

‖e^{− tA} x − x‖_X |t|^τ

�_{(1 −} ρ_{τ )} �

2 sup

s ∈ ]0,T [

‖e^{− sA} ‖_{B([X ,D ]τ )}

� ρ_τ ‖x‖^{ρτ}_{[X ,D ]τ}

≤ 2c � sup s ∈ ]0,T [

‖e^{− sA} ‖_{B(X )} � sup t ∈ ]0,T [

‖e^{− tA} x − x‖_X

|t|^τ

�_{(1 −} ρ_{τ )} ‖x‖^{ρτ}_{[X ,D ]τ} .

(7.1)

By a well known th eorem (see [27, Ch. 1.13.2] or [23, P rop. 2.2.4 and Rem . 2.2.5]), one has sup t ∈ ]0,T [

‖e^{− tA} x − x‖_X

|t|^τ

≤ c_1 ‖x‖_{(X ,D ) τ , ∞}

with a positive constan t c_1 (independ ent from x ∈ [X , D]_τ ) and , secondly, the continuous embedding [X , D]_τ → (X , D)_{τ,∞} , see [27, Ch. 1.10.3]. Hence, we continue (7.1) by ‖e^{− tA} x − e^{− sA} x‖_{[X ,D ]ρ} |t − s|^{τ − ρ}

≤ 2c � sup s ∈ ]0,T [

‖e^{− sA} ‖_{B(X )} � ‖x‖_{[X ,D ]τ} ,

what proves ii) (see also [1, Ch. II.5.3]).^�

Pr oof of Lemma 3.16. i) During thi s proof, let S, S^′ denot e th e intervals ]T_0 , T_1 [ and ]T_0 , T^′[, respectively, with T^′ < T_1 . Associate to any function f ∈ L^r (S^′; X ) a function I f which is defined as follows

I f (t) := � 0 if t ∈ ]T_0 , T_1 − T^′[ f (t − (T_1 − T^′)) if t ∈ ]T_1 − T^′, T_1 [.

Clearly, I th en provides isometric injections L^r (S^′; X ) → L^r (S; X ) (7.2) W^{1,r}_0 (S^′; X ) ∩ L^r (S^′; D) → W^{1,r}_0 (S; X ) ∩ L^r (S; D) (7.3) C_0 (S̄^′; (X , D)_{1−} 1_{r ,r} ) → C_0 (S̄; (X , D)_{1−} 1_{r ,r} ). (7.4) If we indicate L by its interval end and write L_{T1} and L_T ′ , then we have for any f ∈ L^r (S^′; X ) the identity L_{T1} I f = I L_T ′ f . Th us, one may estimate for any f ∈ L^r (S^′; X ) ‖L_T ′ f ‖_W 1 ,r_{0 (S} ′_{;X )∩ L} r_{(S} ′_{;D )} = ‖I L_T ′ f ‖_W 1 ,r_{0 (S ;X )∩ L} r_{(S ;D )} = ‖L_{T1} I f ‖_W 1 ,r_{0 (S ;X )∩ L} r_{(S ;D )} ≤ ‖L_{T1} ‖ ‖I f ‖_L r_{(S ;X )} = ‖L_{T1} ‖ ‖f ‖_L r_{(S} ′_{;X )} , which implies ‖L_T ′ ‖ ≤ ‖L_{T1} ‖. ii) Denoti ng the embedding constant of W^{1,r}_0 (S; X ) ∩ L^r (S; D) → C_0 (S̄; (X , D)_{1−} 1_{r ,r} ) by c_T , we estimate

‖w‖_{C 0 (}¯_{S 1 ;( X ,D ) 1 − 1r ,r )} = ‖I w‖_{C 0 (}¯_{S ;( X ,D ) 1 − 1r ,r )} ≤ c_T ‖I w‖_W 1 ,r_{0 (S ;X )∩ L} r_{(S ;D )} = c_T ‖w‖_W 1 ,r_{0 (S 1 ;X )∩ L} r_{(S 1 ;D )} .

