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SECONDARY EULER CHARACTERISTICS OF LOCALLY SYMMETRIC SPACES.

RESULTS AND CONJECTURES

ANDREAS JUHL

0. The present paper deals with conjectural generalizations to the higher rank
case of some index formulas previously found in [4] as an intrinsic part of the
cohomological theory of the dynamical zeta function

Zp(s) = [I(1 — exp(=s|e]))™
of the geodesic flow ®,; of compact locally symmetric spaces X of rank 1.
Here the product runs over the prime directed closed geodesics ¢ in X and ||
denotes length. Zg will be called the Ruelle zeta function of ®;. The functional
equation of Zg relates Zg(s) to Zr(—s) and if the dimension of X is even then
there are always two types of formulas for the multiplicities of the zeros and
poles of Zg(s) - Zr(—s). In fact, the multiplicity of each singularity of the
product Zg(s) - Zr(—s) can be calculated by a formula of analytical nature
(analytical index) as well as by a formula only involving characteristic classes.
For s = 0 the equality of both integers can be regarded as an index.formula
for a secondary type Euler characteristic of the space of directed geodesics in
X being defined by using the hyperbolic structure of the geodesic flow ®;.
Here we are concerned with the problem of generalizing the index formula
(theorem 1) to the space of all directed flats (See [7]) in a compact locally
symmetric space X of arbitrary rank. ;
If the rank of X exceeds 1 then no relation of the index formulas to the theory -
of zeta functions is known.

1. Let Y = G/K be a Riemannian symmetric space of the non-compact type,
I' C G a uniform lattice without torsion and X = I'\Y the compact C* locally
symmetric quotient space. Let P C G be a minimal parabolic subgroup (in
standard position) with Langlands decomposition P = MAN*. Here M is
a compact subgroup of K, A = exp(ao) is a vector group with Lie algebra
ao C po (po being the (—1)-eigenspace of the infinitesimal Cartan involution
©) of dimension rk(G/K) and N* is a nilpotent Lie group with Lie algebra
ny. Recall that the choice of P (and hence that of N*) corresponds to the
choice of an open Weyl chamber af in ao. In fact, af determines a positive
system A%(go, do) of roots of the adjoint action of ap on go and we have

ng— = @ (90)4-

QEA”"(BO,GO)

Let N~ = ON* with Lie algebra ny = Ond given by
= @ (g

2. Let p: T — U(H) be a finite-dimensional unitary representation. Let



2

L*(T'\G, p) be the Hilbert space of sections of the vector bundle G xp H — I'\@
being square-integrable (with respect to an invariant measure on I'\G). The
right regular representation Rr, of G on L%*(T'\G, p) splits as a direct sum

(1) (Br,p, L*(T\G, p)) = €D Nr,p(m) (7, Va)

weé

of irreducible unitary representations (m, V) of G each occuring with finite
multiplicity Nr (7).

3. Let g = (go)c, n* = (nf)c and denote by H*(n%, V) the n*-cohomology of
the g-module V. If V is the Harish-Chandra module ((g, K )-module) of K-
finite vectors of a (global) representation (7, V) of G then we write V = V0.
Va0 consists of smooth vectors. The cohomology groups H*(n*, V, o) are finite

dimensional MA-modules ({2]).

4. Now we define the secondary Euler characteristic of (T, p) as the integer
@
ch(T,p) = D (-1P* ( 3 Nrp(m) dime(HP(n”, Vo) A‘f(n*)*)m) :

pa reG

Here the exterior powers A*(nt)* are considered as M A-modules (with respect
to the coadjoint action).

The sum (2) is finite since for each choice of p and g there are only finitely
many representations 7 € G with a nontrivial contribution to the inner sum.
The notation ch(T, p) does not reflect the choices of ny and ng since the sum
on the right hand side of (2) is independent of such choices. In fact, the Weyl
group W = W(go, a0) = M'/M operates simply transitive on the set of Weyl
chambers in ao. This implies that all pairs (ng, ng’) of opposite algebras can be
obtained from a fixed one by the action of M'/M via the adjoint action. Since
the group M A is stable under conjugation by Weyl group elements € M'/M
this shows that the definition of ch(T, p) is independent of the choices of ny
and ng.

5. For p =1 there is a formal interpretation of the integer ch(T") = ch(T',1)
as the Euler characteristic of the space of I'-orbits on the space Ypr of all
directed flats in Y.

Here a flat is a totally geodesic flat submanifold of maximal dimension (=
rk(Y)). Each geodesic in Y is contained in at least one flat. A geodesic which
uniquely determines the flat containing it is called regular. A regular directed
geodesic determines a flat together with a distinguished class of asymptotic
Weyl chambers (directed flat). As a G-space the space of all directed flats in
Y is isomorphic to G/M A. If the rank of Y is 1 then directed flats are directed
geodesics and the space Ypr = G/M A is the space of directed geodesics in Y.
See [7].

The space Xpr = I'\Ypr of I'-orbits on Ypr is, however, far from being a
manifold!

The action of A on the space I'\G/M of all Weyl chambers in X = T'\Y is
ergodic (see [10]) and the closed orbits of this action are dense in the space of
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all orbits (see [9]). These results are generalizations of well-known results on
the geodesic flow of compact locally symmetric spaces of rank one.

Now the definition of the secondary Euler characteristic ch(I') is formally ana-
logous to the following formula for the Euler characteristic of a locally homo-
geneous complex manifold M = I'\G/H. Here G and I are as before and H
is a compact Cartan subgroup of G. The Euler characteristic x(M) of M can
be written in the form

(3)
X(M) — Z(_l)ﬁth,q

g

= Z(_l)p+q (Z NF,I(W) dlmC(Hp(n;I’ V)r,O) &K /\q(n}-'-{)*)H) )

p.q ‘ﬂ'eé

where ng and nj; = ny are the (opposite) nilpotent Lie subalgebras of g
defined by ‘

ng= P o
agA®(g,h)
Here A*(g,h) is the set of positive roots of the adjoint action of h on g with
respect to the choice of an order. Then A = AT U(—-A*), A~ = —A* and

g=nz®henk.

Note that the situations in (2) and (3) both are extreme cases in the sense that

the algebras n* (in (2)) are totally redl, i.e., nE = n*, whereas the algebras n;

in (3)) are totally complez, i.e., nf = nf.
"= "H

The analogy of (2) and (3) justifies it to refer to ch(T') (and ch(T', p)) also as
an Euler characteristic. More precisely, ch(T') will be called the horospherical
Euler characteristic of T' by a reason which is explained in the following point.

6. From the point of view of the geometry of geodesics in Ypr the minimal
parabolic subgroup P = MANT can be regarded as the subgroup of isometries
(in G) operating on the family of all directed geodesics which are asymptotic
to a given regular directed geodesic ¢y = exp(tXo)K, Xo € af in Y = G/K.
co is regular since Xy is regular in ao, i.e., a(Xo) # 0 for all @ € A(go, a0). The
- group L = MA then is the subgroup of P consisting of all isometries leaving
invariant the parallel set P(cp) of ¢o. Here the parallel set P(cp) of ¢o is the
- set of all directed geoderics ¢ which are parallel to ¢y in the sense that the
distance between ¢ and ¢, is finite. If the rank of Y is 1 then P(cp) = co. See
([8]). M is the subgroup of L consisting of the isometries leaving the elements
of P(cp) pointwise fixed. Moreover, the group N* acts simply transitive on
each submanifold of ¥ which is orthogonal to all geodesics being asymptotic
to cg. These submanifolds are the horospheres (of maximal dimension) and
Nt is referred to as the horospherical group of the family defined by co.

7. In the definition (2) the symplectic structure also plays an important role.
In fact, the space G/M A carries a canonical invariant symplectic form since
it can be identified with the G-adjoint orbit through the (regular) element
Xo € ap (Kostant, Kirillov).

The G-invariant tangent bundles T*(G/M A) C T(G/M A) with the property



Tf(G/MA) ~nf e=eMA

are involutive Lagrangian subbundles, i.e., both subbundles T* are (real) in-
variant polarizations of G/MA. In other words, the space of directed flats is
bipolarized.

Thus the integer ch(T') can be regarded also as being canonically associated
to the I'-action on the bipolarized symplectic space Ypr.

8. Now having introduced ch(T', p) the obvious problem is to calculate it. Here
it turns out to be usefull to follow the suggestion of the analogy between (2)
and (3) a bit further.

The Euler characteristic x(M) of the complex manifold M = '\G/H can be
calculated as the integral

@ [ enTCI)), = dimme( ),
I'\G/H
where (T M)) is the top degree Chern class of the holomorphic tangent

bundle T(}9)(M) of M. The class c,(T(*°(M)) € H**(M) can be represented,
for instance, by the differential form

C=Cay A" A Can, a; € AT(g,h),

where the 2-forms c,; € C®°(A’T*(M)) are induced by G-invariant 2-forms
Ca; 00 G/H such that

e (X, Y )err = == oIX,Y]), XY € go.

In other words, the G-invariant volume form c on G/H (inducing con I'\G/ H)
is given by

1
(5) ¢ = det (g gz_) ,
where Q € C°(A? T*(G/H), End(T(1 0)(G/H)) is the G—1nvar1ant End(TMO)(G/H))-

valued 2—form (curvative form) given in eH by
Q(Xa Y)GH = -[[X, Y]Eh ]

Here the subscript ) denotes the h—component of elements in g with respect
to the decomposition
g=ny®hong.