Th us, the embedding constan t which corresponds to th e interval ]T_0 , T^′[ is at most c_T .^� Pr oof of Lemma 3.17. i) is obtai ned from well known embedding theorems, see [27, Ch. 1.3.3 and Ch. 1.10]. ii) Obviously, the norm of E_C does not depend on the interval length. Th is, combined with th e Lemma 3.16, gives the asserti on. iii) First of all, th e estimate

‖w(t) − w(t_0 )‖_X = ‖

�_t

t_0

w^′(s) ds‖ ≤ � t t_0

‖w^′(s)‖^r ds‖

� 1_r � t

t_0 ds � r − 1_r

≤ ‖w‖_W 1 ,r_{(S ;X )} |t − t_0 |^{r − 1r} implies a continuous embedding from W^{1,r} (S; X ) into C^{r − 1r} (S; X ). Let η be a number from ]τ, 1 −^1_r [. Then, by settin g δ =^{r − 1}_r and λ =^τ_η , we obtain by the reiterati on th eorem for complex interp olati on (see [27, Ch. 1.9.3])

‖w(t) − w(s)‖_{[X ,D ]τ} |t − s|^{δ(1 − λ )} ≤ c ‖w(t) − w(s)‖_{[X ,[X ,D ]η ]λ} |t − s|^{δ(1 − λ )} ≤ c ‖w(t) − w(s)‖^{1− λ}_X

|t − s|^{δ(1 − λ )}

‖w(t) − w(s)‖^λ_{[X ,D ]η} ≤ c � ‖w(t) − w(s)‖_X |t − s|^δ

�_{1− λ} �

2‖w‖_{C (}¯_{S ;[X ,D ]η )}

�_λ

≤ c ‖w‖_W 1 ,r_{(S ;X )∩ L} r_{(S ;D )} ,

30 D. H^¨OMBER G, C. ME YER , J . RE HBER G, W. RI NG

which completes th e proof.^�

Pr oof of Lemma 3.18. i) The L^∞ estimate follows from the fact th at K generates a contraction semigroup on L^∞ , see [14]. Further, K generates an an alyti c semigrou p on H^{− 1,q} (see [11] or [18]) and 0 belongs to its resolvent set because the resolvent is compact and 0 cannot be an eigenvalue due to Assumption 2.3, see [12, Lemma 1.36]. Hence, th e Lipschitz contin uity follows from Lemm a 3.13 i). ii) Assume ϑ ∈ ]^2_q , ς[. We have for λ = ςand λ = ϑ th e interp olation identit y

H^{λ,q} = [H^{− 1,q}

Ω , H^{1,q} ] λ +1_2 ,

see [13, Thm. 3.5]. Th us, th e supp osition θ_0 ∈ H^{ς,q} (Ω) and Lemm a 3.13 ii) imply ι|_{]0,T [} ∈ C^{ς− ϑ2} (]0, T[;H^{ϑ,q} ). An app lication of th e (contin uous) embedding H^{ϑ,q} (Ω) → C^{ϑ − 2q} (Ω) (see [27, Ch. 4.6.1]) then proves th e assertion .^�

RE FER ENCES

[1] H. Amann , Line ar and qua siline ar par abolic problems , Birk häuse r, Base l, 1995. [2] H. Aman n, No nauto nom ous par abolic equa tions involving measur es, J. Math. Sci., 130 (20 05), pp . 4780–80 02.

[3] S. N. An to nts ev and M. Chipot , The th ermist or pr oblem: Existenc e, smo oth ness , uni quen ess, blowup , SIAM J . Math . Anal ., 25 (199 4), pp. 1128–1156 [4] J. Bona nns and E. Casas , An extension of Pontr yagin’s pr inciple for st at e-constr ain ed optima l control problems of semilin ear elliptic equa tions an d varia tional inequa lit ies, SIA M J. Con tro l Op tim ., 33 (199 5), pp. 274–2 98.

[5] E. Casas , Bo unda ry contr ol of sem iline ar ellipt ic equatio ns with poin twise st at e constr ain ts , SIAM J. Con tro l Op tim. , 31 (199 3), pp. 993–10 06.

[6] E. Casas, J.C. d e los Reyes , an d F . Tr öl tz sch , Su fficient second-or der opt imality conditio ns for semilin ear control problem s with poin twise sta te constr ain ts, SIAM J . Opti m., to ap pear.

[7] E. Ca sa s a nd F . Tr öl tz sch , Second-or der nece ssar y opt imality condit ion s for some st at econst raine d control problem s of semil ine ar elliptic equatio ns, App l. Mat h. Opti m., 39 (1999) , pp . 211–227 .

[8] E. Ca sa s and J . Yo ng , Maxim um principle for stat e-const raine d contr ol problems governe d by qua siline ar ellipt ic equa tions , Differen tial Integ ral Equati ons, 8 (19 95), pp. 1–18 .