The analogy therefore suggests to look for a formula of a similar type for
ch(T'). But besides the formal analogy there is, at least at first sight, not
much evidence for such a result. In fact, the non—ellipticity of the invariant
complex on G/M A being responsible for the definition of ch(I') rather suggest
not to ezpect a result of such a type. In fact, the n"~cohomology of Harish-
Chandra modules is well-known to be a much more subtle subject than the
ngz—cohomology (see ([1])!

9. However, in contrast to these arguments, we have the following result.
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Theorem 1. (Indez formula). Let the rank of Y be 1 and assume that there
ezists a compact Cartan subgroup in G. Then

(6) HT,p) = dim(p) [ det (2—”'7;”*@*)) Aok,
T\G/M '

7 : G/M — G/MA, where Q% is the G-invariant End(T*(G/MA))—valued
2—form (curvative form) on G/M A which is given in e = eMA by

Qi(X’ Y)g = _[[X7 Y]‘“o@'-\o:']& X:Y € do,

where the subscript mo @ ay denotes the my @ ag— component of elements in go
with respect to the decomposition

go =1y @ (mo® o) ®ng.
o is an A-invariant 1-form which is canonically determined by =*(Q%).
The integer ch(I') = ch(T',1) coincides with the multipicity of the singularity
of the Ruelle zeta function Zgr in s = 0.

+

For more details see ([4]), ([5]), where the case p = 1 is discussed. The same
arguments extend to the more general situation in theorem 1.
Note that in contrast to (4) the class represented by

det (-;;f'(ﬂﬂ) Ao
is of odd degree and should be regarded as a secondary characteristic class.
In the case of the upper half plane'Y = H? the forms under the integral in
(6) represent (27)~2 times the Godbillon-Vey class of the weak-unstable (or
weak-stable) foliation of S(X).
The assumption of the existence of a compact Cartan subgroup is equivalent
to the condition that the dimension of Y is even. If there is no compact Cartan

subgroup but Y is still of rank 1 then theorem 1 is no longer true (see also
16.).

Now we formulate

Conjecture 1. (Indez formula) Let Y = G/K be a Riemannian symmetric
space of the non—compact type and arbitrary rank. Assume that there ezists a
compact Cartan subgroup in G. ,
Then there is an A-invariant volume form ot (of degree Tk(Y)) on the A-
orbits (being canonically determined by m*(QF)) such that

(7) ch(T, p) = dim(p) / det ('2%71"(_(_2_:&)> AoE, m:G/M — G/MA
I\G/M

where QF is the G-invariant End(T*(G/M A))-valued (curvature) 2-form on
G/MA given by

Qi(X1 Y)GMA = _[[X! Y]mo®ao7']: X7Y €En, @ ﬂg
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Conjecture 1 is a direct generalization of theorem 1 to the arbitrary rank case.

10. In the situation of theorem 1 there is also a proportionality formula rela-
ting ch(T, p) to the Euler characteristic of the space Y2_ of directed geodesics

geo
in the compact dual space Y%. (see [4]). More precisely, we have

Theorem 2. (Proportionality). Let the situation be as in theorem 1. Then

(8) ch(T, p) = dim(p) ;(((;i)) x (Y2,).

In the case of compact quotients I'\ Hf; of quaternionic hyperbolic spaces Hg
(and p = 1) a proof of theorem 2 by explicating the definition of cA(T) in
terms of the multiplicities Np1(7) is given in [11].

Now theorem 2 suggests

Conjecture 2. (Proportionality) Let the situation be as in conjecture 1. Then

0 oh(T, p) = dim() X% x (V)

where Y35 is the space of directed flats in the compact dual symmetric space
Ye.

11.Remarks.

(z) The assumption of the existence of a compact Cartan subgroup in conjec-
ture 1 is essential. If this condition is violated then the resulting formulas are
no longer expected.

(43) In the rank 1 case (theorem 1) the 1-forms'a® are closely related to the
real roots in A*(g,t® a), T C M a maximal torus in M with Lie algebra to
(see [4], [5]). In the general case it is natural to expect that the (volume) forms
a* are canonically determined by the subsystem of real roots in A*(g,t® a).
(732) From the point of view of conjecture 2 a natural normalization condition
(compatible with theorem 1 and conjecture 1) which would uniquely determine
the forms o (up to a sign) is that the induced volume of the flat tori in ¥¢
is equal to 1. R

(iv) Let (0,V,) € M. Then we conjecture the following even more general
results.

(T,pi0) & TADPT Noplr) dime(B(, Vi) ® M(n)" @ Vo J44),
(10) = dim(p)dim(o) / det (%w'(gi)) A o
T\G/M
x(X)

= dim(p)dim(o) (Y9 xX(Y5r)



if o gives rise to a homogeneous vector bundle over Y2 .

In the rank 1 case ch(T;0) & ch(T,1 : o) coincides with the multiplicity

ordo(Z,) of the singularity of the twisted Ruelle zeta function
(11) Zo(s) ¥ J] det(1 = o{me) exp(—slel))™

in s = 0. This generalizes the formula ordg(Zg) = ch(T',1) and can be proved
also by using the same methods as in [4].

12. Let T' C M be a maximal torus with Lie algebra t,. Then T A is a Cartan
subgroup of G and we define

(12)
ch(T,p; TA) = d°f S (=1F7*9( 3 Nrp(m) dime(HP(ng 4, Vo) ® A%(nF4)")"4).

p,q TGG

Here the complex Lie algebras nf, C g are defined as

n%A = 69 B,

. a€AE(g,t@a) .
for any choice of a positive system A*(g,t® a). In analogy to

go="1y & (Mo P ao) ® ng.
we have the more refined decomposition
g=n7,®(t®a)@®nf,.
ch(T, p; TA) is independent of the choice of nf, and we have
(13) ch(T, p; TA) = x(M/T) ch(T', p).

13. In a similar way as in (12) one can define ch(P, p; L) with respect to any
Cartan subgroup L (with Lie algebras [0) of G.

In fact, replace in (12) TA by L and nf, by nf, where nL are the nilpotent
Lie algebras determined by the polarization

g=n; ®lOn}
of the root decomposition of g with respect to [ given by a choice of a positive

system in A(g,[). Then the L-modules H*(ny,Vyo) are finite-dimensional
and ch(T', p; L) is well-defined. :

Conjecture 3. Let Y = G/K be a Riemannian symmetric space of the
non—compact type and arbitrary rank. Then

(14) ch(T, p; T A) = ch(T, p; L fund)-
where Lgung is a fundamental Cartan subgroup of G (being uniquely determined

up to conjugation).

Conjecture 3 relates the integers ch(T', p; L) for the both eztreme types of
Cartan subgroups: the maximal compact one (L fynq) and the maximal non-
compact one (T'A). If the fundamental Cartan subgroup Ljfund is compact
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then the right hand side of (14) coincides with the usual Euler characteristic
X(T\G/L una) of the complex manifold I'\G/L jyna.
Since on the other hand by conjecture 2 and (13)

ch(T, p; TA) = ch(T', p) x(M/T)
XX), (Vi) x(M/T)

x(Y?)
= dim(p) x (F\G/qund)

= dim(p)

we see that the conjecture 2, in fact, implies conjecture 3 if there exists a
compact Cartan subgroup. ,

If the fundamental Cartan subgroup is not compact then the nature of the
integer ch(T', p; Lsund) is still mysterious! In any case one should regard it as
a secondary Euler characteristic of (T, p).

Conjecture 4. Let the situation be as in conjecture 3. Then ch(T, p; L fynd)
only depends on the group cohomology H*(T;p). In particular, H*(T;p) = 0
implies '

ch(T, p; Lfund) = 0.

However, we still have no general conjecture concerning an explicit description
of the relation ch(T', p; Lsuna) and H*(T; p). :

If Ljyna has real rank 1 then there is also a relation between ch(T, p; L fund)
and the multiplicity of the singularity of a dynamical zeta function in s = 0
(see [4]). Thus the vanishing property in conjecture 4 implies the regularity of
the corresponding zeta function in s = 0.

15. Example. Let Y = Hz**! be an odd-dimensional real hyperbolic space
and X=T'\Y a compact quotient. Then

ch(T,p) = 2((=1)" bnp1 (X50) + -+ + (=1)(n + 1)b2ns1(X; p)) ,
(g(—l)pﬂp B(X;p))+ X (F1)PHb(X;p),

n+1<p<2n+1

where
bp(X;; p) = dim(H?(X; p)) = dim(H?(T; p))

is the p** p-twisted Betti number and H*(X;p) denotes the cohomology of
differential forms on X with values in the vector bundle Y xr V, — X. —
ch(T', p) coincides with the multiplicity of the singularity of the Ruelle zeta
function

Zr(s) = [ det(1 — p(c) exp(—s|e]))™
of X ins=0.

16. We conjecture also that it is always possible to replace the abstract
representation theoretical definition of ch(I') by a definition only involving
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differential forms with distributional coefficients on I'\G/M. In the case ¥ =
HZ2" this is discussed in detail in [6], but the general case is not yet understood!

N =
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