[9] P.G. Ciarl et , The finite elem en t met hod for ellipt ic problems , Studie s in Ma them atic s and its Appl icati ons, North Hol land , Amste rdam , 1979.

[10] S. Cl ain et a l. , Num eric al modelin g of induct ion heating for two-dimensional geome trie s, Math . Mo dels Metho ds Appl. Sci., 3 (19 93), pp. 271– 281.

[11] G. Do re , L^p regularity for abst rac t differ ential equat ion s, Koma tsu, Hikosab uro (ed .), Pro c. of the int ernat iona l conferen ce in memor y of K. Yosida, Ky oto Univ ersit y, Ja pan , 1991. Sp ringe r, Berli n. Lect. Notes Math., 1540 (19 93), pp. 25–3 8.

[12] H. Gaj ewsk i, K. G r öge r , and K. Za ch aria s, Nic htlin ear e Operator gleichungen un d Operato rdiffer entialgleichungen , Akade mie- Verla g, Berlin, 1974 .

[13] J. A. Gri epentr og, K. Gr öge r , H. C. Kaiser, an d J . Rehber g , Inte rpolation for functio n spaces related to mixed boun da ry value problems , Mat h. Nac hr. , 241 (20 02), pp. 110– 120.

[14] J. A. Griepentr og, H. C. Kaiser, an d J . Rehber g , Heat ker nel and reso lven t propert ies for second order elliptic diff eren tial operator s with gener al boun dar y conditio ns on L^p , Adv. Mat h. Sci. App l., 11 (20 01), pp. 87–1 12.

[15] P. Gri svard , El lipt ic problems in nonsmo oth domains , Pitm an, Boston , 1985. [16] K. Gr öge r , A W^{1,p} –estima te for solutions to mixe d boun dar y value problems for second order elliptic diff erential equa tions , Ma th. Ann ., 283 (1989) , pp. 679–687 .

[17] K. Gr öge r , W^{1,p} –estima tes of solutions to evolutio n equat ion s corr espondin g to nonsmo oth second order ellipt ic differ ential operator s, Non line ar Anal ysis, 18 (199 2), pp. 569–5 77.

[18] K. Gr öge r an d J. Reh be r g , Resolve nt estima tes in W^{− 1,p} for second order elliptic differ ential operator s in case of mixe d bounda ry conditio ns, Ma th. Ann ., 285 (1989) , pp. 105–113 .

[19] R. Ha ller-Din telmann , C. Me yer , a nd J. Rehber g , Hölder contin uity for second order elliptic problems with nonsmo oth dat a, su bmi tted.

[20] M. Hintermll er an d K. Ku nisch , Feasible and non-i nte rior path -fol lowin g in constr ain ed mini mizatio n wit h low multiplier regular ity , SIAM J . Con tro l Optim ., 45 (2006) , pp. 1198– 1221.

[21] V. Hr ynkiv, S. Lenhar t, a nd V. Pr o topo pes c u, Opt imal contr ol of conve ctive bounda ry condit ion in a th erm istor problem , SIAM J . Co nt rol Optim ., 47 (20 08), pp. 20–39.

[22] H.-C. Lee an d T. Sh ilkin , Analysis of optima l contr ol problems for the two-dim en sio nal ther - mist or syst em , SIAM J . Co nt rol Optim ., 44 (20 05), pp. 268–282.

[23] A. Lu nar di , Analytic Semigr oups and Opt imal Regularity in P arabolic Pr oblem s, Birkh¨auser, Base l, 1995.

[24] A. Pa zy , Semigr oups of Line ar Operato rs an d Applic at ions to P art ial Differ ential Equa tions , Sp ringe r, Berli n, 1983.

[25] J.-P. Ra ymond a nd F . Tr öl tz sch , Second order sufficien t optima lity conditions for nonlin - ear par abolic control problems with st at e const raints , Disc r. Cont. Dy n. Systems , 6 (2000) , pp . 431–450 .

[26] P. E. So bolevsk ii, Coerciveness in equalities for abst ract par abolic equa tions , Soviet. Mat . (Doklad y), 5 (1964 ), pp . 894–89 7.

[27] H. Triebel , Inte rpolation theory, fun ction spaces, diff erential operato rs , North Holland , Amsterd am, 1978.

[28] J. Zowe a nd S. Ku r cyu sz, Regularit y and sta bilit y for the math ema tic al programming problem in Ba nach spaces, App l. Mat h. Optim ., 5 (197 9), pp. 49–62.